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Asymptotic cumulants of some information criteria 

 

 

Asymptotic cumulants of the Akaike and Takeuchi information criteria are given under 

possible model misspecification up to the fourth order with the higher-order asymptotic 

variances, where two versions of the latter information criterion are defined using observed 

and estimated expected information matrices. The asymptotic cumulants are provided 

before and after studentization using the parameter estimates by the weighted score method, 

which include the maximum likelihood and Bayes modal estimators as special cases. 

Higher-order bias corrections of the criteria are derived using log-likelihood derivatives, 

which yields simple results for cases under canonical parametrization in the exponential 

family. The results are illustrated by three examples. 
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1. Introduction 

Typical information criteria are given by Akaike (1973) and Takeuchi (1976), which 

are called the Akaike information criterion (AIC) and Takeuchi information criterion (TIC), 

respectively. The criteria are used to assess the goodness of statistical models based on the 

Kullback-Leibler (1951) distance using the maximum likelihood estimators (MLEs) of 

associated parameters. In the AIC, it is assumed that a posited model holds or that a true 

model is a special case of the model employed. On the other hand in the TIC, possible 

model misspecification is considered. Stone (1977) derived the TIC in the context of cross 

validation. Linhart and Zucchini (1986, Proposition 2, Appendix A.2.1) also derived the 

TIC. For properties of the TIC, see Shibata (1989). 

After the AIC and TIC were coined, information criteria with similar purposes have 

been introduced by e.g., Schwarz (1978; the Bayesian information criterion, BIC); Kishino 

and Hasegawa (1989), Ishiguro, Sakamoto and Kitagawa (1997; the extended information 

criterion, EIC), Shimodaira and Hasegawa (1999) for the methods using the bootstrap; 

Shibata (1989; the regularization information criterion, RIC) and, Konishi and Kitagawa 

(1996; the generalized information criterion, GIC; see also Konishi & Kitagawa, 2003; 2008, 

Chapters 5 to 8). In the RIC and GIC, the exclusive usage of the MLEs by the AIC and TIC 

was relaxed to cover e.g., robust and ridge-type estimators. For other information criteria, 

see Konishi and Kitagawa (2008) and Burnham and Anderson (2010). 

The above information criteria are seen as point estimators of a corresponding 

population quantity with bias correction under correct model specification for the AIC and 

under possible model misspecification for the TIC, RIC and GIC. The population quantity is 

the so-called mean expected log-likelihood (Sakamoto, Ishiguro & Kitagawa, 1986, 

Equation (4.9)) associated with the Kullback-Leibler distance, where independent two-fold 

expectation is used one for data in the future for prediction and the other for current data for 

estimation with the same sample size denoted by n. When n increases, the population value 

increases proportionately in an asymptotic sense. On the other hand, the terms of bias 

correction are of order O(1) for the AIC and (1)pO  for the TIC, RIC and GIC. For 

tractability, divide the information criteria by n yielding quantities per observation as 

1AICn  and 1TICn . Then, the population value mentioned above is written symbolically 
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as 1(1) ( )O O n  depending on n. The situation is somewhat different from that of typical 

parameter estimators as MLEs, where the population parameters usually do not depend on n. 

When n becomes infinitely large, the population value 1(1) ( )O O n  for e.g., 1AICn  

becomes O(1), which is the expected log-likelihood averaged over observations, where the 

parameters are evaluated by their population values followed by expectation. The last 

population value of order O(1) is also of interest as well as that of 1(1) ( )O O n . 

The bias correction of the TIC was extended to the higher-order version by Konishi 

and Kitagawa (2003), which gives a refined point estimator of the population counterpart. 

On the other hand, statistical testing of the difference of the information criteria for different 

models have been developed by Steiger, Shapiro and Browne (1985) and Shimodaira (1997) 

under local alternatives and by Linhart (1988), and Kishino and Hasegawa (1989) under 

fixed alternatives. Interval estimation of the corresponding population quantities can also be 

done in similar manners. While the above methods of testing and estimation is for general 

models, the results for special models are available for the higher-order bias correction by 

Sugiura (1978) and Yanagihara, Sekiguchi and Fujikoshi (2003) and the asymptotic 

cumulants for standardized estimators by Yanagihara and Ohmoto (2005). 

One of the purposes of this study is to derive general expressions of the higher-order 

bias corrections of 1AICn  and 1TICn  based on the parameter estimators by the 

weighted score method under possible model misspecification, where the expression is 

different from that of Konishi and Kitagawa (2003). The expression is given by the 

log-likelihood derivatives, which yields some transparent results for e.g., the cases of the 

natural exponential family. Note that Konishi and Kitagawa (2003) used the von Mises 

calculus (von Mises, 1947; Withers, 1983). 

The second purpose is to give general formulas for the asymptotic cumulants of 

1AICn  and 1TICn  up to the fourth order and the higher-order asymptotic variances 

before and after studentization for testing and interval estimation of the population 

quantities of interest. Three examples using basic distributions in statistics are shown. The 

first two examples of the exponential and normal distributions use MLEs under model 

misspecification, while the third example of the Bernoulli distribution uses the parameter 

estimators by the weighted score under correct model specification. 
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2. The higher-order asymptotic biases 

Let θ  be a 1q  vector of parameters in a statistical model with a 1p  vector *x  

of observable variables. Then, the log-likelihood of θ  based on n i.i.d. observations is 

denoted by 

* * *

1 1

( | ) log ( | ) ( | )
n n

j j
j j

l l l f f
 

    θ X x θ X θ ,              (2.1) 

where *X  is a n p  matrix whose rows *( ', 1,.., )j j nx  are independent copies of *x  

or their realizations for simplicity of notation, and *( | )jf x θ  is the probability density/mass 

function for a posited statistical model. The log-likelihood averaged over observations is 

denoted by 1l n l . Define 

* * *
ML ML ML
ˆ ˆ( | ) { ( ) | }l l l θ X θ X X ,                   (2.2) 

where MLθ̂  is the MLE of the corresponding population quantity 0θ . Let Wθ̂  be the 

vector of the parameter estimators by the weighted score method (WSEs) or the solution of 

θ  satisfying 

*
1 *( | )l

n
 


θ X

q 0
θ

,                          (2.3) 

where * *( )q q θ , a function of θ , is a 1q  weight vector, which becomes the log-prior 

derivatives in the case of Bayesian estimation but can be other general weights. Define 

* * *
W W W
ˆ ˆ( | ) { ( ) | }l l l θ X θ X X ,                   (2.4) 

whose special case is MLθ̂  in (2.2) when * q 0 . Let *Z  be an independent copy of *X , 

where *Z  is interpreted as an independent data set in the future with the same sample size 

as n from the viewpoint of prediction. Define 

* *
0 0 0 0( )

E { ( | )} ( | ) ( | )dg R
l l l g   Z

θ Z θ Z Z ζ Z ,             (2.5) 

where 0( | )g Z ζ  is the true density of *Z  determined by the parameter vector 0ζ  of an 

appropriate size, and is possibly different from 0( | )f Z θ . Equation (2.5) is to be 
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interpreted as the corresponding summation when 0( | )g Z ζ  is a probability mass. 

Similarly, define 

*
0 0( | ) (1)pl l O θ X  with *

0 0E ( )g l l                    (2.6) 

and 
* *

W W 0 W 0( ) ( )

ˆ ˆ( | ) ( | )d { ( ) | } ( | )d (1).pR R
l l g l g O   Z Z

θ Z Z ζ Z θ X Z Z ζ Z     (2.7) 

It is assumed that 

* 1 2 3
W W 1 2
ˆ ˆ2E ( ) ( )g l l n b n b O n                          (2.8) 

holds, where 1
1n b  and 2

2n b  are defined as the asymptotic biases up to order 2( )O n  

of W
ˆ2l  whose population counterpart is *

W
ˆ2E ( ) (1)g l O   for the AIC and TIC with 

2
2n b  being the higher-order added asymptotic bias. 

In the following, we obtain an expression of 2b  different from that of Konishi and 

Kitagawa (2003) with 1b  being well known. For the expression, we use the formula of the 

expansion of *
W W

ˆ ( )θ θ X  given by Ogasawara (2013, Equation (2.1) (see also 2015 for 

correction); 2014, Equation (2.4)): 

1/2

3
1 1 * ( ) ( ) 1 1 * 1 * 2

W 0 0 0 W W 0 ( )
1

*3
1 1 * ( ) ( ) 1 1 1 * 1 (1) (1)

0 0 0 0
1 0

1 (3) 1 * 1 (1) 2
0 0 0

1 1 * ( ) ( )
0 0

ˆ ˆ ˆ( ) ( )

'

E ( ){( ) } ( )

p

j j
pO n

j

j j

j

g p

j j

j

n n O n

n n

O n

n


     



     



   

 



      

 
     


  



  





θ θ Λ q Λ l L q Λ q

q
Λ q Λ l Λ MΛ q Λ Λ l

θ

Λ J Λ q Λ l

Λ q Λ l 1/2

3
1 (W) 2

0 ( )
1

( ) ( ),
p

pO n
n O n
   l

 (2.9) 

where 
0

2 2 * *
0 0 0 0E ( / ' | ) E ( / ') (1), ( ),g gl l O         θ θΛ θ θ θ θ q q θ  

W

2 2
( ) ( ) /2

ˆ0 W

W W

ˆ(1), ( ) ( 1, 2, 3), | ,
ˆ ˆ' '

j j j
p

l l
O O n j



 
    

   θ θ
Λ l L

θ θ θ θ
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0

2 * *
* * 1/2
W W

0 0 0

( )ˆ( ), ( ), | ,
' ' 'p

l
O n



  
    

    θ θ

q q θ
q q θ M Λ

θ θ θ θ  

3
(3)
0 2

0 0

,
( ')

kl  
 


   
 

J x x x
θ θ

  (k times of x),   denotes the Kronecker 

product, and 1/2( )
( )

pO n
  indicates that ( )  is of order 1/2( )pO n  with other similar 

expressions. 

The term 

3
( ) ( )

0
1

j j

j
Λ l  in (2.9) (Ogasawara, 2010, Equation (2.4)) is given from the 

following expansion: 

3
( ) ( ) 2

ML 0 0
1

ˆ ( )j j
p

j

O n



  θ θ Λ l ,                                  (2.10) 

(1) (1) 1
0

0

2

(2) (2) 1 1 1 (3) 1
0 0

0 0

2

(3) (3) 1 1 1 1 1 (3) 1
0 0

0 0

,

1
E ( )

2

1
E ( )

2

g

g

l

l l

l l



 

   

 

     


 



  
     

  
      

Λ l Λ
θ

Λ l Λ MΛ Λ J Λ
θ θ

Λ l Λ MΛ MΛ Λ MΛ J Λ
θ θ

               

2

1 (3) 1 1 1 1 (3) (3) 1
0 0 0

0 0 0

1
E ( ) { E ( )}

2g g

l l l
 

                                
Λ J Λ MΛ Λ Λ J J Λ

θ θ θ
 

2

1 (3) 1 1 (3) 1
0 0

0 0

3

1 (4) 1
0

0

1
E ( ) E ( )

2

1
E ( ) ,

6

g g

g

l l

l

 

   

 

 

                     

 
   

Λ J Λ Λ J Λ
θ θ

Λ J Λ
θ
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4
(4) (1)
0 03

0 0 0

2

(2) (2 1) (2 2) 1
0 0 0

0 0

, ,
( ')

'

v '( ) , ( ', ') ' ( ),
' ' p

l l

l l
O n

 

 

  

 
 
  

             

J l
θ θ θ

l M l l
θ θ

                

2 2

(3) 2 (3) (3)
0 0 0

0 0 0

3

0

(3 1) (3 2) (3 3) (3 4) 3/2
0 0 0 0

v '( ) , v '( ) , vec '{ E ( )}
' ' '

'

'

( ', ', ', ') ' ( ),

g

p

l l l

l

O n

   

 

 

    

      
              

      
 

l M M J J
θ θ θ

θ

l l l l

 

where 
(2 )
0 (1) ( 1, 2)j O j  l  and 

(3 )
0 (1) ( 1,..., 4)j O j  l  are defined implicitly by 

2
(2) (2) (2 ) (2 )

0 0
1

j j

j

 



 Λ l Λ l  and 
4

(3) (3) (3 ) (3 )
0 0

1

j j

j

 



 Λ l Λ l ; 2 2v '( ) [{v( )}']   M M ; v( )  

is the vectorizing operator taking the non-duplicated elements of a symmetric matrix in 

parentheses; and vec( )  is the vectorizing operator stacking the columns of a matrix 

sequentially. 

