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Supplement to the paper “Predictive estimation of a
covariance matrix and its structural parameters”

Haruhiko Ogasawara

This supplement gives the proofs of the theorems and corollaries in
Ogasawara (2017).
A.1 Proof of Theorem 1

We minimize the following with respect to &:

E®(=27")= E® {In| £ | +tr(E"'E,)} + EV {C(T)}
= plnk + E®{In|S |} +k"E® {tr(SE, )} + BV {C(S)}

_phnk+—"P Py [+pIn(2/n)+y,(n/2)}
k(n—p-1) n (

+pln(2/n)+%lnl“p(n/2),

ALl

where under normality E(S)(Sfl) ={n/(n-p- 1)}261 (Anderson, 2003,
Lemma 7.7.1) is used. Differentiating (A1.1) with respect to k£ and setting the
result equal to 0, we obtain (2.8).

A.2 Proof of Theorem 2
Noting that 7= N —1, the following is minimized with respect to &:

E®(-21")
= pIn(27) + plnk + E®(In| £, |)
+ tr{k_lE(X)(ﬁ;ML)(ZO + N_lzo)}
= pIn(2m)+ plnk + E™ (In| £y, ) (A2.1)
N n
N-1n-p-1

+ k7 A+NHp

(1)
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WD n@2r)+ pin Y]
KN —p—2) N

+In|XZ; [+pIn(2/n)+y ,(n/2),

where the independence of X and Xy under normality is used.
Differentiating (A2.1) with respect to k, we obtain (2.17).

=plnk+

A.3 Proof of Theorem 3
First, we have
T P 1 N71 < 1y -1
[ =—=In2zr)——=In|X|—— X —pu)X (x —
5 (27m) 5 | X 5 ,-:1( TW'E( ) (a3

which gives

ol ol ol ol i
= ) v :201()‘_”0)’

a0, \om,' Js, op,

ol 2-6, . 2-

A 5. N
— i O.U + Y N—l Z—] X — X — ’Z_l
8004_/_ 2 0 2 [ ; o (X, —1)(x, —py)'E,

(pzixj21),

i

éNML = {iva V'{N_liZEI(Xa -X)(x, _i)'}}

a=1

=P >V (B )} = (ﬁNML "6NML '

o*l o*l A32)
o’l _ opop,'  Opyoo,' o'l __y-
00,00, o’ o’ ’ on,op, ' 0

do,0p,' Oo,06,'
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521_ 2_5,']' -1 1=
=— X (E.+E )X (X—
auoﬁdol] 2 0 ( ij Ji ) 0 ( HO)
2_51" - - = . .
= _TJZ(EOI).i{Eol(X _uo)}j (pzizjzl),
((9))
o'l

1 ac a c
0T _Las,)2-8, )50t +of'ol)
0ab Ocd

1
~7(2704)(2=0:)

2 2 N
x Z Z ch {N_IZZ(;](Xi _uo)(xi —Ho)'ZS]}
i=1

(a,b)(c.d) db

(pzazb2l;pz2c=d2=1),

i -1
where 5,] is the Kronecker delta; Oo; :(Zo)ij and Go/ :(20 )gj; (')g/‘ is

the (i, /)th element of a matrix; E; is the matrix of an appropriate size whose

2(2)

(i, /)th element is 1 with the remaining elements being 0; “(i, ) () indicates
the sum of two quantities exchanging i and j; (*).; is the i-th column of a

matrix; and ) ; 1s the j-th element of a vector.

The non-zero submatrices of I, are given by (A3.2) as follows:

) Lo o
Xy)y =Z0 > (Io)%,%;sz (T, ®ZHD,  (a33

where (')x,y- indicates a submatrix of a matrix whose rows and columns

correspond to x and y', respectively. The elementwise expression of the last
submatrix of (A3.3) is

1 ac a c
(IO )Uotzb’ Cod 2(2 - 6ab )(2— 5cd )(0-0 G(Z)’d + GOdG(I; )

(A3.4)
(pzazbz2l;pzc=>d=1).

