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Supplement to the paper “Expected predictive least squares for model
selection in covariance structures”
— Higher-order bias corrections and correlation structures

Haruhiko Ogasawara

This article supplements Ogasawara (2017).
S1. Higher-order bias corrections for least squares

S1.1 ALSNTG’ TLSNTga and CALSNTG when Ws =n m)

by NT-GLS for covariance structures

S1.1 1 Preliminary results

EM(S)=X;, ncovy,(s) =2D) (X, ®Z,)D’ ",

D =(D, 'DP)"IDp ', vec(S) =D, v(S)=D g,
N,=D,D, =D 'D, '(symmetrizer; Holmquist, 1988,
p.275;Kano, 1997, p.182; Magnus & Neudecker, 1999, p.46),
{ncovy; ()} =(1/2)D, (X7 ® LD,

The last result is confirmed by

2D, (X, ®Z,)D, '}{(1/2)D, (X, ®Z;)D, }

=D (£, ®Z)N (Z;' ®Z)D,

=D)N (X, ®X)(Z; ®Z)D,

(7]
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=D)N,D,=(D,'D,)"'D,'D,(D,'D,)'D,'D,

ppp
=1.
(r)’

where (X @ Xy )Np = Np (X ®Xp) isused.

(s—6)' {ncov,; ()} ' (s~ 0)
=(s—o)'(l/ 2)DP '():}1 ® Z}I)Dp (s—o)
=(1/2)vec'(S— E)(Z}l ® Z}l)veC(S -2X)
= (/D {Z; (S~ D)}
Define F as the NT-GLS discrepancy function of s and 6, then

2 3
6-0,+ 0 (s g)+1 " gy L T (o 5o
oo, 2 (06, )% 6 (06, )=
+0 (niz),
. . 06, 1 d 1 o
6=0 e_ - 0 _ <2> 0 _ <3>
0 ae ,( 0) 2 (a )<2>( ) 6 (89 )<3>( )

+0,(n" %),

0, aF| ia oF
o' 0000 "= | 500s! Ot

-1
oo _
{2A T A, +23(6,-6,) (T3 )., —} (-2a,'T)
a>b

06,00,

-1
1 1 620 a, \l -
:{Ao Fg) IA +az>z;(60 _GT) (F o -ab W;OZ,} A0 Fg\?"l)‘ :
=(A,'TO'A +A) A, T,
SR %0, %0,
<h> kti f P A s
where X X X (k timesof X) ; (GGT ) 2> and (86T ) 3> are also

given by the formulas of partial derivatives in implicit functions (Ogasawara,
2007, Equations (17) and (19); 2009, Equation (3.16)). Note that when
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6, =6,, A, =0 (azero matrix).

6=0,+A,(0 —90)+%A(‘f)(6—90)<2> +éAff’(6—Go)<3> +0,(n7)

2
:co+{AOaL°'(s—cT)} +{1A0%(S—GT)
aGT Opw4n) 2 (aGT )

<2> 3
+1Af)2) %(S—GT) + lAO&
2 Jo,' . 6 (o'

)<3>

Op(r)(a)

2
+1A§f) %(S—GT) ® L(LD(S—GTYb
2 86, ' )

<3>
00 _
6A(3){60T0 (s—GT)} } +0,(n)

(Ao, (n?"?)

=6, +A)(s—06)+ AP (5—6,)F + A (s—6,)7 +0,(n7),
] <2>
+ lA
6

Al =A : —
0 ‘o6, " 2 "o, 2"

1 0’0 00, 0’0
AP = ATy ap Peg T

6 (06, 2 do;"'  (Goy')
where [ ]) is for ease of finding correspondence.

IR Vam! A
Syra (S Grars) Wirs (8 —OGxais)s
0,15 in Gy = 6(0y, ) minimizes LS,

W, =2D(S®S)D’,

00, A(Z)zlA %0, 1 A(z) 00,
oo,

EPLSNTG = E(;)E;s) {(t - GNGLS ) ' WI\_I;" (t - 6NGLS )}

S1.1.2 Bias of LSy

(3)
0

|

<2>

00
06,

3
(S_GT)< -

<3>
—0
] b
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EEJS) (LSNTG )~ EPLSNTG
= E(gS) {(8 = 6x1s) Tt (5= Gys)}

+ E(s) {(5 = 6ya1s) (F(Z) LTS8 = 661}

E(t)(t GT)'F(z) ](t GT)}

- E(s) {(6x61s —061) Tt (6615 —61)}

(2E(t)E(s) {(t 6T)vl-*(2) I(GT _ 6NGLS)} =0is used)
= —2E§;) {(s— GT)'F;?T) I(GNGLS —-6.)}

+ E(gS) {(S - 6NGLS ) '(IA—‘(ZT)_1 - F(Z)_l Che &NGLS )}

where I'\p o (F(z) and F(z) (F%) ) is synonymously used with

(s1.1.1)

NT( NT, $).
The first term on the right-hand side of the last equation of (s1.1.1) is

—2EP{(s—6,)' T\t (Byeus —61)}
2B {(s—6,)' T (6yeus — 60)}
(01 has been validly replaced by Oy)
= —2Ef;) [tr{I‘(IfT)’lAg” (s—o;)(s—0;) '}>]H0(n_1 V00
—2EQ [T AP (s—6,) ™ (s —6,)' 1] )
—2EC T AP (s -6, (s 6,)"}] 0, +O(n7)
= —{n"2te(C) AP T}, )
+ [ n 22tr(F(2) 'A(I)K(4)) n’ 2tr(F(2) 1Agz)l“ff))

(A)

—n2 6L A {vee(TP)®TP 1 +0(n™),

(A)O(rfz)

(s1.1.2)

where I’ 82) Fﬁ% under normality;
Ef;) [tr{(s -6, )(s—06;)"}]=n"T’ —n”K +O(n™) under arbitrary

distributions; K4, is the p* X p* matrix of the multivariate fourth
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cumulants, whose element (K(4))ab,cd corresponds to that of observable
variables X,» X,, X, and X,(p2az=2bz2l;p=2c=d2>1),
Ef;) [tr{(s—o; Y (s — 6.)'}]= n72F§)3) +0(n™),

(ng))(ab, edsef) = anS) {0 =01 )(Sey = Oy )(ng' - GTef)} + O(nil)

_ -1
- GTabcde;/‘ - ZGTabcd GTej/' - ZGTacd GTbef + 26TabGTcd GTef + O(” ),

Otrap...p 1s the multivariate central moment of X @’ X baenn X s

b

(pzazbz2l;p2c2d=>1;p2e> f>1; Ogasawara, 2006, Equation
(3.13); 2007, Lemma 1).

Under normality, the term of order O(n™) in (s1.1.2) is
n' 2tr(F(2) lA(l)l"f)z))
=—n"12tr{l“(2) Ay (AT AFA) AT T}
=-n""2tr{(A, T 'A,+A ) AT A,
which becomes —7 26] when A, =0,
The second term on the right-hand side of the last equation of (s1.1.1) is

E(gS) {(S - NGLS) (F(Z) 1 rg\lz'l):l )(S - 6NGLS)}
=EP{(1/2)vec'(S— 2is) (SRS — 2 @ X vec(S - X))

(s1.1.3)
Let MS =S- ET . Then,
S'=x/'-2'MXZ'+X'MEZ'MX' - MXZ'MXZ'MX'

+ XM I MEM I M I + 0, (n7?),
S'eSs'-z!'ex= {_Z? ' ®EMEIN, )

+H(ZM, X )<2>+z ' ® (2 M I M X, )}m—
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H‘nym T ®(EMZIMEM X
-3 EMEDOEMEMED,
+{ijm T ®(EMEMEM I ML)
+(E/MEM )

i T T - - - - —
+ZSWI(ET1MSET1)®(ZTIMSETIMSZTIMSZTI)}Op(ni ) +0,(n%)

2

=(M?), o, + M), MDY, e M), 40,077,

-2
0,(n

2 1
where Zsme =X+X",
The right-hand side of (s1.1.3) becomes
ES{(1/2)vec (S — Xy )(S™ ®S™ — X @ X )vee(S — Xygi5)}
=E®[(1/2)vec {S—E; —(Eygs —Zo) + Zp — L}
x(M” +M? +MY +M@)

o 5
0,(n"") 0,(n

R ) (s1.1.4)
xvec{S— X, —(Lygs —Zo) +Z; —Z, 1+ 0(n7)
(note that X, —X = O(1)).
The term of order O(n”™') in (s1.1.4)is
n'[(1/2)vec(E; — Z,)nEY (M?) oy Vee(Zr —X)
! s 1.1.5
+ved(E, ~Z)nES MY (D, ~D, AL )s 0,0}, 1 O
which becomes zero when X =X .
The term of order O(n) in (s1.1.4)is
-2 ' 2R(s) (2) (s) (2)
n (/E)(l /2)vec'(E; —E)n"E M —E" (M )A)O(n_l)
+MY MYy vee(E — X))
+vec'(Z; — X )n’EY{(M? + M) (s1.1.6)

x(D,-D ALY (s—06,)}

—0(n?)
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—vec'(Z; —Z )’ EY{(MD AP (s—6,)* +MD AP (s —6,)~
+M?D AP (s-6,)%} )
+(1/2)n’EP{(s—6,)'(D, =D, AY)(MV + M?)
x(D, =D, A{)s=06:)} )

—n’EY{(s—6,)*'(D,A)MV(D, -D A" )(s-6,)}

S0(n?) ([1)'
When O =0, (s1.1.6) becomes

2 [(A/2)n’EY{(s-6,)'(D, -D,AY) (MY +M?)
(A)

x(D,-D A“’)(s—cT)}

—0(n?)

