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ABSTRACT

We consider the system Fy(a,b,c) of differential equations annihilating Appell’s hy-
pergeometric series Fy(a, b, c;x). We find the integral representations for four linearly
independent solutions expressed by the hypergeometric series Fy. By using the inter-
section forms of twisted (co)homology groups associated with them, we provide the
monodromy representation of Fy(a,b,c) and the twisted period relations for the fun-
damental systems of solutions of Fy.

1. Introduction

Appell’s hypergeometric series Fy(a,b,c;x) of variables x = (z1,x2) with complex parameters
a,b,c = (c1,c2) is defined by

b
Fy(a,b,c;x) = Y (@ )by £72) e

x Y
(n1 n2)€N2 (Cl’nl)(027n2)(]—gnl)(l,TLQ) 1 2

where ¢1,¢0 ¢ —-N={0,-1,—-2,...}and (c1,n1) =c1(c1+1)---(c1+n—1)=T'(c1+n1) /T (c1)-
This series converges in the set

D:{$€C2’\/‘$1’+ ‘$2’<1},

satisfies

Fy(a,b,c;x) = Fy(b,a,c;x),
and admits the integral representations (2.3), (2.4), and (2.5). The system Fy(a, b, ¢) of differential
equations annihilating Appell’s hypergeometric series Fy(a, b, c; x) is a holonomic system of rank
4 with the singular locus S given in (2.1). A fundamental system of solutions of Fy(a,b,c) in a
simply connected domain U in D — S is expressed in terms of Appell’s hypergeometric series Fy
with different parameters; see (2.2) for their explicit forms.

In this paper, we find the twisted cycles associated with the integrand in (2.3) which cor-
respond to the solutions (2.2). We evaluate the intersection numbers of several twisted cycles.
By using the intersection numbers, as in [M13] and [MY14], we provide the monodromy repre-
sentation of Fy(a,b, c); see Theorem 4.1. We provide a basis for the twisted cohomology group
associated with the integrand in (2.3), and evaluate the intersection matrix for this basis; see
Theorem 5.1. By the compatibility of the parings of twisted (co)homology groups, we have the
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identity (6.1) for the intersection matrices and the period matrices for our bases of twisted
(co)homology groups; for details, refer to Theorem 6.1. This identity implies twisted period rela-
tions, which are quadratic relations between a fundamental system of solutions of F4 and those
of F, with different parameters. We present some examples in Corollary 6.1.

There have been several studies of monodromy representations of the system Fy(a, b, ¢) under
the condition

€1, €2, @, a—cC1, a—C2, a—c1—C2, b, b—c1, b—co, b—c1 —c2 € 7Z;

see [HUO08], [Kan81], and [T80]. It is determined in [Kat94] that representation matrices are valid
even when cj, ¢y are positive integers, and that the system Fy(a,b,c) is irreducible if and only
if ¢1,¢0 ¢ Z are removed from the above. Our expression of the monodromy representation is
independent of the choice of fundamental systems of solutions of Fy(a, b, c), and it is valid even
in the case c1,co € Z. We represent circuit transforms as matrices by assigning fundamental
systems of solutions of Fy(a,b, c); see Corollary 4.1 and Remark 4.4.

Twisted period relations for Lauricella’s system Fp and Appell’s system Fa, F3 are studied in
[CM95] and [M98]. We can obtain an explicit form of that for F4 by evaluating the intersection
matrix for the basis of the twisted cohomology group. We show that the intersection matrix
H of twisted cycles corresponding to the fundamental system of solutions of Fy(a,b,c) in U is
diagonal. This fact is a key to obtaining several simple formulas for Fy(a, b, ¢; x) that arise from
the identity (6.1). There is another application of the intersection form of twisted cohomology
groups; we have a Pfaffian system of Fy(a,b, c) using it as in [M1x]. For this, we refer the reader
to the forthcoming paper [GKM1x].

Appell’s system Fy(a, b, ¢) is generalized to Lauricella’s system F¢(a, b, ¢) of rank 2™ with m-
variables. A fundamental system of solutions of F¢(a, b, ¢) near the origin is expressed in terms of
Lauricella’s hypergeometric series Fg(a, b, ¢;x). Their integral representations have been given
in [G13]; here, 2™ twisted cycles corresponding to them are constructed and the intersection
numbers of these twisted cycles are evaluated. These results together with some intersection
numbers of twisted closed m-forms imply that there are twisted period relations for the funda-
mental systems of F¢. Similar results for Lauricella’s system F4(a, b, c) have been obtained in

[G1x].