Equation (A3.3) gives



[

%R % H6e9% B
Nacov(@y, ) =1, (I,), .. =Zo, (), .. =0,
(15,0 = 2D (Z, ®X,)D; "

(A3.5)
where acov(:) is the asymptotic covariance matrix of order O(N ') fora
submatrix is

stochastic vector and O is a zero matrix. The elementwise expression of the last
-1
I)

SGoab> O0cd

C04cO0bd T C0aaCone (PZa2b21; p2c2d21) (A36)

ol
From the above results we obtain non-zero elements of N E[ 20" ® MJ
0
in (2.22) as follows
ol 2-6
NE ®M), " -
auo 0ab () 2

= 3. (EDs
(a,b)
NE{ o ® (M)

Ooap

O0cd > O0ef

1
}=§(z—5a,,)(2—5cd)(2 Ser)

XNE{ |:ZoI {NIZ(XI'_HO)(X H,)' }

(A)

a _20 Z'01j|
ab
X|: 2(O_ce fd

0 09 +0'ng0 )
2 2 . 1 < 1 1
-2 2.0 {N DT (X, — )X, — )" Eg } }
(ed) (e.f) i=I fd

(A)
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1 ai ce
= g (2=0,)2-06,,)(2~- gef){ 20—01b (o, Gojd + Uo Uo )

ag __hb
- Z Z 0, 0Oy Z Z o-o o-o Go (GOghGOt/ +O—0g160h/ +o—0g/o-0lh)}

g,h=1i,j=1 (c,d) (e,f)

1 a
= §(2_5ah)(2_5cd)(2_5¢/'){ 2Gob(00 Gofd +Go Go )

2 2
_Z zage gbaofd +60 Go +o; 0-0/ )}

(e.d) (e.f)

=—%<2—6a,,>(2—5(,,)(2 B I WACES +oooof>}

(e.d) (e.f)
(pzazbz2l;pz2c2d=21; p2e> f21),

(A3.7)

where ()a is the a-th row of a matrix and (£)' (l) is for ease of finding

ol
correspondence. Note that N E{ 2

; ® (M)uo,%} is also non-zero. However,
0

this will not be used. Then, (2.22) becomes

o . ol g
k =diag l(BO)IOI{NE[ae ’ Jvec(lol)—i-dlag 1(Oo)l(q)}
0

» x, 0
= diag™ (.0, ) 2D (X, O XD’

0 (p><1) 0 (p><1) . . o (A3.8)
X{[Xa(p* xl)}(yo(p* xl)]+dlag (1,0, ) 1(4)},

where 0 (px1) isthe px1 zero vector; and




[

= OE % EeYE El1E
2-96, . . o
(Xq )(ef) == ) A (O-of + O-({ ) =—(2- 5e/ )Go/ s
(Yo )ier)
2- 5¢f S
8 a,b=1

2. 2oy (o oy +oi'o) )+ oy (07 oy + 070y )
c,d=

+ol (clcl +0l'c))+0! (o

ae _bc

00y +0,°00°) 11 (A3.9)
X(004eF0a + T0aaF o)
——L{-8(p+ Do} =—(2-3,)p+ Doy (p=e>f>1),

where (‘)(qf) is the element of a vector corresponding to Oy, using the

P P
double subscript notation, and ZZ(Z —6,)(2-6,)() = Z Z ©) is
a>b c>d a,b=1c,d=1
used.

rewritten as

From (A3.9), we have (X, +¥,) () =—(2=6,)(p +2)0;  which is

X, +¥, =—(p+2)D, "vec(Z,') | (A3.10)
From (A3.8) and (A3.10), k,,O and kco in k= (kllﬂ ',koﬂ )" are

k, = diag™ (i) Z,diag™ (n, ),
and

(A3.11)
k, =diag™'(c,)2D"(Z, ® Z,)D""