~n"EQ{(s—6,)? (D, A?)MP(D, -D A")(s - 6,)}

—0(n>2 )( )

Then,
EY(LSy;)— EPLS

=n"[2tr(TQ T ALT)
+(1/2)vec'(E; —Z,)nEY(M?)_ L, vee(Zy —X)
+vec'(E; —X)nEY MV (D, -D A“’)(s c,)}

(L)Ztr(r(z) 'AYVK ) -2t AT

-6t [T AL {vec(TP) @ T
+(1/2)vec'(Z; — X )n’EPY{M® —EY(M?)
+M® + M@ b oo, Vee(Er —Xy)
+vec'(Z; —Z)n’EY {(M? + MY)
x(D,-D,A{)(s—6,)}

NTG

Sou] (s1.1.7)

S0(n™h

—0(n?)
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—vec(Z; —E )’ EP{(MD AP (s—6,)* +MD A (s—6,)
+M?D AP (s-06,)7} )
+(1/2)n’EY{(s—6,)'(D, -D ,AY) (MY + M?)
x(D,-D A“))(s—GT)}_)O(n,Z)
-n"Eg {(s—0,)" '(D,A7) M (D, - D, AP )(s~6,)}

—0(n>2 )()

+0(n™).

(i) Under normality and 67 —6, =O(1), the term of order O(n™") in
(s1.1.7)is —2tr(AQ") = =2tr{(A,' T A, + A) A T'Ag Y # 24  and

the first term in (/E) ’ ([1) for the term of order O(nfz) becomes

2T ALK ) =0

(i1) Under non-normality and O = G,
EY(LSyy) — EPLS 16
=n"{=2t(TQAPT))

(£)2tr(F(2) 'AYVK ) - 2tr(T AP TY)

—6tr [T A {vee(Iy) O T
+(1/2)n’EY {(s—0,)'(D, —D A)(M? +M?)
x(D, =D, AY)s=06:)} 2
-n’BY{(s—6,)"'(D,AY)MV(D, -D, A )(s—0;)}

—0o(n? )( A)

+0(n™).

(iii) Under normality and O =G
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E(/s') (LSNTG ) - EPLSNTG
=n"'(-29)
+n I- 2tr(Iy AT = 6tr{ T A {vee(IG) © TG}

+(1/2)n’EP{(s—6,)'(D, —D ,A) (M +M"?)
x(D,-D, AY)(s—0;)}
-n’EP{(s—6;)*'(D,A) MY (D, D, A )(s~06,)}

-0(n?)
L0
—0(n )(A)

+O(n™).

$1.1.3 Bias correction of LSy
Recall that LSypg = (5 —6yg5)" fﬁ%71 (S —6yq1s) . Define
ALS,;; =LS +17'2¢,
TLS g = LSy +1 2tr(TG AT
— LSy 7 2t {ATE A AT PP A
with (f(Z))ab, cd = Saea ~SaSea (PZa2b21;p2c2d 21) and
CALS, =LS\;c +1'2g

-n? ( £ - 2t0(M G AT — 6t [T A {vee(T2) T ]

+(1/2)n’ EP{(s—6;)'(D, - D, A{")' (MY + M®?)
x(D,-D,AY)(s—6;)}

—0(n?)
_n? E<;> ((s—06,)> .(])I,Agn)va(])p - DpAg“ )(s—o, )};owz) (1),

where E? {= E(/S’) {}.

The bias corrections in ALSNTG, TLSNTG and CALSNTG are valid

only when a structural model is true i.e., Or = G, .



16 % B %t 68t 2 - 3%

Under normality and Op =0, Ef (ALSyq) —EPLS; = O(niz)
and E,(CALS;;)—EPLS;; =0(n).

Under non-normality and Op =G, E p (TLSy ;) —EPLS g = 0(”72) .

S1.1.4 The results for the saturated model under normality

For the saturated model with Gygis =S, Ef (LSyr6) = LSy =0,
Then, under normality,

E®(LSyr) — EPLS g
=—EPLSy;¢ = _E(ft)EifS) {(t- S)VF%H (t—s)}
=—EP{(t-0,)' T (t-06,)} —EP{(s—6) T\ ' (s—0;)}  (1.1.8)
=-n"'2gq,
which is an exact result. Alternatively, from an intermediate result of (s1.1.2)
using $—Oxgs =S —8=0 we have
_2E.(;) {(s=07)' T (x5 —060)}
=—2EP{(s-0,)' T\ (s-6,)} =-n"'2q.

The corresponding result based on cross-validation by Browne and Cudeck
(1989, Equation (7)) is

EVEY Laru S8 - L))’
—(1/2)tr[{T*<T—iNGLS)}z](;\)

=-EPEY[(1/)tr{(1,, - T7'S)*}]

_2qn’ +2pn—{p*(p+1)(p+3)/2}
(n=p)n—p-D(n—p-3)

where S =ZX\5. The values of (s1.1.8) and (s1.1.9) are the same up to order

(s1.1.9)

O(n_l) while the absolute value of (s1.1.9) is larger than that of (s1.1.8) when
n is sufficiently large.

S1.2 ALSNTG*, TLSNTG*a and CALSNTg* by NT-GLS* when
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W, = PP ()

ab,cd — ONGLS*, acONGLS*, ba

+O0\GLs*, ad ONGLS*, be s P za=>b>1; pz2c2 d 21) for covariance

structures

S$1.2.1 Definition
LSy g =(8 = 6yg60)' F(MH (8 —6ygrs+)

=(1/2)vec'(S = Eygron) Enper @ T o )vee(S — s
= (1 2Dt B e (S = Eygrs) P

S1.2.2 Bias of LS\1q« under possible non-normality and O =0,
The case O — 0y = O(1) is not dealt with in this subsection. Define
ELS\r6: = EE;) (LSyrae). Then,
ELS s — EPLS
=—2EY{(s—6,)' T (65 —61)}
FES A = Gnars) (T = T8 = Byus )}

where EPLS\1; is as before and the first term on the right-hand side of

(s1.2.1) is given as in (s1.1.2). The second term on the right-hand side of
(sl.2.1) s

B {(s = ygrse) (TR =T (5= 60500}
=EV[(1/2)vec'{S — X, — (Eygrse — Zo)}
x (ZNGLS* ® 2;&5* - E}l ® Z}l Jvec{S — X, — (ﬁ"NGLs* -},

where

NGLS* ® ENIGLS* E;l ® Z}l
= _Zsym Z;l ® {Z}l (iNGLS* > )Z}l}

2 - - 3 - - —
+ Zsym ZTI ® {ZT1 (ENGLS* - E'1' )ZTI (ENGLS* - ET )ZTI}

NTG

(s1.2.1)

(s1.2.2)

+ {Z;l (ﬁNGLS* > )2;1 }® Z;l (iNGLS* p )Z;l b+ Op (n73/2)
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2 _ _ —
=Y LB (L (B A (s - 60)}

(A)

-3 B O (EDLED,. (A, (-6
Y RO S (ELEDLED,.

X (AG) s (=67 )(AY) . (5= 67)}
3 EDLED, A, (-6}

® . (B (EDL(AD) (- 6,)) (l)+ 0,(n7")
— D *(2) -3/2

=M )Op(n_m) +(M )op(n") + Op (n),
similarly. Noting that

and ()., is the a-th column of a matrix with other similar notations defined
vec{S — X — (Eygis — 20))

=vec{S—-X; - (iNGLS* -Ip)}

(s1.2.2) becomes

=D, {s-0,— AV (s—6,) - AP (s—6,) )+ 0, (n™"?)
=D, - DPAB”)(S -6,)— DpAf)z)(s —6,) + Op(rz"}/2 ),

3 ~(M)-1
ES) {(S - 6NGLs*) '(F(NT)

- rg\?%_l )(S - &NGLS*)}
= [(1/ 2P {(s=0;)'(D, =D AT) (M + M)
X (Dp - DpAE)I))(S _GT)}

>0(n?)
_ nZE(gS) {(S _ GT)<2> '(DPABZ))'M*“) (Dp _ DPAE)I))(S _ GT)}_K)(”*Z)]
+O(n™).

(i) Under non-normality and O = G,
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ELS - — EPLS 1
=n""{=2t(T) AT}
2 2T AYK ) = 2te(T AT )

(A)
=6t [T AGY {vee(I) @ T 1]
+(1/2)n2E(gs) {(S_GT)’(DP _DPAE)I))’(M*(I) +M*(2))
x(D,-D A(l))(S—GT)}‘)O(’FZ)
B {(s=61) 7 (D, A M (D, ~D, A )5 —60))

00 | )
+0(n™).
(ii) Under normality and O =G,
ELS, ¢ — EPLS 1
=n"'(-2q)
+n7 [ =2tr(TQ 7 AP TRE) — 6tr[TG T AP {vee(I'y)) @ T}
(A)

+(1 / 2)n2E(fs) {(s _GT)'(DP _DPABI))l(M*(I) + M*(2))
X (Dp - D])Agl) )(s - GT )}%0(’1*2)
PED{(s—6,)> (D, AY) M (D, ~D, AL)(s -6, )}
+On™).

