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An expository supplement to the paper
“The multiple Cantelli inequalities: Higher-order moments
for Mardia’s bivariate Pareto distribution”

Haruhiko Ogasawara

This article supplements Ogasawara (2019) with some cross moments for
Mardia’s (1962) bivariate Pareto distribution of type 1 and general recursive
formulas for the higher-order cross moments. For undefined notations and
missing references in the reference list, see Ogasawara (2019).

S.1 Preliminary results

In this section, preliminary results including new ones are shown. The
density is

fo‘,X;‘ (Xl* = xl*aX; = x;) = flz(x;k’x;) = f(x;ax;)
=a(a+1)(BB)" " (Box, + Bix, — BB) Y
_ al@+)/(BB)
(O /B)+(xs ) By) -1 (SL.D
(x, 23,>0,x,> >0, a>0),

where the notation f (xl > xz) and similar ones in this article are used for

simplicity when confusion does not occur. The joint survival function is given
by

PRI, > 3} A (G > D)=, (3,6 = S
_ 1
A& B By -1

Let X, ¥ = X ,* / ,B, (i =1, 2) be the standardized variables with unit

(S1.2)

scale parameters i.e., ﬁl = ﬁ*i =1 (i =1, 2) (do not confuse X +  with
X,- = X,-* - E(X,*) defined in Ogasawara, 2019). Then,

(1)
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f)(*l,)a2 (Xuy = X0, Koy = X)) = [ (00, %)
a(a+1)

- (X0 + 2, = 1)

(x 21, x,, 21, a>0). (S1.3)

Note that X, +1 and X x are exchangeable in that the density when X« and
X« are exchanged in (S1.3) is unchanged as in the case of X 1* and X 2
with equal scale parameters. The survival function for X, 1 and X ¥ 18
given by
1
S (X, X)) = S(Xs X)) =————
Koy Xog \T¥ 127442 1>74%2 (x*l + X, —1)*- (S1.4)
The Paretian marginal distributions are

fo, (X =x)=fi(x)=f(x)=a/x" (x,21; i=1,2; a>0). (S1.5)
This univariate distribution is denoted by F(B,a) with =P =1 for

(S1.5). The survival function of F(1, a) i.e., for X.; isas simple as

Sy, () =8(x)=1/x5 (x, 21 i=1,2) (S1.6)
Lemma S1.
E, (X))=EWX)=al(a-m) (a>m;i=1,2) (S1.7)

Proof 1. The direct proof is given by
+00
E(X!) = L X (o / x2)dx,,

= {a/ (o —m)} L“”(a —m)(1/ x&" Ydx,,

=a/(aa—-m). Q.E.D.
Proof 2. When m =0, (S1.7) trivially holds. Assume that 7 # 0 . When

(S1.8)

m =1, it is known that since X *; (i =1, 2) are non-negative random
+0
variables, E(X*l) = _[0 S(x*i) dx*i , which gives E(X*i)

=1+ [/ x5)dx, =14 {1/ (@ =D} =a /(@ =1) (i=1, 2) . Then,

from (S1.6), S(X*i) =1/ xf; =1/ (xf,l )(a/m) . This shows that X:; follows

Pl a/m) gving B(X2)=(a/m)/ {(a/m)~1}.
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=a/(a—m) (a>m;i=1, 2). QED.
Proof 3. The proof when m = 1 is the same as in Proof 2. When m # 0

E(XT) :J'o S, (X2 el =J'0 mxl”'S (6 dx,, =IO S, (") dx.,
=1+Lm{1/(xi§’")"}dx*i =l+{(a/m)-1}" =a/(a-m) QED.
Note that E(Xl*m) = ﬂlmE(X::) = ﬁima [(a-m) (i=1,2),

Lemma S2.
2
E, (X.X.,)= % (@>2) 519)
Proof 1. This proof was used by e.g., Kotz et al. (2000, p.580) for
unstandardized X 1* and X ; . The proof using X, and X., isshown
since the proof becomes somewhat simpler. The density function of X.,
given Xs =X is
fX*z\X*] (Xoy = X0 | Xy = x4)
= (X [ %) = f (X, %)/ (%))
_ala+]) a  (a+xd"
- (X0 + X0y — 1)a+2 x:zlﬂ - (X, + X, _1)a+2 (S1.10)
(x,, 21, x, 21, @ >0),
which shows that the distribution of Xs; + Xs, =1 is F(Xsy, & +1) . Then,
EX., (X, +X., 1)}
= EX*] [‘X*l{EXQ\)al (x + X, — 1| X, = x*l)}xﬂ:)(‘l]
= E(XE(X., + X, ~1]X.)}
:E(X*la—HX*ljz atl, o _atl
a a oa-2 a-2
On the other hand, the left-hand side of (S1.11) is