Expand W
ˆ2l  and *

W
ˆ2l  as 

/2

4
5/2

W 0 (1) W 0 ( )
1 0 (1)

1ˆ ˆ2 2( ) 2 {( ) } ( )
! ( ')

j
p p

p

j
j

O pj O n
j O

l
l l O n

j


  
 



 
       

 θ θ
θ

  (2.11) 

and /2

4
* * 5/2

W 0 (1) W 0 ( )
1 0 (1)

1ˆ ˆ2 2( ) 2 E {( ) } ( )
! ( ')

j
p

j
j

O g pj O n
j O

l
l l O n

j


  
 



  
         

 θ θ
θ

, 

respectively. Then, recalling *
0 0E ( )g l l , we have 
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1/2

2

2

*
W W

3
3

W 0
1 0 0 ( )

2
W 0 W 0 ( )

0 ( )

(3) (3) 3
0 0 W 0

ˆ ˆ2E ( )

1 ˆ2E E ( ) ( )
! ( ') ( ')

ˆ ˆ2E ( ) E {vec '( )( ) }
'

1 ˆE {vec '{ E ( )}( )
3

p

g

j j
j

g gj j
j O n

g g O n
O n

g g

l l

l l
O n

j

l







  
   



 






 

                
 

      

  

 θ θ
θ θ

θ θ M θ θ
θ

J J θ θ 2

3

( )
} ( ),

O n
O n

 




      (2.12) 

where the term of j = 4 in 
4

1
( )

j
  of (2.11), when the expectation is taken, is absorbed in 

the remainder term of order 3( )O n ; and 2( )
E ( )g O n

  indicates that the expectation is 

taken up to order 2( )O n . 

Let 
0 0

= E
'g

l l
n

  
   

Γ
θ θ

. When the model is true, 0=  Γ Λ I , where 0I  is the 

population Fisher information matrix per observation. Under possible model 

misspecification, the last three expectations in (2.12) are given as 

1 2

2

W 0
0

3
1 1 * ( ) ( ) 1 (W)

0 0 0
10

1 (2) (2)
0

0 0 0( ) ( )

(3) (3)
0

0 ( )

ˆ2E ( )
'

2E ( )
'

2E 2E
' '

2E
'

g

j j
g

j

g g

O n O n

g

O n

l

l
n n

l l l

l

 



  





 
   

 
      
                             

         



θ θ
θ

Λ q Λ l l
θ

Λ Λ l
θ θ θ

Λ l
θ 2

1 (W) 3
0

0 ( )

2E ( )
'g

O n

l
n O n



          
l

θ
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1 1 2 (2 1) 2
( : , )

, 1 0 0
(A)

(2 2) 2 (3 1)
( : , ) ( : , , )

, , 1 , 10 0 0

0

2 tr( ) 2 ( ) E

( ) E ( )

cov ( , ) 2 cov ,

q

d ab c g ab
a b c d c d

q q

c a b g f ab cd e
a b c a b c d e fa b c

g ab cd ef g ab
e

l l
n n n m

l l l
n

l
n m m n m

 

  




   

 

 

   

   
       

   
     

 
 





 

Λ Γ Λ

Λ Λ

0

cov ,g cd
f

l
n m



    
         

       (2.13) 

3
(3 2) (3 3)

( : , , ) ( : , , )
, , 1 ( , , ) , , , , , 10

3
(3) (3 4)
0 ( , , ) ( : , , )

( , , ) , , , 10

( ) cov , ( )

cov ( ) , ( ) ( )

q q

e ab c d g ab de f abc d e
a b c d e c d e a b c d e fc

q

g a b c ef d a b c ab cd ac bd ad bc
d e f a b c dd

ab

l
n m

l
n




      




 

  





 
   

 
     



   

 

Λ Λ

J Λ

*
1 * 1 1

0
, , 1 0 0

(3) 1 * 1 1 3
0 0

(A)

1 2 3 1
1 1 1 1

( ) ( )

( ) cov , tr
'

tr[E ( ){( ) ( )}] ( )

( ) ( 2tr( ), 2 [ ] ),

q

c g bc
a b c a

g

l
n m

O n

n b n c O n b c


  



   

   

    
       


  


      



A A

q
Λ q Λ ΓΛ

θ

J Λ q Λ ΓΛ

Λ Γ

 

where (2 1)
( : , )( ) d ab c

Λ  indicates the element of the d-th row and the column corresponding 

to ( )ab abmM  (the (a, b)th element of M) and 0 0/ ( ) /c cl l     θ  of (2 1)Λ  with 

( )c  being the c-th element of a vector with other expressions defined similarly; 

1 1 , 1 1 1

( ) ( ), ( ) ( ); cov ( )
q q q qa

g
a b b a e f e f     

           is the covariance using the distribution 

*
0( | )g X ζ ; 

3

( , , )

( )
c d e

  is the sum of three symmetric terms with respect to c, d and e; and 

( ) ( )
[ ]
A A

is for ease of finding correspondence; 
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2
W 0

2

1 1 * 1 1
0

0 0

1 (2) (2)
0

0

ˆE {vec '( )( ) }

E vec '( ) 2( )

2 ( )

g

g

l l
n

l

 

 

   



 

                    
         

M θ θ

M Λ q Λ Λ
θ θ

Λ Λ l
θ

 

2 1 * 2
0

, , 1 , , , 10 0 0
(A)

2
(2 1)

( : , )
, , 1 1 ( , ) 0 0

2 ( ) cov , E

2 ( ) cov , cov ,

cov (

q q
bc ac bd

a g ab g ab
a b c a b c dc c d

q q
ac

b de f g ab g de
a b c d e f c f c f

g

l l l
n n m n m

l l
n m n m

n m

  
  


 

 

 



  

      
            

               



 

  

Λ q

Λ

3
(2 2) 3

( : , )
, , , , 1 ( , , ) 0

(A)

2 3
2

, )

2 ( ) cov , ( )

( ),

ab de cf

q
ac

b d e g ab de
a b c d e c d e c

m

l
n m O n

n c O n



 


 



 





  
     

 

 Λ

(2.14) 

(3) (3) 3
0 0 W 0

3

(3) (3) 1 3
0 0

0

2 (3) 3
0 ( , , )

, , , , , 1 0

2 3
3

1 ˆE [vec '{ E ( )}( ) ]
3

1
E vec '{ E ( )} ( )

3

cov ( ) , ( )

( ),

g g

g g
d

q
ad be cf

g a b c ef
a b c d e f d

l
O n

l
n n O n

n c O n



   


 

 

 

 



 

  

           
 

   
 



J J θ θ

J J Λ

J

               (2.15) 

where 1( )bc
bc  Λ . Then, from (2.13) to (2.15), 

Theorem 1. Under (2.8) with regularity conditions for (2.9) and (2.10), the asymptotic 

biases 1
1n b  and 2

2n b  of *
W
ˆ2l  up to order 2( )O n , based on the WSE Wθ̂  derived 

by the estimation equation of (2.3), are given by 

*
W W

1 1 2 3 1 2 3
1 2 3 1 2

ˆ ˆ2E ( )

2tr( ) ( ) ( ) ( ),

g l l

n n c c c O n n b n b O n      

 

       Λ Γ
      (2.16) 
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where 1 2,c c  and 3c  are obtained by (2.13) to (2.15), respectively. 

From (2.13) to (2.15), we find that 1b  and 3c  do not depend on *
0q  and are 

common to the results by the MLE MLθ̂  and the WSE Wθ̂  while 1c  and 2c  depend on 

*
0q . A considerably simplified result is obtained in the following case. 

Corollary 1. When the vector of canonical parameters in the exponential family of 

distributions is used under possible model misspecification, 

* 1 2 3
W W 1 1
ˆ ˆ2E ( ) ( )g l l n b n c O n        with 2 1b c  and 2 3 0c c  ,      (2.17) 

where 1c  is simplified as 

1 1
W 0

0

2 (2 2) 2
( : , )

, , 1 0 0 0
(A)

(3 4)
( : , , )

, , , 1

*
1 1 (3) 1 *

0 0
0

ˆ2E ( ) 2 tr( )
'

2 ( ) E

( ) ( )

tr tr[E ( ){( ) (
'

g

q

c a b g
a b c a b c

q

d a b c ab cd ac bd ad bc
a b c d

g

l
n

l l l
n n

  

     

 

 







   

 
    

    
       

  

 
    





θ θ Λ Γ
θ

Λ

Λ

q
Λ ΓΛ J Λ q Λ

θ
1 1 3

(A)

1 2 3
1 1

)}] ( )

( ).

O n

n b n c O n

 

  





  

ΓΛ

 (2.18) 

Proof. Under canonical parametrization in the exponential family, it is known that 

0 0

E ( 2,3,...)
( ) ( )

j j

gj j

l l
j   

  
    θ θ

, which gives 1c  of (2.18) from (2.13) with M = O 

and (3) (3)
0 0E ( )g J J O . The results of 2 3 0c c   are derived similarly from (2.14) and 

(2.15) with M = O and (3) (3)
0 0E ( )g J J O , respectively. Q.E.D. 

In the case of the MLE, the two terms associated with *
0q  in (2.18) vanish and 

recalling (2.10) for (2 2)Λ  and (3 4)Λ  in 1c  of (2.18), we have 
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(2 2) 2
1 ( : , )

, , 1 0 0 0

(3 4)
( : , , )

, , , 1

1 (3) 1 2 2
0

, , 1 ( : , ) 0 0 0

1

2 ( ) E

( ) ( )

1
2 ( ) E

2

1
( )

2

q

c a b g
a b c a b c

q

d a b c ab cd ac bd ad bc
a b c d

q

g
a b c c a b a b c

l l l
c n

l l l
n

  

     

  









   





            


   


                









Λ

Λ

Λ J Λ

Λ (3) 1 1 (3) 1 1
0 0

, , , 1

1 (4) 1 2
0 ( : , , )

, , , 1

3

(3) 2 1 1 1 (3) 1
0 0

0

( ) [ {( ) ( ) }]

( )

1
{ ( ) } 3

6

vec '( ) E vec '( ) '

q

d a b c
a b c d

ab cd ac bd ad bc

q

d a b c ab cd
a b c d

g

l
n

     

 

   



   



 

   

   

  


 


            





J Λ Λ J Λ Λ

Λ J Λ

J Λ Λ ΓΛ J Λ
θ

� � � �

(3) 1 1
0

(3) 1 1 1 2 (3) (4) 1 1 2
0 0 0

vec( )

2vec '( ){ ( ) }vec( ) vec '( ) vec{( ) },

 

           

J Λ ΓΛ

J Λ Λ ΓΛ J J Λ ΓΛ  (2.19) 

where ( )d �  is the d-th row of a matrix and ( ) a �  is the a-th column of a matrix. 

Under correct model specification and canonical parametrization, since 

* *
0/ E ( )j fl   θ x x  and 0  Λ Γ I , (2.19) becomes 

* 1 1 (3) 1 (3) 1
1 3 3 0 0 0 0 0 0

0

(3) 1 3 (3) * 1 2
0 0 0 4 0

1/2 * 1/2 1/2 *
3 0 3 0 3 0 ( ) ( ) ( )

0

'( ) vec '( ) ' vec( )

2vec '( )( ) vec( ) '( )vec{( ) }

'( ) '( )[ {vec( )vec'( )}]

j
f f

f

j
f f f q q q

l
c

l

   

     

  

 
   
 

 
    

κ x κ I I J I J I
θ

J I J κ x I

κ I x κ I κ I x I I I κ
θ

1/2 *
3 0

1/2 * 1/2 * 1/2 * 2
3 0 3 0 4 0 ( )

( )

2 '( ) ( ) '( )vec{( ) }

f

f f f q



     

I x

κ I x κ I x κ I x I

(2.20) 

2

2

* * * *
3 3 3 ( ) ( ) ( ) 3

* * *
3 3 4 ( )

* * * * *
3 3 3 ( ) ( ) ( ) 3 4 ( )

'( ) ( ) '( )[ {vec( )vec'( )}] ( )

2 '( ) ( ) '( )vec( )

'( ) ( ) '( )[ {vec( )vec'( )}] ( ) '( )vec( ),

f f f q q q f

f f f q

f f f q q q f f q

  

 

    

κ x κ x κ x I I I κ x

κ x κ x κ x I

κ x κ x κ x I I I κ x κ x I

   

  

    

 

where *x  is the 1q  vector of observable variables associated with the minimum 

sufficient statistics (p = q); * 1/2 *
0
x I x ; ( )f j κ  is the 1jq   vector of the j-th 
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multivariate cumulants of a 1q  random vector in parentheses using the distribution 

*
0( | )f x θ  for *x ; for ( 1,..., )jl j n  see (2.1); 1/2

0I  is a non-negative definite symmetric 

matrix-square-root of 0I  with 1/2 1/2 1
0 0( ) I I  under the assumption of its existence; and 

( )qI  is the q q  identity matrix. 

Under correct model specification, since *
0cov ( )f x I  due to canonical 

parametrization, *x  is the vector of standardized variables with 

* 1/2
0 ( )

0 0

cov ( ) cov covj j
f f f q

l l
   

          
x I I

θ θ


 , where cov ( )f   is the exact covariance 

matrix using *
0( | )f x θ . Then, *

3( )fκ x  and *
3 0 3( / )( ( ))f j fl  κ θ κ x   are seen as 

3 1q   vectors of the multivariate skewnesses of *x  and 0/jl θ , respectively. Similarly, 

*
4 ( )fκ x  is seen as a 4 1q   vector of the multivariate kurtoses of *x . In the univariate 

case, (2.20) becomes the sum of 2  times the squared skewness and the excess kurtosis. 

