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The Reverse Carleson Measure 

On The Bergman Spaces And Closed Range 

Rikio YONEDA 

Abstract 

We study the multiplication operators and the integration opera“ 

tors with closed range on the Bergman spaces. And we get the new 

character包ationof the Reverse Carleson measure on the Bergman space 

by using the sampling property. 

Key W ords and Phrases: reverse Carleson measure， sampling set， 

integration operator， Bergman space， Hardy space， closed range， bounded 

below. 

Let D be the open unit disk in complex plane C. For z，ωED，O 
ヴ W I z-w I < r < 1， let 伶以ω仰仰(れ似似例1飢ω刈叫4心吟1今小)=ご二二こ二ご;二二ずご=

εD，ρバ(ω肌，Z吟)< rけ}. Let H(D) be the class of all analytic functions on D. 
The space ?Bαof D is defined to be the space of analytic functions 

1 on D such that 

Ilfllsα= 1/(0)1 + Ilfll>8a <十∞，

where 11/11>8aニ522(1-142)Glf(z)i.Notethat払ニお isthe Bloch space. 
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The space ~a，o of D is defined to be the space of analytic functions 

f on D such that 

(1-lzI2)alfヤ)1→o (Izl→1一).

N ote that ~l，O = ~o is the little Bloch space. 

The space ~αof D is defined to be the space of analytic functions 

f on D such that sup (1 -Iz 12)alf(z)1 <十∞.
ZEU 

Let dA(z) be the area measure on D normalized so that the area 

of D is 1. 

For α> -1， the weighted Dirichret space D Z is defined to be the 

space of analytic functions f on D such that 

1(1-lzI2)alf'(z)1ρ(α+仰い)<+∞ 

In the case ofα ニ 1andρ= 2， then D~ = H2 is the Hardy space. In the 

case ofα=2 and ρ= 2， then D~ ニ L~ is the Bergman space. 

For α> -1， the weighted Bergman space D~ = Lg((1-lzI2)adA 

(z)) is defined to be the space of analytic functions f on D such that 

1(1-lzI2)仰

In the case ofα ニ oand ρ= 2， then Do = L~ is the Bergman space. 
Let X be Banach spaces and let T be a linear operator from X into 

X. Then T is called to be bounded below on X if 11刀'11注cIlfll for all f 
εX and positive constants C > O. 

For g analytic on D， the operators ιん，Mg are defined by the 
following: 

Ig(f)(z) = lz g( i;)f'(I;)di;， Jg(f)(←lZf( i;)g'( i;)di;， Mg(f)(←g(z)f(z) 
刷 z)ニ z，th叫 lS山 ltegratio叫吋or. Ifg(z)ニ logtTthenん
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is the Cesro operator. 

For (j! holomorphic self-map of D， the composition operator C'I' is 

defin山 ω)=foψ 山内
Schwarz田Picklemma， the operator C'I' is bounded on the Bloch space ~. 

It follows from Littlewood's subordination theorem that the operator C'I' 

is bounded on all the Bergman spaces. In [4J， P. Ghatage and D. Zheng 

and Nina Zorboska determined the composition operators on the Bloch 

space with closed range using a sampling set G. for the Bloch space. 

In [8J， Ch. Pommerenke proved the following result with respect to 

the operator ん:

Theorem 0.1. For g anα似た onD， the operator Jg is bounded on 

the Har，のψaceH2 if and only zf g εBMOA. 

In [2J， A. Aleman and A. G. Siskakis proved the fol1owing result 

with respect to the operator Jg: 

Theorem 0.2. For g analytic on D， for ρ 二主 1，the 0ρerator んis 

bounded on the Harめ!space HT if and onlyず gεBMOA. And the 

oρeratorんiscompact on the Hardy space H Pσand only if g εVMOA. 