2. Appell’s system Fy(a,b,c)

In this section, we collect some facts about Appell’s system Fy(a,b,c) of hypergeometric differ-
ential equations annihilating Fy(a, b, c; ).
Let 0; (i = 1, 2) be the partial differential operator with respect to x;. The function Fy(a, b, ¢; )
satisfies differential equations
[xl(l — 11)0f — 2505 — 231290102 + {e1 — (a + b+ V)21}01 — (a + b+ 1)z202 — ab} f(z) =0,
|:IE2(]_ — 29)03 — 2307 — 221290109 + {c2 — (a + b+ 1)x9} 0o — (@ + b+ 1)210; — ab} f(z)=0.

The system generated by them is called Appell’s hypergeometric system Fy(a, b, ¢) of differential
equations. Though the function Fy(a,b,c;z) is not defined for the case ¢1,co € —N, the system
Fy(a, b, c) is defined in this case, and it is a holonomic system of rank 4 with the singular locus

S = {(x1,223) € C? | ;1xoR(z) =0} U Loy, R(x) =22 + 235 — 20100 — 201 — 209+ 1, (2.1)
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where L, is the line at infinity in the projective plane P2. We set X = P2 — S. We denote by
Fy(a,b, c; U) the vector space of solutions of Fy(a, b, ¢) in a simply connected domain U C X ND.

If ¢1,¢c0 ¢ Z, then Fy(a,b, c;U) is spanned by
Fy(a,b,c;z), (2.2)
el Fy(a+1—c,b4+1—¢1,2 —cp, e ),
xy 2Fy(a+1—co,b4+1—co 1,2 — cos ),
:L"%*clx;”le(a +2—c1—c,b+2—c1 — 2,2 —c1,2 — o3 1).
Note that xi_cl and xé_cz are single-valued holomorphic functions in U.

For sufficiently small positive real numbers z; and za, Fy(a,b,c;x) admits the following
integral representations:

Gl/ £y 2 (1—ty — ) Te2m02(1 = TL _ Z2ybayy A gy, (2.3)
Ay ty 1o
C1,C2,a —C1 — C2 ¢ Z)
GQ/ £ 2 (1t — ) Te2m02(1 = ZL 22y bay, A gy, (2.4)
VIR tr o ta
Re(cp —a) <1, Re(ca —a) < 1,
Gg/ tclb_ltg_l(l—tl+t1t21‘2)cl_a_1(1—t2+t1t2$1)c2_b_1dt1 A dta, (2.5)
D
Re(c1) > Re(a) > 0, Re(cz) > Re(b) > 0.
Here
G I'(l—a)
YT T =1 =) (ci+ca—a—1)
G — I'(ci)(c2)'(a—c1—ca+2)
2 (2my/=1)2T(a) ’
Gy = I'(c1)I (e2)

I'(a)T(b)T(c1 —a)l(ca —b)’
Ay is the formal sum
(O1 x1I1) N (O2 x1Ia) N (O3 x1I3)

L=yt 1=t 1—mpa!

(O1 x O2) (02 x O3) n (O3 x O1)

Q-7 H1=%" (A-%mH0-mrea) (T-mpra)1-yn"’

of 2-dimensional real surfaces, A and its boundary components I; (i = 1,2, 3) are given in Figure
1, O; (i =1,2) is a positively oriented circle in the t;-space starting from the projection of I; to
this space and surrounding the divisors ¢; = 0, and Q(t,z) = tite — t1xe — tox; = 0 for t € I;,
O3 is a positively oriented circle with a small radius in the orthogonal complement of the divisor

L(t) = 1—t1 —to = 0 starting from the projection of I3 to this space and surrounding the divisor,
_ 2w/ —1a _ 2w/ —1b . 2m—1e; (5 1.2
a=e€ 7B_e y Vi =€ (Z_ 7)>

ﬁRi:{(\/?lv \/‘?2)"_(81782)\/_71‘ 81, 52 GR} C(C2v (\/x»lv \/'T»?) €A,

and D is the bounded connected component of

A=A+

{(tl,tQ) S RQ | t1,ta, 11—t + ti1toxo, 11—ty + titoxy > 0};
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see Figure 1. The argument of each factor of the integrand of (2.3) at any point t = (t1,t2) €
A is 0, that of (2.3) at the starting point of the circle O; (i = 1,2,3) is 0, that of (2.4) at
(t1,t2) = (&1, /Z2) is 0, and that of (2.5) at any point ¢t = (t1,t2) € D is 0. For these integral
representations of Fy(a,b, c; z), we refer the reader to [AoKill], [012], and [Chab4].

