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Supplement to the paper “Predictive estimation of a covariance matrix
and its structural parameters”

Haruhiko Ogasawara

This supplement gives the proofs of the theorems and corollaries in
Ogasawara (2017).
A.1 Proof of Theorem 1

We minimize the following with respect to k:
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where under normality
( ) 1 1

0E ( ) { / ( 1)}n n p   S S Σ (Anderson, 2003,

Lemma 7.7.1) is used. Differentiating (A1.1) with respect to k and setting the
result equal to 0, we obtain (2.8).

A.2 Proof of Theorem 2
Noting that 1n N  , the following is minimized with respect to k:
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where the independence of x and NMLΣ̂ under normality is used.

Differentiating (A2.1) with respect to k, we obtain (2.17).

A.3 Proof of Theorem 3
First, we have
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where ij is the Kronecker delta; 0 0( )ij ij  Σ and
1

0 0( )ij
ij  Σ ; ( )ij is

the (i, j)th element of a matrix; ijE is the matrix of an appropriate size whose

(i, j)th element is 1 with the remaining elements being 0;
(2)
( , ) ( )i j  indicates

the sum of two quantities exchanging i and j; ( ) i  is the i-th column of a

matrix; and ( ) j is the j-th element of a vector.

The non-zero submatrices of 0I are given by (A3.2) as follows:
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where , '( ) x y indicates a submatrix of a matrix whose rows and columns

correspond to x and 'y , respectively. The elementwise expression of the last

submatrix of (A3.3) is
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Equation (A3.3) gives
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where acov( ) is the asymptotic covariance matrix of order
1( )O N 

for a

stochastic vector and O is a zero matrix. The elementwise expression of the last
submatrix is
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where ( )a  is the a-th row of a matrix and
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[ ] is for ease of finding
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where ( 1)p 0 is the 1p  zero vector; and
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where ( )( ) ef is the element of a vector corresponding to 0ef using the
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respectively, where
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are used. In (A3.12), noting 0 0vec( )p
 D Σ σ , (A3.12) becomes
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Equations (A3.11) and (A3.14) give (2.25) and (2.26), respectively.

A.4 Proof of Theorem 4
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above results yield (2.29).
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A.6 Proof of Theorem 5

Let
( )E ( )g S

denote the expectation using the distribution of S based on the
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shown here for later use.
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A.7 Proof of Theorem 6
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Σ Σ Σ
Σ Σ Σ

θ θ θ θ

θθ
( 1; 1).

ab

p a b p c d
s


     



In (A8.3),
WML
ˆ( )i

abs





θ
and

2
WML
ˆ( )

( 1,..., ; 1; 1)i

ab cd

i q p a b p c d
s s


      

 

θ
are given by the

formulas for partial derivatives in implicit functions (Ogasawara, 2009,
Equation (3.16)).

Secondly,

1
0

1
WML 0

2 11
2 2WML 0

02 ( )

ˆE {tr( )}

ˆ{tr( )}
| E {( ) } ( ),

2 ( ')

g

g O n

n
p n O n




  

  


   


s σ

Σ Σ

Σ Σ
s σ

s
(A8.4)
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where
2 1

1 1WML 0 WML WML
WML WML 0

1 WML

2 1 2
1 1WML 0 WML WML

WML WML 0
1 WML

2
1

WML

ˆˆ ˆtr( ) ( )ˆ ˆtr ,
ˆ( )

ˆˆ ˆtr( ) ( )ˆ ˆtr
ˆ( )

ˆ
ˆtr

q
i

iab abi

q
i

iab cd ab cdi

s s

s s s s


 




 





     
   

     

     
   

      


 





Σ Σ Σ θ
Σ Σ Σ

θ

Σ Σ Σ θ
Σ Σ Σ

θ

Σ 1WML
WML 0

1 WML WML

WML1 1 1WML WML WML
WML WML WML 0

WML WML

ˆ
ˆ ˆ( ) ( )

ˆˆˆ ˆ ( )( )ˆ ˆ ˆ2
ˆ ˆ( ) ( )

( 1; 1).

q

j i j

ji

ab abi j
s s

p a b p c d





  




 

   
 

    

     


Σ

Σ Σ
θ θ

θΣ Σ θ
Σ Σ Σ Σ

θ θ

(A8.5)

From (A8.2) with (A8.3) and (A8.4) with (A8.5), (A8.1) is written as

0 0

( ) * *
0

2 2 11
2WML WML 0

ˆE ( 2 2 )

ˆ ˆln | | tr( )
tr | | ( ).

2 ' '

g l l

n
O n




 

 

    
    

      

S

s σ s σ

Σ Σ Σ
Ω

s s s s
(A8.6)

A.9 Proof of Theorem 7
The result of (4.13) is given by

2 *
* * 2 3/2

WML 0 WML 02
0

ˆ ˆ2 2 ( ) ( )
( ')

p

l
l l O n  

 


     


θ θ

θ , (A9.1)

where
* ( )E { ( | )}fl l T θ T and

0

2 * 2 2 * 2
0 0/ ( ') / ( ') | vec '( )l l   

      θ θθ θ I . On the other hand,
( ) 2 1 1 2

WML 0 0
ˆE ( ) vec( ) ( )f n O n      S θ θ I . These results give

( ) * * 1 1 2 * 1 2
WML 0 0 0 0

ˆE ( 2 ) 2 vec '( )vec( ) ( ) 2 ( )f l l n O n l n q O n            S I I .