Similarly, under correct model specification, 1b  in the asymptotic bias of order 

1( )O n  in (2.18) is also written as  

1 1 * 1
1 0 0 2 3 0

0

* * *
2 2 2 2

0

2tr( ) 2 2vec'( )vec( ) 2 '( )

2 '( ) 2 '( ) ( )

j
f f

j
f f f f

l
b q

l

    
         

 
      

Λ Γ I I κ x κ I
θ

κ x κ κ x κ x
θ


  

       (2.21) 

The above results give 

Corollary 2. Under correct model specification and canonical parametrization in the 

exponential family, when the multivariate skewnesses and kurtoses of the associated 

observable variables are zero, the MLE gives 

* 1 3
ML ML 1 2 1 2 3
ˆ ˆ2E ( ) 2 ( ) ( 2 , 0)f l l n q O n b q b c c c                   (2.22) 

where E ( )f   is defined using *
0( | )f x θ  similarly to E ( )g  . 

This can happen, for example, when the covariance matrix in the multivariate normal 

distribution is known, where the vector of canonical parameters is the mean vector. Since 
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( )
0 1 1

0 0 0 0

E ( 2,3,...)
( ') ( ')

j j
j

gj j

l l
j     

  
   
    

J
θ θ θ θ

 under canonical parametrization, 

the asymptotic expansion using the MLE corresponding to (2.12) higher than (2.12) is given 

only by the first term ML 0
0

ˆ2E ( )
'g

l 
   

θ θ
θ

, which is also given only by 

1

0 0

2E
'g

l l           
Λ

θ θ
 and (3) (4)

0 02E { ( , ,...)}g h J J , where ( )h   is the sum of 

multiplicative functions of the powers of the arguments. Then, we have 

Corollary 3. When the covariance matrix Σ  of the q-variate normal distribution is 

known, the MLE (the usual sample mean vector x ) of the population mean vector 0μ  

under possible model misspecification gives 

* 1
ML ML
ˆ ˆ2E ( ) 2g l l n q                           (2.23) 

Proof. In the only non-vanishing term ML 0
0

ˆ2E ( )
'g

l 
  

 
θ θ

θ
 for the expansion of 

the left-hand side of (2.23), 
1 1

0 0 0 0

2E 2tr E
' 'g g

l l l l                                  
Λ Σ

θ θ θ θ
 

1 1 12tr( )= 2n n q    Σ Σ  under arbitrary distributions as long as Σ  and 1Σ  exist. The 

remaining terms (3) (4)
0 02E { ( , ,...)}g h J J  vanish when we use the normal distribution even 

under non-normality since ( )
0 ( 3,4,...)j j J O  in this case. Q.E.D. 

Note that there is no remainder term in (2.23). An alternative direct proof of Corollary 

3 is given as follows. Let ( 1,..., )j j nz  be independent copies of *x  and *E ( )Z  denote 

an expectation over the distribution of *Z  or ( 1,..., )j j nz . Then, by definition, 

*

1
* 1

ML
1

1 1
0 0

1
0 0

1ˆ2 2E ( ) ' ( ) log{(2 ) | |}
2 2

tr( ) ( ) ' ( ) ' log{(2 ) | |}

( ) ' ( ) ' log{(2 ) | |},

n
q

j j
j

q

q

n
l

q












 



 
       

 
    

    

Z
z x Σ z x Σ

Σ Σ μ x Σ μ x Σ

μ x Σ μ x Σ
         (2.24) 
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which gives * 1
ML
ˆ2E ( ) (1 ) log{(2 ) | |}q

g l n q     Σ . On the other hand, 

1
1

ML
1

1 1

1

1ˆ2E ( ) 2E ( ) ' ( ) log{(2 ) | |}
2 2

(1 )tr( ) log{(2 ) | |}

(1 ) log{(2 ) | |}.

n
q

g g j j
j

q

q

n
l

n

n q












 



 
       

 
  

  

 x x Σ x x Σ

Σ Σ Σ

Σ
       (2.25) 

Consequently, (2.24) and (2.25) yield * 1
ML ML
ˆ ˆ2E ( ) 2g l l n q    . 

 

3. Bias correction for the AIC and TIC 

Define 

1 1
W W

1 (1) 1 1
W W W W

ˆAIC 2 2 ,

ˆ ˆ ˆTIC 2 tr( )

n l n q

n l n

 

  

  

   L Γ
                   (3.1) 

and 1 (2) 1 ( ) 1 ( )
W W W WW

ˆ ˆ ˆTIC 2 tr( )n l n      Λ ΓI I  with ( ) 1 ( ) 1
W W

ˆ ˆ( )   Λ ΛI I , 

where 

W

2 2
1 ( )

W W W
1 ˆW W W W

ˆ ˆ ˆ, , E
ˆ ˆ ˆ ˆ '' '

n
j j

g
j

l ll l
n 

 

                   
 Λ

θ θ

L Γ I
θ θθ θ θ θ

and 

 
W

( )
W

ˆ

ˆ E
'

j j
g

l l



            

Γ

θ θ

I
θ θ

.                                            (3.2) 

When the MLE is used, the subscript W in (3.1) becomes ML with AICML = AIC (the usual 

AIC), ( ) ( )
MLTIC TIC ( 1,2)j j j  . The original definition of the Takeuchi information 

criterion (Takeuchi, 1976, Equation (15)) denoted by TICML = TIC seems to be 

(2) (2)
MLTIC TIC  in (3.1), while the definition of the TIC by Linhart and Zucchini (1986, 

p.245), Konishi and Kitagawa (2008, p.60) and Burnham and Anderson (2010, Subsection 

7.3.1) is (1) (1)
MLTIC TIC  in (3.1). The two matrices W

ˆL  and WΓ̂  are observed 

information matrices given by Wθ̂  and *X , which are estimators of Λ  and Γ , 

respectively, and become the estimators of 0I  under correct model specification. The two 

matrices ( )
W

ˆ ΛI  and ( )
W

ˆ ΓI  are also estimators of  Λ  and Γ , respectively, and are the 
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expected information matrices followed by estimation using Wθ̂  without *X  except in 

*
W ( )θ X . Since it is often difficult to derive the expectation E ( )g   in (3.2) when 

*
0( | )g x ζ  is unknown, 1 (1)

WTICn  is of practical use though 1 (1)
WTICn  is more 

complicated than 1 (2)
WTICn . The remaining combinations 1 1 ( )

W WW
ˆ ˆtr( )n  ΓL I  and 

1 ( ) 1
W WW

ˆ ˆtr( )n  ΛI Γ  for the correction term are not dealt with in this paper. 

The higher order bias correction of 1
WAICn  is meaningless under model 

misspecification since the term 12n q  for bias correction is incorrect and should be 

replaced by that of 1 ( )
WTICn �  which stands generically for ( )

WTIC ( 1,2)j j  . Consequently, 

this reduces to the higher-order bias correction of 1 ( )
WTICn �  and will be dealt with later. 

Theorem 2. Assume that a statistical model holds. Then, under regularity conditions, 

define 

2

1 1 2 1 2
W 2 W 1 2 3W ( )

ˆˆ ˆ ˆ ˆAIC AIC 2 2 ( )
O n

n n n b l n q n c c c
    


        .       (3.3) 

Then, 2

1 * 3
WW ( )

ˆE ( AIC 2 ) ( )f O n
n l O n
 


  , where 1 2ˆ ˆ,c c  and 3ĉ  are consistent 

estimators of 1 2,c c  and 3c , respectively. 

In some special cases, 1 1
MLAIC ( AIC)n n   gives the same result as that of Theorem 

2 i.e., 1 * 3
ML
ˆE ( AIC 2 ) ( )f n l O n   . When the multivariate skewnesses and kurtoses of the 

associated observable variables are zero, from Corollary 2 we have this result. Similarly, 

when the covariance matrix of the multivariate normal distribution is known, Corollary 3 

using the MLE of the mean vector gives the exact result 1 *
ML
ˆE ( AIC 2 ) 0g n l    even 

under non-normality. 

For 1 ( )
WTICn � , under possible model misspecification, define stochastic (T )tr j

  and 

(T )tr j
  in the expansions of 1 ( )

WTIC ( 1,2)jn j   as follows. 

Definition 1. 
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3/2 2

1 (1) 1 1
W W W W

1 1 1 (T1) 1 (T1) 5/2
W ( ) ( )

ˆ ˆ ˆTIC 2 2tr( )

ˆ2 2tr( ) 2( tr ) 2( tr ) ( )
p p

pO n O n

n l n

l n n n O n 

  

    
 

   

      

L Γ

Λ Γ
   (3.4) 

and 

3/2 2

1 (2) 1 ( ) 1 ( )
W W W W

1 1 1 (T2) 1 (T2) 5/2
W ( ) ( )

ˆ ˆ ˆTIC 2 2tr( )

ˆ2 2tr( ) 2( tr ) 2( tr ) ( ).
p p

pO n O n

n l n

l n n n O n 

   

    
 

  

      

Λ ΓI I

Λ Γ
   (3.5) 

For (3.4), let 
2

0
0 0 (1)

'
pO

l 
    

L
θ θ

, then define stochastic 1( )  MΛ  and 1( )  MΛ  as 

follows: 

1 1 1 10
W 0 0 0 W 0

1 0

2
1 1 1 1 10 0 0

0 0 0 0 0
, 1 0 0 0 0

3/2
W 0 W 0

1 1 1 1 1 1

ˆˆ ( )
( )

1

( ) ( ) 2 ( ) ( )

ˆ ˆ( ) ( ) ( )

q

j
j j

q

j k j k j k

j k pO n

   



    





     


    



            

   

   





L
L L L L θ θ

θ

L L L
L L L L L

θ θ θ θ

θ θ θ θ

Λ Λ MΛ Λ MΛ MΛ

 

1 1 1 1 1 10 0 0

1 0 0 0

1 1 1 * (2) (2)
0 0

0

2
1 1 1 10 0 0

0 0 0

( ) E E ( )
( ) ( ) ( )

1
E E E

( ) ( ) 2 ( )

q

g g
j j j j

j

g g g
j k

l
n

     



  

   

                             
 

     

     
          

 L L L
Λ Λ MΛ Λ Λ MΛ

θ θ θ

Λ Λ q Λ l
θ

L L L
Λ Λ Λ Λ

θ θ θ
1

, 1 0

1 1 3/2

0 0

( )

( )

q

j k j k

p

j k

l l
O n





  

   
      

    
        

 Λ
θ

Λ Λ
θ θ
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1/2

1 1 1 1 (3) 1 1
0

0 ( )

1 1 1 1 1 (3) 1 1
0

0
(A)

1 (3) 1 1 1 1 (3) (3
0 0 0

0

E ( )

E ( )

E ( ) ( ) { E (

p

g

O n

g

g g

l

l

l



     

      

    

                

              

           

Λ Λ MΛ Λ J Λ Λ
θ

Λ MΛ MΛ Λ MΛ J Λ Λ
θ

Λ J Λ MΛ Λ Λ J J
θ

 

1

) 1 1

0

2

1 (3) 1 1 1 * (2) (2) 1 (3) 1 1
0 0 0 0

0

2

1 (4) 1 1 3/2
0

0
(A) ( )

1

)}

E ( ) ( ) E ( )

1
E ( ) ( )

2

(

p

g g

g p

O n

l

l
n

l
O n



 

      

 

   

 

        

                 
             

    M

Λ Λ
θ

Λ J Λ Λ q Λ l Λ J Λ Λ
θ

Λ J Λ Λ
θ

Λ Λ 1/2 1

1( ) 1( ) 3/2

( ) ( )
) ( ) ( ).

p p
pO n O n

O n 
     MΛ

 

(3.6) 

Similarly, define stochastic ( )
MΓ  and ( )

MΓ  as follows: 

1/2

1/2

* 1 *
0 0 0

1 (1)

(3)
0 0 0( ) 0 0( )

(4) 2
0( , ) 0 0 0

*
W W 0 (1) W 0 ( )

( ) ( , ) , ( ) ( , ),
'

( ) , E ( ) , / ( ) ,

/ ( ) ( ) ( , 1,..., ),

ˆˆ ˆ( , ) ( ) ( )

p

p

p p

n
j j

j O

g j jO n

j k j j

O O n

l l
n

j k q









  
       

     

    

   

 



G

G

G G θ G θ X G G θ G θ X
θ θ

G Γ M G Γ G G θ

G G θ θ

Γ G θ X G Γ G

Γ M (3) (4) 3/2
0( ) W 0 0( , ) W 0 W 0

1 , 1

2
(3) 1 1 * ( ) ( ) (4) (1) (1) (1) (1)
0( ) 0 0 0( , ) 0 0

1 1 , 1

3/2

1ˆ ˆ ˆ( ) ( ) ( ) ( )
2

1
( ) ( )

2

( )

q q

j j j k j k p
j j k

q q
k k

j j k j k
j k j kj

p

O n

n

O n



 

 

  



     

       
 



 

  G

G θ θ G θ θ θ θ

Γ M G Λ q Λ l G Λ l Λ l

 (3.7) 
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1/2

(3) 1
0( )

1 0
( )

(3) (3) 1 (3) 1 1 * (2) (2)
0( ) 0( ) 0( ) 0 0

1 10
(A)

(4) 1 1
0( , )

, 1 0 0

E ( )

{ E ( )} E ( )( )

1
E ( )

2

p

q

g j
j j O n

q q

j g j g j j
j jj

q

g j k
j k j

l

l
n

l l







  

 

 



          

  
         

    
      



 



GΓ M G Λ
θ

G G Λ G Λ q Λ l
θ

G Λ Λ
θ θ

1

1/2 1

3/2

(A) ( )

( ) ( ) 3/2

( ) ( )

( )

( ) ( ) ( ).

p

p p

p

k
O n

pO n O n

O n

O n



 



  


 



   M MΓ Γ Γ

 

From (3.6) and (3.7), we have 

Lemma 1. The stochastic correction term in (3.4) of 1 (1)
WTICn  in Definition 1 is 

expanded as 

3/2 2

3/2

2

1 1
W W

1 1 1 (T1) 1 (T1) 5/2

( ) ( )

1 1 1 1( ) 1 ( )

( )

1 1( ) ( ) 1( ) 1 ( ) 5/2

( )

ˆ ˆ2tr( )

2tr( ) 2( tr ) 2( tr ) ( )

2tr( ) 2{ tr( )}

2{ tr( )} ( ),

p p

p

p

pO n O n

O n

pO n

n

n n n O n

n n

n O n

 





 

    
 

      

        



    

    

    

M M

M M M M

L Γ

Λ Γ

Λ Γ Λ Γ Λ Γ

Λ Γ Λ Γ Λ Γ

      (3.8) 

where the stochastic quantities are given by (3.6) and (3.7). 