(SL.11)
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E(X7)+E(X., X,,) - B(X.,)

a (04 o
=——————+EWX, X,)=—+EX., X.,,). (SL12)
a—2 a-1 (X X)) (a—-2)a-1) (X X.)
From (S1.11) and (S1.12),
a+l a a’-a-1
B(X. . X.,) =

a-2 (a=2)(a-1) - (@-2)a-1)> GLI3
which gives (S1.9). QE.D.

*
Proof 2. It is known that for non-negative random variables X 1 and

*

X, , it holds that E(Xle):IO Io S(x,,x,)dx;dx, when the

expectation exists (Hoeffding, 1940; Nadarajah & Mitov, 2003, Theorem 2;
Ogasawara, 2020, Equation (3.5)). Using this formula,

BOG X)) = [ [ 7Sy, x,) . dxi,
~ ['[ dv.dr, +2 jol{ [ (l/xfl)dx*l}dx*z

w0 g =D de,

], ] |
=142 ———| + -
(a—-Dxi |, (- -2)(x,, +x, -D*" |

1

(S1.14)

2 1 a’ -3a+2+2(a-2)+1
=1+ + =
a-1 (a-2)(a-1) (a-2)(a-1)
:M (a>2).
(a@=2)(a-1)

Note that although the regions of the above integrals are wider than the support
of Xoy 21 and X., 21 , the integrals are well defined. Q.E.D.

The covariance of X. +1 and X » 1s given from Lemmas 1 and 2 as
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a’l—a-1 a Y
cov(X,,, X,,) = ( j

(a-D(a-2) \a-1
(@—a-D(a-D-a*(a-2) 1 (S1.15)
- (a-1)*(a-2) C(a-D)(a-2)
which gives
- B.5,
COVXan)Zm. (S1.16)

The variance of X+ is given from Lemma 1 as

a ( a jzza{(a—l)z—a(a—2)}

var(X,,) = - >
a-2 \a-1 (a-1D(a-2)

— a (S1.17)
(@-D(@-2)
2
with var(X t* )= (a_l[);lzﬁ (i=12) . From these results, the
correlation coefficient of X 1* and X ; is given by
cor(X;,X;)=1/a<0.5 (a>2). (S1.18)

The above variances and correlation coefficient are well-known (Mardia, 1962).
Let E(X)) =, B(X.) =, =4 /B =c/(a=1)(i=1,2) and
m) E{(X., - ,u*l)ml (X, — /u*z)mz} (m, >0, m, >0, a>m, +m,),

Theorem S1.
Otmet, 1) = O o/ @ (m>1, a>m). (S1.19)

Proof. As in Proof 1 of Lemma 2,
E{(X., — )" (X + X, = 1)}
= E{(X*1 _:u*])m_lE(X*l +X*2 -1 ‘ X*l)}
w1
=E{(X*l_:u*l) 1 *1}

o

O m

(S1.20)

a+1 m m—
=TE{(X*1 — )"+ (X — fhsy) 1}



[

¥ OF % ET0% E4E
o+1 a+1x o
=—o0 —o0
*(m, 0 *(m-1,0
a " o ag-1 Y
o+l

a+1
o O(m, 0) +EG*(,H,0)'

On the other hand, the left-hand side of the first equation of (S1.20) is
m—1
E{(Xﬂ_,uﬂ) (X*1+X*2_1)}

= B[ (X = )" X0y = 1)+ Xy = ) + (e + 1y =D} |

B 2a
= Osim,0) T Osgmt,y T o1 —11Cuuo1.0)

(S1.21)
o+l
= Ostm,0) T Osgm-t,y T o—1 Ox(m-1,0)"
Equating (S1.20) with (S1.21),

. 04 +1 1 . 0-*(,,,,0)
Osm-1,1y = o —L|Oxm0) =

follows, which gives (S1.19). Q.E.D.

o
A special case of Theorem S1 is given by

(S1.22)
cov(X,,,X,,)=var(X,)/a=var(X,,)/ a

. (S1.23)
as found earlier with cor(Xl*,X;) =cor(X,;,X.,)=1/a  Define
G(*ml, my) =E {(Xl* - /h* )ml (X; - lu; )M2 } . Then, we have

* —Qm pm
O (i, my) BB, Oy, my) -

Before using Theorem S1 for higher-order cross moments, we provide the
proofs of the univariate third and fourth central moments of X % (i =1, 2) R
which are denoted by O, o)(= Ou0.3) and Ouy, o)(= O, 4)) , respectively.