S$1.2.3 Bias correction of LSNm*
Recall that

LSNTG* = (S - 6NGLS*)'f‘(M)71 (S - 6NGLS*)
=(1/2)vec'(S — Engro) Enpor ® Tk o )vee(S — s

=(1/2)tr[ {ZNGLS* (S- 2“NGLS*)} 1.
Define

o]
—0(n )(A)

19
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ALS, ;. =LS
TLSy g = LSyqg: + nilztr(f‘%)il[\mf‘m)

=LS + n’l 2tr{(AVf*;Il\_/ll_)flA)—l Avf*gql\gl_)flfw(Z)lﬁxg\Iy\—/l[-),lA}

+n'2q,

NTG*

NTG*
and

CALS . = LSy +717'2¢
2T AP T + 6t FUDTAY {veo(T0) © TV}
~(1/2)PEP{(s—6,)'(D, =D, AP) (M + M'®)

x(D, D, AV)(s—0,)}

>0(n?)

+n E(s){(s 6,)'(D,AP)MPD,-D A’)(s-6,)}

—0( fz>
where estimated values are given by QNGLS* , and FNT is defined using
6NGLS* as for f%) .

All the corrections in ALS e, TLS\ 76« and CALSy;+ are valid
only when Op =0,

Under normality and 6; =6,, E (ALS;5.)—EPLS;; =0(n™)
and E,(CALS,;;.)—EPLS; =0(n™).

Under non-normality and Op =0,

E, (TLSy;q.) —EPLS 1, =0(n™) .

NTG*

s13 TLSg by SLS when W, =2D’ {Diag(S) ® Diag($))}D}" for

covariance structures

S1.3.1 Definition

LSy =(s —65)" WS_LIS (s —6g)
=(s—64)'(1/2)D,'{Diag™ (S) ® Diag™'(S)}D (s — 65)
= (1/2)tr] {Diag™ (S)(S — g0}’ ],

where Diag™ (S) = {Diag(S)}™" . Note that
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Wqis = 2D, {Diag(E;) ® Diag(X,))iD, "

$1.3.2 Bias of LS
EPLS, =EVEY[(t-6)'
x(1/2)D,'{Diag™ (X;) ® Diag™ (X,)}D,, (t - 6)],
ELS = EY(LSy),
ELS, — EPLS, =—2E¥{(s — 6,)' Wyx (s — 6,)} (s1.3.1
FES{(5 = 851) (Wels = W) (5 = 66 -
The first term on the right-hand side of the last equation of (s1.3.1) is
—2E{(s = 6,)' Weis (65 —07))
= 2B {(s—6,) Wys (645 —6,)}
= 2B [tr{We s A (s =6:)(s = 60) "Y1 o)
= 2B [tr{Wy A (s—6,) " (s —06,) '}, o)
—2E[tr{W AT (s—6) ™ (s—61)'"}] 2,

=—{n" 2t (We s AT (s1.3.2)

+ [ n’22tr(WS’L‘SAg”K(4))—n’22tr(WS’LISAf)2)Fg3))
(A)

-n” 6tr[W§LISAg3) {Vec(rf)z)) ® Ff)z) ] +0(n™).
(Momn?)
The term of order O(n™') in (s1.3.2)is
17 2(W ALTS)
=" 240 {Woi Ay (A WyisAg A ) Ay W Tg7}
=-n" 2tr{(A0'W§LlsAo +Ap, )71A0'W57LISFE)2)W87LISAO}ﬂ
which is not equal to —ﬂflzq even under normality and Op =0 i.e.,
Apy =0 with
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o B % 68% 2 - 3%
DO_Z(GO_GT)'(WS_LlS ab

azo-Oab
b 00,00,
o Ooap
= 6,—O
GZ};( 0 T)ah( SLS ab,ab ae ae '
since WSLS is diagonal

The second term on the right-hand side of the last equation of (s1.3.1) is
EE;) {(s—6y5) (WSLS Ws_Lls

)(s— 6.SLS )}
E® {(1/2)vec'(S — £ ) {Diag™' (S) ® Diag™'(S)

A (s1.3.3)
- Diag ' (£,) ® Diag ()} vee(S - £, )}
Let M, = Diag(S) — Diag(X;) . Then
. —1 _

Diag™'(S) = Diag ' (X,) — Diag * (X, )M,, + Diag”(Z,)M;,
—Diag (X, )M}, + Diag (£, )M} +O,(n”?)

Diag™'(S) ® Diag ' (S) — Diag™' (X, ) ® Diag ™' (X,)

=[-2.,, Diag '(£)® {Diag *(E)M,}]

+[{Diag (X, )M }<2>+ijmDiag’l(ZT)®{D1ag’3(): M2 1]

+[—Z? Diag™(Z,) ® {Diag *(X,)M.,}

0,(n™)
—Z {Diag*(X;)M,} ® {Diag * (X, )M, o, )
+[Zsym Diag™'(X,) ® {Diag” (X,)M}}
+{Diag ()M} ™
+ (Diag™? (X, )M, } ® {Diag ™ (X, )M}, }]
=(My"), (e, + (M)

-5/2
o, (n?) + OP (n )
(3)
o,(n") + (M )
Consequently, (s1.3.3) becomes

. +(M(4))0p(n72)+0 (n—S/Z)



Supplement to the paper “Expected predictive least squares for model selection in covariance structures” 23

EC[(1/2)vec'{S—X; — (Eg s — X)) + X, — X, }
x(MY +M2 + MY + M)
xvec(S — X — (Egg —Zo) + Z — X, ]
(Z; -X,=0(0)).
Asin (s1.1.5) and (s1.1.6), the term of order 0(71_1) in(sl.3.3)is
n'[(1/2)vec'(E; — E)nES (M}))  vee(Zy —X,)
+vec!(Z, - Z,)nEY MY (D, D, A s —0,)} 1],

,+ O(n™)

%O(n’2

—->0(n~

which becomes zero when Ot =0 .
The term of order O(n™>) in (s1.3.3) is
-2 [ s s
n” [ (1/2)vec'(E; —Z,)n’EY (MG’ —E (M)

-1
A) —->0(n"")

+MS + MY} (vee(Z, —X,)

—0(n?
+vec'(Z; —X)n’EY (MY + M)
x(D, =D, A{)s=6:)} )
—vec(Z; —E )’ EP{(MY'D AP (s—6,) +M{'D A (s —6,)
+My'D A (s—6,)7}
+(1/2)n’EY {(s—6,)'(D, - D ,AY)' (M) + M)
x(D,-D,A")(s-0)}

-0(n™?)

—0(n?)

_n2E(gs) {(S ~o, )<2> '(DPAE)Z) )! Mg) (DP — DPAE)I) )(s— G )}AO(n’Z) (1) .
When O =0 the above becomes

n’ ([ (1/2)n’EY{(s—6,)'(D, —D A{)'(My + M)

A)

«(D,~D,A{)s-0,)}
—I’lei,s) {(S _ GT)<2> '(DpAgz))'Mg) (Dp —DPAE)I))(S — GT)}—>0(n’2) (11)-

S0(n?)
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R

g #68% 2 - 3%
ELS, — EPLS,
=n""[2tr(Wg  AVT)

+(1/2)vec'(Z; — Z,)nEY (M)

Lo Vee(Er —X)
+vec (T, — Z)nEY MY (D, -D A" )(s—6.)}
+n7 [ 2tr(Wo sALK ) — 2tr(Wg

(A)

—> - ]
o T (51.3.4)
SLSAO rO )
— 6t Wy (AL {vec(T{) @ T
+(1/2)vec'(Z; —Z)n’EY (M}’ —EY (M)

0™
+MY + MY }—>0(n*2) vec(X, —X,)
+vec'(Z; —X)n’EY (MY + M)

x(D, —DpAgl))(s - “T)}Howz)

—vec'(Z; —Z)n’EY{(MP'D AP (s—6,) + MP'D AP (s —6,)~
+Mp'D AT (s=6,)") )

+1/2)n’EP{(s—6,)'(D, —D AY)' (M} + M)

x(D, -D Ay )(s—o; ) o0
~n*EY{(s—6,) (D, AP)MP (D, -D AP)(s— o, M o) (1)
+0(n™).
(i) Even under normality, when 61 —6, =O(1), the term of order o(n™") in
(s1.3.4) is not equal to -n"'2q though re=ry.

(i1) Under non-normality and Or =G,



Supplement to the paper “Expected predictive least squares for model selection in covariance structures”

ELS, — EPLS;
=n"{=2tr(Wg (AT
7 2t(WesAYK ) = 2tr(We S APT)

(A)
— 6tr[Wg (AL {vec(T ) ® T 1]
+(1/2)n’EY{(s—6,)'(D, —D ,A)' (M} +M})
x(D,-D A(”)(S—GT)}HO(M,Z)
-’ BY{(s—6;)™'(D,A)MP (D, -D, A (s —6;)}

0(”2’< A)

+o(n™).

(iii) Under normality and Ot = O, the term with K(4) vanishes and ng)
becomes FL’T) (j=2,3). Then,

ELS, — EPLS,

=n" {=2tr(Wg A TG))

+n7 [ = 2tr(Wg s AZ'T)) — 6tr[ W s AY {vee(IT)) @ TG 1]
(A)

+(1/ 2)n2E§f> {(s—0,)'(D, - DpAg“)'(Mg’ +M)
X (Dp - DpAE)l))(s - GT)}_>O(,,*2)

_n2E$) {(s—0,)" '(DpAf,2>)'Mg)(Dp - DpAgl) )s=061)5 5, (11)

+0(n™).
S$1.3.3 Bias correction of LSS

Recall that
LS, =(s— &SLS)'(I / 2)Dp '{Diagf1 S® Diag1 (S)}Dp (s— GSLS)

=1/t {Eg (S — L5 )P 1.
Define

25



26 % B %t 68t 2 - 3%

TLS, = LS, +n ' 2tr(Wg \ AVT®)
= LS, +n " 2tr {(A'Wg\A) AW LT W, (A}

Note that ALSS is not defined and AD is not used in TLSS since
6. =0, isassumed in TLSS .