For (3.5) of 1 (2)
WTICn , define stochastic 1( ) 1( ) ( ), ,     I I IΛ Λ Γ  and ( )

IΓ  by 

omitting terms with (3) (3)
0 0, E ( ),g GM J J M  and (3) (3)

0( ) 0( )E ( )j g jG G  in (3.6) and (3.7) as 

follows: 

 

1/2

( ) 1 1 1 (3) 1 1
W 0

0 ( )

2

1 (3) 1 1 1 * (2) (2) 1 (3) 1 1
0 0 0 0

0
(A)

1 (4) 1 1
0

0

ˆ E ( )

E ( ) ( ) E ( )

1
E ( )

2

p

g

O n

g g

g

l

l
n

l



     

      

  

               

                    

 
   

ΛI Λ Λ J Λ Λ
θ

Λ J Λ Λ q Λ l Λ J Λ Λ
θ

Λ J Λ Λ
θ

1

1/2 1

2

3/2

(A) ( )

1 1( ) 1( ) 3/2

( ) ( )

( )

( ) ( ) ( ),

p

p p

p

O n

pO n O n

O n

O n



 

 



     

      
  

      I IΛ Λ Λ
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(3.9) 

1/2

1

1

( ) (3) 1 (3) 1 1 * (2) (2)
W 0( ) 0( ) 0 0

1 10
( ) (A)

(4) 1 1 3/2
0( , )

, 1 0 0
(A) ( )

( )

(

ˆ E ( ) E ( )( )

1
E ( ) ( )

2

( )

p

p

p

q n

g j g j j
j jj O n

q

g j k p
j k j k

O n

O n

l
n

l l
O n







  

 

  





               

     
          

 

 



Γ

I

I Γ G Λ G Λ q Λ l
θ

G Λ Λ
θ θ

Γ Γ /2 1

( ) 3/2

) ( )
( ) ( ).

p
pO n

O n
  IΓ

  

(3.10) 

From (3.9) and (3.10), we have 

Lemma 2. The stochastic correction term in (3.5) of 1 (2)
WTICn  in Definition 1 is 

expanded as 

3/2 2

3/2

2

1 ( ) 1 ( )
W W

1 1 1 (T2) 1 (T2) 5/2

( ) ( )

1 1 1 1( ) 1 ( )

( )

1 1( ) ( ) 1( ) 1 ( )

( )

ˆ ˆ2tr( )

2tr( ) 2( tr ) 2( tr ) ( )

2tr( ) 2{ tr( )}

2{ tr( )} (

p p

p

p

pO n O n

O n

pO n

n

n n n O n

n n

n O n

 





  

    
 

      

       

    

    

    

Λ Γ

I I

I I I I

I I

Λ Γ

Λ Γ Λ Γ Λ Γ

Λ Γ Λ Γ Λ Γ 5/2 ),

      (3.11) 

where the stochastic quantities are given by (3.9) and (3.10). 

For the bias correction of 1 (1)
WTICn  (see (3.4) of Definition 1), we derive the 

expectations of the two stochastic terms 1/2

(T1)

( )
2(tr )

pO n  and 1

(T1)

( )
2(tr )

pO n , where the 

former expectation becomes (T1) 1( ) 1 ( )2E (tr ) 2E {tr( )} 0g g
   

    M MΛ Γ Λ Γ  (see (3.8) of 

Lemma 1) since 1( ) ( )E ( ) E ( )g g
    M MΛ Γ O  by construction. The latter expectation (see 

(3.8)) is given as follows: 
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(T1)

1( ) ( ) 1( ) 1 ( )

1 1 1 1 (3) 1 1
0

0
(A)

(3) 1
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1 0

E {2(tr )}

2E {tr( )}

2E tr E ( )

E ( )

g

g

g g

q

g j
j j

l
n n

l



      

     





   

                 

         


M M M M

G

Λ Γ Λ Γ Λ Γ

Λ MΛ Λ J Λ Λ
θ

M G Λ
θ

                 (3.12) 

 

1 1 1 1 1 (3) 1 1
0

0
(B)

1 (3) 1 1 1 1 (3) (3) 1 1
0 0 0

0 0

1 (3) 1 1 1 * (2) (2)
0 0 0

E ( )

E ( ) ( ) { E ( )}

E ( ) ( )

g

g g

g

l
n

l l

n

      

      

   

              

                              

   

Λ MΛ MΛ Λ MΛ J Λ Λ
θ

Λ J Λ MΛ Λ Λ J J Λ Λ
θ θ

Λ J Λ Λ q Λ l

2

1 (3) 1 1
0

0

2

1 (4) 1 1
0

0
(B)

E ( )

1
E ( )

2

g

g

l

l

  

 

  

             
            

Λ J Λ Λ
θ

Λ J Λ Λ Γ
θ

 

1 (3) (3) 1 (3) 1 1 * (2) (2)
0( ) 0( ) 0( ) 0 0

1 10
(C)

(4) 1 1
0( , )

, 1 0 0
(C) (A)

{ E ( )} E ( )( )

1
E ( )

2

q q

j g j g j j
j jj

q

g j k
j k j k

l
n n

l l

   

 

 



  
         

      
            

 



Λ G G Λ G Λ q Λ l
θ

G Λ Λ
θ θ

 

1 1 1

(A)

1 (3) 1 1
0

, , 1 0

(3)
0( )

, , , , 1 1 0

1 (3) 1
0

, , , 1

2 vec '( ) E ( )vec( )

( ) E ( ){( ) ( ) } E ( )

E ( ) E

( ) E ( ){( ) (

g

q

a g b c g ba
a b c c

q q
ac db je

g j ab g cd
a b c d e j e

q

a g b
a b c d

n n

l
n

l
n m



  


  

  



 

 




 



 
    

 
   

 



 



G

G

Λ M M Λ

Λ J Λ Λ M

G

Λ J Λ Λ

� � �

� �
1 (3)

0( )) }E ( ) jd
c g j ab cd  G�
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1 2 1 1

(B)

1 (3) 1 1 1
0

, , 1 0

(3) (3) 1 1 1
0 0

1 0

(3) 1 1
0 W1

vec '( ) E ( )vec( )

2 ( ) E ( ){( ) ( ) } E

tr E { E ( )} {( ) ( ) }

tr[E ( ){( ) }]

g

q

a g b c g ab
a b c c

q

g g a
a a

g

n

l
n m

l
n





    

   



  



 


 


 
    

  
      
 





Λ M Λ ΓΛ

Λ J Λ ΓΛ Λ

J J Λ ΓΛ Λ

J Λ ΓΛ α

� � �

�

 

1 (3) 1 1 (3) 1 1
0 0

, 1

(4) 1 1 2
0

(B)

1 (3) (3)
0( ) 0( )

, 1 0
(C)

1 (3)
0( ) W1

1

tr[ E ( ){ ( ) }E ( ){ ( ) }]

1
vec'E ( ){vec( )}

2

tr E { E ( )}

1
tr{ E ( )( ) } tr{

2

q

g a g b ab
a b

g

q
ab

g a g a
a b b

q

g j j
j

l
n






    



   









  


 



  
      

 







ΓΛ J Λ Λ J Λ Λ

J Λ ΓΛ

Λ G G

Λ G α

� �

1 (4) 1 1
0( , )

, 1
(C) (A)

1 (T1)

E ( )( ) }

,

q

g j k jk
j k

n d

  





 
 
 



 Λ G Λ ΓΛ

 

where 1 1 1 * (2) (2)
W1 0 0E ( )gn n    α Λ q Λ l  is the vector of the asymptotic biases of Wθ̂  

up to order 1( )O n  under possible model misspecification. 

For 1 (2)
WTICn  (see (3.5) of Definition 1), similarly we have 

(T2) 1( ) 1 ( )2E (tr ) 2E {tr( )} 0g g
   

    I IΛ Γ Λ Γ  by construction and 
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(T2)
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      

    



   

   

                               


  





I I I IΛ Γ Λ Γ Λ Γ

Λ J Λ Λ G Λ
θ θ

Λ J Λ Λ q * (2) (2)
0

2

1 (3) 1 1
0

0

2

1 (4) 1 1 1 1 ( )
0

0
(B) (A)

)

E ( )

1
E ( ) 2E {tr( )}

2

g

g g

l

l
n

  

 

     



             
                

I

Λ l

Λ J Λ Λ
θ

Λ J Λ Λ Γ Λ Γ
θ

 (3.13) 

1 1 (3) 1 1 (3)
0 0( )
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(A)

(3) 1 1
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(B)

1 (3) 1 1 (3) 1 1
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tr[ E ( ){ ( ) }E ( ){ ( ) }

1
vec 'E ( ){vec(

2

q q
jd
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
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
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
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
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1 1 2

(B)

1 (3) 1 (4) 1 1
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1 , 1
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1 (T2)
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1
tr{ E ( )( ) } tr{ E ( )}( )

2

.

q q

g j j g j k jk
j j k

n d

  

   

 







  
   
  



 

ΓΛ

Λ G α Λ G Λ ΓΛ

 

The higher-order bias corrections of 1 ( )
WTIC ( 1,2)jn j   are given as follows: 

Theorem 2. Under possible model misspecification and some regularity conditions, 

define 

2

1 ( ) 1 ( ) 2 (T )
W 2W ( )

ˆ ˆTIC TIC ( ) ( 1,2),j j j

O n
n n n b d j
  


               (3.14) 

where 2̂b  and (T )ˆ jd  are consistent estimators of 2 1 2 3( )b c c c    and (T )jd . Then, 
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2

1 ( ) * 3
WW ( )

ˆE ( TIC 2 ) ( )j
g O n

n l O n
 


  . 

 

4. Asymptotic cumulants 

In Section 2, the bias of W
ˆ2l  was defined as *

W W
ˆ ˆ2E ( )g l l   (see (2.8)) with the 

definitions of Wl̂  and *
Wl̂  by (2.4) and (2.7), respectively. In this section, the asymptotic 

cumulants of * * *
W W W
ˆ ˆ2 ( 2 ( , ) 2 { ( ), })l l l    θ X θ X X  using the density *

0( | )g X ζ  

are given, where the bias is defined as *
W 0
ˆ2{E ( ) }g l l   with *

0l  being the population 

counterpart of Wl̂ , which is the limiting value of Wl̂  when n is infinitely large. The value 

and the notation of *
0l  are equal to those of (2.5) since 

* *
0 0 0 0( )

*
0 0 0( )

E { ( | )} ( | ) ( | )d

( | ) ( | )d E { ( | )}.

g R

gR

l l l g

l g l

 

 




X

Z

θ X θ X X ζ X

θ Z Z ζ Z θ Z
               (4.1) 

The asymptotic cumulants of 1
WAICn  and 1 ( )

WTIC ( 1,2)jn j   are given before and after 

studentization up to the fourth order with the higher-order asymptotic variances. The 

studentization is for testing and interval estimation, where the population values of W
ˆ2l  

are defined in two ways as *
W
ˆ2E ( )g l  and *

02l . While these two values are of order 

(1)O , the former depends on n in that the value is generally written as 

1 2(1) ( ) ( )O O n O n    . When n is infinitely large, *
W
ˆ2E ( )g l  becomes equal to 

*
02l . So, *

02l  is also of interest as well as *
W
ˆ2E ( )g l . Note that asymptotically 

unbiased point estimators of the latter up to order 1( )O n  are 1
WAICn  under correct 

model specification and 1 ( )
WTIC ( 1,2)jn j   under possible model misspecification. 