Y
2(p+2)diag™ (6,)D’ vec(X,))

+2diag ™' (6,)D (£, ® £,)D; 'diag ™' (o,)1
respectively, where

x{~(p+2)D,'vec(Z,") +diag™ (6,1

(A3.12)

(p*)?
(Z,®Z)D)'D,'=D)'D (£,® L)), D!D)'D,'=D’ and (A3.13)
(Z, ®X,)vec(E,") = vec(E,X,'E,) = vec(X,)
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are used. In (A3.12), noting D;VGC(ZO) =0,,(A3.12) becomes
k, =-2(p+2)1,,.,
+2diag™ (6,)D" (T, ® X,)D’ 'diag™ (6,)1,,..  A31D

Equations (A3.11) and (A3.14) give (2.25) and (2.26), respectively.

A.4 Proof of Theorem 4
We derive
ol
k = diag ' (0 )I.'{ nE
g (0,1 { { 20

-® M] vec(I,") +diag™ (0, i, } (A4.1)

0

— 1 1 _
(see (2.22)). Noting [ =—7In|E|-Z (= 1S)—EC(S) (for C(S) see

(2.4)), we have
i: ! E_l S-Z )Z_ ox ,
2" 00,

6001’ 0i
—
ol Z_ ox 5 (S—x )Z_ ox
00,00, 26, 20,
1 , 0% ., OX
- (Z 89 2 89 J (A4.2)

2
Ly 2 H(S-XZ)%, _ox ,
2 06,,00,,
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27 27 27
o, =L L\,
' 20,00, | 00,00, | 00,00, "

ox ox
=t =y ! = ¥yHS-X
{‘]aeo,. * 50 o °)}

0

2
iy z, ox X'(S-Z)
2 00,00,

(i,j=1...,9).
Then, it follows that

ol | N U ) Y
nE{aeoa (M)bc} = Ve (201 20, ZOIJncov{Vec(S)}

a

2
xvec(—2261—az z, x I+ _ox 251]
anb 8900 anbaGOC

O0a

2
xvecs Xo'| =2 oz x o, _ox )t (A43)
aQOb ag()c 690b8900

2
:ltr 261 ox 26] 5 ox 251 ox N o°x
2 00,, 00,, 06,, 06,,00,.
(a,b,c=1,...,q9),
where ncovivec(S)}=2D,(D,'D,)"'D,(X,®%,)D,(D,'D,)"'D,"

=21, (%, ®X ), and I, vec(A)=vec(A) when A=A", areused.

Note that ncov{vec(S)} under normality is an exact result (see, e.g., Kaplan,
1952, Equation (3)). The (i, j)th element of the information matrix is given by

o'l 1 [ 0 ., 0% | .
I,) =—E| ——— |=—tr| X, —X ,j=1..,
( O)U [aQOiaeoj ] 2 ( 0 6901. 0 a@oj J (l ] q) . The

R
= vec {Zolﬁzojﬂp(zo @I,
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above results yield (2.29).

A.5 Proof of Corollary 1
nE [ ol ® M] —62 =
First, we derive ) . From (A4.3) with -
we deriv 08, (Ad3)with 59 50,
(b,c=1,..,p"), it follows that

}’ZE{ al (M)Cd-eif } = _%(2 - 5ab )(2 - 55(1’ )(2 - aef)

aGOab

(A5.1)
xtr{L,(E, +E

ba

)271 (Ecd + Edc )E(;1 (Eef + Efé )}

=——(2 8,)(2=8.,)(2~ 54)2 (0y'0y +0”0y")

(cdef)
(pzazbzlypz2cz2dz2l;p2e> f21]).
Using (AS5.1), k is written as

k=diag1(902(15).422{——(2 5,)2-8.,)(2-8,)

cxd azbexf
4 . 1 (A5.2)
X Z (oo +a¥a)! )}(I )abef —}
(cd ef) 0Ocd
The (gh)-th element of k in (A5.2) using the double subscript notation is
1
(k)(gh) = _Z(GOgCGOhd + O-OgdGOhc)
O0gh c=d
X ZZ{——Q 0,)2-0.,)2- 561)
azbexf
X Z o, Go + Gafo-o )}(GanGObf + 00, 00m)  (A5.3)
(cd.ef)