Under normality and Op =0, Ef (TLSS) - EPLSS = O(”lfz) .
Under non-normality and Op =0, Eg (TLSy) - EPLS, = O(n72) .

s1.4 ALS, :c and CALS, i when W, =T =nacov,,.(s) by

ADF-GLS for covariance structures

Note that
{n m)}ab’cd =Sped ~SaSeq (PZa=2b21;p>c>d>1)
In this subsection, O =0, is assumed under possible non-normality.
S1.4.1 Definition

LS, e =(s— &AGLS)'f‘(Z)il(s —6,65)> ELS, 6 = ES)(LSADFG )
and EPLSADFG = Efgt)E((gS) {(t - &AGLS)'FE)%% (t - &AGLS )} .

S1.4.2 Bias of LS,
ELS,pr¢ —EPLS, 6 = _2E(;) 1(s— (;T)'l—?%1 (Grcs —O1)}

B = 85000) (P =T -804} (14D
The first term on the right-hand side of (s1.4.1) is
2B {(s-6,)' Ty (81005 —01)}
= 2B {(s=0,)' T (8,05 = 6}
= 2EP[tr{T A (s =6, )(s=6:)'H 0o
—2EP [T AD 5 -6) 7 (5-60)'} )
—2EQ [T AT (s—6) T (5 6p)'}] 2, +O(n )

(s1.4.2)
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= —{n " 2u(TPT AT}

o™
+ [ 072t ALK ) —n 2 2t AT
(A)
—n?6t[TPAD fvec(MP) QTP T +0(n™).

(Mon™?)
The term of order O(n™") for (s1.4.2)is
—n"12tr(F52)"1Af)l)Ff)2)) = —n"l2tr(Af)1))
= -7 2tr{A (A, TS A,) AT
=-n"'2g,
which holds under possible non-normality. Note that there is no sample
counterpart of Ao due to the assumption Op =0 .

In the second term E(gs) {(s— 6AGLS)'(F(2)71 - rf)z)il )$—6,615)} onthe
right-hand side of (s1.4.1), we have

(2)-1 2)-1 2)-1 2)-1
r( - FE) : = [_ZZ(FE) : )-ub (rg) ) )cd- {Sabcd - O—Tabcd

azb c2d

- (Sab - GTab )o-Tcd - (Scd - O-Tcd )o-Tab }]OP(,,*I'Z)

+[ ZZ(FBZH )t (T8 ™) e (S0 = T3 (g = Oy

(A) g2b c>d

#2222 () () (T,

a>b c>d exf g>h
X A4S usea ~ Otaned ~ Sup = O1as)Orea — (Seq =~ Oreg )0

XS oen = Orepen — (Sp = Oy )01 = (S = Oy, )Oryr } ]
(A)Op(n’l)

+Op (n—3/2)

— 1) (2) -3/2
=(M); 0, + (M e 0, +0,(n77).

Then, the second term on the right-hand side of (s1.4.1) is
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E(gS) {(5—6,G15) v(fﬁH - FBzH )(S =6 5615)}
= EV[{s— 6, — (6 55 — 6} MUY, + MO, +0, (n72)}

X{$ =65 — (6,55 —6,)}]

=n[n"EP {(s —061) (1, — AS)'(MYD + ML)

(p*
X (I(p*) - Agl))(s —Op )}%0(,772) (s1.4.3)
_ 2n2E(gS) {(S ~o, )<2> yAgz) 'MX;)F (I(p*) _ AE)I))(S _ GT)}AO(,,%)]

+0(n™),

where ME{[))F (/=L2) are p* X p* matrices rather than pz X p2 shown
earlier.
In (s1.4.3), the following results are required:

)
nEgs {(Sabcd - GTabcd )(Sef - GTef)}_>0(,f1)

4
= O1abedes ~ OTabed O1er — ZGTM O Thed
(Ogasawara, 2010, Subsection 1.2),

(s)
nEgs (S uped — Orapea )(Sefgh - GTefgh)}HO(nfl)
4
= O Tabedefch — Z (O rabede Origh T O refgha O rpea)

16
- GTabcd O-Tefgh + z O-Tbcd O-ngh O-Tae

(Ogasawara, 2010, Subsection 1.3)
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2
n E(gS) Sapeca = rapea NSep = O (S gy ~ Oy )}*0(”’2)

= o-Tabcde_’/gh - (O-TabcdefGTgh + GTabcdgh o-TLff)
4
_z (o-Tbcdef O ragh  OtbeachOtaes T O Taeton O Thed )

4
_z O TabedeO trgh — 50 1 4pea Orean T 60 1 pea O1¢rOrgn
4
_Z (O-Taef GTgh + GTagh Gqu' )GTbcd
4

+Z (GTagGTefh + GTah GTefg + O-TaeGTghf + GTafGTghe )GThcd
.Cy=6
+ z {(GTaef Otigh t OaghCrher )0 1ea + (Orgea Otigh T OraghOThed )Gw’

+(Or4ea Otber T Orer Otpea )GTgh h

3
+2Z GTab GTcd (GTefgh - GTL{f GTgh )
(Ogasawara, 2010, Subsection 2.1).

Then,
ELSADFG - EPLSADFG

=n"'(-2¢q)+n” ( [\ )2tr(r§f>'lAg”K(4)) —2t(TP AT

— 6ty A {vec(T) @ T}
+n2Ef;) {(S - 6T)V(I(p”‘) N Af)l))'(MEAl;)F + M.(AZI;F)
XL = AP =060} 02, (s1.4.4)

2B {(s—00) AT Mg (T = AN —00)} (,1>

+0(n™),

which holds under possible non-normality and Ot = 0, . Under normality, the
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term with K(4) vanishes and Ff)j) becomes F%{% (j=2,3).

S1.4.3 Bias correction of LS ,xg
Recall that LSADFG = (S - 6AGLS ) ' F(Z)J (S - &AGLS) . Define

ALS ,ppg = LS \ppg + ”_12‘] (note that TLSADFG is unnecessary) and
CALS, ;i

= LS, +17'2¢—n7 [ 2(TP7AVK ) - 2tr(TPAPTD)

(A)

—6tr[(TPAD {vec(I?) @ T?}]

41" B (5= 0) (1) = ALY (MUl + M)
% (L =AY =6} o0,

2B (5= 0) ™ AL MU AP NS00} 0, ]

Under possible non-normality and O1 = G, , we have
E, (ALS ) ~ EPLS, p = O(n )
and E, (CALS, ) —EPLS, 6 =O(n7).

N
s1.5 ALS,.pr6 by ADF-GLS using IS =7 acov . (r) for

correlation structures

S1.5.1 Definition
Define LS,,ADFG =(r- IA)AGLS)T:,ZH (r —Pacis), where r=vb(R) is

a 1( pz —p)/2}x1 vector, Vb(*) is the vectorizing operator taking the
off-diagonal elements below the main diagonals in a symmetric matrix,

p=vb(P), p,=vb(P;) and P, = P(epo) is the population correlation
matrix given by a structural correlation model.
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r(2) _
(Fp av, ca = Tapea T (1 I i Free F Toee T Taaaa  Vopaa)
— (21 (Bea + Topea) = (L 2)0 (B + T
_ 1/2 .
Voved = Saved | SuaSppSecSaa)  (pZa>b21; p2c>d>1).

FLZ) =1 acov . (r) was given by Isserlis (1916, Equation (21)), Hsu, 1949,

Equation (79)) and Steiger and Hakstian (1982, Equation (3.4)) (see also
Steiger & Hakstian, 1983; Ogasawara, 2002, 2008).

Define EPLS, ;i = E(;*)Eg) {(r - f)AGLS)'I‘E)Z)% (r - PacLs)}, where
r’ isan independent copy of r. Let P be the true population correlation

matrix. In this subsection, Pt =P, isassumed with Py = Vb(Py).

S1.5.2 Bias of LS, xpeq
op,

Let ApO 599 1, then
E, (LS, pr) — EPLS, sprq
=2E7{(r=pp)' Ty (Pacs —Pr)}
FELA =P as) (T =T =P i)}
= 2E7{(r=pr)' T (Paces = Pr)} 0, TO(7)
=—n"2{T77A (A T A ) AL ' T nacov e (1)} +O(n ™)
=—n""2{(A,,' T A )AL TETA L+ 0(n7)
=—n"'2¢g+0(n™?),
which holds under possible non-normality.
S1.5.3 Bias correction of LSpADFG
Recall that LS, speg =(r — Prcis)' fz,z)_l (r —Pagis) . Define

ALSpADFG = LSpADFG + ”_1261 (TLS,,ADFG is unnecessary while

CALSPADFG can be defined but not given here). Then,
EV(ALS, ) —EPLS g =0(n™)
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holds under possible non-normality and Pr =Py .

A 2 ————
S1.6 ALSpNTG by NT-GLS using F:II\?T =nacoVy(r) for correlation

structures

S1.6.1 Definition
LSpNTG =(r- ﬁNGLS)'f‘S\I)'IjI (r —Pyes) , Where
(l’l‘ﬁ\l)'l')ab,cd =1/ 2r,r, (razc +ra2d +"bzc + rbfi) + o Tpg T Valhe
=V (Teig F FacVaa) = Ve (BT + gV
(pza>b=21; pz2c>d=1),

F:)?\I)T =n acoVy,(r) was given by Pearson and Filon (1898, Equation (x1.)),

Girshick (1939, Equation (3.23)), Hsu (1949, p.400), Olkin and Siotani (1976,
Equation (3.1)) and Steiger and Hakstian (1982, Equation (4.2)) (see also
Ogasawara, 2002, 2008).