These results give the skewness and non-excess kurtosis of X (i=1,2),
knowledge.

which are known, though their proofs are not well documented to the author’s

Theorem S2 (Johnson et al., 1994, Equations (20.11¢) and (20.11d)).
The skewness and non-excess kurtosis common to X, i (i =1, 2) are
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7 _ 2(a+1) (
Ka = a and (S1.24)

3(a—2)(3a +a+2) -
K2 +3= a4 (a>4)(i=1,2), (S1.25)

(X) . .
respectively, where K(;)' s the j-th cumulant of variable X;, and

Z, =(X:‘—ur)/mz(&, 1)/ o0 an
(X :uz)/ (0 2) =(X., — )/ \ Ox0,2) with
0(2,0) = var(X, ), 0(072) =var(X,) and
O2.0) = O, 2y = Var(X.,) = var(X.,, ).
Proof. Firstly, we obtain the result for O3 ¢) = 0,3
=E{(X.,—u,)’} (i=1, 2) Expanding (X., — ),
Oz = B(X2) = 3B(X) e, + 244

o 3a a 2a’

a-3 oz—2><oz—1+(oz—1)3
[04
T (@-1(@-2)a-3)
sd(0 =1y (@ = 2) =3a(a 1) (o =3) + 20 (@ - 2)(ct = 3)}
(04
T (@-1(@-2)a-3)
F{(=3)(=2)+3=3(14+6) + 2x 2x 34> + {—1 +3(<2) = 3(=3)}ax +2]

[{-3-2-3(-3-2)+2(-5)}’ (S1.26)

- Za(at]) (@>3 i=1,2).
(a-1)'(a=2)(a-3)
Then,
K&y =040/ (0v0,0) "
2a(a+1) la-D(a-2)" (S1.27)

T (@1 (a-2)a-3) eE
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[
2(a+1)

(a>3 1—12)

which is equal to (Sl.24).
Secondly, O ) = E{(X.; — 4, )} (=1, 2) is derived. As before,
Oxu0) = E(Xfl) - E(X*zi)/'l*i + 6E(X*21)/J*21 - 3:“*1‘

a_4axa+6axa22_3 0544
a-4 a-3 a-1 a-2 (a-1) (a-1)
a
T (@—1) (@ —2)(a-3)a—4)
x{(a-1)*(a-2)a-3)-4a(a-1)’(a-2)a-4)
+6a’(a—1)(a=3)a—4)-3a’ (a-2)(a-3)(a—-4)}
04
T (@) (a-2)a-3)a—4)
—da(a’ -3’ +3a—-1)(a’ —6a +8)+6a’(a’ —2a+1)(a’ —To +12)
—30’ (a’ =9a’® +26a —24)}
(04
T (@) (a-2)a-3)a—4)
+(—24-30-4)a® + (1+20+36)a” +(-5-24)a +6
—4a{(-3-6)a’ +(8+18+3)a’ +(-24—18—1)a’ + (6 +24)a -8}
+6a{(2-7a’ +(1+14+12)a® + (-7 —24)a +12}
+27a’ =78a* +72a’ ]
a
“(a-Da-2)a-3)a-4)
+(32-116+162-78)a* +(-58 +172 - 186 + 72)a’
+(57-120+72)a* +(-29+32)a +6 }
B a(9a® +3a +6) B 3a(3a’ + o +2)
(a-D"(a-2) a-3)Na-4) (a-D*(a-2)a-3)a-4)

Consequently,

(S1.28)

{ (a* =40’ +60” —da +1)(a’ =50 +6)

[ (—4-50a’+(6+20+6)a’

{(-9+36-54+27)a’
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7 3o 3a3a’ +a+2) X(a—1)4(a—2)2
@ (@-Da-2)(a-3)(a-4) o’ (51.29)
_3(a-2)(a’ +a+2)

(a>4;i=12)
a(a=3)a—-4)

follows, which is equal to (S1.25). Q.E.D.
The excess kurtosis is given by

@ a=2)Ba’ +a+2) _3
@ - a(a—3)a—4)

_33a’-5a’ -4—(a’ —7a’ +12a)} (S1.30)

- ao—3)(c —4)

3Qa’+2a’ -12a-4)  6(c’ +a’ —6a-2) .
ala—-3)a—-4) a(a—-3)a—-4)

(a>4;i=12).
The positive property of (S1.30), when @ >4 is shown by the positiveness of
the numerator and its first derivative when @ >4 in the last result of (S1.30).