1
Z (O-OgCGOhd + O-Ogdo-Ohc )
Oogh c2d O0ca

J’_
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86

0gh c,d=1

Z (O-Och-Ohd +O—0gdo-0hc) z (O_o p+O‘0 +O—0 p+o, )
1

+

(cdef )
1
Z (O-Ogco-Ohd + O-Ogdo-Ohc)

O-()gh c>d

2(p+1)+

Ocd

O-ogh c>d

z (O-Ogco-Ohd + o-Ogdo-Ohc)
A.6 Proof of Theorem 5

(pzg=zh2=l).
O-Ocd

Let E! (") denote the expectation using the distribution of S based on the
density g(S|-), which is possibly different from the Wishart density

f(S|X). When obvious a simple notation E_ (") is also used. Even under
non-normality, the following result holds
—21" ==2E" {1 (0] T)} =E"{In | £ | +tr(X'T) + C(T)}
& o A6.1
In|E[+tr(E7E,) +EP{C(T)} (A6.1)
When £ =kS , (A6.1) gives
(-

E(s)( 2l Y=plnk+E_(In|S])+ k_lEg{tr(S'lZO)} + Eg{C(S)} (A6.2)
In (A6.2), E g (In|S|) under arbitrary distributions is given up to order
O(n”") using the Taylor series expansion as follows
n_1 o’In|S
E,(n|S)=In|z, [+ -0,
2 (33
+0(n™),
where x*”

<2>
E {(s=0)""} .,
=x®---®x (i times of x)
o’In|S|

= 2-6, 0t{S(E, +E,,)}
05,05, "

- ~ oo

(A6.3)

_5(2 - 5ab )(2 - 5cd )(60 GO + ngogb

)__Z(QNT)abu!’ ab —
(pzaz2b>21; p>c>d>1)

ac _db
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and E, {'}aow‘) indicates that the expectation is taken up to order O(n™').

Let &= nE, {(s—0,)(s _co)'}ga("—l) =Q+K, Then, (A6.3)
becomes

E (In|S)=In|Z, -0 tr{Q (Qy +K )} +0(n)
=In|Z, |-n " {p" + (R K, +00 7). (A6

On the other hand, Eg {tr(silzo)} in (A6.2) is
n o't(ST'E))

E {tr(S'T ) =p+ }
g{ r( 0)} p 2 (as,)<2> |5760

nE {(s—0,)""}

—0(n™h)

. (A6.6)
where
o’tr(S7'E,) |
aSabascd T
1 ) )
= 5(2 -5,)2-8 Htr{L,(E, +E, )X, (E,, +E,))}
(A6.7)

=(2-6,)2-6,) 0’0l +0i'c)
(pzazb=2l;p=>2c=>d=>1).
Consequently, we obtain
Eg {tr(S’lZo)} =p+ 11712‘[r{9§1T (Qy + K(4))} + O(n’z)
=p+n 20" + QLK) +O(n ). (AGH
From (A6.5) and (A6.8), (A6.2) becomes
E® (<217 =plnk+In|Z, |-n"{p" +tr(Q}K )}
+k [p+n2{p" + tr(Q;,lTKH))}] +E {C(S)} + o(n™
Differentiating (A6.9) with respect to k, we obtain
k=1+n"{p+1+2p7tr(Q;K )} (A6.10)

) (A6.9)

Note that for (A6.10), E, (In[S]) is unnecessary as E, {C(S)} though
shown here for later use.
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A.7 Proof of Theorem 6
When k=1+n"{p+1+2p 'tr(Q, + K )}, it follows that