In this subsection, Pt =P, is assumed.

$1.6.2 Bias of LS,nr6
E, (LS,yr) = EPLS 1g
= 2B {(r —p;)' T)Xr (Pxgrs —Pr)
FESHI = Pras) (T = e ) = Pyers)}
= 2E7{(r = pr) TRt (Bacis =P}, TO(17)
=—n" 2{TT A (A ' TRA )T A, ' T nacov . (1)} +0(n ™)
=—n""2{(A,,' T A ) A TR TTTA  +0(n™),

which becomes -n! 2q under normality and P =P, .

S1.6.3 Bias correction of LSpNTG

Recall that LSPNTG =(r- ﬁNGLs )' rfj\J)T_l (r— f)NGLs) . Define
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ALSpNTG = LSpNTG + ”_1261 and
TLS g =LS + 11712tr{(Ap 'lA“‘z)"Ap)*‘ &p 'f;?;‘f;”f”“&p}

pNTG pNT pNT
(CALS 16 can be defined but not given here).

Then, under normality and Pt =Py,
E(ALS, ;) —EPLS 1 =0(n™),
E(TLS 1) — EPLS )1 =O(n7).

pNTG

Under non-normality and Pt =Py,

EY(TLS 1) — EPLS 1 =O(n7) |
S1.7 TLSPU by ULS for correlation structures

S1.7.1 Definition
LSy, = (1 = Pyors) (= Prgrs) = (1/ Dtr{(R =Py )}
We assume that Diag(PULS) =1 ,,. Define
EPLS,; = E{VE{(r —pus)'(r —Pyis)i )

In this subsection, Pt =P, is assumed.

$1.7.2 Bias of LS,y
E,(LS,,)—EPLS

= _2E§;) {r=p0) ' (Pus —Pr)}
=—n"2tr{A o (A, 'A,0) A, 'nacov (1)} +0(n7?)
=—n"'2tr{(A,'A,)) A ' TPA 3+ 0(n7).

S1.7.3 Bias correction of LSpU
Recall that LSPU =(r— ﬁULS )'(r— ﬁULS) . Define

TLS,, =LS,, +n'2tr{(A,'A )" A, 'TPA } (note that ALS,y is not

defined).

33
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Under possible non-normality and Pt =Py,

EY(TLS,,)-EPLS , =0(n™*).

S2. Higher-order bias corrections for cross validation criteria

$2.1 ALS 16> TLSy ¢ and CALS 1o when W, =7 acov . (s)

by NT-GLS for covariance structures

S2.1.1 Definition
Recall that
Swta = (8 = 8xars) War (8 = 8yrs) = (8 = Gyes) TR (8= 6yers)
= (/D[S (S — Ly 1= 1/ 2)tr{(I,, =S E16)’
where r(z) F%)s r(z) |¢,T s . Define
CVyars = (E=6qs) TR (E= 615
= (1/ 2[{T (T = L) 1= 1/ 2tr{(,) = T ' Eygy5)’}

and

ECV,

NGLS

—_EFOR®G)
- Eg Egs (CVNGLS)
—EFOR® ~ (2)-1 ~
- Eg Egs {(t _GNGLS)'I‘NT,t (t—0yais)}s
U 26, re ... . .
where the subscript tin 1 y7¢ indicates that 1 n7¢ is given by t, which will

2 2)
be omitted when obvious as in F( ) = FLT s.

$2.1.2 Bias of LSyrg
(i) The case of 61 —0¢,=0(1)
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ECVy;; — EPLS g

= E(g')EE;) {(t - &NGLS)'F(I\IZ'I)'T: (t - 6NGLS)}

_ E(t)E(S){ t—6 )vl—‘(2)*1 t—6 )}

¢ Dy (t—0ygis) T (t— 0G5
. ) , (s2.1.1)
=EVEY[{t—6, + 6, -6, — (6,55 —6,)}
X (rﬁ%_tl I {t—6; +6; -6, — (65 —6)}]

= [(GT - 60 ) ' Efgt) (rg\IZ"IZTtI - rg\?"l)"il )4,0(,,—1 ) (GT - 60)

+ 2E§;) {(t— cT)v(r;?%;l - )Lo(,f'>(°T - co)]o(n,l)

' £(2)-1 2)-1

+(£)(GT _Go) Efgt) {rg\l"l)",t - E(gt)(rgw) )Ao(nfl)}ﬁo(nfz)(GT _60)

(t) (2)-1 (2)-1
+ 2Eg {(t - GT ) '(FNT,t - FNT )0],(7171 )+Op(rf3/2) }—>0(n’2) (GT - 60)

(s) (& (t) (T (2)-1 (2)-1
- 2Egs (Gneis — Go)'ﬂo(,ﬂ) E, (F\re =T )HO(,fl)(GT —6,)
(t) r(2)-1 (2)-1
+Eg {(t - GT)'(FNT,t - FNT )}(t - GT)}_K)(”*Z)
(t) r(2)-1 (2)-1 (8) (A
_2Eg {(t—(sT)'(l"NT’t -yt )}>_>O(W_I)Egs (Ongis —60)_>0(n_1)

(1) (T(2)-1 (2)-1
+[EY (P -TO™) )

x E(gS) {(6NGLS - 60)(6NGLS - Go)'}_)o(,,fl)] ]
(Mon?)

+O(n™).

(i1) The case of 61 =6,
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ECV,,, — EPLS ¢
= (/[\)E(g‘){(t —o) (TG -TQD =00} 2

(t) r(2)-1 (2) 1 (s) ( &
_2Eg {(t_GT)'(FNTt i e )}%0(,, )Egs (Onars _Go)ﬁo(,ﬂ)

() (T(2)-1 (2)-1
+tr[Eg (FNT,t _FNT )_)0(,,[*1)

) f(A -
XE; {(6xGLs —60)(Ongrs — 6)' }»0(,1 )] ]
(A)o(n™)

+O0(n™).

(iii) Evaluation of [*],.,1, in(s2.1.1) when 6; -6, =0(1)
The first term in [']owl) is

(GT - 60)'Eg)(r§\12T),_tl - F%IZT)—I )%O(nfl)(GT - 60)

=n"{(1/2)vec' (L, - X, )nES)(M”))ﬁO(n,] (vee(Zy —Zy)}.

The second term in [']0(,,1) is
2EP{(t-0) (G ~TODY 0 (60 —6,)
=pn" [nE(;) {Vec'(S—ET)M“)} D, (o, —o0,),

where note that “2” vanishes on the right-hand side of the above equation.

S0(n™h

(iv) Evaluation of [],,2, in(s2.1.1) when ©6; —6,=0(1)
The first term in [']sz) is

(6 —6,) EL{EGH —EX (T 0,00, (61 = 60)

=n’[(1/2)(6; —6,)'D,'"n’EP{M® —E¥ (M)

D, (o, —0,)]

—0(n™")

3) (4)
+MY +M };ow)

The second term in [']sz) is
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2EQ{(t=0) (B0 =T8Ny 10 0 Voo (01 = 65)
=n"[2n°EY {(s—6;)'D,'(1/2)M? +M?)}_ D, (6r =6))]
=n"[’EJ{(s=0;)'D,'M” + M)} . D (6, ~6,)].
The third term in [']O(,fz) is
“2EY (8ycs = 6)' o BV (FG ~T) o, (01 = 65)
=—n[2{APvec(T$)}'(1/2)D, 'nEY (M®) w1, D, (6; =6,)]
=—n"[{AT vee(I';")}'D,'nES(M™) | . D (6, —6,)]
The fourth term in [']0(,772) is
EV{(t—0,) (PG —TO (- 1)} o)
=n ["EJ{(s—0)(1/2)D,'(M"” +M?)D (s—6;)} - ]
The fifth termin [*]5,2, is
2EP{(t—0,) (PG =T&™) 0 EY Bras =60) o0,
=-n"[2nE {(s—0,;)(1/2)D,'M"D } . APvec(Iy")]
=-n"[nE{(s—6,)D,'MUD } . A¢vec(Iy”)].
The sixth term in [']O(,ﬁ) is
tT[E(gt) (ﬁuzT),_tl -y )_>o<n*‘) E(;) {(Gnars —060)(Ongis — 60)'}60({1)]

=n"tr{(1/2)D,'nEY’ (M) | . D, APTIA ).