S.2 Cross central moments of the third and fourth orders

Let Oy 120,20 (" and ™, times of 1 and 2, respectively)
= O, my and Pi1 122,20 =01 122 /(O'*=z'z‘)(ml+mz)/2
= Oy, my) /(G*ii)(ml )z (i =1, 2) When M, =m, = 1, Pi is the
correlation coefficient of X 1* and X ; . An alternative similar notation for the

moments of unstandardized X 1 and X > are defined as

* 5
O11.122.2 = O m. my).

Note that in the standardized moments, the subscripts 1 and 2 can be
exchanged whereas in the unstandardized moments, they cannot be exchanged
unless scale parameters are the same.

Corollary S1.
2(a+1)

(a-1)’(a-2)(a-3)" (S2.1a)

0< O = Oxipp =
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_ 2a+DVa-2 p,,
0<py,=pin= (@—3)a" < 3
3(3a° + o +2)
(a—D*(a-2)a-3)a—-4)" (S2.22)
3(a—2)3a’ +a+2)< P _ Pom
la-3)a-4) 4 4

= p;” (@>3)  (s2.1p)

0<0u ), =0y =

0< P =Py =
(S2.2b)
(o >4).
Proof. Equations (S2.1a) and (S2.2a) are given by Theorem S1, (S1.26)
and (S1.29). Equation (S2.1b) is given by

_ _ 32
Piia = Pipy = Ouipy O

~ 2 +1) (a-Da-2)"
- N3y _ 3/2
(=1 (a—-2)a-3) a (523)
_HaINAZ2_ P Pu (g3 21,2
(ax-3)x o 3
Pz = Pz = OCxin /O-*zii
B 3(3a° + o +2) (o D (a -2)
- 4 2
(a-1D'(a 22)(05 3)(a—-4) o (52.4)
— 3(0! 2—2)(306 +a +2) — Piiii < Piiii (a >4; =1, 2)_
a (a—-3)a—-4) a 4
The cross bivariate fourth cumulant corresponding to (S2.4) is
K1(121)2 =Pz =3P = Piax —3P1
1
= 33’ -5a* —4)-3a(a’ - Ta +12
ey )= 3a( )} o

_3Q2a’ +2a° -12a-4) _6(a’ +a’ —6a —2)
B a’(a-3)a-4) B a’(a—3)a-4)

where the positiveness of the final result is given as before.
Theorem S3.

>0 (o >4),
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3¢ —a* +14a+ 4

0*1122 = (a _ 1)4 (a _ 2)(a _ 3)(a _ 4) and (8263)
(a-2)a’ —a’ +14a +4)
P = ) (a>4). (S2.6b)

Proof. As before
E{(X*l - ,u*l)z(Xﬂ + X*z _1)2}

= B[(X., — ) E{(X., + X, 1) [ X))}

S2.7)
o+l (
ZE{(X*I /'4*1)2 IX*Zl}
(04 +1 2 2 2
= a_E[ (X*l :u*l) {(X*l _.U*l) }+2H*1(X*1 _:u*l)"' :u*l} ]
_a+l
T4 l{0*1111"‘2#*16*111"':“*1 var(X.,)}.
On the other-hand, the left-hand side of the first equation of (S2.7) is
EL (X, = e Aoy = )+ (X = o)+ o + ey =117
=01y + 2001, + 0wy +2(8 + Loy —1)(00 ), + 0y ($2.8)
(e + sy -1y’ var(X.,).
Equating (S2.7) with (S2.8),
a+1
Oupiyy = =20uy, + (ﬁ - ljo-*llll = 2(phy + oy — oy,
a+l1
+2 —_1:“*1 = () + ey =1) p Oy
o (S2.9)

a+1
+ {a lu*l (Hay + fhay — l)z}var(X*l)

follows.