[2)

(0,1

FIGURE 1. Domains of the integrals

For x € U, we set
fi(z) = / (1 =ty — )1 T2 (1 — % - ?)_bdtl Adty, (i=1,...,5), (2.6)
A 1 2

where As, Az, and As are given in Figure 2, and Ay is the image of A; under the involution

1 I9
(2N (t]_,tQ) —> (E7 g),

on

C2 = {(t1,t2) € C? | tyto(1 — t1 — to)(tity — tixo — toxy) # 0}.

The conditions for their convergence are as follows.

fi cl,e,a—c1—c ¢z
fa|Re(b—c1+1),Re(ci +c2—a—1),Re(1 —b),Re(a —c1+1) >0
fa|Re(b—ca+1),Re(ci1 +c2—a—1),Re(1 —b),Re(a —c2+1) >0
Ja c,eb—c - ¢

f5 Re(c1 +c2—a—1),Re(1-0) >0

TABLE 1. Convergence conditions
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The arguments of the factors of the integrand
tltp |1t —tp 1222
A t1  to
Ay | 0| O - -7
A3 | 0|0 -7 -7
A5 1 0|0 0 0
Afi
ty
FI1GURE 2. Domains of integrals
LEMMA 2.1. We have
I'l—c)I'(1—co)l —a—1
hz) = oo Ffi)— Etc)l e )F4(a, b, c1, c2;2),
fa() I'la+1—c))l'b+1—c)I'(1—=b)I'(c1+co—a—1)
xr) =
? (2 —c1)l(e2)
><efﬂ-\/jl(cﬂr@iafb)x%_clfh(a +1—c1,b0+1—1c1,2—cq,co; x),
f(2) 'la+1—c)l'(b+1—co)l'(1=0)I(c1 +c2—a—1)
€Tr) =
’ I(en) (2= ca)
><e"r‘E(C”CT“_b)w;c?Fz;(a +1—co,b+1—co,c1,2—co;2),
F(Cl - I)F(CQ - 1)F(1 - b) 1— 1—
fa(z) = (e +es—b—1) Ty 011‘2 C2F4(a+2_01—02,b+2—C1—C2, 2—c1,2—co; 1).

Proof. Note that the first equality is nothing but the integral representation (2.3). We will show
the last equality. The transformation 2 satisfies + = +~!, and it implies

o o x x —a—
frmalmoag [ g T By )
Ay i1 to

_ _ F(Cl — 1)F(C2 — 1)F(1 — b)
1—c 1
= glmegl-e Tl T ey b 1) Fy(b4+2—c1—co,a+2—c1—c2,2—c1,2—co; 7).

To obtain the second equality, we use an orientation-reversing transformation

1
(s1,82) ¥ (t1,t2) = (2151, 5),
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which sends the domain D to Ay. This transformation leads to

1—c —c1 ca—2 1 c1tco—a—2 1 —b
fo=—x; l/ 5] sy’ (1—x131——) (1———82@) dsi N dss
-D S9 S1

= x%_cl/ sl{_clsg’_cl(32—3313132—1)61%?“*2(31—1 — 295159) Cdsy A dsy
D

_ _—7m/—1(c1+ca—a—b) 1—c1 F(b +1-— 61>F(a’ +1- Cl)F(l — b)F<Cl +c2—a— 1)
=e xq
I'2—c1)I(c2)
XFy(b+1—c1,a+1—c1,2—c1,c0; )

by (2.5). We can obtain the third equality in a similar way. O

3. Twisted homology group

Below, we will regard the parameters a, b, ¢1, and ¢z as indeterminants, and we will assume that
a, a—cy, a—cy, a—cy—cg, by b—cy, b—co, b—c1 —ca, 1, c2 & Z, (3.1)
when we assign them to complex numbers. Set
AM=b—c1+1, A=b—c+1, Ig=cr+cx—a—1, M =-D,

and let C(u) be the rational function field of g = eV , 4 = 2™V =1 gyer C.
We define a subset X in (P! x P!) x P2 by

X={(t,x) € C?x X | t1to L()Q(t,x) # 0}, L(t) =1—t1 —ta, Q(t,x) = t1ty — tox) — t1 0.
There is a natural projection
pr:X> (t,z) » x € X;
note that C2 = pr—1(z) for a fixed x € X. Let
w=ult,x) = PELONQ( )M = e pataalg 5

be a function of (¢, ) in a simply connected neighborhood of (£,4) = $(v/2,v/2,1,1) € X. Along
any path in X starting with (f,#), we can make the analytic continuation of u. Though this
continuation depends on the path, it is single valued and holomorphic around the end point of
the path.