The unchanged result up to order
1( )O n

of (4.14) is given by a special case

of Ogasawara (2017, Equation (3.9)).

A.10 Proof of Theorem 8
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Since the second term on the right-hand side of (6.2) is irrelevant to ijk ,

the expectation of the first term, i.e.,
( ) 2

0E ( )g ij ij ij ij
i j

w k s 


 
 

 
S

is

minimized. Noting that

( ) 2
0

( ) 2 2 2 2
0 0

2 2 2
0

E ( )

E ( ) ( 1)

var( ) ( 1) ,

g ij ij ij ij
i j

g ij ij ij ij ij ij ij
i j i j

ij ij ij ij ij ij
i j i j

w k s

w k s w k

w s k w k



 





 

 

 
 

 

 
    

 

  



 

 

S

S

(A10.1)

the minimizing constant ijk is given by
2
0

2 2
0 V

1
( 1)

var( ) 1 ( )

ij

ij

ij ij ij

k p i j
s c s




    

  , (A10.2)

which gives (6.3) with (6.4).

A.11 Proof of Theorem 9
From (6.18), we obtain



( ) * ( )

( ) 1 ( )
0 0 0 0

0 0 0

ˆ ˆE ( 2 ) ln(2 ) E (ln | |)

ˆtr E ( )[ E {(diag( )( ) diag( ) )

(diag( )( ) diag( ) ) '}]

F l p 



   

    

   

X X

X X

Σ

Σ Σ k x μ k μ μ

k x μ k μ μ

(A11.1)



( ) ( ) 1

1
0 0 0 0 0 0

ˆ ˆln(2 ) E (ln | |) tr E ( )

[ diag( ) diag( ) {diag( ) }{diag( ) }'] ,

p

N

 



   

    

X XΣ Σ

Σ k Σ k k μ μ k μ μ

where the independence of Σ̂ and x under normality is used. Since when
1

1
ˆ ( )( ) '

N

N i ii
c


  Σ x x x x , we have

1 1 1
0 0

ˆE( )
1 2

N Nc c

n p N p
   

   
Σ Σ Σ (A11.2)

(see Subsection A.1), (A11.1) becomes
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( )

1 1
0 0

1
0 0 0 0 0

( )

1
0 0, 1

1 1 1
0 0 0 0 0 0 0 0

ˆln(2 ) E (ln | |)

[ tr{ diag( ) diag( )}
2

{diag( ) }' {diag( ) }]

ˆln(2 ) E (ln | |)

{
2

'diag( ) diag( ) 2 ' diag( ) '

N

p ijN
ij i ji j

F p

c
p N

N p

p

c
p N k k

N p





 

 







  

 

 
 

  

 

 
 

  



X

X

Σ

Σ k Σ k

k μ μ Σ k μ μ

Σ

k μ Σ μ k μ Σ μ k μ Σ μ0}.

(A11.3)

Differentiating (A11.3) with respect to k and setting the result to a zero vector,
we have

1 1
0 0 ( )

1 1
0 0 0 0 0 0

2
2 Diag{ diag( ) }

2diag( ) diag( ) 2diag( ) .

p

N

N p F
N

c
 

 

  




  

Σ k Σ 1
k

μ Σ μ k μ Σ μ 0
(A11.4)

Since the left-hand side of the last equation of (A11.4) is
11 21 1

011 0 021 0 01 0
21 22 2

021 0 022 0 02 01 1
0 0 0

1 2
0 1 0 0 2 0 0 0

1
0 0 0

1 1 1 1
0 0 0 0 0 0 0 0

2 diag( ) diag( )

2diag( )

2{ diag( ) diag( )} 2diag( ) ,

p
p

p
p

p p pp
p p pp

N

N

     
     

     

 



   

  
  
    

  
    



  

μ Σ μ k

μ Σ μ

Σ Σ μ Σ μ k μ Σ μ





   



(A11.5)

we obtain
1 1 1 1 1

0 0 0 0 0 0 0 0{ diag( ) diag( )} diag( )N      k Σ Σ μ Σ μ μ Σ μ . (A11.6)

A.12 Proof of Corollary 3
Equation (6.23) becomes

( ) (P) 1 (P) 1
0 0 0

1

ˆ ˆPGMSE E {( ) ' ( )}

GMSE ,

N p

N p

 



   

 

X
k kμ μ Σ μ μ

(A12.1)

which shows that minimizing PGMSE is equivalent to minimizing GMSE.

From
( P)ˆ diag( )kμ k x , GMSE is
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( ) 1
0 0 0

1 1
0 0

1
0 0 0 0 0

GMSE E [{diag( ) }' {diag( ) }]

tr{diag( ) diag( ) }

{diag( ) }' {diag( ) }.

N



 



  



  

X k x μ Σ k x μ

k Σ k Σ

k μ μ Σ k μ μ
(A12.2)

Since F in (A11.3) is an affine transformation of (A12.2) and consequently
(A12.1), the result of the corollary follows.
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