In [3J， A. Aleman and A. G. Siskakis proved the fol1owing result 

with respect to the operatorん(See[3J with respect to the definition of 

the weighted Bergman spaces Lg.w(D)): 

Theorem 0ふ Let ρ 二三1. Then for g analytic on D， the operator 

んぬ boundedon theωeighted Bergman space Lg，w(D) if and onかifgE

~. And the operatorん zscomlうacton Lg，w(D) if and onかiflim (1-
IZI→，-

IzI2)lg'(z)1 = O. 
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In [11 J， we also proved the following result: 

Theorem 0.4. Let s二三1. Then the 0ρeratorん:)3→)3βis bound-

ed if and only if 

322(1一[Z[2)β(lOg叶万)[〆(z)[< +∞， 
and the 0ρeratorん:)3→)3s is compact if and on1yず

県(1_[Z[2)β(log己副作)[こO
And 1et α> 1. Then the 0ρerator Jg: )3α→ )3s is bounded if and on1y if 

sug(11z|2)FG+11gr(z)i<+∞. 

And the 0ρeratorJ戸 )3a→ )3s is compactずandonかグ

lh(liz|2)β 叩 [g'(z)[ニ O

And 1et 0 <α< 1， andα三二β. Then the operator }ふ・)3α→ )3s is bounded 

if and on1y if g ε)3β・

And the 0ρeratorん:)3α→)3β iscompact if and on1yず

ll卑(1_[Z[2)市 (z)[= 0，μ gE仇 o

In [12J， we also proved the following result: 

Theorem 0ふ Let β二三α>O. Then the 0)うeratorIg: )3α→)3β is 

bounded if and on1y if 

sug(1142)βα[g(z)[ <十∞.

And the 0ρerator Ig:おα→)3β iscomραct if and on1y if 

lh(l |z|2)β 沿い)[=0 
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In [6J， D. Luecking proved the iollowing result with respect to the 

reverse Carleson measure: 

Theorem 0.6. (D. Luecking) Let r be a bounded non-negative 

measurableβmction in D. Then there is a constant k > 0 such that 

Df'(柿
for all f E H2 if and only if the1'e exists a cons仰uc > 0 such that the set 

Gcニ {zE D: r(z) > c} sati.φ白 thecondition: 

( *) There exisお αCM官stant8 > 0 such that 

dA(Gc什D(I;， r)) > 8dA(D日D(I;，1'))

fo1' all 1; E oD and r > 0， where D(I;， 1') is a disc with a centeJとanda 

1'adius 1'. 

In [7J， D. Luecking proved the iollowing result: 

Theorem 0.7. (D. Luecking) Let α> -1， and letμbe a finite 

ρositive Bo1'el measu1'e on D. In orde1' that there exists a constant C > 0 

such that 

(Df'(zW仲)}~ ~ C(Df(z)12(1 +叫(1-lzI2)悩 (z)}~ 

fo1' all analyticルnctionsfσαnd only if the;'e exists a constant C' > 0 
such that 

μ({zεD， p(μ)  < ~})ζC'(1-lzI2)山

In [4J， P. Ghatage and D. Zheng and Nina Zorboska determined the 

composition operators on the Bloch space that have a closed range using 

sampling set ior~. So we also study when the operators ι，Jg and Mg 
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and the composition operators are bounded below on the Bergman spaces 

and the (weighted) Bloch space using sampling set for weighted Bloch 

spaces. In particular， the fact that Ig have the closed range on the 

weighted Dirichlet space D ~ is equivalent to“the reverse Carleson 

measureぺi.e.the definition ofιwith the closed range on the weighted 

Dirichlet space D ~ is the following: 

か(z)IPlg(z )IP(α+川 Iz12)悩(中kfnl!f(Z)IP(α+川 Iz12)α州 z)
And it is exactly equal to the definition of the reverse Carleson measure. 

And we succeeded in characterizing the reverse Carleson measure by 

using new way completely that is different from theorem 0.6 (D. 

Luecking's result) in this paper (Theorem 2.4). And by characterizing the 

operator Jg with closed range， we also succeeded in characterizing the 

result that corresponds to theorem 0.7 (D. Luecking's result) in this paper 

(Theorem 2.8). Moreover we also succeeded in characterizing the multi-

plication operator with the closed range on the weighted Bergman spaces 

as well. In final section， we study the composition operators with the 

closed range on the weighted Bergman spaces as well. 

