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Essential Norms Of Integration Operators And
Multipliers On Weighted Dirichlet Spaces

Rikio YONEDA

Abstract

Let g be an analytic function on the open unit disk D in the

complex plane C. We study the following operators:

WA@= [ FO7©de, L= [ F(Og0)d.

on the weighted Dirichlet spaces. Then we chracterize the essential

norm of the operators Jy, Iy, and My on the weighted Dirichlet spaces.

Key Words and Phrases: integration operator, compact, essential

norm, multiplier.

Introduction

Let D ={z < C:|z| <1} denote the open unit disk in the complex
plane C and let
oD ={z < C:|z| =1} denote the unit circle. For z, weE D, ¢w)=

z—w
1—zw-

The space H (D) is defined to be the space of analytic functions f
on the open unit disk D.

For 1 < p < +0co, the Lebesgue space L?(D, dA) is defined to be the

Banach space of Lebesgue measurable functions on the open unit disk D
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with

Whhrean = [P < oo

where dA(z) is the normalized area measure on D. The Bergman space
2(D) is defined to be the subspace of L?(D, dA) consisting of analytic
functions. For f & L% the norm |f|%us) is equivalent to the following

norm:

171> = £ (0] + ([)If’(z)l"(p +1)(1 - |z\2)ﬁdA(z)>5< 400,

For 0 < p < +co, the Hardy space H” is defined to be the Banach

space of analytic functions f on D with

1 2 : 1
e = (sup 5 [“IfCre?) P a) < +co.

Let @ > —1. Then the weighted Dirichlet space D* is defined to be

the space of analytic functions f on D such that

lloe = @1+ ( [ (1 = 2PF () dA@)) < +oo.

If @ =1, then the space D“ is the Hardy space H* If a=2, then the
space D is the Bergman space L:.

Let w(7), 0 < » < 1, be a positive weight function which is integrable
on(0, 1). We extend w on D by setting w(z) = w(|z]). And we suppose
that the weights @ are normalized so that fl;cu(z) dA(z)=1. And we
suppose that @ is a weight satisfying the following conditions: there is a

constant ¢ > 0 such that

1
1) o) =% wwdu, 0<r<1,
1 v Jr

and there is s = (0, 1) and ¢ > 0 such that
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2) wlsr+1—s)=cw(r), 0<r<1.

And we will suppose sequences 7 = {7a}»=0 of positive numbers, with 7o =

1 and with the property that

. Yatl
lim =

n-co  Yn

1

, where
1
Yn:-/(; 77 a(r)dr.

For 1 <p < +oo, the weighted Bergman space L&(w) is the space
of all analytic functions f: D — C such that

v = [ ol A @) < +oo.

Standard estimates show that point evaluations are bounded linear func-
tionals on L&(w) and LY w) is a Banach space. And L% w) is a Hilbert
space.

Let @ >0. Then a-Bloch space B¢ is defined to be the space of

analytic functions f on D such that

I 1|52 = [7(0)] + sup (1= zP)f (2)] < +oo.

And the little @-Bloch space, denoted By, is the closed subspace of B*
consisting of functions £ with(1 — |z])*f'(z) > 0(]z| >17). Note that B,
Bi are the Bloch space B, the little Bloch space Bo, respectively.

Let X and Y be Banach spaces. Then a function f on D is a
multiplier of X into Y if fg& Y for all gin X. In the case, we write /X
cvY.

For g analytic on D, the operators Jy, Iy, and My are defined by the

following:
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FN@= [[Or©de, L= [ F(Oa0dE, M) = g()f (2).

If g(z) = z, then Jy, is the integration operator. If g(z) =log i i Py then
Jo is the Cesaro operator.
And the operator Iy is the companion operator of the operator J,. And
the relation Jy = My — Iy gives some sort of cancellation property. There
are symbols g such that M, and Iy are not bounded on the Bergman space
or Hardy space but their difference Jy is bounded. In fact, in some cases
it is advantageous to think of J, and [, as distant cousins of Hankel
operator and Toeplitz operator, respectively.