Using Il,[*l‘{‘/l*z_l:(a‘i‘l)/(a_l)’
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204, o+l
o-1 o—1

(a+1 a a+1j
+2 X - o
a-1 a-1 a-1

+{a+lx a’ _(a+1)2} a
a-1 (a-17° (a-1|(a-1)>(a-2)
_ 2x33a’ +a+2)
(a -1 (a-2)a-3)a-4)
. 2 3a(3a’ +a +2)
a-1 (a-1)"(a-2)a-3)(o-4)
2oc+1>< 2(a+1)
a-1 (a-1)(a-2)(a-3)
+2a+1( a _lj 2a(a+1)
a—-1\a-1 (o =1 (o =2)(a —3)

N a(a+1) a’ (@+1)
(a-D)"(a-2)|a-1
1
(o =1y (o —2)(a = 3) (o — 4)
+18a’ + 60> +12a —4(a +1)* (a = 1)(a —4) + da(a +1)* (a - 4)
+a(a+1)(a-3)a—-4)}
1
(a—1)’ (o —2)(a —3)(a —4)
+18a’ + 60 +12a + {~4(a’ + 2a +1)(a =)+ 4(c’ +2a° + 1)

+a’ =20’ -3al(a-4)]

Ouj1n = _26*1112 +

(S2.10)

{ -6’ +a+2)(a-1)

[—18c’ +12a” — 60 +12



An-expository supplement to the paper “The multiple Cantelli mequalities: Higher-order moments for Mardia's hivariate Pareto distribution”

1
(a=1’(a-2)(a-3)a-4)
x{18a” + 60 +12+ (o’ +2a” + 50 +4)(a —4)}

- 1
(a=1D’(a-2)a-3)a-4)

x{18a” +6a +12+(a* — 20 —3a’ —160 —16)}

a'=2a’ +15a* -10a -4  (a-1)(a’ -a’ +14a +4)
(o =1 (a =2)(o =3)(ax — 4) - (o =1 (a =2)(o =3)(a — 4)
B a’—a’+140+4

" (a=D'a-2)a-3)(a-4)
which gives (S2.6a). From this result,

_ 2
Piin = Ouin / O

(a>4; i=1, 2),

_ a’—o’+14o+4 ><(0:—1)4(01—2)2
(o —D*(a-2)(o —3)(a —4) a’

_(a=2)(a’-a’+14a +4)

 da-3)a-4)

giving (S2.6b). Q.E.D.
Theorem S3 gives

z) _ 2
Kim = Pun —1-2p5,

_(a—2)(a3—a2+14a+4)_1 2

=(a>4;i=1, 2),

a’(o—3) (o —4) a’
_ 1
T adi(a-3)(a—4)
+(—a* +70 —120°) + (20> +14a —24)}
B 4o’ +2a* —10a —32
 adl(a-3)(a—-4)

{a* =3’ +16a” —24a -8

>0 (o >4).

13

(S2.11)

(S2.12)
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S.3 General formulas for the higher-order cross moments
First, the following basic result is given.
Lemma S3. For a positive integer m with o >m,

G*(’", 0) = G*(O, m) = E{(X*l - ,u*,)m}
N m (04 e

=2 CEX ()™ z C, —(—_) (S3.1)
=0 a—j

0 a—1
m—j o
Z TR

Let P(;) Dbe the i-th order univariate central moment for a standardized

m—j+l1

variable with unit variance:
Py = OCuioy | (00 )) 7 =000y 1(0.,)" =0, var(X. )} (s32)
where var(X.,)=a/{(a- 1)*(@=2)} and
Py =Py =0sa0)/ Oujj =0ugy | Os)y =0u; /0wy =1,

. S3.3
Py = Piis Py = P (i,7=L2), (83.3)
as shown earlier.
Theorem S4. For a positive integer m with o > m,
G*(m—i i) = G*(i, m—i) = E{(X*l - :u*l)mﬂ (X*z - ,u*z )l}
o+l
= .C,0o. T
=it 2 G e
= (lu*l + lu*2 l)l ek G*(m —i+jy, ji)
Z Z ) | (S3.4)
W=0 =0 L= = 0)!
0<11+/2<’