Definition 1.1. Let α> O. A set r 01 the 0ρen unit di油 D is 
called a samρling set lor )Bαif there 似たお αρositiveconstant C > 0 such 

that 

翌日(1-lzI2)al!(z)1ζC史p(1一IzI2)al/(z)l，

for all 1 E )Ba. 

Definition 1.2. Let α> O. A set r 01 the 0ρen unit disk D is 
called a samPling set lor )Bαif there exisおαρositiveconstant C > 0 such 
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that 

う22(1-142)αlf'(z)ドC史?(1 -lzI2)αII'(z)l， 

for al1 1ε8α・

By using a sampling set for l8a， we can prove the fol1owing result 

with respect to the operator ι: 

Theorem 1ふ Letβミα>0and gEH(D). The 0ρerator 19: l8α 

→l8βis bounded. Then the operatorι:l8α→l8p is bounded beloωif and 
onかifthere existsαρositive constant (1 > )ε> 0 such that {zεD， (1 

Iz12)βイ Ig(z)1ミdゐasamρling set lor払.

Corollary 1.4. Let α> 0 and g εH(D). The operatorιゐ
bounded on l8a・ Thenthe operatorιis bounded below on おαifand only 

if there exists aρositive constantε> 0 such that {zεD， Ig(z)1ミe}is a 

samPling setJ匂rl8a. 

The fol1owing lemma is wel1-known result: 

Lemma C. ([5J) Let α> 1. For 1 El8的 thenorm 

1/(0)1 +翌日(1-lzI2)αII'(z) 1 

is equivalent to the norm 

522(1|z12)α-11/(z)1 

i. e. lor some constant G > 0 (independent 01 1εおα)，
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止法(1一Iz12)αーljj(z)1ぎ仰)|+SEEP-iz|2)γヤ)1 
ζG322(11z|2)α11/(z)l. 

By using a sampling set for ~αand Lemma C， we can prove the 

following result with respect to the operatorん:

Theorem 1ふ Let s 二三 α > 1 and g E H(D). The operato1' ん:~α

→~ p is bounded. Then the 0ρe1'ato1' ん:~α→ ~β is bounded beloωif and 

only if the1'e exぬお αρositive constantε> 0 such that {z E D， (1-

Iz12)βα+11ダ(z)1ミ寸お αsam1うlingset 101'ぉα

Corollary 1ふ Letα> 1 and g εH(D). The ope1'ato1' Jgお

bounded on ~α・ Then the 0ρe1'ato1' Jg is bounded below on ~α if and only 

if the1'e exists aρositive constantε> 0 such that {zεD， (1-lzI2)1ダ(z)1ミ

c} is a sampling set 101' ~a-l. 

By using a sampling set for ~ぺ we can prove the following result 

with respect to the multiplication operator M，，: 

Theorem 1.7. Let s二三α> 1 and g εH(D). Let the ope1'ato1' Mg: 

~α→ ~β be bounded. Then the 01うerato1'Mg: 仇→ ~β is bounded beloωif 

and only if the1'e exists aρositive constant c > 0 such that {z E D， (1-

Iz12)βーαIg(z)1詮c}ゐ asampling set 101'ぉα

Corollary 1.8. Let α> 1 and g己 H(D). Let the 0ρerato1' Mg be 

bounded on ~a. Then the 0ρe1'ato1' M，q is bounded beloω on ~α if and 

01のifthe1'e exists a ρositive constantε> 0 such that {z E D， Ig(z)1ミε}お
a samlりlingset 101' ~αー
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We get the new characterization of the Reverse Carleson measure 

on the Bergman space by using the sampling property. 

Definition 2.1. The space BMOA is d，号外:nedto be the ψαce 0/ 

ana似た βmctions/ on D such that sup U1-I<Pa(z)1り1/ヤ)i2dA(z)< 
αED .ID 

十∞.