O(n~

(v) Evaluation when O, =60,
n ECVy;q —EPLS 1, the term of order O(n™') vanishes. The term

of order O(n*) becomes the sum of the 4th, 5th and 6th terms in (iv), which

under non-normality is
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n’? ([E)’IZES) {(s=6,)(1/2)D,' (M +M™)D (s=61)} -

-nE'{(s-6,)D,'M"D } ,,)A(z)vec(l“(z))

+tr{(1/2)D," E(”(M(Z)) A“)F‘”A“’ "]

=06 (A)

and under normality is

n ([E)nZE;?’ {(s—0,)(1/2)D,' M" +M®)D (s—0,)}

-nE®{(s-¢,)D,'M"D } AP vec(T))

—o(n™)
+tr{(1/2)D, 'nE(fs>(M(Z))AO(n’I)DPAE)])rg\?])'AE)I) 1.
‘ (A)
Define ELSyr6 = E, (LSy16), then, we have
ELSNTG - ECVNGLS
=(ELS;c —EPLS,;;)
+0(n™)

(the first term on the right-hand side of the above equation is given by
Subsection S1.1.2 and the second term is given by the negative of the preceding

results in this subsection)
i [2u(CEAPT)
' (s) (6] O]
—vec(E; — X )nE MDAy (s— GT)}%O(,,*')]
(note that three terms have been canceled)

P2t AYK ) - 2T APTY)

(A)
— 6T AL {vec(T) @ T
+vec'(Z; —X)n’EY {(M® + M)
x(D, -D,Ay")(s~6;)}
—vec'(Z; —Z)n’EY MDA (s—6,) + MDA (s —6,)
+M?D AP (s—6,)"}

- (ECVNGLS EPLSNTG)

%0(17_2) —>0(n _2

(s2.1.2)

—0(n?)
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-n’EY {vec'(S—Z)(M® + M)} vec(X, — X,) #it

—0(n?)
+vec'(E; - E,)n’EY (M®) (n,,)DpAgz’vec(rg”) Hitt

(two term have been canceled, ### indicates added terms for cross validation
criteria over LS criteria)

+(1/2)n’EY{(s—6,)'(D, =D, A) (MY +M®)
X(Dp _DpAE)I))(S_GT)}_)OMJ)

n’EY{(s—6,) (D, A7) MY(D, -D, A’ )(s —06,)}
-(1/2)n’EY{(s—6;)'D,'(M” +M?)D (s—6,)}

S0(n?)

HiH

—0(n?)
+nEY {(s—6;)'D,'MD AP vec(I() ##
—tr{(l/Z)}Dp'nES)(M(Z))HO( D A“)F(Z)A(”'}### +0 (n™).

Under normality and 67 —6, = O(1), the first term in 7"'[-] of (s2.1.2)
is —2tr(AY) ==2tr{(A,'TC'A +A) A, TG Ay L # —24 , and the first

. -2 . 2)-1 A —
termin [ * 1 becomes 2'[1'(1—‘;1% AE))K(4))—0.
(A) (A

Under non-normality and 61 =6,

ELSNTG - ECVNGLS
=n { 2tr(TG'ANTO )
gl 2,[1,(1—‘(1\?%—11\5)1)1((4)) - 2‘[1‘(1—‘5\?%_11\52)1—‘83))

(A)
TGy AL fvee(T) BT
H1/2nEY {(s-0,)(D, =D, ALY (M” + M?)
x(D, =D, AN S=61)} 0
nZE(gS) {(S -0, )<2> v(DpAE)D)vM(l) (Dp _ DPAE)I) )(S ~o, )}

S0(n?)
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-(1/2)n’EP{(s—6,)'D,' M +M®)D (s—0;)} HitH
+nEY {(s—6,)'D,'MUD JAP vec(I'y ) #i#

—tr{(1/2)}D,'nEY (M) D APTY AP 'y ]

(A)

—0(n™?)

N
+Op (n73).

Under normality and 61 =0,

ELSNTG - ECVNGLS

=n"'(-2q)
+n7? [ =2t AT — 6t [T AR {vec(Ti)) @ T}

(A)
+(1/2)n°EY {(s - 6,)'(D, =D, AY)' (M + M?)
x(D, =D, A )(s—6,)}
~n’EP{(s—6,)>'(D,A?)MP(D, -D A" )(s —6,)}
~(1/2)wEY {(s—6,)'D,'M" +M?)D (s—0,)}

—0(n?)

HH#

—0(n?)
+nEY{(s—6,)'D,'MVD JAP vec(I'y))##

—tr{(1/2)D,'nE} (M) D APTGAY i ]

—)O(n") (A)

+Op(n’3).

S2.1.3 Bias correction of LSNTG
Recall that

Syrg =(s— NcLs)'r(Z) 1(5 —Gyas) = (17 2)1;1‘{(1(])) - Silf:‘NGLs)z}a
ALS ;; =LS ;¢ +7 ' 2¢
and

TLSy ;g = LSy + 7 2tr(TETANT®)

=LSyrg +n_12tr{(AT(2) 1A) r(z) ‘F‘Z)r@) IA}

NTG
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Define
CALSyn1¢ = LSyrg +77'2¢
-n ( [ - 2T APTE) — 6t T2 AP {vec(TY) @ T}
+(1/2)n’ EP{(s—6,)'(D, - D, AY")' (MY + M®?)
x(D,—D, AP )(s—6,)}

—0(n?)

-n’EP{(s—6,)*'(D,A7 )MV (D, -D AY)(s-6,)}

S0(n?)

-(1/2)n’EP{(s—06)'D,' M +M)D (s —0,)} .
+nEP {(s—0,)'D,'MUD }Avec(I') ) ##4

~tr{(1/2)D, 'nEYMP) | D AVTQAY yht |

(A)

—>0(n~

+0, (n™).

Note that the bias corrections in ALSNTG, TLSNTG and CALSCV_NTG
are valid only when a structural model is true i.e.,Op = 0y .

Under normality and Op =0, E 7 (ALS NTG )— ECVNTG = O(”iz)
and E,(CALS;;)—ECVy;, =0(n™).

41

Under non-normality and Op =G, E p (TLSy16) — ECVyyq =O0(n 72) .

$2.2 ALSy g, TLS 1+,  and CALS(y \1g+ by NT-GLS* when

A

X _ (M) (M) _ A
W, =T ((Iy\r )ab, cd = ONTGLS*, ac O NTGLS*, bd
+Or6Ls*, adONTGLS* b3 P 2 A 2 bz1;p=c=d=>1) for covariance

structures

S2.2.1 Definition
Recall that



12 o R g8 H68% W2 - 3%

LSyg: = (8- 6NGLS*)'F%)S l(s —Oyas+)
=(1/2)vec'(S — Eygrs ) Enarse © s )vVee(S — Eygrse)
= (1/2)tr] {(£g15 (S = Engrs )} ]
=1/2)te{(X,, - NGLS*S) )
Define
ECVyqise = E(t)E(S) 1(t— GNGLS*)VFN'\'/I[‘)S ] (t—0ygrse)}
=EVEC[(1/ Dtr{(I,, — Zygus. T}

In this subsection, O =0, is assumed unless otherwise stated.

$2.2.2 Bias of LSy;q.
Recall that ELSyqg. = E, (LSyy6.) . Then,
ELSNTG* - ECVNGLS*
= (ELSy;6 — EPLS ;) — (ECVyg s — EPLS 160)s

where the first term on the right-hand side of the above equation was given in
Subsection S1.2.2.

Under non-normality and Op =0,

ECVygis» — EPLS 16
= E(t)E(s) {(t— NGLS*)VFNT ; (t=Gyg0)}
E(t)E(S){(t GNGLS*)'r(z) (t-6 Oroist))
= [ u[EY (F%?;l - )00 Ef{(t—op)(t- 1) o]

(A)
+E(gS) {(Oxgis- —01)' (F%)sl _F(Z) ])(6NGLS* _GT)}»O(n'Z) ]
(A)O(nfz)
+0(n™)
) (/[%)(1 / 2)tr{Dp 'nE(gS)(M*(Z))—»O(H")DPFE)Z)}

+(1/ 2)n2E§> {(s— GT)'(DPAE)D)'(M*(D +M® )DpAE)“ (s— cT)}ﬁo(n,z)
+n’EP{(s—0,)* (D, A7) M D A (s -6,)} ] +O(n ).

—0(n *2>
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(s2.2.1)
Under normality and Op =0,
ECVyq s+ — EPLS 14
P [(1/2te{D,'nEPM?) | D T3}
(A) ' ~ow
n (1 / 2)n2E(fs) {(S _ GT)'(DPAE)I))'(M*(I) + M*(Z) )DpAgl) (S -6, )}90(,,‘2)

B {(s—6,) (D, AL )M D AP (s — 6,)} 1+ on™).

—0(n?)

(s2.2.2)
Then, under non-normality and O1 = O, from (i) of Subsection S1.2.2
and (s2.2.1),
ELSNTG* - CVNGLS*

=n " {=2tr(CGAVT)
[ 2aAYK ) = 2t (TG APTY)

(A)
—6tr{I A {vee(I)”) @ T} ]
+(1/2)n°EP{(s—6,) (D, =D AP )MV + M)
X (Dp - DpAf)l) )(s - GT )}_)0(,,[*2)

-n’ES {(s—0;)'(D,AZ)'M™(D, -D,A{’)(s - 67)}
' (s) *(2) (2)
~(1/2)tr{D, REQ(M'®)_ | D I}t

—0(n?)

—o(n™)
—(1/2)n’EY {(s—0,)'(D,AY) (M + M)

xD, AV (s—6;)} HiH

>0(n?)
_n2E(gs) {(s _ GT )<2> '(DPAE)Z))'M*(I)
X DPABI)(S -6;)}

—>0(n?)

### 1 +0(n™).
(A)

Under normality and Ot = 0, , from (ii) of Subsection S1.2.2 and (s2.2.2),
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ELSNTG* - ECVNGLS*

=n’1(—2q)
+n7 [ =2tr(TQ AP TR) — 6tr[TE T A {vee(I'y)) ® T

(A)

+(1/2)n’EP{(s—6,)'(D, =D, AL) (M + M)

x(D, =D, A )(s=01)} )
~n’EP{(s=06,)7" (D, A7) M (D, -D AP)(s - 0,)}
—(1/2)tr{D,'nE} (M*‘”)w(
—-(1/2)n*EP{(s—0,)'(D,AL)' (M + M?)
xD AY(s-6,)}
n’EP{(s-6,)*'(D,AY) M

xD, A (s—06,)}

S0(n?)

D G i

Hi#

—0(n?)

B 1 +0(n™).
(A)

—0(n?)