(i=1,..,[(m+1)/2]),

where [] is the floor function,; and Oxum—j, j) (J=Lwsi=1) and the raw

univariate moments up to the m-th order are assumed to be given.
Proof. As before
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E{(X*1 - ,u*l)m_l (X*1 + X*z _l)l}
=E[(X., — )" E{(X., + X., 1) | Xi))}]

m—i a+1 1
:E{(X*l Hey) X*l}

+1-i
a+1 i (83.5)
:OC+1—‘E|:(X*1 Hey) Z OICJ(X* = pe) gy’ }
a+l m—itjy , i-j
= 2 CHEC — )
a+l i i .
=20 OO (=L [(n1)/2))
On the other hand, the left-hand side of (3.5) is
B{CX., — )" (X + Xy —1)')
:E[ (X*] _,u*l)m_i{(X*z _:Ll*z)+(X*l _ﬂ*1)+ﬂ*1 + _l}i]
X = )™ — )"
{ ] 1 AZ(; sz;Jfl ]2'(1 ]2)' ’
0ji+ipsi (S3.6)

X (X*I — s )j2 (:u*l Tl — l)i_j1 " }

= E{ (X*l _;uﬂ)m_i(X*z _,u*z)i

i—1 i

i
+ — — )
A/]Z=(; ;JI!JZ!O_]I ]2)' ?

0<ji+j,<i

x (X*1 - ,u*l)m_iﬂ2 (,Lt*] + ey — l)i_jl_jz }
i1 i~ ji=J
* + * _1 b
= G*(mfi,i) +i! Z (lu : |Iu : ) | *(m*i‘*'jz»J])'
i Lo Jy L= J = Jy)!

0<ji+jp <i

Equating (S3.5) with (S3.6), (S3.4) follows. Q.E.D.
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From (S3.4), O(n-i,i) = " lﬁZio-*(m—i, ) (i=L...[(m+1)/2]) we
also have
O, ..
_ *(m—i, i)
Plm-i iy =

(a-1)"(a-2)""
{var(X. )" a"?
S[m+1)/2]; j=1,2)

(=1,

*(m—i, i)

The raw cross moments of the m-order are given as follows
:u*(m —i, i)

(S3.7)
Corollary S2. For a positive integer m with o > m

:u*(l m—i) E(X:’]’_lXiz)

i i=ji=J;
_ ot ,u Zl Z( b Hening,, )

H(m,0)
O£+1 i oo Ji! L, 1
0<ji+j,<i

i=1..,

—Jh—J)!
[(m+1)/2]),

where the cross raw moments up to the (m—1)-th order are assumed to be
given.

(S3.8)

Proof. This can be seen as a special case of Theorem 4, where
Hey = Hiy =0. When the definition 0° = 1 is used in Theorem S4 (S3.8)
follows. Q.E.D

= ﬁm lﬂ2u*(i, m—i) (l = 1

— *(m—i) y*i d
We note that H,— i) = E(Xl B le) ﬂ]n lﬁzlu*(m i, i)
—7 i
1

b [(M+1)/2])
As in Proof 2 of Lemma S2, it is known that
E(X5'X0) =E(Xi' X5?)
O LR -1 " -1
:mlmZJ.O J.o X' X S(Xy X )X, dx, (my >0, m, >0)

(S3.9)
(see the references after (S1.13)). Using V; = Xy, (i=1,2) and recalling that
gives

S(y)=1/y" and S, y)=1/(y+y,-D" (¥, 2L i=1,2) (3.9
E m

(X. sz) mlmz_[ J y 1m2 S, »,)dv,dy,

%%{Iff”m“®®ﬁfyH“®Jh

(S3.10)
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1]”’2

[y [Ty, + [T Ay, }

W +y,—

mll mzl

m m +00 @ +00
=l+——+—2—+mm d
oa—-m a-—m, 1 2J‘ J.l » +y2—1) e
(a>m +m,),

where the 1/ (mlmz) times the last term of the last result is

my—1 n121

Bl yl
d

_‘- I O+, _1) ——————dy,dy,
_ 1 1m1 1 ;nz 1

(@=D@=-2)| [ +y,-D"" | 1

o(m -1 m=2 m,— + m -1 -1 m, -2
( J.[ J‘ ( 1 )y yZ ( 2 — )y 2 ‘\_1);1c1)/2 (8311)
D +2, =)™

v pro (my =1)(my =)y

_— dy,dy,.
@@ b T e
m=2 m,-1
= ! +m1_1j wa N dy,dy
a— 1 2
(a—l)(a—Z) a=19 " (y+y, =D
o mll m2 -2
1 (yl 0,1 yldyZ