In [5], Ch. Pommerenke proved the following result with respect
to the operator Jy:

Theorem A. For g analytic on D, the operator Jo is bounded on D'
=H*if and only if

g€ BMOA.

In [1], A. Aleman and A. G. Siskakis proved the following result
with respect to the operator Jy:

Theorem B. For g analytic on D, for p =1, the operator J, is
bounded on H? if and only if

g< BMOA.
And the operator Jq is compact on H? if and only if
g€ VMOA.

In [2], A. Aleman and A. G. Siskakis proved the following result
with respect to the operator Jy:

Theorem C. Let p =1. Then for g analytic on D, the operator Jq
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is bounded on L¥w) if and only if g B. And the operator Js is
compact on LY w) if and only if g < Bo.

As a result, we find that these results correspond to the results of
Hankel operator.

In [9], we proved the following result with respect to the operator
Iy:

Theorem D. Let a>1. For g analytic on D, the operator I is
bounded on D® if and only if

sup|g(z)| < +o0, j.e g= H™.

zeD

We also find that this result correspond to the result of Toeplitz
operator.

In [7], A. G. Siskakis and R. Zhao studied the boundedness and
compactness of J; on BMOA.

In [11], we also characterized the essential norm of J; and /s on the

weighted Bloch spaces.

In this paper, we do characterize the essential norm of the opera-
tors Jg, Iy and My on the (weighted) Bergman spaces that were not known
so far. As a result, we get the results with respect to the boundedness
and the compactness of Jy, Iy and My on the (weighted) Bergman spaces.

Throughout this paper, C, K will denote positive constant whose

value is not necessary the same at each occurrence.

The essential norm of the operators Jy, Iy, and My on the weighted

Dirichlet spaces LA w)
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In this section we study the essential norms of the operators Jg, Iy,

and My on the weighted Dirichlet spaces Li ).

Lemma 1.1. For wE D, let kv be the normalized reproducing

kernels of Liw). Then for f € LY w),

)=o)l [/ (2 0l2) dA))

Proof. Since kw are the normalized reproducing kernels, the

normalized reproducing kernel kv for the space Li(w) is given by

K(z, w)

kw(Z): K(w, w) y

where K(z, w) be the reproducing kernel of L¥w). So we have
w(a0) |7 f(w) = < f, kuw >.

By using Schwarz inequality,

eoa0)| ()] = |< £, >
< [ (Wl () dAw)

=( [iraPataaco ) ( [Intorotwaau)
:<‘/;|f(u)|2a)(u)dA(u)>%. []

In [2], A. Aleman and A. G. Siskakis proved the following lemma:
Lemma 1.2. Suppose X is a Banach space, satisfying the following
conditions:
(1) For each A€ D, Li(f) =f(2) is a bounded linear functional on X.
(2) For each 6 € 0D, the operator Us(f)(z) = f(0z) is bounded on X and
supeean | Us|| < 0.

(3) For some s< (0, 1) and ¥s(z) =sz +1—s, the composition operator
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Cs(Ff) = f o ¥s is bounded on X.
Let B(X) ={f € X:|fll £ 1} be the closed unit ball. Then there is
C >0 such that

sup < ~—S0 sup 7,
FeBx) 1 — Al s2500

Proof. See [2]. []
By using Lemma 1.1 and Lemma 1.2, we get the following result:

Theorem 1.3. Suppose that Js is a bounded operator on LA w).
Then for g analytic on D, the essential norm of the operator Jo on Liw)

have the following:

o]l e~ lim lszt‘gg(l — 2P g/ (2)l

t.e. Gilim ﬂlp(l — P g <ol < Glim ISL\ID(I — 12119 (2)| for some
S—=1- |z|>s Ss—-1- |z]|>s

constants Ci, C: > 0.