Under possible model misspecification, assume that the following hold with the 

definitions of the asymptotic cumulants whose factors of (1)O  are (A)
Wk  for 1

WAICn  

and (T )
W

j
k for 1 ( )

WTIC ( 1,2) ( 1, 1, 2, 2, 3, 4)jn j k     : 
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1 * 1 (A) 2 (A) 3
1 W 0 (1) W1 W 1

1 1 (A) 2 (A) 3
2 W W2 W 2

1 2 (A) 3
3 W W3

1 3 (A) 4
4 W W4

1 ( ) * 1 (T ) 2
1 W 0 (1) W1 W 1

( AIC ) 2( ) ( ),

( AIC ) ( ),

( AIC ) ( ),

( AIC ) ( ),

( TIC ) 2( )

g O

g

g

g

j j
g O

n l n n O n

n n n O n

n n O n

n n O n

n l n n

  

  

 

 

  

   


   


  

  

  


    

  

 

 

    (T ) 3

1 ( ) 1 (T ) 2 (T ) 3
2 W W2 W 2

1 ( ) 2 (T ) 3
3 W W3

1 ( ) 3 (T ) 4
4 W W4

( ),

( TIC ) ( ),

( TIC ) ( ),

( TIC ) ( ) ( 1, 2).

j

j j j
g

j j
g

j j
g

O n

n n n O n

n n O n

n n O n j

  

 

 



   


  

  



  

 

  

          (4.2) 

From the asymptotic properties of 1
WAICn  and 1 ( )

WTIC ( 1,2)jn j   given earlier 

we have, 1 * 1
1 W W

ˆ( AIC 2 ) ( )g n l O n     under model misspecification and 

1 * 2
1 W W

ˆ( AIC 2 ) ( )f n l O n     under correct model specification (A)*
W1 0   while 

1 ( ) * 2
1 W W

ˆ( TIC 2 ) ( )j
g n l O n     with (T )*

W1 0 ( 1, 2)j j    under possible model 

misspecification. Other asymptotic cumulants for 1 *
W W

ˆAIC 2n l   and 1 ( ) *
W W

ˆTIC 2jn l   

using the notations (A)*
Wk  and (T )*

W ( 1, 2, 2, 3, 4)j
k k    , respectively, are defined 

similarly to (4.2). 

Recall that 1 1
W W

ˆAIC 2 2n l n q     (see (3.1)) with the corresponding symbolic 

expressions of the asymptotic expansions of 1 ( )
WTIC ( 1,2)jn j   given by (3.4) and (3.5). 

Then, for the asymptotic cumulants of (4.2), we expand the main term W
ˆ2l  common to 

1
WAICn  and 1 ( )

WTIC ( 1,2)jn j  : 

1/2

4
5/2

W 0 (1) W 0
1 0

4 3
1 1 * ( ) ( ) 1 (W)

0 (1) 0 0 0 ( )
1 10

5/2

1ˆ ˆ2 2( ) 2 ( ) ( )
! ( ')

1
2( ) 2 ( )

! ( ')

( )

p

p p

j
j

O pj
j

jj
k k

O j O n
j k

p

l
l l O n

j

l
l n n

j

O n



  
 



 
  

 
 




     



  
        




 

θ θ
θ

Λ q Λ l l
θ     (4.3) 
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1/2

1/2

1/2

3
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0 0 02 ( )
10 (1)

3
1 1 *

03
0 (1)

2( ) 2 ( )
'

( )
( ')

1

3 ( ')

p p

p

p

p

p

k k
O O n
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

 
 
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   
         

 
   





Λ q Λ l l
θ
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Λ q
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32
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04
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1
E ( ) ( ).
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k k

k

g p

l
O n

 



  
 

  
 

 
   

Λ l

Λ l
θ

 

The five terms up to order 1( )pO n  in the last expression of (4.3) are further 

expanded one by one as follows: 

(i) 

1/2

0 (1) 0 0 0

* *
0 (1) 0 0 ( )

2( ) 2E ( ) 2{ E ( )}

2( ) 2( ) ,

p

p

O g g

O O n

l l l l

l l l 

    

     

(ii) 

3/2 1 3/2

2 2

3
1 1 * ( ) ( ) 1 (W)

0 0 0
10

1 1 * 1 (2) (2)
0 0

0 0 0 0( ) ( ) ( )

(3) (3) 1 (W)
0 0
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2
'

2 2 2
' ' '

2 2
' '

p p p

p p

k k

k

O n O n O n

O n O n

l
n n

l l l l
n

l l
n

  

 

  



  



        
        
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where the underline with a number in parentheses indicates a quantity and the negative 

number e.g., (4)...a   indicates a  times the quantity with (4)… when summed. 

The last parenthetical results ( ) ( )
W ML ( 1,...,4)j jl l j   indicate that W

ˆ2l  is equal to 

ML
ˆ2l  up to order 3/2( )pO n . The remaining two terms of order 2( )O n  and 2( )pO n  

are relevant only to (A)
W 1   and (T )

W 1 ( 1, 2)j j    in (4.2). In the last result of (4.5), the first 

term for (4)
Wl  can also be written as 



 30

(2) (2) 2
0

1 1 1

0 0

2

(3) 1 1 1
0

0 0

2 2

(3) 1 1 (3) 1
0 0

0 0

vec '( )( )

= vec'( )

vec '{E ( )}

1
vec '{E ( )} E ( )

4

g

g g

l l

l l

l l

 

  

 

  

   

  

                
                 

    
        

Λ Λ l

M Λ Λ MΛ
θ θ

J Λ Λ MΛ
θ θ

J Λ Λ J Λ
θ θ

    
    

 

(recall (2.10)). 
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n O n

     

  




 

     

  

 

In the case of the canonical parameters under correct model specification as in 

Corollary 1, using (4.5) (see also (2.20)), the asymptotic biases become as follows: 

2

1
1 W

* 1 1 2 2 (3) (4) * 1 * 3
0 ML ML 0 0

* 1
0

2 * * * *
3 3 3 ( ) ( ) ( ) 3

* * 1 *
4 0 0 0( )

( AIC )

2 {tr( ) 2 } { E ( ) ' } ( )

2

1 1
'( ) ( ) '( )[ {vec( )vec'( )}] ( )

6 4

1
'( )vec( ) '

4

f

f

f f f q q q f

f q

n

l n q n n l l O n

l n q

n

 

    







       

  

   
 


Λ Γ q Λ q

κ x κ x κ x I I I κ x

κ x I q I q

   

 3

* 1 (A) 2 (A) 3
0 ML1 W 1

( )

2 ( ),

O n

l n n O n 



  




    

    (4.7) 

where 1/ 6  and +1/4 come from (1/ 3) (2 / 4)  and (1 /12) 3 , respectively (see 

(2.20) and the result before Theorem 4). 

The results for 1 ( )
WTIC ( 1,2)jn j  corresponding to Theorem 4 are given from (3.4) 

and (3.5) of Definition 1. 

Theorem 5. Under possible model misspecification and regularity conditions for (4.2), 

the asymptotic cumulants of 1 ( )
WTIC ( 1,2)jn j   up to the fourth order with the 

higher-order asymptotic bias and variance are given as follows: 

1 ( )
1 W

* 1 (A) 1 2 (A) 2 (T ) 3
0 (1) ML1 W 1

* 1 (T ) 2 (T ) 3
0 (1) ML1 W 1

(T ) (T ) (A) 1 1
W1 ML1 ML1

( TIC )

2( ) { 2 2tr( )} { 2 E (tr )} ( )

2( ) ( )

( 2 2tr( ) tr( )),

j
g

j
O g

j
O

n

l n q n n O n

l n n O n

q



 

 

  



   
 

  


 

        

    

      

Λ Γ

Λ Γ Λ Γ

�

� �

  (4.8) 
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1 ( ) 1 (A) 2 (A) (1) (T ) 3
2 W ML2 ML 2 ML

1 (T ) 2 (T ) 3 (T ) (T ) (A) (A)
ML2 W 2 W2 ML2 W2 ML2

1 ( ) 1 3
3 W 3 ML

2 (A) 3 (T ) (
ML3 W3 ML3

( TIC ) { 4 E ( tr )} ( )

( ) ( ),

( TIC ) ( AIC ) ( )

( ) (

j j
g g

j

j
g g

n n n n l O n

n n O n

n n O n

n O n

  

     

 

  

   
 

  


  

 

   

     

 

  

� � �

� T ) (A) (A)
W3 ML3

1 ( ) 1 3
4 W 4 ML

3 (A) 4 (T ) (T ) (A) (A)
ML4 W4 ML4 W4 ML4

),

( TIC ) ( AIC ) ( )

( ) ( ) ( 1,2),

j
g gn n O n

n O n j

 

 

    

  

 

 

 

     

�

� �

 

where the superscript (T )  indicates a result common to 1 ( )
WTIC ( 1,2)jn j  . 

In (4.8), (T ) (T ) (A) (A)
W3 ML3 W3 ML3     � �  stems from the property that the third asymptotic 

cumulants of 1 ( )
WTIC ( 1,2)jn j   are given only by (1) (1)

W ML( )l l  and (2) (2)
W ML( )l l  of 

W
ˆ2l  in (3.4) and (3.5) of Definition 1 (see the last parenthetical result of (4.5)) with the 

fixed term 1tr( )Λ Γ  in (3.4) and (3.5) being irrelevant to the cumulants except that of the 

first order. The additional stochastic terms 1/2

1 (T )

( )
2 (tr )

p

j

O n
n 


  for 1 ( )
WTIC ( 1,2)jn j   in 

(3.4) and (3.5) with ( ) ( )
W ML( ) ( 1,2,3)j jl l j   in the expansion of W

ˆ2l  common to 

1
WAICn  and 1 ( )

WTIC ( 1,2)jn j   contribute to the higher-order added asymptotic 

variance 2 (T )
W 2 ( 1, 2)jn j
   in (4.8). However, the contributions by 1 (T )2 tr ( 1, 2)jn j

   

are canceled when we derive the (asymptotic) fourth cumulants, giving 

(T ) (T ) (A) (A)
W4 ML4 W4 ML4     � �  in (4.8). 

For interval estimation of the population quantity *
02l  as well as *

W
ˆ2E ( )g l  by 

1
WAICn  and 1 ( )

WTIC ( 1,2)jn j  , the following studentized estimators are defined: 

1/2 1 * 1/2 1 ( ) *
(A) (T )W 0 W 0
W W(A) 1/2 (A) 1/2

W W

1/2 1 * 1/2 1 ( ) *
W W W W(A)* (T )*

W W(A) 1/2 (A) 1/2
W W

( AIC 2 ) ( TIC 2 )
, ( 1, 2),

ˆ ˆ( ) ( )

ˆ ˆ{ AIC 2E ( )} { TIC 2E ( )}
, ( 1, 2),

ˆ ˆ( ) ( )

j
j

j
g gj

n n l n n l
t t j

v v

n n l n n l
t t j

v v

 

 

 
  

 
  

   (4.9) 

where (A)
Wt  and (T )

W ( 1, 2)jt j   are for estimation of *
02l  while  (A)*

Wt  and 

(T )*
W ( 1, 2)jt j   are for *

W
ˆ2E ( )g l  under possible model misspecification; 1 (A)

Wˆn v  is the 
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robust estimator of the asymptotic variance 1 (A)
ML2n   common to 1

WAICn  and 

1 ( )
WTIC ( 1,2)jn j  : 

(A) 1
W W W (1)

1

ˆˆˆ 4( 1) ( )
n

j p
j

v n l l O



                       (4.10) 

with 
W

ˆŴ | ( 1,..., )j jl l j n


 
θ θ  and 

1
W W

1

ˆ ˆ
n

j
j

l n l



   (for jl  see (2.1)). 

Under correct model specification, in many cases (A)
ML2  may be explicitly obtained as 

a function of 0θ . However, since this result depends on a model employed, the four 

versions of robust studentization in (4.9) are considered in this section. Define the stochastic 

quantity using 0θ  in place of Wθ̂  in (4.10): 

(A) 1
0 0 0 (1)

1

4( 1) ( )
n

j p
j

v n l l O



                       (4.11) 

with 
00 | ( 1,..., )j jl l j n θ θ  and 

1
0 0

1

n

j
j

l n l



  . Then, (A)
0v  is an exactly unbiased 

robust estimator of (A)
ML2  with (A) (A)

0 ML2E ( )g v   though (A)
0v  usually includes the 

unknown 0θ . Generally, the estimator (A)
Wv̂  is not an unbiased one but is a consistent 

estimator of (A)
ML2 . 

Under possible model misspecification, assume that the following hold with the 

asymptotic cumulants, whose factors of order (1)O  are (A)
( )W ( 1, 2, 2, 3, 4)t k k    for 

(A)
Wt : 

(A) 1/2 (A) 3/2
1 W ( )W1

(A) 1 (A) 2 (A)
2 W ( )W 2 ( )W2

(A) 1/2 (A) 3/2
3 W ( )W3

(A) 1 (A) 2
4 W ( )W4

( ) ( ),

( ) 1 ( ) ( 1),

( ) ( ),

( ) ( ).

g t

g t t

g t

g t

t n O n

t n O n

t n O n

t n O n

 

  

 

 

 

 


 

 

 

   

 

 

             (4.12) 

Similarly, (T )
( )W

j
t k  for (T )

W
jt , (A)*

( )Wt k  for (A)*
Wt  and (T )*

( )W
j

t k  for 

(T )*
W ( 1,2), ( 1, 2, 2, 3, 4)jt j k    are defined. These asymptotic cumulants are obtained. 
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However, since their derivations and results are relatively involved, they are shown in the 

first supplement to this paper (Ogasawara, 2016a). 

Insert Tables 1 and 2 about here 

 

5. Examples 

Three examples are given in this section. Each of Examples 1 and 2 uses the MLE of a 

canonical parameter in the exponential family under model misspecification while Example 

3 deals with the WSE of a canonical parameter in the exponential family under correct 

model specification. The asymptotic cumulants, obtained in Section 4, for the examples are 

shown in Tables 1 and 2, whose expository derivations are given in the supplements to this 

paper (Ogasawara, 2016a, 2016b). 