ES (=21 + 2y, ) = plnk + (k' —E, {tr(S"Z, )}

= 1{ n{p+1+2p7 (@K )}
(A7.1)

n _ _ B
—7{p+1+2p 'tr(Q K ) +0(n™)
+{ —n"l{p+1+2p"ltr(9;]1TK(4))}

+n {p+1+ 2p"1tr(Q§TK(4))}2 +0(n™) }
x[p+n'2{p" + tr(gr_\flTKu))} +0(n™)]

-2
- —%p{p +1+2p (K )} +0(n ™),

which gives (4.8). The result of (4.9) under normality is immediately given
from (A7.1) with K,y =0 When k=n/(n—p-1), (A7.1) under

normality becomes

ES(<21" + 20 ) = plnk + (k™ = DE, {tr(S"E, )}

n— 1 n n—p-1 (A72)
=pln "

p-
n—p—l_n—p—l
which gives (4.10).

A8 E;S)(_ZI_* + 21—0*) when 6 = éWML

Since
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E® (<217 +21)")
~ A A8.1
—E (| £y D-In [T, [+E, {rEpaS)i—p 8D

the two expectations on the right-hand side of (A8.1) up to order 0(11_1) are
given as follows. Firstly,

Eg (In Xy D

n 3| Ey, |

=In|X, |+ > s ly—a, "E {(5 — 0, )<2>}_>0(n,,) +0(n?), (A8.2)
where
~ q . A A
Oln | Xy | _ ztr Z;\}ML aAZWML OOy ), , (A8.3)
Os ab i=l 0 (GWML )i asab .
0’ In | ﬁ“WML | _ Zq: trd 3 82WML o (éWML );
aSabascd i=1 i a(GWML)i aSabascd
q . 2y . y . y
+ z tr Z;’;ML A ¢ ZWMAL - Z;\}ML 6AZWML E;’\;ML aAZWML
Jj=1 a(GWML )ia(BWML)]’ a(GWML)i a(BWML)j
xa(eWML)’ a(OWML)j} (pza=2b>1;p>c>d>1).
0s,, 0s,,
8(6WML );
In (A8.3), Os and
ab
az(éwwm ):

35,05, (i=L..,q; pzazb2l; p2c>2d=1) are given by the

formulas for partial derivatives in implicit functions (Ogasawara, 2009,
Equation (3.16)).

Secondly,
E {tr(X5 )}

n' o {tr(ﬁ;f\}MLEO)} 2
=p+— E {(s—6,)"
T s B (50T

- A8.4
J+0(n?), (A9

~>O(rf1
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where
aztr(f‘;&}MLEo) — i —rd 3! aﬁ'WML ﬁw‘—l ¥ a(6W1\4L )i
05, = MO ), T os,,
2 q n S n 20 }
0 tr(ZWML 0) _ Z _tr{z“}ML aAZ'WML ZV\}MLZO} 0" By );
05,405 4 =1 OOy, 05,4054

+Zq:tr -Ey G2 DI
WML WML “0
J=1 ( WML) a(eWML)

-1 aﬁ“WML i—l 8i‘WML i:_l ¥ a(GWML )i a(OWML )j
WML -, A WML ~ A WML <0
OOy ); OOy ), 0 4 0S4

(pzazbz2l;p2c2d=1).
From (AS8.2) with (A8.3) and (A8.4) with (A8.5), (A8.1) is written as
EN (=217 +21))

—1 2 - 2
= n_tr{[a In | 2“WML ||s:60 a tr(ZWMLE ) |s:(;0 jﬂ} + 0(1’172)- (A86)

(A8.5)

2 0Os 0s' Os 0s'
A.9 Proof of Theorem 7
The result of (4.13) is given by
T 0’1" <> 32
2IWML 21 (89 )<2> ( wae —89)7 + Op (n ), (A9.1)

where I =E{"{/(8|T)} and

o'l /(28, N =0 I /(00" lo- 0, —VEC '(I,) . On the other hand,

E® (B, —0,)7" =n"vec(I,") + O(n ) . These results give

B (<2l ) =21, +n7'vee (I, )vee(Iy) + O(n ) = =23 +n”'q +O(n™)

The unchanged result up to order 0(”1_1) of (4.14) is given by a special case
of Ogasawara (2017, Equation (3.9)).