In the c凶e0/0<α< 1， The space Qα is dφ:ned to be the sμce 0/ analytic 

βmctions / on D such that sup L(1-I<Pa(z)12)α1/'(z)i2dA(z) <十∞.
aED JD 

Lemma 2.2. Let / be an analyticβmction on D. 1/ α> 1， then / 

εiB ij and onかσsupU1-1<pα(Z)12)α1/'(z)l2dA(z) <十∞.
aED .JD 

Theorem 2ふ LetgEH∞. 1/ the 0ρerator Ig: H2→H2 is bound-

ed beloω， thenι:BMOA→BMOA is bounded belou人 1/the 0.ρeratorん:
L~→ g is bounded below， then ι:iB→iB is bounded beloω. For 0 <ρ< 
1， ij the operator Ig: Dg →Dg is bounded belo叫 thenん:0.α→Qα zs

bounded below 

Theorem D. ([6J) Let α> -1. Thereゐaconstant C > 0 such that 

fv!/'(z)i2(1+a)(1-lzI2)悩 (z)ζCDf'(z)12(1+a)(1-lzn悩 (z)
/or all /εDg ij and onlyσa subset G 0/ D sati功 thecondition that 
there existδ> 0 and r > 0 such that 6'ID(a， r)1 :s: ID(α， r) n GI，ωherelD 
(a，1')1 is the (normalized)α1'ea 0/ D(α， r). 

We determined the integration operators ιon the Bergman spaces 

that have a closed range using sampling set for iB. And the following 

theorem corresponds to Theorem 0.6: 
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Theorem 2.4. Suρρose that g εH田 Thenthe1'e is a coηstant k > 

o such that 

か(z)l2lg(z)l2(1-lzI2)2dA(z)注kj)f'(z)12(1一Izl判的)
101' all 1 ε L~ ず αnd only if the1'e exists aρOSIがveconstantε> 0 such that 

{zεD， Ig(z)1ミε}ゐasamjりlingset 101' )8. 

Remark 2ふ Carefullyexamining the above theorem， we see the 

following are also the equivalent conditions respectively: 

(2.5.1) sup(1-lzI2)lg(z)ψ， w(z)1ミ Cfor all ωεD. 
ZEU 

(2ふ2) For any ε< C， ρ(r， w)三二 R< 1 for all ωεD， R depending only 

on ε，where r = {zεD， Ig(z)1ミC}.

Lemma 2.6. Let 1 be an analyticβtnction on D. Then 1 E )82 if 

and onかifsup I (1 -lzI2)2(1-1仇 (z)l2)2jj'(z)12dA(z)<十∞.
αED  .ID 

Theorem 2.7. Let g E)8. 11 Jg: L~((l-1 z 12)2 dA(z))→ L~((l 

IzI2)2dA(z))ゐboundedbelo帆 thenん:)82→)82ゐboundedbelow. 

In [6J， D. Leucking proved the following result: 

Theorem D'. ([6]) Let α> -1. The1'e is a constant C > 0 such that 

か(z)1和 α)(1-1什 μ (z)::;:C l!/(z)l2(1+a)(1-lzI2)悩 (z)
101' all 1 E L~((l -lzI2)αdA(z)) if仰 donlyずasubset G 01 D sati功 the

cond似onthat the1'e exist δ> 0 and l' > 0 such that δID(a， 1')1ζ ID(α， 1') 

n GI，ωhe1'elD(α， 1')1 is the (トlo1'malized)a1'ea 01 D(a， 1'). 
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We determined the integration operators Jg on the weighted Berg-

man spaces that have a closed range using sampling set for・lB1 • And the 

fol1owing theorem corresponds to Theorem 0.7: 

Theorem 2.8. Suppose that g εlB. Then there is a constant k > 

o such thαt 

か(z)121作)12(1-Iz 12)悩(中k!n1f'(z)12(1-lzI2)叫 z)
101' all 1 E L~((1-lzI2)2dA(z)) ず and onかifthere exisお αρositive

constantε> 0 such that {zεD， (1-lzI2)lg'(z)1ミε}ゐasampling set lor 

lB1. 

Remark 2.9. Carefully examining the above theorem， we see the 

following are also the equivalent conditions respectively: 

(2.9.1) sup(1-lzI2)21ダ(z)rp'w(z)1注 Cfor all ωεD. 
ZEU 

(2.9.2) For any ε< C，ρ(r，ω)玉R< 1 for all ωεD， R depending only 

on ε，where rニ {zεD，(1-lzI2)lg'(z)1ゑ ε}.

