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The Reverse Carleson Measure
On The Bergman Spaces And Closed Range

Rikio YONEDA

Abstract

We study the multiplication operators and the integration opera-
tors with closed range on the Bergman spaces. And we get the new
characterization of the Reverse Carleson measure on the Bergman space

by using the sampling property.
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Let D be the open unit disk in complex plane C. Forz, we D, 0
<r <1, let pw) = 0 l and D(w, 7) ={z
eD, olw,z) < 7} Let H (D) be the class of all analytic functions on D.

;- and let oz, w)~‘1
The space B, of D is defined to be the space of analytic functions
f on D such that
Fllae = LFO)] + [ llse < o0,

where |[f|y. = sup (1—1zP)°f'(z)]. Note that B, =1 is the Bloch space.
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The space Bq,0 of D is defined to be the space of analytic functions

f on D such that
(1—=[zP)f (@) >0 (lz]>17).

Note that B;,= B, is the little Bloch space.

The space B of D is defined to be the space of analytic functions
f on D such that sup (1 —|z»lf ()] < +co.

Let dA(z) be the area measure on D normalized so that the area
of D is 1.
For ¢ > —1, the weighted Dirichret space D§ is defined to be the

space of analytic functions f on D such that
[0 = Pl (e + DdAG) < +oo.

In the case of ¢ =1 and p =2, then D} = H? is the Hardy space. In the
case of ¢ =2 and p =2, then D%= L% is the Bergman space.

For @ > —1, the weighted Bergman space D% = Li((1 — |z])¢dA
(2)) is defined to be the space of analytic functions f on D such that

[ —1eP U @)l a+1)dAE) < +oo,

In the case of ¢ =0 and p =2, then DZ= L% is the Bergman space.

Let X be Banach spaces and let T be a linear operator from X into
X. Then T is called to be bounded below on X if | 7f|| > C|f| for all /
e X and positive constants C > 0.

For g analytic on D, the operators I, J,, M, are defined by the

following:

L@ = [[d0r (e, W@ = [F(Og(0)de, M) = o) (2.

If g(z) =z, then J, is the integration operator. If g(z) = logTi—Z, then J,
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is the CeSro operator.

For ¢ holomorphic self-map of D, the composition operator C, is
defined by C,(f) =f o p. Let G,= ¢<{z eD, %:J_EH%)(\%’(@Z—)L > e}) By
Schwarz-Pick lemma, the operator C, is bounded on the Bloch space 8.
It follows from Littlewood’s subordination theorem that the operator C,
is bounded on all the Bergman spaces. In [4], P. Ghatage and D. Zheng
and Nina Zorboska determined the composition operators on the Bloch

space with closed range using a sampling set G, for the Bloch space.

In [8], Ch. Pommerenke proved the following result with respect to
the operator Jy:

Theorem 0.1. For g analytic on D, the operator ], is bounded on
the Hardy space H* if and only if g&= BMOA.

In [2], A. Aleman and A. G. Siskakis proved the following result
with respect to the operator J,:

Theorem 0.2. For g analytic on D, for p =1, the operator ], is
bounded on the Hardy space H? if and only if g BMOA. And the
operator J, is compact on the Hardy space H? if and only if g& VMOA.

In [3], A. Aleman and A. G. Siskakis proved the following result
with respect to the operator J, (See [3] with respect to the definition of
the weighted Bergman spaces L2 (D))

Theorem 0.3. Let p = 1. Then for g analytic on D, the operator
Jo 1 bounded on the weighted Bervgman space L5 .(D) if and only if g&
B. And the operator ], is compact on L3 (D) if and only if éiﬁr}_(l —

12[)|g'(2)] = 0.
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In [11], we also proved the following result:
Theorem 0.4. Let f=>1. Then the operator J,: B— By is bound-
ed if and only if
1 ,
sup (1 — |zPY(log = )lg (2] < 4o,
and the operator Jq: B— By is compact if and only if
. 1
_ 2\8 / —
lim (1~ zp(log 1)}y ()] = 0.
And let @ >1. Then the operator J,: Ba— Bs is bounded if and only if

sup (1 — [27)=++1lg/(2)] < +0.

And the operator J,: Bo— B is compact of and only if
lim (1 = j22y=+1lg/(2)] = 0.
And let 0 < a<1, and a < 8. Then the operator J,: Bo— B, is bounded

if and only if g< B,
And the operator J,: Ba— By is compact if and only if

lim (1= [ePYlg/ ()| =0, . g€ Ban

In [12], we also proved the following result:
Theorem 0.5. Let 3>a>0. Then the operator I,; B,— By s
bounded if and only if

sup (1 —[z[})**|g(2)| < +oo.