Let o be a k-chain in C2 for a fixed x € X. We define a twisted k-chain o by o loading a
branch of u on it. We denote the C(u)-vector space of finite sums of twisted k-chains by C(C2,u).
We define the boundary operator 9% : Cy(C2,u) — Ci_1(C2,u) by

o 9(o) o) |

where 0 is the usual boundary operator and u|y(,) is the restriction of u to 9(c). We have a
complex

Co(C2u) - L 0@ u) B oy (@2 u) L
and its k-th homology group Hy(Ce(C2,u)). Similarly we have a complex clf (C2,u) of locally

finite sums of twisted chains and its k-th homology group H, k(Cif (C2,u)). It is shown in [AoKill]
that

. 4 if k=2,
Hi(Ca(C2, ) = Hi(CY (€2, ), dlmwﬂk(cx«:ﬁ,u)):{ 1

0 otherwise,
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for any fixed z € X. Thus we have a map
reg : Ha(CY(C2 1)) — Hy(Co(C2,u)),
which is the inverse of the natural map Hz(Ce(C2,u)) — Hg(Cﬁf(C?E, u)).

We regard the integral (2.6) as the pairing between the form
) to ) _ dt1 A dtsy
L(t) L(t) tita L(1)
and A; loaded with a branch of u, which represents an element of Hj (Cﬁf (C2 ) (i=1,...,5).
The images of the element above under the map reg will be denoted by A% € Hs(Co(C2, )) for
i=1,...,5.

By considering 1/u instead of u, we have Hz(Co(C2,1/u)) and its elements Al/u .,Aé/u.
There is the intersection pairing Zj, between Hy(Ce(C2,u)) and Ha(Co(C2,1/u)). It is defined as
follows. Let A% and A" be elements of Ha(Ce(C2,u)) and Hy(Ce(C2, 1/u)) given by

wi Al/u s 21 s ’
=S"aDy, AV =N"diD)M, did; e Clu),

iel jeJ

dlog( /\dlg(

where D" denotes a singular 2-simplex D; loaded with a branch u; of u. Then their intersection
number is
ui(p)

uj(p)’

where (D,-~Dj)p is the topological intersection number of 2-chains D; and ljj at p. The intersection

from 7y, is bilinear. Since
1 vyl ui Y v AU
AV = E a;/D;/™, A% = E deJ7

Th(AY, AV = N > didi(Ds - Dy),

zEI,jGJPGD ﬂD

icl jed
for the above A" and Al/“, we have
Tn (A%, AV = T, (A%, AV, (3.2)
where z(p1, ..., pa)Y = 2(1/p1, ., 1/ pa) for z(pa, .. ., pa) € C(p).
LeMMA 3.1. The intersection numbers Iy (AY, A41/u) (i=1,...,4) are
Ty (A Ay = L= ) Giapa)(ps) (1 =)y
bt (1= papa)(1 = popa)(1 = pi3) (@ =m72)(1 =)L —12)’
T (AL AL = (1 — papa) (X — pa(papspa)™) aBy(l — 7)1 —12)
2 (L=p) (1= pa) (A= p3) (L= (papszpea) 71)  (@=m)(@=m172)(B—71)(1-B)’
To(AL AV — (1 — popa) (1 — pa(papapa) ™) aBy2(1 — 7)1 —12)
> (1—p2)(1—pa)(1— 3)( —(pmpspa)™t)  (a—e)(@=—m172)(1-8)(B—2)’
Tp(AY, AV = 1 — (papa) " (p2pa) ™" (1a) _ —(B—1172)

(U= (papa) (A = (p2pa) (A —pa) (1= B)(1 —71)(1—2)

Proof. To compute Zp (A}, A /u) we have only to follow EXAMPLE 3.1 in Section 3 of Chapter
VIII of [Y97], by considering the contribution of the divisor Q(¢,z) = 0. By using the involution
1, we can evaluate Zp(AY, Al/u) For the rest, transform A; (i = 2,3) to the domain D in the
expression (2.5) as in the proof of Lemma 2.1; regard it as a quadrilateral and apply EXAMPLE
3.2 in Section 3 of Chapter VIII of [Y97]. O
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For a small simply connected neighborhood U of &, we have a family
U Ha2(Ca(CF ),
zelU

which can be naturally identified with F4(a,b, c; U) by (2.6). Since a path p, in X connecting &
and x defines the isomorphism

(pz)« + H2(Ca(CF, ) — H2(Ca(C3, w)),

we have a local system

= |J Ha(Cu(CE )

zeX
over X. Its stalk over x is denoted by Ha(Ce(C2, u)).
Similarly, we have a local system
= U m:(C(CE, 1/w)
rzeX
over X with respect to 1/u. The local triviality of these local systems Ha(X) and Hy (X) imply
the following.