With respect to the multiplication operators， we can prove the 

following: 

Theorem 2.10. Let g εH∞. 11 Mg: L~((1-lzI2)2dA(z)) → L~((l 

IzI2)2dA(z))ゐbo仰 idedbelow， then Mg:払→lB2ゐboundedbelow. 

We determined the multiplication operators Mg on the weighted 

Bergman spaces that have a closed range using sampling set for lB1
• 

Theorem 2.11. Suρ，pose that g εH∞ Then the1'e is a constant k 
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> 0 such that 

!n1/(z)12Ig(z)12(1-lzI2)悩(中k!n1/(z)12(1-lzI2)2dA(z) 
101' all 1 E L~((1-lzn2dA(z)) ず and onかifthe1'e exists aρositive 

constant c > 0 such that {zεD， Ig(z)1ミε}おαsamPlingset 101'お

Remark 2.12. Carefully examining the above theorem， we see the 

following are also the equivalent conditions respectively: 

(2.l2.l) sup(1-lzI2)2Ig(z)q:>' w(z)1注 Cfor all ωE三D.
ZElJ 

(2.l2.2) For any ε< C，ρ(r，ω) :s;: R < 1 for all ωE  D， R depending only 

on ε， where r = {z E D， Ig(z)1ミ ε}.

References 

[lJ A. Aleman and J. Cima， An integral operator on Hρand Hardy's inequality， 
J. Anal. Math. 85 (2001) 157-176. 
[2J A. Aleman and A.G. Siskakis， An integral operator on HP， Complex Vari-
ables， 28 (1995)， 149-158. 
[3J A. Aleman and A.G. Siskakis， Integration op巴ratorson Bergman spaces， 
Indiana Univ. Math. J. 46 (1997)， 337-356. 
[4J P. Ghatage and D. Zheng and Nina Zorboska， Sampling sets and clos巴d
range composition operators on the Bloch space， Proceedings of The Amer. 
Math. Soc. 133， 5 (2004)， 1371-1377. 
[5J H. Hedenmalm and B. Korenblum and K. Zhu， Theory of Bergman Spaces， 
Springer-Ver1ag， New York. 
[6J D. Leucking， Inequalities on Bergman spaces， Illinois J. Math. 25 (1981)， 1 
11. 
[7J D. Leucking， Forward and rev巴rseCarleson inequalities for functions in 
Bergman spaces and their derivatives， Amer. J. Math. 107 (1985)， 85-111. 
[8J J.E. Litt1ewood and R.E.A.C. Paley， Theorems on Fourier series and power 
series (II)， Proc. London Math. Soc. 2nd Series， 42 (1937)， 52-89. 
[9J G. McDonald and C. Sundb巴rg，Toeplitz operators on the disc， indiana Univ. 
Math. J. 28 (1979)， 595-611. 
[10J Ch. Pommerenke， Schlichte Funktionen und analytische Functionen von 
beschrankter mittlerer Oszillation， Comment. Math. Helv. 52 (1977)， 591-602 



The Rev巴rs巴Carleson乱1easur巴OnThe Bergman Spaces And Closed Range 335 

[11] R. Yoneda， Integration Operators On Weighted Bloch Spaces， Nipponkai 
Math. Journal (2001) Vol. 12， No. 2， 1-11. 
[12] R. Y oneda， Multiplication Operators， Integration Operators And Compan-
ion Operators On Weighted Bloch Spaces， to appear in Hokkaido Mathemati 
cal J ournal. 
[13] R. Yoneda， Pointwise multipliers from BMOAαto the α-Bloch space， 
Complex Variables Vol. 49， No. 14， pp1045-1061. 
[14] R. Yoneda， Essential norms of Integration operators and Multipliers on 
weighted Bloch spaces， in preprint. 
[15] K. Zhu， Operator Theory in Function Spaces， Marcel Dekker， New York 
1990. 
日6]K. Zhu， Bloch type spaces of analytic functions， Rocky Mout. J. Math. 23 
(1993)， 1143-1177. 