And the operator I: B.— Bs is compact if and only if

lim (1 [2)~“]g(2)] = 0.
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In [6], D. Luecking proved the following result with respect to the
reverse Carleson measure:
Theorem 0.6. (D. Luecking) Let r be a bounded non-negative

measurable function in D. Then there is a constant k >0 such that

SV @Pe(@og i dA(z) = k [|/(2)Plog g dA(2)

Jor all f € H* if and only if there exists a constant ¢ > 0 such that the set
Ge={z& D: t(2) > ¢} satisfies the condition:
(k) There exisis a constant & >0 such that

dA(Ge N D(g, 7)) > 8dA(D N D(¢, 7))

Jor all £ = 0D and » >0, where D(L, v) is a disc with a center ¢ and a

radius 7.

In [7], D. Luecking proved the following result:
Theorem 0.7. (D. Luecking) Let o> —1, and let p be a finile
positive Borel measure on D. In ovder that therve exists a constant C >0

such that

(fir@raua): = of [ir@pa+a - 1)t

Jor all analytic functions f if and only if theve exists a constant C' >0
such that

ﬂ<{z €D, plz,a) < %}) < C(1 — |zt

In [4], P. Ghatage and D. Zheng and Nina Zorboska determined the
composition operators on the Bloch space that have a closed range using

sampling set for B. So we also study when the operators I, J, and M,



328 A OB % B 126 1

and the composition operators are bounded below on the Bergman spaces
and the (weighted) Bloch space using sampling set for weighted Bloch
spaces. In particular, the fact that I, have the closed range on the
weighted Dirichlet space D§ is equivalent to “the reverse Carleson
measure”, i.e. the definition of I, with the closed range on the weighted

Dirichlet space D¢ is the following:

[ @Pla@lre+ D0 —ePraA) = & [[F @ (a+ D - [2F) dA)

And it is exactly equal to the definition of the reverse Carleson measure.
And we succeeded in characterizing the reverse Carleson measure by
using new way completely that is different from theorem 0.6 (D.
Luecking’s result) in this paper (Theorem 2.4). And by characterizing the
operator J, with closed range, we also succeeded in characterizing the
result that corresponds to theorem 0.7 (D. Luecking’s result) in this paper
(Theorem 2.8). Moreover we also succeeded in characterizing the multi-
plication operator with the closed range on the weighted Bergman spaces
as well. In final section, we study the composition operators with the

closed range on the weighted Bergman spaces as well.

Definition 1.1. Let ¢ >0. A set I' of the open unit disk D is
called a sampling set for B if therve exists a positive constant C >0 such

that
sup (1~ [e[)71f(2)] = C sup (1 — [z (2)l,

for all f = $“.

Definition 1.2. Let @ >0. A set I’ of the open unit disk D is

called a sampling set for B, if there exists a positive constant C > 0 such
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that
sup (1 —[2)?lf"(2)] < C sup (1 — [z[)?|f"(2)],
zeD zel'

for all f € B..

By using a sampling set for 8,, we can prove the following result

with respect to the operator I,:

Theorem 1.3. Let §=a >0 and g= H(D). The operator I;: B,
— B is bounded. Then the operator I Bo—> By is bounded below if and
only if there exists a positive constant (1 >)e >0 such that {z= D, (1 —

|21 9 g(2)| = €} is a sampling set for B..

Corollary 14. Lel >0 and g H(D). The operator 1, is
bounded on B,. Then the operator I, is bounded below on B, if and only
if there exists a positive constant € >0 such that {z € D, |g(2)| > ¢} is a

sampling set for B..

The following lemma is well-known result:
Lemma C. ([5]) Let o >1. For f & B, the norm
FO)f +sup (1 — [2)*[/(2)|
is equivalent to the norm

sup (1 — [z[?)*!|/ (2)].

i.e. for some constant C; >0 (independent of f E Ba),



330 A X W % OFE 126 #

ég&g A=z @) < F(0)] + Sup (1 —zP)elf (=)l
< Cisup (1 =1z (=)

By using a sampling set for 8¢ and Lemma C, we can prove the

following result with respect to the operator J,:

Theorem 1.5. Let 8= a>1 and g= H(D). The operator J,: B,
— By is bounded. Then the operator Jy: Ba— Bs is bounded below if and
only if theve exists a positive constant >0 such that {z& D, (1 —

||+ g'(2)] = €} is a sampling set for B

Corollary 1.6. Let ¢a>1 and g H(D). The operator J, is
bounded on B,. Then the operator J, is bounded below on B, if and only
if there exists a positive constant & >0 such that {z = D, (1 — |z])|g'(2)| =

€} is a sampling set for B*.

By using a sampling set for 8¢, we can prove the following result

with respect to the multiplication operator M,:

Theorem 1.7. Let f>a>1and g H(D). Let the operator M,
Ba— By be bounded. Then the operator My: Bo,— Be is bounded below if
and only if theve exists a positive constant & >0 such that {z< D, (1 —

|2|)"-¢|g(2)| > e} is a sampling set for B* .

Corollary 1.8. Let ¢ > 1 and g H(D). Let the operator M, be
bounded on B,. Then the operator M, is bounded below on B, if and
only if theve exists a positive constant e >0 such that {z € D, |g(2)| = e} is

a sampling set for B L
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We get the new characterization of the Reverse Carleson measure

on the Bergman space by using the sampling property.