S2.2.3 Bias correction of LSNTc,*
Recall that

LSyrg: =(s— NGLS*)’F(M) 1(s = Ogis+)
=(1/2)vec'(S — Eyirsr) Enrse © s )vec(S — Eyirse)
= (1/ 2)tr[ {E{grs- (8 = Engrs )Y ],
ALS ;6 = LSy + n 2q and
TLSy 16 = LSy + 1 2tr(TCPTACT@)
= LSy + 1 2t {(ATVTAY ATV TOT DAY,

Define
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CALSCV-NTG*
= LSNTG* + n’l(—2q)
472 [ 2OV TAPTM) 1 6tr[ TV A {vee(TC) @ TP Y]

(A)
-(1/2)n*EP{(s—6,)'(D, =D AL)'(M™ + M)
x(D,-D,AY)(s—6,)}

—0(n?)

+n2E_<;){(s 2 '(DPAE)Z))'M*(”(DP —DpAg”)(s -0,)}

—0(n?)

+(1/2)te{D, nEY (M) | D T e

—>0(n"
+1/2)n*EP{(s —6,)'(D,AY) (M + M™?)
xD A (s—6,)} Hit

-0(n?)
+”EQ {(s—0,) (D, APy M
x DpAE)I) (S - GT )}

>0(n?

] +0(n™).
TS

All the corrections in  ALS e, TLS 76« and CALS. 16+ are valid
only when Op =0,

Under normality and 61 =6,, E (ALS;5.)—ECV g . =0(n™)
and E (CALS.y y16.) —ECV g5 = on™).

Under non-normality and Op =0,

E,(TLSy;6.) —ECVyge =0(n7) |
523 TLS bysLs when W, =2D’ {Diag(S) ® Diag(S))}D’ " for
covariance structures

S2.3.1 Definition
Recall that
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LS =(s —64)' sts (s—645)
=(s—64)'(1/2)D, "{Diag ' (S)® Diagfl(S)}Dp(s —06g5)

=(1/2)tr[ {Diag ' (S)(S — £¢;)}’]
and ELSg=E_(LS;).

S2.3.2 Bias of LS
Define

ECVy s =EVEY[(t-64)'(1/2)D,"

x {Diag™ (T) ® Diag™'(T)}D , (t - 6)].
Then,
ELSy — ECV ¢ = (ELSy — EPLS) — (ECVy o — EPLS;) | where the
first term was given by Subsection 1.3.2. Let

V' =(1/2)D, '{Diag™ (T) ® Diag ™ (T)}D , and
v'i=Q1/ 2)D, "{Diag ' (X,) ® Diag (£, )iD, . Then, the negative second

term is

ECVy s — EPLS,
=EVEY[(t—64)'(1/2)D,"

x {Diag™'(T) ® Diag™' (T)}Dp (t—6g5)]

—EVEY[(t-64)'(1/2)D,"

x {Diag™ (X,) ® Diag™ (£;)}D , (t - 6)]
= Efg,t)EEgS) {(t o &SLS ) '(‘A,t_l -V )(t B &SLS )}
= E(gt)E(gS) [ {t —6; +06; — G, — (&SLS - Go)}'

x(V' =V {t-0,+6, —6, (64 —6,)}

=[(6; —06,)'EY’ (V' =V . (6, —6,)

2B {(t-0)'(V =V} (60 =60)], 0,
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’ (£)(GT ~%) 'E(gt) {Vt_l N E(gt) (Vt_l)aow‘)}%owz) (6;-0,)

+2EQ{(t-6)' (V" =V, o o) o (61 —60)

_ZE(;)(&SLS —0,) I)Eg)(Vfl - V_l)ﬁo(,,—l)(cT ~6,)

—>0(n"

+ Eg) {(t - GT) '(V;l - Vﬁl)(t - 6T)}

>0(n?)
~2EV{(t=0,) (V' =V} o ES (B =60) o)
+tEQ(V, -V

0™

x E;(;){(&SLS —6,)(Ogs _60)'}_@(”—1) ]
(Mon™?)

+O(n™)

=n"'[(1/2)vec'(Z; — E,)nEY (M) ,vee'(E; — X))

—->0(n~
+ nEf;) {vec'(S—X; )Mg)}ﬁo(n,l)Dp (6;—0,)]
+n7 [ (1/2)vec(Z; —Z,)n’EY (M} —EY(M{)

-1
(A) —0(n™")

+MY + MY vee(Z, —X)

>0(n?

+vec(Z, —Z )’ EY{(MY +M{’)D (s —06,)}
—{AY vec(T)}'D, 'nEY (M)

—0(n™?)

)DP(GT —6,)

—0(n™!

+n’EY{(s—6,)'(1/2)D, (M} + M")D (s - 6,)}

—0(n?)
—nE{(s-0,)'D,'M'D,} | Afvec(T”)
+r{(1/2)D,'nE (M) D, APTPAL " 1+0(n™).

(A)
From these results,

47
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WO R %
ELS, — ECV

R

5E68% 2 - 3%
=n"'[-2tr(V'ALT)

(four terms have been canceled)
)
+n

—vec(Z, —Z)nEY (MU'D A (s —6,)}
(A)

—0(n~ )
[ 2tr(V'APK ) = 2tr(V AP TY)
—6t[V'AY {vec(T) ® T
+vec'(E; —E)n’EY {(M})

+M))

x(D _DpAi)]))(s_GT)}_)O(,,—z)
—vec(Z; —E )’ EV{(MU'D AP (s—6,) +Mp'D AP (s—6,)

Mp'D AP (s—6,)}

—-0(n?)
EY {vec(S—Z)(My + M)} o2 Vee(Ey — Xy )
+ved'(Z, - X, )nES)(M(Z))Ho(n,l)DpVeC(Agz))###
+(1/2)n E(S){(S—GT)'(DP -D A(l)) (M(l) +M(2))

x(D,-D,A{’)(s-0,)}

-0(n?)
n’ES{(s—6,)™ (D, AY) My (D, -D,A{’)(s—6,)}
—~(1/2)n*EY {(s —

—0(n?)

c;)'D, (M}’ +M")D (s —0,)}
+nE®{(s—0,)'D,'M{'D }

>0(n?) Hitt
»'D, %O(n,,)Agz)Vec(Ff)z))###
—tr{(1/2)D,'nEY’ (M)

D A'TVAL '###(11)+ Oo(n™)
When Op
does not become —2¢ though ry F%)

O(1), even under normality the first termin 7~ [ -]
2
0 =
Under non-normality and O =0,
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ELS, - ECV,
=n""{=2tr(V'AT)}
[ 2u(V'AVK ) = 2te(VAPTS)

(A)
— 6tr[V’1Af)3) {Vec(l“gz)) ® Fff) H
+(1/ 2)n2E(;){(s -6.)'(D, —DPABI))'(M(D” + M([f))
x(D,-D A(l))(s—cT)}%o(n,z)
B {(s=0,)” '(D,AP) MY (D, =D, A )(s — )}

(4)

—>0(n
—(1/2)n’EY {(s—6;)'D, (M} + M} )D S(8=60)) .
+nEY {(s—6,)'D,'M'D,} . AP vec(T ) #H
—tr{(1/2)D, 'nEQ;’(MQ)w D, AVTOAD ##H# 1 +0(n™).
(A)

Under normality and 61 =6, with K, =0 and r(z) r(y\?T),
ELS, — ECVy

= n-1 {—2tr(V-1A“>r<2> )}

+n7 [ =2t(V'APT() = 6tr[ VALY {vec(T() @ TG
(A)

+(1/2)n’EP{(s—6,)'(D, =D, AY) (MY + M)
x (DP - DPAE)I))(S - GT)}»O(n’Z)

—-n’EP{(s—6,)”'(D,A) M (D, -D A" )(s-0,)}

-(1/2)n’EP{(s—6;)'D,'(My’ + M")D (s —6,)}

-0(n?)

Hi#

—0(n?)

+nE?{(s—¢;)'D,'M{'D } AP veco(I) ) #ith

-0

—tr{(1/2)D,'nE} My, D D APTEAY ### 1 +0(n™).

(A)

S2.3.3 Bias correction of LSS
Recall that

49
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LSg =(s—6;)' vAV'siLls (s —6g5)
=(s— &SLS)'V;I(S —Gg5)
= (s~ 64)'(1/2)D, ' {Diag™(8) ® Diag ()}, (s — ;)
= (1/2)t[ {Diag " (S)(S — Eg)}’]-
Define
TLS, = LSg + 1 2tr(V,'AVT?)
= LS, +n 2t {(AV'A) AV TPV A}
(ALSS and CALS are not defined), which is valid only when Op =0,

Under possible non-normality and O1 =0,

E_(TLSy) - ECVy  =O(n™)

s2.4 ALS,;rc and CALS, s when W, =T =nacov,,.(s) by

ADF-GLS for covariance structures
Recall that
{1 aCOV 1 (8)} et = Suped —SupSea (PZa2b21; p>c>d >1)

In this subsection, 01 =0, is assumed.

S2.4.1 Definition
Recall that

LS, prs =(8 =6 ,4615)" e ($=6,615) and
ELSADFG = ES)(LSADFG)
Define ECVAGLS = E(gt)E(gS) {(t- &AGLS)'f‘iZ)_I (t- &AGLS)} .