( 1)(’”2 J' rﬂ ylml_z yy
1

(a-D(a-2) D+, -D"
Note that the first expression and the last result of (S3.11) give a

recursive formula. That is, the last result can be expanded further as follows,
where some terms are the same.

dy1dy2-
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-1
(a—1(a—-2)
ml 1 1 oo +oo m;—=3 mzl
" d
a-1 {(a—Z)(a—:S) o— 2.[ .L (y1+y ) ) ———————dydy,
m;—2 m2 -2
= ————5ddn (312
! (y +y ( )
( 2)(}7’!2 +00 +oo m‘ -3 mz 2
d
(o — 2)(a 3) I .[1 (y1 = ——————=dndy,
m 1 1 +00 400 m=2_ my=2
"y J. I %d’yldyz
a—-1 |(a-2)a- 3) a2 Uy +y,—1)
m—1 mz -3
400 @+00 1 2
a—2 -[ J.l (y + oc 2dyldy2
—1)(m 00 @400 m, -2 ”72 -3
( o .[ .[ —————=dndy, }
(@-2)@-3) o 7 (y1+y
_(ml _1)(m2 _1) 1 " ml - J-+oo.'-+ocwdy dy
(a-D)(a=-2) [(a=-3)a—-4) a-3 U+, — D 1A,
my=2 m,—=3
+00 +00 yl y2
dy,d
a3jf1 (y+y a3y1y2
_(ml_z)(m2_2)‘|~+xj4+w yll -3 mz ydy
(ax-3)a—-4) (Y, - a4 1Yo

This sequence may be continued until the power terms of order greater than 0 in
the numerators of the last result vanish though the result soon becomes

complicated. The above formula was used earlier when 7, =1 and m, =1 in

Proof 2 of Lemma S2. The result with 7, =2 and m, =1 is derived using

(S3.11) as follows for illustration.
For this case, (S3.11) becomes
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400 @ +00 ydy
! o7 +y -t
1 1 +00 @+ 1
- + ——dpdy
(a-1(a-2) a—l'[‘ I‘ O+, =D (S3.13)
C(a-D@-2) (a-1)a-2)a-3)
Consequently,
E(X2X.)
IR S T 2 N 2 (S3.14)
a-1 a-2 (a-1)a-2) (a-1)(a-2)a-3)
1

=@ De-2e3 (@’ —6a” +1la—6+(a—2)(a-3)

+2(a 1)@ =3)+2(a —3)+2}
1
(a-Da-2)a-3)

{a’ —6a’ +11a—6+(a’ —50+6)

+2(a” —4a +3)+2a —4}

a’=3a’+2 _(a-D(a’-2a-2)
(a N a-2)(a—- 3) (a—D(a—-2)a-3)
o« P 20-2
(a-2)a-3)

When the conditional distribution is used,
E{X] (X, +X., -} =E{X]E(X., + X., 1| X))}
—E Xz(a_HX*J :a+1x a :a+1. (S3.15)
a a a-3 ao-3
On the other hand, the left-hand side of the first equation of (S3.15) is
E{X] (X, +X., -1} =EX.))+EX.X.,,)-EX?)

a a
:E(Xle*2)+——— (S3.16)

a-3 a-2
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From (S3.15) and (S3.16),
1 a a’-2a-2
B(XO X)) =——+ = (S3.17)
a-3 a-2 (a-2)(a-3)’ :
which is equal to the last result of (S3.14).
When 7, =2 and m, =2 for Hez 0™ E(X31X*22) , the last result of
(S3.11) is fully used:

e

1 40 oo +y, (S3.18)
" (a- 1)(a 2 e 1I J O, +y RS
+o0 @+00 1
ez ORI
~ 1 . 2
(a-D(@-2) (a-1)a-2)(a-3)
2 1
" (@-D(a-2)a-3)a-4) (a-1)Na-2)a-3)a-4)
1 2
C(a-1)(a-2) " (a—D(a-2)(a-3)
1
Ta-a-2@-3Na-4)’
where (S3.13) is used. Plugging (S3.18) in (S3.10),
oy 4 4 8
E(X: X5)=1+ + +
a-2 (a-)(a-2) (a-1)(a-2)(a-3)
+ 4 (S3.19)
(a-(a-2)a-3)a-4)

follows.
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