A.10 Proof of Theorem 8
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Since the second term on the right-hand side of (6.2) is irrelevant to kij ,

() _ 2
the expectation of the first term, i.e., E {Z al GOU’) } is

i>j

minimized. Noting that

EY {Z w, (ks —04;)° }
i>j

=E,.” {Z%kﬁ- (8 = 04;)’ } + 2w, (k, =1) oy,

< 5 (A10.1)
= Zw var(s, )ky + ZW,-j (k; — 1 ng‘j’

izj izj

the minimizing constant kij is given by

2
O

1
k= - = >i>j2>1
! var(s, )+GOU 1+c\2,(si/.) (p= ) (A10.2)

which gives (6.3) with (6.4).

A.11 Proof of Theorem 9
From (6.18), we obtain

F=E®(<2I") = pIn(27) + E®¥(In| £ )
[ BOEDE, + EX {(diag(k)(X — ) + diag(kp, — o)
x (diag(k)(X — ) + diag(k)m, —p)"}] |
=pIn27)+EX(n|E])+ tr[E(x)(ﬁ‘.’l)
x[Z, + N 'diag(k)X,diag(k) + {diag(k)p, — 1, } {diag(k)m, —ne}'7 ],
Where the independence of ¥ and X under normality is used. Since when

L=cy Z, (X, =X)(X; =X)', we have

(A11.1)

C -1 CN —1
EEX)=— X yl-_ N ¥y
x™ np1 T N_p_2 (A11.2)

(see Subsection A.1), (A11.1) becomes
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F=plnr)+E®(In|X|)

+—2[p+ N 'tr{¥; diag(k) X diag(k)}
N-p-2

+ {diag(K)m, — o} ' E,' {diag(K)p, —p, }]

= pln(27)+EX(In |

pla(2m) + E(m 1) AlL3)

+ N—p— {p+N~ Z GOUG(’)’k,kj

+ k'diag(uo)zaldiag(uo )k - 2"0 'Zo_ldiag(uo )k U, 'Zaluo}-

Differentiating (A11.3) with respect to k and setting the result to a zero vector,
we have

N-p-20F

— =2N 'Diag{¥%, diag(k)X,}1
Cy ok

(p)
(A11.4)
+2diag(p, )X, 'diag(p, )k — 2diag(p,)Z, ', = 0.
Since the left- hand side of the last equation of (A11.4)is

O-Ollo— O-0210— O-Olpo-

C0210d ConOa G, 00"
24N T e P+ diag(p) X, diag(p,) fk

601710-(1)171 601726(572 . .GOppGCl!)p
— 2diag(p,)Z, 1,
=2{N"'E, 0 X, +diag(p,)X, diag(p,)}k — 2diag(m,)Z, M,

we obtain

k={N"'Z, OX; +diag(p,)Z, diag(p,)} " diag(p,)Z;'B, . (A11.6)

(A11.5)

A.12 Proof of Corollary 3

Equation (6.23) becomes
PGMSE = E® {(i" —p,) £, (B )} + N ' p
=GMSE + N 'p, (Al2.1)

which shows that minimizing PGMSE is equivalent to minimizing GMSE.
A (P . —
From I, =diag(k)X GMSE is
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GMSE = E™[{diag(k)X —p,}'E,' {diag(k)X — p,}]
= N 'tr{diag(k)X, diag(k)X,}
+{diag(k)p, —p,}'E,' {diag(k)p, — p,}.

Since Fin (A11.3) is an affine transformation of (A12.2) and consequently
(A12.1), the result of the corollary follows.

(A12.2)
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