Proof. Let {21} be sequence of points in D such that
lim (1= |zul*) l9'(z0)l = lim sup (1 — |2 |¢'(2)]

and |z.]| = 1(n—0). Let k: be the normalized reproducing kernel of L2
(). Let fu(2): = kul2).

Then {f»}» have unit norm and tend to zero pointwise. Since the space L3
(w) is reflexive, we have f»—0 weakly (see [6, p318]). For any K

compact operator on Li(w), we see that Kf, =0 in Liw). So we have

IJo = KIl = lim sup /e — Kf
= 1im sup /ol caw) — | Kl Lzl
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= lirr;ﬂsup I Jafall 2.

By using Lemma 1.1 and Lemma 1.2, we have

(1= D10 = I ( [0 aw)dA) )
Applying / = f» and 4= z» to the above inequality, we have
(1= lzaD) 19/ Gzn) ken(zn) | = (1 = |2D)| (o) (zn)]
= Cllael( [UAF olaat).

Thus we have

1
(1= lzl?) g/ (zn)| < 2C</;|(]gﬁl)(u)|2 w(u)dA(u))zz 2C el i
Hence we have
IJo — Kll = lim _sup Jafall e
. _ 2
C 11m sup (1 — 2.1 g’ (zn)l
- %1152“ = lal?)lg/Can)
ZC 5 lim ﬂlp(l — 2P 1g'(2).

Hence we have

Iolle = ZC 50 lim sup(l — [z g (2).

Next, let g B. And let g-(z) = g(7z) for 0 < » < 1. Then g- €

Bo. In fact, we have

(1—1zP) g +(2) =1 = [z[))7lg'(2)]
=1~ |rzP) Ig’(rz)lrll%‘lip
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1_ 2
<lols r 1= 2
—=0(lz| > 17).

Hence we see that g» € Bo. By Corollary 1 of [2], we see that Jo, is

compact on Liw). So we have

I7ele < 1o = Joll = 1ol

By the boundedness of J;—g,, we have that |[Jo-ol < Cllg — g-]l5 for some

positive constant C > 0. On the other hand, we have
lg — g-lls < sup (1 — 12 [29'(rz) — ¢'(2)| + sup(1 — |z |9’ (72) — g'(2)I.
§<|zl<1 |z|<8
The second term above approaches zero as » =1~ since 7 (12) = f/(2)

uniformly for |z| < 6. If 6< 7 <1landd <|z| <1, then 6*< r|z| <1. So

we have

sup (1*|2|2)|rg(72)|< sup (I*IVZIZ)Ig(rZ)I— Sup. (1*|§|

8<lzl< 2<|rz|<
And we also have

sup (1—1[z])g'(2) < Sup (1 — 129 1g'(2)l.

8<lzl<1
Hence we have for any 0 < 6 <1
lg— gl < sup (1—1[z[)]g'(2)l.
82<|zl<1
Put s = 6% Since s €(0, 1) is an arbitrary, we have
I/olle < € lim sup(1 — |z) l¢'(2)].
s-1- s<|z|

Corollary 1.4. Suppose that Jo is a bounded operator on LiD).
Then for g analytic on D, the essential novm of the opervator Jq on LAD)
have the following:
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I/olle~ lim lsé%g(l — 12 1g'(2)|
i.e. G lim ‘521.1}2(1 — 2P g < lle < G lim \Szllil?e(l — 2P 1g'(2)l

for some constants Ci, C: > 0.

Lemma 1.5. Let k- be the normalized reproducing kernel of LA ).
Then(1 — |z|)|k'2(2)| is comparable to |kz)].

Proof. Let k- be the normalized reproducing kernel of L% w).

