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Of Extended Cesaro Operators
On Mixed Norm Spaces

Rikio YONEDA

Abstract

We study an extended Cesaro operator I, with holomorphic symbol
¢ in the unit ball B of C™

LG = [ 97(=)e() % 9= H(B), 2 B,

where Rf(z) = i}zii
=70z
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§1. Introduction

Let D ={z = C:|z| < 1} denote the open unit disk in the complex

plane C.
For 1 < p < +oo, the Lebesgue space L?(D, dA) is defined to be the
Banach space of Lebesgue measurable functions on the open unit disk D

with

Wl = ( [J@Faa@) < +oo

where dA(z) is the normalized area measure on D. The Bergman space
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L2(D) is defined to be the subspace of L?(D, dA) consisting of analytic
functions. For 0 < p < 4o, the Hardy space H?” is defined to be the

Banach space of analytic functions / on D with

1150 —<Sup1 2”/ |f(re“’)|f’d6> < 4oo.

And the weighted Dirichlet space D*“ is defined to be the space of analytic

functions f on D such that

Flosi= UFO)] + [ (1—IzP)lf ()P dA(z) < +oo.

If «=1, then D¢ is the Hardy space H2% If ¢=2, then D¢ is the
Bergman space L2.
Bloch space B is defined to be the space of analytic functions f on D

such that

I ls: = £ (O)] + sup(1 — 2|

For g analytic on D, the operators I, /, are defined by the follow-

ing:
(01) L)) = [ Or(©de, 1)) = [ Zf<§>g'<§>d§.

If g(z) = z, then J, is the integration operator. If g(z) =log—— 1 , then J,
is the Cesaro operator.
In [2], A. Aleman and A. G. Siskakis studied the operator J,

defined on the weighted Bergman space.

In [6], Ch. Pommerenke proved the following:
Theorem A. The operator J, is bounded on D*= H? if and only

if
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g& BMOA.

In [2], A. Aleman and A. G. Siskakis proved the following:
Theorem B. Let @ >1. Then for g analytic on D, the operator ],
is bounded on D if and only if

sug(l —12]3)|g'(2)] < +c0, i.e gE B.
ze

In [10], we proved the following results:

Theorem C. For @ >0 The operator 1, is bounded on D* if and
only if

sup |g(2)] < +oo.
And 1, is compact on D* if and only if
g=0.

Let H(B) be the class of all holomorphic functions on the unit ball
B of C*. For f € H(B) having the homogeneous expansion f = 2%, Fj,
let Rf(z) =%, jF;(z) be the radial derivative of g. It is trivial that
Rf(z) =21, zjg—;:. For g& H(B), the operator [, with symbol ¢ is
defined on H(B) as

(0.2) @(f)(z)::fsnf(tz)g(tz)%, gE H(B), z € B.

It is trivial that when » =1, (0.2) is just (0.1).
A positive continuous function ¢ on [0, 1) is called normal if there

are two constants (0 <)a < b such that

o(7)
(1—7)°

10, T +oo

as r —>1~. For normal ¢, and for f € H(B), we put
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oo = { [ 426, 7) L} 0 < p < e0)
and
llesae: = sup Mo(/, 7)g(7)
Here
Mlr, ) = { [ oleda(e)) 0 < a < o),
Me(f, 7) = sup |f (r0)|

The mixed norm space H, ,(¢), 0 < p, g < co, consists of all f
H(B) such that |[f]|s,q,<co. When (< p =¢q < +oo, the mixed norm
space H, .(p) is just the weighted Bergman space

Ax(e)={f € HB):If s = [P LD dm(laD)) < o)

For a holomorphic function f, f is called a Bloch function if
Iflle = sup{|Rf (2)I(1 — |2%): z € B} < +o0,
and f is called a little Bloch function if
tim [97(2)I(1 — [2) = 0.
The space of all Bloch and little Bloch functions will be denoted by B and

B,, respectively.

In [5], Z. Hu proved the following:

Theorem D. Let (0 < p, ¢ < +co, and let ¢ be normal. Then for
g€ H(B)
() J, is bounded on H, .(¢) if and only if g & B.
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(IT) J, is compact on H, .(¢) if and only if g € B,.

In this paper, we study the operator I, on the mixed norm space

Hp,q(¢)~

Throughout this paper, C, K will denote positive constant whose

value is not necessary the same at each occurrence.

82. The boundedness and compactness of I, on the mixed norm

space Hp,q(¢).

In this section, we prove the boundedness and compactness of the
operator I, on the mixed norm space H, (). In [5], Z. Hu showed the

following:

Theorem 1.([5]) Let 0 < p, ¢ < +0oo, and let ¢ be normal. Then
for g H(B)
() J, is bounded on H, .(¢) if and only if g & B.

(I1) J, is compact on H, .(p) if and only if g & B,.

Theorem 2.([5]) Let 0 < p, ¢ < +oc0 and let m be a positive integer.
Then for f € H(B),

1

Wl ~ 3 lerads @) + { [ meens, nia—rym £ arf?

|

Lemma 2.([5]) Given ( < p, ¢ < +oo, take 8 > b and

I ¢ [ % 5
MO < e £S5
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Then ||fel|p.q.o.< C. Here C is independent of ¢.

By using the above results, we prove the following with respect to

the boundedness of the operator /, on the mixed norm space H, ,(¢):

Theorem 1.1. Let 0 < p, ¢ < +o0, and let ¢ be normal. Then for
g€ H(B),
1, is bounded on H, (@) if and only if g &= H™.

Proof. Suppose that g = H>. By the proof of Theorem 1 in [5],
we see that for f, g€ H(B),

R(LS)(2) = URg)(2). (1.1)

So by using Thoerem 2 in [5] and (1.1), we have, for any f € H(B),

i I < c{ [ M7 OUED), A~ 2 arf?

< elolo{ [ 3 6vf, 1~ 2L ar

< clglelflp,0.6-

Hence we have that [, is bounded on H, (o).

To prove the converse, suppose that /, is bounded on H, ().

Let f,(z) = (1= |¢[° ¢ B. Then we have
P eleh(— < 2, £ >)a '
_ Q- e | o1 — <z E>)
WD) =""ey A 5,
_ Q=g (n 1
a §0(|§|) <Q+B><Z’§>(1_<Z)§>)g+ﬂ+l

So we have
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(1—[¢p” < n > 1
R = 12/ | = 4 2 -
HO= "oz Vg A 1 — gy
Notice that (Z,/4)(0) =0. Then for any & € B, by using Theorem 2 and

Lemma 2 in [5] and (1.1), we have

”Igf” = c||[9f§”ﬁ,q,¢
> c{[le(Sf{([Jg), 7)1 — 72)];(10%(77) dy}f

1£1+3

= o{ [ MEUA), N~ E) gy

2

> ey (s(z), L5~ 1emede)

> c|RLAOIA — [¢Ya1 — [P el ¢])
= ¢ |g(ORROIA — g e p(I¢)

—clg(I(%+ 8)IeP

Hence we have
geE H*. []

By using the above results, we prove the following with respect to

the compactness of the operator I, on the mixed norm space H, .(¢):

Corollary 1.2. Let 0 < p, ¢ < 40, and let ¢ be normal. Then for
gE H(B),

1, is compact on H, ,(¢) if and only if g=0.

Proof. Suppose that [, is compact on H, ,(¢). Since f; weakly
convergence to zero in H, ,(¢), by the compactness and the proof of

Theorem 1.1

l9(O < Clefellp,q.0— 0(1E]=17)
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Hence we have g=0(. It is trivial the converse. []
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