Example 1: The MLE of the parameter in the exponential distribution is used when the 

gamma distribution with the shape parameter   being unequal to 1 holds. That is, the 

density 

*
0 0 0( | ) exp( ) ( 0)f x x x x                        (5.1) 

is used with 0 0   when the true distribution is 

* 1
1 1 1( | , ) exp( ) / ( ) ( 0, 1)g x x x x x                    (5.2) 

with 0 1( , ) ' ζ  and ( )   being the gamma function. By assumption 1   is 

excluded. However, when 1   in (5.2), this reduces to (5.1). The MLE of 0  is 1 / x , 

where x  is the sample mean of the observable variable. This gives the population 0  

under model misspecification as 

0 11 / E ( ) /g x    .                         (5.3) 

Example 2: The MLE of the mean in the univariate normal distribution with known 

variance 2  is used when the true distribution is non-normal with known variance 2 . 

That is, 

2
* 2 0

0 2

( )1
( | , ) exp

22

x
f x x


 


 

   
 

                  (5.4) 

with ML ML
ˆ ˆ x   . In this example, 
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* 2
0 0 0

2
ML ML 0 ML ML

1 1
E ( ) E ( ) log(2 ) ,

2 2
ˆ ˆ ˆ ˆE ( ) E ( ) , var ( ) var ( ) .

g j f j

g f g f

l l l

n n



     

    

   
           (5.5) 

However, 
*

0
0 4

1
var ( ) 2

4g j g

x
l





      
   

 under non-normality with 4 ( ) 0g    is not 

equal to 0var ( ) 1 / 2f jl   under normality. 

Example 3: The WSE of the logit in the Bernoulli distribution is used under correct 

model specification. That is, 

* 1
0 0 0 0

0

1
Pr( | ) (1 ) ( 0, 1),

1 exp( )
x xx x x   


    

  .          (5.6) 

While ML
ˆ log ( 0, 1)

1

x
x

x
  


, where x  is the usual sample proportion, W̂  in 

Example 3 is defined as the solution of   which maximizes 

 1 /2

1
(1 ) { (1 )}j j

n x x a

j
   


   with 

1

1 exp( )





  ,          (5.7) 

where a is the sum of equal pseudocounts for two categories. The solution is given when 

1

W 1

0.5ˆ log
1 0.5

x n a

x n a
 






 

 
. 

In the footnotes of the tables, general results associated with the tables are given (for 

derivation, see also Ogasawara, 2016a, b). In Examples 1 and 2, the results do not depend 

on scales since l (log-likelihood) is scale-free in these examples. Although 1   is 

assumed in Example 1, 1   gives the corresponding results under correct model 

specification. Note that in the latter case with 1  , all the results in Example 1 are given 

by fixed values. Under correct model specification, the bias-corrected 1
MLAICn  up to 

order 2( )O n , denoted by 2

1

ML ( )
AIC

O n
n 


 , is given by as simple as 

2

1 1 2
MLML ( )

ˆAIC 2 2 2
O n

n l n n
  


    .                 (5.8) 

Similarly, under normality, the results for Example 2 in the tables are given only by 

fixed values, where j ’s ( *
0{( ) / }gj x    ’s) ( 2)j   vanish. Note also that 
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1 1 ( )
ML MLAIC ( TIC , 1,2)jn n j    in Example 2 is exactly unbiased even under 

non-normality (see (5.5) and Corollary 3). In Example 3, the results when ML̂  is used, are 

given by a = 0. 

In Example 3, from Table 1 we have 

Corollary 4. Under the assumption that the Bernoulli distribution holds, 1
WAICn  

for estimation of *
W
ˆ2E ( )f l  using W̂  as the weighted score estimator of the logit with 

the total number a of equal pseudocounts for two categories gives no asymptotic bias up to 

order 
2( )O n

 when a = 1. 

For the derivation of the higher-order asymptotic bias, see Ogasawara (2016b, 

Subsection S6.1). It is of interest to see that when a = 1, W̂  is also unbiased up to order 

1( )O n
 (see e.g., Ogasawara, 2013, Section 6). On the other hand, for estimation of 

*
02l the corresponding bias of 1

WAICn  up to order 
2( )O n

 is 

1 2 1 2 2 1
0 0 0{(1 / 6)(1 ) ( / 4)(1 2 ) }n n i a i       , which is minimized when a = 0 and 

0 1 / 2   while a is irrelevant to the asymptotic bias when 0 1 / 2  . 
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Table 1. Asymptotic cumulants of 1

ML(W)AICn  and 1 ( )
ML(W)TIC ( 1, 2)jn j   before studentization 

 Example 1 Example 2 Example 3 

Model distribution 

 

True distribution 

 

Parameter 

Exponential 

 

gamma, 1   

 

canonical (the reciprocal 

of the scale) 

normal with known 2  

 

non-normal 

 

canonical (mean) 

Bernoulli 

 

Bernoulli 

 

canonical (logit) 

AIC 
1

MLAICn  1 1 ( )
ML MLAIC ( TIC )n n  � 1 1 ( )

W WAIC ( TIC )n n  �  
(A)
ML(W)1  12   1 1 
(A)
ML(W) 1   2(1 / 6)  0 

1
0

2 2 1
0 0

(1 / 6)(1 )

( / 4)(1 2 )

i

a i







 
 

(A)*
ML(W)1  12 2  0 0 
(A)*
ML(W) 1   22  0 

2 1
0 0( 1){(1 2 ) 2}a i   

 
(A)
ML(W)2  14  4 2   2

0 04 i  
(A)
ML(W) 2   22  42( 1)   2 
(A)
ML(W)3  28  

2
6 4 312 4 8      3

0 0

2
0 0

{8 (1 2 )

24 }i

 



 


 

(A)
ML(W)4  

 

 

 

Higher-order 

bias correction 

332  
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Table 1. (continued) 

 Example 1 ( (T ) (A)
ML 2 ML 2  �  in this example) 

TIC 
1 ( )

MLTICn �  
(T )
ML1 �  1  
(T )
ML 1 

�  
2 2
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Note. (A)
ML j  are for 1 *

ML 0
ˆ( AIC 2 )g j n l    while (A)*

ML j  are for 1 *
ML ML

ˆ{ AIC 2E ( )}g j gn l    

( 1, 1, 2, 2, 3, 4)j     in Examples 1 and 2. Similarly, (A)
W j  and (A)*

W j  are defined in Example 3. 

'( )   and ''( )  are the first and second derivatives of the digamma function ( )  , respectively. 

Generally, (A) (A)* (A) (A)*
ML ML W W, ( 2, 2, 3, 4)j j j j j       , (A) (A)

W MLj j   ( 1, 2, 2, 3, 4),j    
(A) (A)
W 1 ML 1    and (T ) (T ) (A) (A)

W ML W ML ( 2, 3, 4)j j j j j      � � . 

    In Example 1, *
0{( ) / }j g j x      and in Example 3 0 0 0(1 )i     is the population 

Fisher information per observation. 



 

 
Table 2. Asymptotic cumulants of 1

ML(W)AICn  and 1 ( )
ML(W)TIC ( 1, 2)jn j   after studentization 
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4 3 . R e n t - S e e k i n g B e h a v i o r i n t h e W a r o f A t t r i t i o n J u n - i c h i I t a y a O c t . 1 9 9 7
& H i r o y u k i S a n o

4 4 . ｻ ﾊ ﾘ ﾝ石 油 ・ ｶﾞ ｽ開 発 ﾌﾟ ﾛ ｼ ﾞ ｪ ｸ ﾄと 北 海 道 経 済 の 活 性 化 第 1号 北 東 ｱｼﾞ ｱ - ｻ ﾊ ﾘ ﾝ研 究 会 Ma y 1 9 9 8

4 5 . 購 買 部 門 の 戦 略 性 と 企 業 間 連 携 に つ い て 伊 藤 一 Jun . 1 9 9 8

4 6 . T h e F o r m a t i o n o f C u s t o m s U n i o n s a n d t h e E f f e c t o n G o v e r n m e n t M a s a h i r o E n d o h J u l . 1 9 9 8
P o l i c y O b j e c t i v e s

4 7 . T h e T r a n s i t i o n o f P o s t w a r A s i a - P a c i f i c T r a d e R e l a t i o n s M a s a h i r o E n d o h J u l . 1 9 9 8

4 8 . 地 域 型 ﾍﾞ ﾝ ﾁ ｬ ｰ支 援 ｼｽ ﾃ ﾑの 研 究 I－ 道 内 製 造 業 系 ﾍﾞﾝ ﾁ ｬ ｰ企 業 の ｹｰ ｽ ｽ ﾀ ﾃ ﾞ ｨ ｰ 地 域 経 済 社 会 ｼｽ ﾃ ﾑ研 究 会 Ju l . 1 9 9 8
日 本 開 発 銀 行 札 幌 支 店

49 . F i s c a l R e c o n s t r u c t i o n P o l i c y a n d F r e e R i d i n g B e h a v i o r T o s h i h i r o I h o r i A u g . 1 9 9 8
o f I n t e r e s t G r o u p s & J u n - i c h i I t a y a

5 0 . Q u e l l e n z u m M a r k w e s e n d e s O s n a b r c k e r L a n d e s i m N i e - S u s u m u H i r a i S e p . 1 9 9 8ü
d e r s c h s i s c h e n S t a a t s a r c h i v O s n a b r c k ( m i t S c h w e r p u n k tä ü
: V e r f a s s u n g , H l t i n g , S i e d l u n g u n d K o n f l i k t e n i m 1 7 . u n dö
1 8 . J a h r h u n d e r t )

5 1 . E q u i t y a n d C o n t i n u i t y w i t h a C o n t i n u u m o f G e n e r a t i o n s T o m o i c h i S h i n o t s u k a D e c . 1 9 9 8

5 2 . P u b l i c R e s o u r c e s A l l o c a t i o n a n d E l e c t i o n S y s t e m A k i h i k o K a w a u r a M a r . 1 9 9 9

D i s c u s s i o n P a p e r S e r i e s
C e n t e r f o r B u s i n e s s C r e a t i o n
O t a r u U n i v e r s i t y o f C o m m e r c e

5 3 . 消 費 者 の 価 格 ﾌﾟ ﾛ ﾓ ｰ ｼ ｮ ﾝ反 応 へ の 影 響 を 考 慮 し た 広 告 効 果 測 定 結 果 奥 瀬 喜 之 Jun . 1 9 9 9
ﾓ ﾃ ﾞ ﾙの 構 築

54 . 地 域 型 ﾍﾞ ﾝ ﾁ ｬ ｰ支 援 ｼｽ ﾃ ﾑの 研 究 Ⅱ -地 域 型 ﾍﾞ ﾝ ﾁ ｬ ｰ ･ ｲ ﾝ ｷ ｭ ﾍ ﾞ ｰ ｼ ｮ ﾝの 設 計 - 小 樽 商 科 大 学 ﾋﾞ ｼ ﾞ ﾈ ｽ創 造 Ju l . 1 9 9 9
ｾ ﾝ ﾀ ｰ & 日 本 開 発 銀 行 札
幌 支 店

55 . ｻ ﾊ ﾘ ﾝ石 油 ・ ｶﾞ ｽ開 発 ﾌﾟ ﾛ ｼ ﾞ ｪ ｸ ﾄと 北 海 道 経 済 の 活 性 化 第 2号 北 東 ｱｼﾞ ｱ - ｻ ﾊ ﾘ ﾝ研 究 会 Ma y 1 9 9 9

5 6 . D e c . 1 9 9 9石 鹸 洗 剤 ﾒｰｶ ｰに お け る ﾏｰｹ ﾃ ｨ ﾝ ｸ ﾞ ･ ﾁ ｬ ﾈ ﾙ行 動 の 変 遷 高 宮 城 朝 則

57 . D e c . 1 9 9 9長 期 的 取 引 関 係 に お け る 資 源 蓄 積 と 展 開 近 藤 公 彦 &坂 川 裕 司

58 . K o S u m i n o D e c . 1 9 9 9E x e r n a l i t i e s : A P i g o v i a n T a x v s . A L a b o r T a x

5 9 . A N e w D i m e n s i o n o f S e r v i c e Q u a l i t y : A n E m p i r i c a l S t u d y i n J a p a n . M a k o t o M a t s u o D e c . 1 9 9 9
& C a r o l u s P r a e t
& Y o s h i y u k i O k u s e

6 0 . A f t e r m a t h o f t h e F l i n t S i t - D o w n S t r i k e : G r a s s - R o o t s U n i o n i s m S a t o s h i T a k a t a M a r . 2 0 0 0
a n d A f r i c a n - A m e r i c a n W o r k e r s , 1 9 3 7 - 1 9 3 9

6 1 . T a r i f f i n d u c e d d u m p i n g i n t h e i n t e r m e d i a t e - g o o d m a r k e t C h i s a t o S h i b a y a m a A p r . 2 0 0 0

6 2 . D e r e g u l a t i o n , M o n i t o r i n g a n d O w n e r s h i p s t r u c t u r e : A C a s e A k i h i k o K a w a u r a A p r . 2 0 0 0
S t u d y o f J a p a n e s e B a n k s