Definition 2.1. The space BMOA 1is defined to be the space of
analytic functions f on D such that sup '/;(1— lp ()P (2)PdA(z) <
+oo.

In the case of 0 < a <1, The space Q, is defined to be the space of analytic
Sunctions f on D such that sup _L(l—lgpa(z)lz)“[f’(z)PdA(z) < +oo.

Lemma 2.2. Let f be an analytic function on D. If ¢ >1, then f
€% if and only if sup ﬁ(l —|a(2)P)?\f"(2)PdA(z) < +oo.

Theorem 2.3. Let g& H=. If the operator I, H®*— H? is bound-
ed below, then I: BMOA — BMOA is bounded below. If the operator I
L2 L2 is bounded below, then I,;: B— B is bounded below. For 0 <p <
1, if the operator 1, D§— D§ is bounded below, then I, Q,— Qn is

bounded below.

Theorem D. ([6]) Let @« > —1. There is a constant C > 0 such that

[V @rQ+ )1~ P dAE) < C [P+ )1 — |27)*dA()

Jor all f € Dg if and only if a subset G of D satisfy the condition that
there exist & >0 and r >0 such that §|D(a, 7)| <|D(a, r) N G|, where|D

(a, r)| is the (movmalized) avea of D(a, 7).

We determined the integration operators I, on the Bergman spaces
that have a closed range using sampling set for 8. And the following

theorem corresponds to Theorem 0.6:
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Theorem 2.4. Suppose that g = H™. Then there is a constant k >
0 such that
[IF @R — 12PPdAG) = k [|F(2)F(1 — |2V dA(z)

Jor all f & L2 if and only if there exists a positive constant € > 0 such that
{z< D, lg(2)| = ¢} is a sampling set for B.

Remark 2.5. Carefully examining the above theorem, we see the

following are also the equivalent conditions respectively:
(2.5.1) sulg)(l —|z2))g(z) ¢’ w(2)| = C for all w e D.

(25.2) Forany e< C, o(I', w) < R <1 for all w € D, R depending only
on g where I'={z& D, |g(2)] = ¢}.

Lemma 2.6. Let f be an analytic function on D. Then f € B, if
and only if sup [ (1~ |20~ |pu(2)PIF(2)PdA(z) < +co,

Theorem 2.7. Let g=B. If J;: Li(1—|z)?dA(z))— L2((1 —
|2|?)?dA(2)) is bounded below, then J;: B;— Bs is bounded below.

In [6], D. Leucking proved the following result:

Theorem D'. ([6]) Let o > —1. There is a constant C >0 such that
[)\f(z)]z(lJra)(l —|2))*dA(z) < C/{:lf(z)|2(1+a)(1 — 2| dA(z)

Jor all ¥ € LA((1 — |2)*dA(z)) if and only if a subset G of D satisfy the
condition that therve exist § >0 and v >0 such that §|D(a, )| <|D(a, 7)
N G|, where|D(a, v)| is the (normalized) area of D(a, r).
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We determined the integration operators J, on the weighted Berg-
man spaces that have a closed range using sampling set for 8'. And the

following theorem corresponds to Theorem 0.7:

Theorem 2.8. Suppose that g=B. Then there is a constant k >
0 such that

[V @Flg I~ [2P)dAz) > & [I7(F0 — 2PYdAC)

Jfor all fe L —|z|22dA(z)) if and only if there exists a positive
constant & >0 such that {z € D, (1 — 2)|¢(2)| = &} is a sampling set for
B

Remark 2.9. Carefully examining the above theorem, we see the
following are also the equivalent conditions respectively:
(2.9.1) sup 1= 124g(2)¢' »(2)| = C for all w e D.
(2.9.2) For any e< C, po(T', w) < R <1 for all we D, R depending only
on g where I'={ze D, (1 — |zP)]g'(2)| = &}.

With respect to the multiplication operators, we can prove the

following:

Theorem 2.10. Let g H> If My LE((1 — |2|)?dA(2))— L1
— |2|?2dA(2)) is bounded below, then My B:— B, is bounded below.

We determined the multiplication operators M, on the weighted

Bergman spaces that have a closed range using sampling set for B

Theorem 2.11. Suppose that g= H=. Then there is a constant k



334 A X OB R OE 1260 8B

>0 such that

[ @Plg@F ~ |2PrdA) > k [ A1 - |21rdAG)

for all fe Li(1—|2|92dA(2)) if and only if theve exists a positive
constant € >0 such that {z € D, |¢(2)| = &} is a sampling set for B

Remark 2.12. Carefully examining the above theorem, we see the

following are also the equivalent conditions respectively:
(2.12.1) sug(l — |2|)g(2) ¢ w(2)| = C for all we D.

(2.12.2) Forany e < C, p(I', w) < R < 1for all w & D, R depending only
on &, where T'={z& D, |g(z)| = &}.
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