Then the normalized reproducing kernel for the space Li(w) is given by

fo(2) = K(z, w)
“ VE(w, w)’

where K (z, w) be the reproducing kernel of L3 ). So we need to prove

that for some positive constants G, G >0
GlK(z, )| <1 —[zP) K (2, 2)| < GIK(z, 2)I.
By the direct calculation, we have
1 1 — \» I R
K(z, w)—724(wz) s re= | ¥ w(r)dr.
n=07n 0
So we have
K'(z w):izi(wynz"_l
’ 2 a=1 Yn ’
Applying z = w, we have
K'(w, w) :iz n|w|’1i|w|2"
’ 2 nz1 Yn ’

Y+l

By using the assumption lim =1, we have

n-oo

(1= lwP)2 ool 1K G, w)] = (1 = |0P) B nlaof”
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— (1= o) (Lol + Lol + 2 o)
71 Y2 73
— (Lol + Lol + o)
71 72 73

(ol + 2ol +Hul-)
1 73

72
=1y,p +<l _L>|w|4 n (i_L>‘w|e...
71 72 71 73 72
=l + 2 = Ll
71 72 71
+L<3 _ 2ﬁ>|w|6...
Y3 72

’VZLW)P” =2|K(w, w)l.
n=07Yn
Hence we see that (1 —|z|)|%’2(z)| is comparable to |k:(z)]. [
By using Lemma 1.5, we get the following result:

Theorem 1.6. Suppose that Iy is a bounded operator on LA w).
Then for g analytic on D, the essential norm of the operator I on Liw)

have the following:
ke~ tim suplofo) (<ol
t.e. C lim suplg(2)| < [ lolle < Tim suplg(2)].
Proof. Let {24} be sequence of points in D such that
lim |g(z.)| = lim sup l9(2)]
and |z:| = 1(n— ). Let k- be the normalized reproducing kernel of L2
(w). Let fu(2):= k(z). Then {fa}» have unit norm and tend to zero

pointwise. Since the space Li(w) is reflexive, we have f, — 0 weakly (see

[6, p318]). For any K compact operator on Liw), we see that K f,—0
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in L:w). So we have

1o — K|l = Tim sup |l Zof: — KA
= liH'}joup I Zofall 22wy — I KAl 22wl

= lim sup [ Zofal io.
By using Lemma 1.1 and Lemma 1.2, we have

(L~ 1A LAY = I [Pt A
Applying f = f» and A= z» to the above inequality, we have
(1= |2 gk el =(1 = |2l [ Ff ()
<3¢ lhalel( [ IR WF ot daw )

By Lemma 1.5, we have (1 —|z[%)|%’2(2z)| is comparable to |k:(z)|. So we

have
|9(zn) kzn2n)| ~ (1 = |2al*) 9(zn) R 2u(2)]
< 2C | ( [P w)dAG) )

Thus we have for some positive constant K > 0,

ool = 2CK ( [ [Pl dAw) ) = 20K | Lfillso

Hence we have

I, — K| = lirgﬁiuplllgﬁzllmw)

> ZCLK lim sup|g(z»)|

o
= ﬁ lim sup |g(z)|.

S—=1- |z|>s

Thus we have
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1 ..
>_ -
lelle = 55 lim suplg(z)l.

Since the essential norm of the operator I, on L4 ) is less than the

operator norm of the operator I, on Liw), we have |L[.<|L|. Since
2]l < Sug|g(z)| = sup lg(2)] for any 0 < s < 1, we have
ze r4 S

7]l < | LIl < lim lsét‘glg(Z)l. O

Corollary 1.7. Suppose that I, is a bounded opevator on LiAD).
Then for g analytic on D, the essential novm of the operator I, on LA D)
have the following:

| Zole~Tim suplg(2)|(=llgll-), z.e. € lim suplg(2)l < |folle < Tim suplg(2)l.
In [3], S. Axler, J. B. Conway and G. McDONALD proved the

essential norm of Toeplitz operators on the Bergman spaces. We also

prove similar result by the different method:

Thorem 1.8.  Suppose that My is a bounded operator on Ly w). Then
for g analytic on D, the essential novm of the opevator Mg on LA w) have

the following:
| Mlle = lim sup [9(2) (=] gll).
s-1- |z|>s
Proof. Let {24} be sequence of points in D such that
lim |g(z»)| = lim sup|g(z)|
n-oo s-1- |z|>s
and |zx| > 1(n—20). Let {z:} be sequence of points in D such that
lim|g(z»)| = lim sup |g(2)|
7—00 s-1- |z|>s

and |z.] = 1(n— ). Let k: be the normalized reproducing kernel of L2
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(w). Let fu(2): = kz(z). Then {f}» have unit norm and tend to zero
pointwise. Since the space Li(w) is reflexive, we have f, — 0 weakly (see
[6, p318]). For any K compact operator on Liw), we see that Kf, — 0 in

“w). So we have
| Mo — K || = lim sup | Mofa — K
> lirrnljoup | Mafall Lacor — | Kfall zcan]

= lim sup | Mofilcacw.
By using Lemma 1.1, we have

18 D) = I [ (e Y0P dA) )

Applying f = f» and A = z, to the above inequality, we have

|9(2n)k3n<2n)| = |M9fn(2n>| =< |k2n(2n)| </;)|(Mgﬁl>(?/l>|2w(%)dA(u>>?~

So we have

ool = [J08RY o dAw )

Thus we have

loen] = ( [ 1) 0P ) dAG)) = Mufilsic

Hence we have
| Mo — K| = lim sup | Mofill 20
= 1im supg(z.)|
= lim [g(z,)|

=lim sup |g(2)|.

s—1- |z]>s

Since the essential norm of the operator M, on Liw) is less than

the operator norm of the operator My on LA w), we have |Mqle < || M].



Essential Norms Of Integration Operators And Multipliers On Weighted Dirichlet Spaces 225
Since || M| < suglg(z)|:|5ﬁ1p|g(z)| for any 0 < s <1, we have
ze Z|>S

[ Molle < [| Ml < lim sup |g(2)I.
s-1- |z|>s

The essential norm of the operators Jy, Iy, and My on the Bergman

spaces L

In this section we study the essential norms of the operators Jy, Iy,

and M, on the Bergman spaces L& for p > 1.

Lemma 2.1. For 1<p<oo, let fELE Then for any a < D

F@I= iy ([P + D0~ 2P dAC))

Proof. Let u be a positive subharmonic function in D. Then we

have
u(0) < [[ul2)(p + 1)1~ =) dAG)
(see [4]). By applying # = u° ¢.(a € D), we have

ua) < [[ue ga2)(p + D1~ [2P)? dA)

< fu) L (o D0~ P aAG)

il
| a2|22 D)
Let f = L. By applying u(z) = If’(z)Ip\W to the above in-
equality, we have
2)2(2+)
If"(a )|p|%| < 1z[")? dA(2).

So we have
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@ = =i (L@ + D0~ Praa@)’. O

2

By using Lemma 2.1, we can prove the following results:

Theorem 2.2. Let 1 <p <oo. Suppose that Js is a bounded opera-
tor on LE.  Then for g analytic on D, the essential norm of the operator

Jo on LY have the following:

Iele~ Tim sup(1 —|z[*) lg'()]
te. Gilim sup (1 —[zP)]g' ()l < Wolle < G Tim_sup(1 —[2) l¢'(2)l

for some constants Ci, Cz > 0.
Proof. Let {z.} be sequence of points in D such that
lim (1~ |za*) l¢'(z0)| = lim iﬁi%(l — 21 1g'(2)]

and |z.] = 1(n—>0). Let fiu(z): = (%ﬁ Then {f.}» have unit
norm and tend to zero pointwise. Since the space L% is reflexive for all
1< p < oo, we have f»— 0 weakly (see [6, p318]). For any K compact
operator on L& we see that Kf, — 0 in LE.  So we have by using Lemma

2.1,
IJo — K1l = Tim sup /e — KFil
= lifrnljoup WJafall o o,aa) — | Kfull o (0,0

= lim sup [|/ofallzep,a1)
Pl

> ¢ tim sup( [[|9(DAP(p + DA~ [ePraA) )’
> C Tim sup (1 — [z |g'(21)fu(2n)|

=C lim(1 - |22|*) |9’ (zn)|

=C lim Eﬂ%(l — [z g/ (2)]
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Hence we have

IVelle = € Tim sup (1 = |z[*)|g/(2)L.