6 3 . ｻ ﾊ ﾘ ﾝ石 油 ・ ｶﾞ ｽ開 発 ﾌﾟ ﾛ ｼ ﾞ ｪ ｸ ﾄと 北 海 道 経 済 の 活 性 化 第 3号 北 東 ｱｼﾞ ｱ - ｻ ﾊ ﾘ ﾝ研 究 会 Ap r . 2 0 0 0

6 4 . A C o o p e r a t i v e a n d C o m p e t i t i v e O r g a n i z a t i o n a l C u l t u r e , M a k o t o M a t s u o M a y 2 0 0 0
I n n o v a t i o n , a n d P e r f o r m a n c e : A n E m p i r i c a l S t u d y o f J a p a n e s e
S a l e s D e p a r t m e n t s

6 5 . F o r e i g n E x c h a n g e M a r k e t M a k e r ' s O p t i m a l S p r e a d w i t h R y o s u k e W a d a J u n . 2 0 0 0
H e t e r o g e n e o u s E x p e c t a t i o n s

6 6 . ダ ン ピ ン グ と ダ ン ピ ン グ 防 止 法 の 起 源 柴 山 千 里 Oct . 2 0 0 0
歴 史 的 文 脈 に お け る 「 不 公 正 貿 易 」 概 念 の 成 立

67 . T h e O r g a n i z a t i o n a l L e a r n i n g P r o c e s s : A R e v i e w M a k o t o M a t s u o D e c . 2 0 0 0
6 8 . T h e W e a k C o r e o f S i m p l e G a m e s w i t h O r d i n a l P r e f e r e n c e s : T o m o i c h i S h i n o t s u k a J a n . 2 0 0 1

I m p l e m e n t a t i o n i n N a s h E q u i l i b r i u m & K o j i T a k a m i y a

6 9 . 業 態 開 発 に お け る イ ノ ベ ー シ ョ ン と 競 争 － ビ ブ レ の ケ ー ス － 近 藤 公 彦 Jan . 2 0 0 1

7 0 . B u d g e t D i s t r i b u t i o n P r o b l e m T o m o i c h i S h i n o t s u k a F e b . 2 0 0 1

7 1 . 小 売 バ イ ヤ ー 組 織 の 機 能 と 顧 客 対 応 伊 藤 一 May 2 0 0 1

7 2 . T h e E f f e c t o f I n t r a - O r g a n i z a t i o n a l C o m p e t i t i o n o n K n o w l e d g e M a k o t o M a t s u o M a y 2 0 0 1
C r e a t i o n : C a s e S t u d y o f a J a p a n e s e F i n a n c i a l C o m p a n y

7 3 . ｻ ﾊ ﾘ ﾝ石 油 ・ ｶﾞ ｽ開 発 ﾌﾟ ﾛ ｼ ﾞ ｪ ｸ ﾄと 北 海 道 経 済 の 活 性 化 第 4号 北 東 ｱｼﾞ ｱ - ｻ ﾊ ﾘ ﾝ研 究 会 Ma r . 2 0 0 1

7 4 . T h e W e a k C o r e o f S i m p l e G a m e s w i t h O r d i n a l P r e f e r e n c e s : T o m o i c h i S h i n o t s u k a O c t . 2 0 0 1
I m p l e m e n t a t i o n i n N a s h E q u i l i b r i u m & K o j i T a k a m i y a

7 5 . 環 境 保 全 型 河 川 計 画 と 景 観 構 築 に 係 る 計 画 技 術 の 研 究 地 域 環 境 問 題 研 究 会 Oct . 2 0 0 1
（ 代 表 八 木 宏 樹 ）

76 . A d d i t i v i t y , B o u n d s , a n d C o n t i n u i t y i n B u d g e t D i s t r i b u t i o n T o m o i c h i S h i n o t s u k a D e c . 2 0 0 1
P r o b l e m



7 7 . M o n e t a r y P o l i c y i n B h u t a n : I m p l i c a t i o n s o f I n d i a n R u p e e A k i h i k o K a w a u r a D e c . 2 0 0 1

C i r c u l a t i o n

7 8 . O p t i m a l M u l t i o b j e c t A u c t i o n s w i t h C o r r e l a t e d T y p e s T o m o i c h i S h i n o t s u k a F e b . 2 0 0 2
& S i m o n W i l k i e

7 9 . ｻ ﾊ ﾘ ﾝ石 油 ・ ｶﾞ ｽ開 発 ﾌﾟ ﾛ ｼ ﾞ ｪ ｸ ﾄと 北 海 道 経 済 の 活 性 化 第 5号 北 東 ｱｼﾞ ｱ - ｻ ﾊ ﾘ ﾝ研 究 会 Ma r . 2 0 0 2
8 0 . T h e C a s e S t u d y o f R e t a i l B u y i n g O r g a n i z a t i o n H a j i m e I t o h M a r . 2 0 0 2

i n J a p a n e s e C o n t e x t

8 1 . 宿 泊 業 の サ ー ビ ス の サ ー ビ ス 構 成 要 素 に 関 す る 重 要 度 調 査 法 に 稲 葉 由 之 &沈 潔 如 &伊 藤 一 Feb . 2 0 0 3
関 し て の 一 考 察 北 海 道 へ の 台 湾 人 観 光 客 の 事 例 を 中 心 に

82 . ブ テ ィ ッ ク 経 営 に お け る 販 売 要 素 の 分 析 -AH Pに よ る 経 営 者 ・ 伊 藤 一 &橋 詰 敦 樹 Mar . 2 0 0 3
販 売 員 間 に お け る 重 要 度 認 識 比 較 に 関 す る 一 考 察 -

83 . 温 泉 地 に 対 す る イ メ ー ジ ギ ャ ッ プ に 関 す る 調 査 伊 藤 一 Mar . 2 0 0 3

8 4 . L i t e r a t u r e R e v i e w o n R e t a i l B u y e r f r o m R e s e a r c h H a j i m e I t o h
o n I n d u s t r i a l P u r c h a s i n g

8 5 . T h e C o m p a r i s o n S t u d y o n R e t a i l B u y e r B e h a v i o u r b e t w e e n U K , H a j i m e I t o h
A u s t r a l i a a n d J a p a n

8 6 . 社 会 科 学 研 究 の 基 礎 － 大 学 院 生 の た め の 研 究 法 － ダ ン ・ レ メ ニ イ 他 著 Mar . 2 0 0 2
抄 訳 稲 葉 由 之 &奥 瀬 善 之
&近 藤 公 彦 ＆ 玉 井 健 一
&高 宮 城 朝 則 &松 尾 睦

87 . マ ー ケ テ ィ ン グ 行 為 か ら み た 小 売 業 に よ る 需 要 創 造 坂 川 裕 司 May 2 0 0 2
－ 明 治 期 呉 服 店 の 経 営 行 為 を 考 察 対 象 と し て －

88 . I n t e r d e p e n d e n t U t i l i t y F u n c t i o n s i n a n I n t e r g e n e r a t i o n a l T o m o i c h i S h i n o t s u k a M a y 2 0 0 2
C o n t e x t

8 9 . I n t e r n a l a n d E x t e r n a l V i e w s o f t h e C o r p o r a t e R e p u t a t i o n H a j i m e I t o h F e b . 2 0 0 3
i n t h e J a p a n e s e H o t e l I n d u s t r y

9 0 . ｻ ﾊ ﾘ ﾝ石 油 ・ ｶﾞ ｽ開 発 ﾌﾟ ﾛ ｼ ﾞ ｪ ｸ ﾄと 北 海 道 経 済 の 活 性 化 第 6号 北 東 ｱｼﾞ ｱ - ｻ ﾊ ﾘ ﾝ研 究 会 Ma r . 2 0 0 3

小 売 購 買 行 動 研 究 に 関 す る 展 望91 .
坂 川 裕 司 May 2 0 0 3－ 「 買 い 手 視 角 」 で の 小 売 購 買 行 動 研 究 に 向 け て －

購 買 に お け る 「 情 報 シ ス テ ム の 逆 機 能 」92 .商 品
坂 川 裕 司 Sep . 2 0 0 3－ リ ス ク 回 避 的 バ イ ヤ ー に み る 合 理 性 と そ の 弊 害 －

93 . A n E x p e r i m e n t o f R o u n d - R o b i n T o u r n a m e n t b y E x c e l ' s M a c r o M a s a r u U z a w a A p r . 2 0 0 4
- U s i n g 1 6 0 S t u d e n t s ' D a t a f r o m C o u r n o t D u o p o l y G a m e -

9 4 . E a r n i n g s M a n a g e m e n t t h r o u g h D e f e r r e d T a x A s e e t s H i r o s h i O n u m a J u n . 2 0 0 4
- I n C a s e o f B a n k i n g C o m p a n y -

9 7 . C o m p e t i t i o n b e t w e e n M a t c h i n g M a r k e t s K o j i Y o k o t a M a y 2 0 0 5

9 8 . O n t h e r o l e o f a s y m m e t r i c i n f o r m a t i o n i n t h e a g g r e g a t e m a t c h i n g K o j i Y o k o t a A p r . 2 0 0 6
f u n c t i o n

9 9 . A n o t e o n O p t i m a l T a x a t i o n i n t h e P r e s e n c e o f E x t e r n a l i t i e s T o m o i c h i S h i n o t s u k a F e b . 2 0 0 5
& K o S u m i n o

1 0 0 . A N o t e o n J o n e s ' M o d e l o f G r o w t h M u t s u h i r o K a t o M a r . 2 0 0 5

1 0 1 . 整 数 ナ ッ プ サ ッ ク 問 題 が 多 項 式 時 間 で 解 け る 特 殊 な 場 合 を 飯 田 浩 志 Jul . 2 0 0 5
定 め る 条 件 に つ い て

10 2 . Ｉ Ｔ 技 術 者 の 熟 達 化 と 経 験 学 習 松 尾 睦 Sep . 2 0 0 5

1 0 3 . P r o d u c t D e - l i s t i n g b y R e t a i l B u y e r s : R e l a t i o n a l G a r y D a v i e s D e c . 2 0 0 5
A n t e c e d e n t s a n d C o n s e q u e n c e s & H a j i m e I t o h

1 0 4 . 米 国 地 域 経 営 史 に お け る 多 文 化 主 義 的 発 展 － １ ９ ３ ０ 年 代 ミ シ ガ ン 州 高 田 聡 May 2 0 0 6
フ リ ン ト に お け る ア フ リ カ 系 コ ミ ュ ニ テ ィ の 起 業 基 盤 を 中 心 に －

10 5 . 環 境 便 益 を 反 映 さ せ た 環 境 指 標 の 開 発 Dev e l o p i n g 山 本 充 Ap r . 2 0 0 6
a n e n v i r o n m e n t a l i n d i c a t o r i n c l u d i n g e n v i r o n m e n t a l b e n e f i t s

1 0 6 . A C r i t i c a l I n v e s t i g a t i o n o f L o n g - r u n P r o p e r t i e s o f E n d o g e n o u s M u t s u h i r o K a t o M a y 2 0 0 6
G r o w t h M o d e l s

1 0 7 . W h a t i s N a t i o n a l I n c o m e i n J o n e s ' M o d e l o f G r o w t h ? M u t s u h i r o K a t o J u n . 2 0 0 6
: A n E x p o s i t o r y A n n o t a t i o n

1 0 8 . A F u r t h e r A n a l y s i s o f t h e C o n s u m e r B e h a v i o r i n J o n e s ' M u t s u h i r o K a t o A u g . 2 0 0 6
R & D - B a s e d M o d e l o f E c o n o m i c G r o w t h

1 0 9． 看 護 師 の 経 験 学 習 プ ロ セ ス 松 尾 睦 Feb . 2 0 0 7
& 正 岡 経 子 & 吉 田 真 奈 美
& 丸 山 知 子 & 荒 木 奈 緒

11 0 . C o m m e n t s o n k n a p s a c k p r o b l e m s w i t h a p e n a l t y I i d a H i r o s h i M a r . 2 0 0 7

1 1 1 . 看 護 師 の 経 験 学 習 に 関 す る 記 述 的 分 析 松 尾 睦 Jul . 2 0 0 7
& 正 岡 経 子 & 吉 田 真 奈 美
& 丸 山 知 子 & 荒 木 奈 緒

11 2 . 頂 点 被 覆 へ の リ ス ト 減 少 法 の 解 析 に 関 す る 一 考 察 飯 田 浩 志 Dec . 2 0 0 7

1 1 3 . 小 中 学 校 に お け る 校 長 の 経 営 観 － 探 索 的 分 析 － 松 尾 睦 Dec . 2 0 0 7

1 1 4 . イ ン タ ビ ュ ー 調 査 ： 戦 後 復 興 期 大 阪 に お け る 自 転 車 部 品 製 造 業 者 ・ 田 中 幹 大 Apr . 2 0 0 8
問 屋 の 経 営 活 動

11 5 . P a r t i t i o nの あ る 風 景 飯 田 浩 志 Jun . 2 0 0 8

1 1 6 . M u l t i p r o d u c t F i r m s a n d D u m p i n g C h i s a t o S h i b a y a m a J u l . 2 0 0 8
& Y a s u n o r i I s h i i

1 1 7 . モ ス ク ワ の 低 層 住 宅 団 地 開 発 ― 2つ の ケ ー ス － 小 田 福 男 Mar . 2 0 0 9

1 1 8 . 整 数 ナ ッ プ サ ッ ク の 周 期 性 に つ い て 飯 田 浩 志 Mar . 2 0 0 9



1 1 9 . D i s c u s s i o n p a p e r s e r i e s n o . 1 1 8へ の 補 遺 飯 田 浩 志 Jul . 2 0 0 9