S2.4.2 Bias of LS,prg
Note that
ELSADFG - ECVAGLS

= (ELS \prg = EPLS ) = (ECV, g5 — EPLS i6),
where the first term was given by (s1.4.4). Using the result before (s1.4.3), the
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reversed second term on the right-hand side of the above equation is
ECVAGLS - EPLSADFG

= Eg)E(gS) {(t=6,615) '(f‘iz)il - rgz)q J(t=6,615)}
=[EQ{(t—o)' (TP =T )t =06}, )
2B {(t-0) (T TP}, EY Baais —01) 00,0,

FEL WP =I) 0 B s =00 @acas =00 o
+O(n73)

=n" [nZEE;) {(s— GT)'(MS\II)DF + ngz[)»‘)(s — O )}ﬁo(nfz)

—2nE {(s = 07)' Mie} 1) AG” vee(Ig) (24.1)
+r{nEY (Mg + M3 o b A TEAY T+ 0(n™)

(note that ES)(M%F) =0(n™") in the last result is due to e.g.,

Ez(;) (Sancd - GTabcd) = O(nil) )

From (s1.4.4) and (s2.4.1),
ELSADFG - ECVAGLS

=n'(2¢)+n” ( £ )2tr(Ff)2)’1Af)”K(4)) —2tr(CPAPT)

—6tr[TPAL {vec(TP) TP}
+n"ED {(s —6,)' (I, —AV) (M), + M,

XL = AN =00} 02,
20°BS{(s—06,) AY M (1, — AN —00)} o)
—n’EP{(s = 67) (Mij + M) —-6)}
+2nES {(s—6) MU} AP vee(T))

—tr{nE ) (MiG: + MG o J AT A ']([1)+ o(n™).
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which holds under possible non-normality. Under normality, K, = O and
2) _ ()
r() - l_‘NT .

S2.4.3 Bias correction of LSADFG

Recall that LS yprg = (5= 6,606) T (5= 6,15) and
ALS \pr6 = LS sprg + n—12q .
Define
CALSy sprg = LSapi +71'29

—n [ 2u(FPTAVK ) - 2u(F@TAPTO)
(A)

_ 6tr[lA“(2)’11A\(3) {Vec(f(z)) ® f(2>}]
i ED {(s—67)' (T, — AL (MUD, + M2,
X (L) = A )(s - GT)}»()(#)
-2n’ ggs\) {(s-o; ) 'Af)z) 'M%F (I<p*> - Ag) )s—o; )}»ow*)
-n’ Igf? {(s—07)' (M, + M3 )(s — o, M o)
+2n1§(? {(s—0,)' M., qo(n,,)Agz’vec(Fff))

~r B (Mi, + M) HAPTIAP T ]

F)HO(n’ A)

ALS AprGg and CALS aprg  are valid only when O =0, . Under

possible nonnormality and Gp = G,
E,(ALS, ) —ECV, s =0(n™)
and E,(CALS,,.)—ECV,;s=0(n").

S2.5 ALSpADFG by ADF-GLS using Fi,z) =1 aCOV . (1) for

correlation structures

S2.5.1 Definition
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Recall that LS, sprg = (X =P aqrs)’ rf)il (r —Pacrs) .
Define ECVpAGLs = E(gr*)E(gr) {(r* - f)AGLs)'lﬁ‘:fg;l (l‘* - ﬁAGLS)} . In this

subsection Pt =P, is assumed.

S2.5.2 Bias of LSpADFG

Define ELSpADFG = E(gr)(LSpADFG) . Then,
ELS,prq — ECV,

pAGLS
=(ELS,pr¢ —EPLS, pr ) = (ECV,a61s — EPLS 56 )
=ELS,pr — EPLS, i prg

~ECEC{0 ) (0 =T )0 =)
= ELS, ,p6 — EPLS, o6 +O(n )

=—n"'2¢g+0(n>)
(see Subsection S1.5.2).

S2.5.3 Bias correction of LSpADFG

Recalling that LS sppg =(r — f)AGLs)'fE,2)_1 (r —Pacs) and
ALSpADFG = LSpADFG + ”_1261 (TLS,,ADFG is unnecessary), which is valid
only when Pr =P.

Under possible non-normality and Pt =Py,

E, (ALS,,5:6) — ECV i =O(n™)  which is the same as that in
Subsection 1.5.3 up to this order.

S2.6 ALSpNTG by NT-GLS using FS\I)T =n acoVy () for correlation

structures

S$2.6.1 Definition



54 % B %t 68t 2 - 3%

Recall that LSpNTG =(r- f)NGLs )' ri‘i]);l (r- ﬁNGLS) with

2 _ @
FpNT - rpNT,r . Define

* * A £ (2)-1 * A . .
ECVpNGLS = Eg )Ef;) {(r - pNGLS)'ri)N)T,r* (r —Pyais)} . In this subsection

Pt =Py is assumed.

$2.6.2 Bias of LS,nr
Define ELSx1g = EY’(LS,\16) . Then,
ELSPNTG - ECVpNGLS
= (ELS, 16 = EPLS jy16) = (ECV 615 — EPLS 1)
= ELSpNTG — EPLSPNTG

~EJEL{( — Pyors) (T =T = Prus)}
= ELS 1 — EPLS 1 +O(n?)
= =7 2r{(Ayy T Ao ) Ay TR TET A )+ O(n™),

pNT

which becomes —7'2¢ under normality.

S2.6.3 Bias correction of LSpNTG
Recall that LSPNTG =(r—Pyes)’ FE,?T_ (r- Prais) ,
ALSpNTG = LSpNTG + n—12q and
TLSpNTG = LSpNTG + ”712tr{(Ap 'F:)?\I)'lj]Ap)q Ap 'F;?;IF(Z)FLQ;]AP} , which
are valid only when Pt =p,.
Under normality and Pt =Py,
E (ALS 1) —~ECV s =O(n™)
and E,(TLS 16) —ECV s =0(n7)

Under non-normality and Pt =Py,

E g (TLS,,Nm) - ECV,,NGLS = 0(’7_2) , which is the same as that in Subsection
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1.6.3 up to this order.

S2.7 TLSpU by ULS for correlation structures

S2.7.1 Definition

Recall that LSy, = (F = Pyors) (F = Pyais) = (1/ tr{(R=Py)7)
(Diag(lA)ULS) =1, isassumed).

Define ECV,yis =EPLS,; = E{VE{(r" — Pyois) (' = Pugis)) . In

this subsection Pt =P, is assumed.

S2.7.2 Bias of LSpNTG
Define ELSPU = E(gr)(LS,,U) . Then,
ELS,, —~ECV,,s = ELS , —EPLS

=—n"2tr{(A 0 'Ayy) " Ay ' TYVA } +0(n™).

S2.7.3 Bias correction of LSpU
Recall that LS, = (r— Pus)'(r—Pus),
and TLS,, =LS , +n'2tr{(A,'A )" A 'TPA }
(ALSPU and CALSPU are not defined), which is valid only when Pr =Py.
Under possible non-normality and Pr =Py,
E (TLS,;)—ECV, ;s =0(n ) , which is exactly the same as that in
Subsection 1.7.3 since by definition ECV,,ULS = EPLSPU in this case.

S3. Miscellaneous results

$3.1 Explicit expressions of the elements of {72COV (S)}il
It is known that
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{ncov 1 (8)} e = {2D; (X, %, )D; Vbt =O1acO10a t Or1aaOrse
(I£a<sb<p; 1<c<d <p).

We derive the elements associated with X,, X,, X, and
X, (1<a<b<p;1<c<d=<p) for

[{ncovy(5)} s = 1(1/2)D,'(E ® LD}y 4 The 33

asymmetric matrix for the elements using double subscript notation is

-1
[ {n COVNT (S)} ](aa,ba,bb; ce,de,dd)

wlo o sui [ OF o 100
1 %)??8 T é)c O_Fllzd T G]b~c Gllzd 0 1 0
200001)] ,(0%c“) ufocwc)||910
Or be _bd | OT be _bd 001
GT GT GT GT

[ err 2orer oy

= E 261?66?6 Z(G{fcoﬁd + oﬁ’daic) 26{3"’0‘{3‘1

O 2otel (ol

From this expression, we have
[{ncovy ()} 'y =1/4(2-68,)2-6,) o0y +01'0r)
(I£a<b<p;1<c<d<p).

The result is confirmed as follows.
[{ncov (s)} 'ncov, ]y (1Sa<b<p;l1<e<f<p)

=>.(1/4(2-68,)2-6,,) o0y +07'07)

c>d
X (GTceGTc{f T Oy Orae)

2-5,

P P
_ ac__bd 3.1.1
= ZZ 5 =05 O (GTceGTq’f’ + GchGTde) (s )
c=1 d=1
2

= (8,60 0,00,
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When a > b and e > f, (s3.1.1) gives 5 5bf,
when a=band e>f, (s3.1.1) gives ac bf (=0) ,
when a > b and e =f, (s3.1.1) gives 5(165@/' (=0)
and when a = b and e =f; (s3.1.1) gives 5a65b/" .

This shows that [']ab,ef is [I(p*) ]ab,ef.

$3.2 minimization of F =(1/2)tr[{Z(S—X)}’]
=1/2)tr{(X,,, - 27'S)’} with respectto 0 in X =2X(0)

OF _ oxX’'S RNY;) VI
o tr{(lm Dy S)W} = tr{(l(m -X7'S)x! a_az ls}

i i

=tr 2*‘(5—52*‘5)2*'8—2 ,
o6

i

82F , 0% o)
TSy =3xSy
69,.89 { 20 20 } (s3.2.1)
. 1 az 1 az . .
= tr{): ae’ —X 891} (Z’J - la’q) (8322)

For an iterative computation, (s3.2.2) can be used. However, (s3.2.1) seems to
give somewhat faster computation than that of (3.2.2).
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