Since we can prove the converse inequality as well as the proof of

Theorem 1.3, we omit it.

OJ

Theorem 2.3. Let 1< p <oo. Suppose that Iy is a bounded opera-
tor on LE.  Then for g analytic on D, the essential norm of the operator

Iy on LY have the following:

| Zolle~ lim sup [9(2)| (=gllx), z.e. C lim suplg(2)| <[ L < lim sup[9(2)I.
s—1- |z|>s s—1- |z|>s s-1- |z|>s

Proof. Let {z.} be sequence of points in D such that
lim [g(z»)| = lim sup |g(z)|
n-oo s-1- |z|>s

and |z.] = 1(n—>0). Let fiu(z):= (&%'Z_i';';ﬁ Then {f.}» have unit
norm and tend to zero pointwise. Since the space L% is reflexive for all
1< p < oo, we have f»— 0 weakly (see [6, p318]). For any K compact
operator on L& we see that Kf,— 0 in L5, So we have by using Lemma

2.1,

|2 — K|l = Tim sup |/ — Kfil
= Hn}j‘}lp W Zofall o cany — | Kfull o

=lim sup | Zofall e caa)
n—oo

> ¢ tim sup( [l + D1~ |2 dAGR) )
>C lirrnlaiup(l — | 2a*% | g(2n)f (2]

:%C lim |g(z.)|
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=4 Clim sup |g(2)]
D 7 os-1- jzl>s
Hence we have for Ci: = iC >0

P

[ Llle = G lim sup |g(2)].
s—1- |z|>s

Since the essential norm of the operator Iy on L¥ is less than the

operator norm of the operator I, on L%, we have | L. < L. Since ||

< sugIg(z)I = ‘52}1};‘9(2)' for any 0 < s <1, we have
Ide = 120 = tim supo(a)l. O

Lemma 2.4. ([4, p53]) For 1<p < oo, let f S LE  Then for any a
D,

(@) < =y W eocan

Proof. See [4, p53]. [J

In [3], S. Axler, J. B. Conway and G. McDONALD proved the
essential norm of Toeplitz operators on the Bergman spaces. We also

prove similar result by the different method:

Thorem 2.5. Let 1< p < oo, Suppose that My is a bounded opera-
tor on LY. Then for g analytic on D, the essential norm of the operator

My on L% have the following:

| Melle =1im suplg(2)l (=lgll-).

Proof. Let {21} be sequence of points in D such that

lim [¢(z.)| = lim sup |g(2)|
7—00 s-1- |z|>s



Essential Norms Of Integration Operators And Multipliers On Weighted Dirichlet Spaces 229

and |z.] = 1(n—> ). Let fiu(z):= <%>% Then {f.}» have unit
norm and tend to zero pointwise. Since the space LY is reflexive for all
1< p < oo, we have f»— 0 weakly (see [6, p318]). For any K compact
operator on L& we see that Kf,— 0 in LE. So we have by using Lemma
2.4,
|Ms — K| = lim supl| Mofu — Kfal
p lirrnlﬁiup | MofullLocaay — | Kfall Locan)
= lim sup | Mofall o can

)21 9(2n) fu(2n)]

> lirrn1ﬁ§°up (1—|zn

= lim |g(z)|

=l gp (@)
Hence

|Mslle = lim sup |g(2)!.
s-1- |z|>s

Since the essential norm of the operator My on LZ is less than the
operator norm of the operator My on L& we have | Ms|e < ||Ms|. Since

| M| < gtelglg(ZN = lszl‘gglg(Z)l for any 0 <s <1, we have

134 < 10,] = lim suplo(2)]. O
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