1 2 0 . 環 境 フ ィ ー ド バ ッ ク 効 果 を 考 慮 し た San d m oモ デ ル に よ る 二 重 配 当 角 野 浩 Jul . 2 0 0 9
仮 説 の 再 考 察

12 1 . 部 分 線 形 モ デ ル の 差 分 推 定 量 の 漸 近 理 論 劉 慶 豊 Oct . 2 0 0 9

1 2 2 . モ デ ル 平 均 理 論 の 新 展 開 劉 慶 豊 Oct . 2 0 0 9

1 2 3 . P r o d u c t i o n T h e o r y w i t h C o n v e x L a b o r F r i c t i o n : K o j i Y o k o t a D e c . 2 0 0 9
F o u n d a t i o n o f a n O p t i m a l N o n - m a r k e t - c l e a r i n g E c o n o m y

1 2 4 . 1 9世 紀 ド イ ツ の 農 村 ゲ マ イ ン デ 制 と 政 治 参 加 資 格 平 井 進 Feb . 2 0 1 0
- - -北 西 ド イ ツ ・ ハ ノ ー フ ァ ー を 中 心 に --- - -

1 2 5 . 環 境 経 営 と 企 業 業 績 に 関 す る 実 証 研 究 （ 再 検 討 :20 0 3 - 2 0 0 8） 加 賀 田 和 弘 Apr . 2 0 1 0

1 2 6 . 「 北 海 道 ブ ラ ン ド 」 の 仕 入 れ に 関 す る 研 究 沈 潔 如 Apr . 2 0 1 0
― 台 湾 小 売 バ イ ヤ ー の 視 点 か ら ―

12 7 . G e n e r a l i z e d C p M o d e l A v e r a g i n g f o r H e t e r o s k e d a s t i c m o d e l s Q i n g f e n g L i u O c t . 2 0 1 0

1 2 8 . H o w t o s o l v e t h e c o l l a p s i n g s u b s e t - s u m p r o b l e m r e v i s i t e d H i r o s h i I i d a J a n . 2 0 1 1

1 2 9 . 顧 客 関 係 の マ ネ ジ メ ン ト の 系 譜 近 藤 公 彦 Feb . 2 0 1 1

1 3 0 . A n A p p l i c a t i o n o f F o r e c a s t C o m b i n a t i o n M e t h o d s t o D e f a u l t Q i n g f e n g L i u F e b . 2 0 1 1
R i s k P r e d i c t i o n

1 3 1 . A n e f f e c t o f c o n s u m e r ' s e a r l i e r d e c i s i o n t o p u r c h a s e R y o s u k e I s h i i F e b . 2 0 1 1
a d i s c o u n t t i c k e t & K u n i n o r i N a k a g a w a

1 3 2 . O n t h e B e h a v i o r o f m o n e y f l o w s o n t h e r e a l s i d e T o s h i a k i K a n z a k i M a r . 2 0 1 1
a n d t h e f i n a n c i a l s i d e i n H o k k a i d o p r e f e c t u r e

1 3 3 . 星 野 リ ゾ ー ト ― 顧 客 志 向 の 組 織 マ ネ ジ メ ン ト ― 乙 政 佐 吉 Mar . 2 0 1 1
& 近 藤 隆 史

13 4 . （ ケ ー ス ） 札 幌 ビ ズ カ フ ェ ― 地 域 企 業 家 ネ ッ ト ワ ー ク に お け る 加 藤 敬 太 Mar . 2 0 1 1
中 間 主 導 型 組 織 の 役 割 ―

13 5 . 二 重 配 当 効 果 の 最 適 課 税 ル ー ル に し た が っ た 再 評 価 角 野 浩 Mar . 2 0 1 1

1 3 6 . 18・19世 紀 前 半 北 海 沿 岸 農 村 社 会 の 地 域 役 職 者 ：Landschaft Eiderstedt 平 井 進 Ma r . 2 0 11

1 3 7 . T a x C o l l e c t i n g E f f o r t s a n d L o c a l A l l o c a t i o n T a x G r a n t s i n M i t s u n a r i I s h i d a M a r . 2 0 1 1
J a p a n : T h e E f f e c t o f A d m i n i s t r a t i v e R e f o r m I n c e n t i v e A s s e s s m e n t
o n L o c a l T a x C o l l e c t i o n R a t e s

1 3 8 . T h e b a r g a i n i n g f a m i l y w i t h s t r a t e g i c i n t e r a c t i o n A t s u e M i z u s h i m a M a r . 2 0 1 1
& K o i c h i F u t a g a m i

1 3 9 . G e n e r a l i z e d C p M o d e l A v e r a g i n g f o r H e t e r o s k e d a s t i c M o d e l s Q i n g f e n g L i u A p r . 2 0 1 1
( R e v i s e d V e r s i o n )

1 4 0 . E x c l u s i o n o f a g e n t s , v i r t u a l s u r p l u s a n d a t r a n s v e r s a l i t y N a o k i K o j i m a M a y 2 0 1 1
c o n d i t i o n i n a d v e r s e s e l e c t i o n

1 4 1 . I m p l e m e n t a b i l i t y b y a c a n o n i c a l i n d i r e c t m e c h a n i s m o f N a o k i K o j i m a J u n . 2 0 1 1
a n o p t i m a l t w o - d i m e n s i o n a l d i r e c t m e c h a n i s m

1 4 2 . 1 8・ 19世 紀 前 半 北 西 ド イ ツ 北 海 沿 岸 地 方 の 領 邦 官 吏 と 自 治 組 織 役 職 者 平 井 進 Jun . 2 0 11
： La n d s c h a f t S ? d e r d i t h m a r s c h e n

1 4 3 . C R Mに お け る 顧 客 関 係 の マ ネ ジ メ ン ト 近 藤 公 彦 Aug . 2 0 1 1

1 4 4 . 企 業 家 ネ ッ ト ワ ー キ ン グ に よ る 地 域 企 業 の ビ ジ ネ ス シ ス テ ム ・ イ ノ 加 藤 敬 太 Oct . 2 0 1 1
ベ ー シ ョ ン ― サ ム ラ イ 日 本 プ ロ ジ ェ ク ト の 事 例 分 析 ―

14 5 . O b s e r v a b l e A c t i o n s R y o s u k e I s h i i N o v . 2 0 1 2

1 4 6 . D u m p i n g i n T r a n s i t i o n E c o n o m i e s a n d t h e E f f e c t s o f C h i s a t o S h i b a y a m a M a r . 2 0 1 2
A n t i - D u m p i n g P o l i c y & Y a s u n o r i I s h i i

1 4 7 . T i m e D i s c o u n t a n d C o n v e x H i r i n g C o s t K o j i Y o k o t a M a y 2 0 1 2

1 4 8 . T w o - d i m e n s i o n a l M e c h a n i s m D e s i g n a n d I m p l e m e n t a b i l i t y N a o k i K o j i m a J u n . 2 0 1 2
b y a n I n d i r e c t M e c h a n i s m

1 4 9 . 北 海 道 経 済 と 開 発 の プ ロ セ ス 神 﨑 稔 章 Dec . 2 0 1 2

1 5 0 . 道 内 に お け る 地 域 経 済 の 現 状 に つ い て 渡 久 地 朝 央
& Ba l j i n n y a m M a i t s e t s e g D e c . 2 0 1 2

1 5 1 . モ ン ゴ ル に お け る 資 本 主 義 転 換 後 の 地 域 間 経 済 格 差 に 関 す る パ ネ ル 渡 久 地 朝 央
デ ー タ 分 析 & Ba l j i n n y a m M a i t s e t s e g D e c . 2 0 1 2

1 5 2 . モ ン ゴ ル に お け る 食 肉 価 格 の 動 向 に 関 す る パ ネ ル デ ー タ 分 析 Bal j i n n y a m M a i t s e t s e g D e c . 2 0 1 2
& 渡 久 地 朝 央

15 3 . 付 加 価 値 率 の 動 向 と 地 方 自 治 体 に よ る 政 策 効 果 の 関 係 に つ い て 渡 久 地 朝 央 Dec . 2 0 1 2
－ 北 海 道 に お け る 製 造 産 業 を 対 象 と し た パ ネ ル デ ー タ 分 析 －

15 4． C R Mに お け る 組 織 能 力 近 藤 公 彦 Feb . 2 0 1 3

1 5 5 . 1 9世 紀 北 西 ド イ ツ の 農 村 ゲ マ イ ン デ 制 の 変 革 -- -自 治 参 加 資 格 と 平 井 進 Feb . 2 0 1 3
家 屋 ・ 土 地 保 有 要 件 -- -

1 5 6 . 北 海 道 に お け る 産 業 ク ラ ス タ ー に 関 す る 文 献 資 料 目 録 加 藤 敬 太 Mar . 2 0 1 3

1 5 7 . ト ヨ タ 自 動 車 北 海 道 の マ ネ ジ メ ン ト 乙 政 佐 吉 Mar . 2 0 1 3

1 5 8 . M e c h a n i s m d e s i g n t o t h e b u d g e t c o n s t r a i n e d b u y e r : N a o k i K o j i m a M a y 2 0 1 3
a c a n o n i c a l m e c h a n i s m a p p r o a c h

1 5 9 . F i r s t P r i c e P a c k a g e A u c t i o n w i t h M a n y T r a d e r s Y a s u h i r o S h i r a t a J u n . 2 0 1 3

1 6 0 . 整 数 ナ ッ プ サ ッ ク の 周 期 性 に つ い て あ れ こ れ 飯 田 浩 志 Jul . 2 0 1 3



1 6 1 . N o n - c o o p e r a t i v e v e r s u s C o o p e r a t i v e F a m i l y A t s u e M i z u s h i m a O c t . 2 0 1 3
& K o i c h i F u t a g a m i

1 6 2 . P e r v e r s e e f f e c t s o f a b a n o n c h i l d l a b o u r i n a n o v e r l a p p i n g K o u k i S u g a w a r a O c t . 2 0 1 3
g e n e r a t i o n s m o d e l & A t s u e M i z u s h i m a

& K o i c h i F u t a g a m i

1 6 3 . H u m a n I n f r a s t r u c t u r e , C h i l d L a b o r , a n d G r o w t h A t s u e M i z u s h i m a O c t . 2 0 1 3

1 6 4 . 1 8・ 19世 紀 前 半 北 海 沿 岸 農 村 社 会 の 指 導 的 地 域 役 職 者 ・ 領 邦 地 方 官 吏 平 井 進 Mar . 2 0 1 4
と 土 地 所 有 ： Lan d s c h a f t N o r d e r d i t h m a r s c h e n

1 6 5 . ビ ジ ネ ス シ ス テ ム の 形 成 か ら 見 る 6次 産 業 化 ― パ イ オ ニ ア ジ ャ パ ン グ 笹 本 香 菜 Mar . 2 0 1 4
ル ー プ の 事 例 分 析 ― & 加 藤 敬 太

16 6 . ナ ッ プ サ ッ ク 問 題 へ の 2近 似 算 法 に つ い て 雑 感 飯 田 浩 志 Jul . 2 0 1 4

1 6 7． A f u r t h e r a d d e n d u m t o " S o m e t h o u g h t s o n t h e 2 - a p p r o x i m a t i o n H i r o s h i I i d a N o v . 2 0 1 4
a l g o r i t h m f o r k n a p s a c k p r o b l e m s : A s u r v e y "

1 6 8 . ワ イ ン 産 業 に お け る 企 業 家 コ ミ ュ ニ テ ィ － 北 海 道 と 山 梨 県 の 長 村 知 幸 Jan . 2 0 1 5
比 較 事 例 研 究 －

16 9 . サ ハ リ ン 住 宅 建 設 企 業 の 動 向 ― 201 3年 9月 調 査 に 基 づ い て ― 小 田 福 男 Mar . 2 0 1 5

1 7 0 . A s y m p t o t i c c u m u l a n t s o f s o m e i n f o r m a t i o n c r i t e r i a H a r u h i k o O g a s a w a r a A p r . 2 0 1 5

D i s c u s s i o n P a p e r S e r i e s D e p a r t m e n t o f E c o n o m i c s , O t a r u U n i v e r s i t y o f C o m m e r c e N o . 1 - 1 6 F e b . 1 9 8 5 - O c t . 1 9 9 1

D i s c u s s i o n P a p e r S e r i e s D e p a r t m e n t o f C o m m e r c e , O t a r u U n i v e r s i t y o f C o m m e r c e N o . 1 - 2 A p r . 1 9 8 5 - M a y 1 9 8 9

C e n t e r f o r B u s i n e s s C r e a t i o n , N a t i o n a l U n i v e r s i t y C o r p o r a t i o n O t a r u U n i v e r s i t y o f C o m m e r c e
3 - 5 - 2 1 , M i d o r i , O t a r u , H o k k a i d o 0 4 7 - 8 5 0 1 , J a p a n T e l + 8 1 - 1 3 4 - 2 7 - 5 2 9 0 F a x + 8 1 - 1 3 4 - 2 7 - 5 2 9 3
E - m a i l : c b c j i m u @ o f f i c e . o t a r u - u c . a c . j p
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