PROPOSITION 3.1. The intersection number is invariant under the deformation, that is,
Ti((p2)«(A"), (p2)«(AV™)) = Ty(A", AV
for any A" € Hy(Co(C2,u)), AV* € Hy(Co(C2,1/u)), and any path p, in X connecting & and .

4. Monodromy representation

A loop p in X with base point & induces a linear transformation of the stalk Hz(Co(C3,u)) of
H2(X) over &. By this correspondence, we have a homomorphism

M:m(X, 1) — GL(H2(CO((C2>U)))5

which is called the monodromy representation of the local system Ha2(X). Note that we can
regard it as the monodromy representation of the system Fy(a,b,c) by the identification of
Fi(a,b,c;U) for a small neighborhood U of & with (J,c;; H2(Ce(C2,u)). It is shown in [Kan81]
that the fundamental group (X, %) is generated by three loops p; : [0,1] = X (i = 1,2,3),

pltm(ew(%m 1>,

8 '8
El exp zwr9)>

Y

p3 0 — ) 3

Note that the loop p; (i = 1,2) turns the divisor z; = 0 positively, and ps turns the divisor
R(z) = 0 positively. We put M; = M(p;) (i = 1,2,3).

— exp( 27r\/79) 2 — exp(27r\/—719)> '

PROPOSITION 4.1. The elements AY,..., AY span H2(Ce(C2,u)). With respect to the basis
by, ... AY), My and Ms are represented by matrices

diag(1,7;',1,7") and diag(1,1,75",% "),
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respectively, where diag(z1, ..., z,) denotes the diagonal matrix with diagonal entries z1, ..., zp.

Proof. Recall that the solutions f; are defined by the integrals over A; in (2.6), and that they
admit local expressions as in Lemma 2.1. We have

F(p1)«(AY), ..., (p1)(AY)) = diag(1,77 1, 1,47 1) T (AY, ..., AY),

F((p2)+ (A1), -, (p2)«(AY)) = diag(1, 1,95 25 1) P (4T, AY),
since the local behavior of f; is same to that of A;. O

LEMMA 4.1. Ifi # j (1<1i,j <4) then
T, (AL, AY") = 0.
1/u

The intersection matrix H = (Zh(Ay, A )
J 1<i,j<4

Lemma 3.1.

is a diagonal matrix with entries as given in

Proof. By Propositions 3.1 and 4.1, we have

T (A%, A" = Ty ((p1)«(AL), (p1)(AY") = T3y T A%, AVY) = 47 T, (AY, AV

for ¢ = 2,4 and j = 1,3. Since ;1 # 1, Ih(Ag,Ajl-/u) = 0 for i = 2,4 and j = 1,3. By

(3.2), we have Ih(A};‘,Ajl»/u) =0 for i = 1,3 and j = 2,4. To show Zh(A”;,Ajl./u) = 0 for

(1,7) = (1,3),(2,4),(3,1), (4,2), use the map (p2). O

REMARK 4.1. The eigenspace V{* of M with eigenvalue 1 is spanned by A} and AY. The
eigenspace of My with eigenvalue 1/~ is characterized by

{A" € Hy(Co(C2, 1)) | Tn(A™, AY™) = T, (A¥, AY™) = 0}.

The eigenspace V' of My with eigenvalue 1 is spanned by A} and AY. The eigenspace of My
with eigenvalue 1/~9 is characterized by

{A" € Hy(Co(C2, 1)) | Tn(A™, AV™) = T, (A¥, AY™) = 0}.

Note that the linear transformation M; (i = 1,2) is determined by the subspace V", the eigen-
value 1/v; and the intersection form Zj, under the condition ¢; ¢ 7Z when we assign complex
values to the parameters.

We characterize the linear transformation M3 by determining its eigenvalues and eigenspaces.
The following is the key lemma of this section.

LEMMA 4.2. We have

M3(Ay) = —pgpa Ay = _% 5, Ms(AY) =A"

for any A% € (AY™) = {AY € Hy(Co(C2,u)) | Tn(AY, AY™) = 0}.
Proof. We express As in terms of the coordinates s = (s1,52) = (t1/x1,t2/x2). Since L(t) and
Q(t, ) are expressed as

1 —s1z1 — sow2, z122(8152 — $1 — S2),
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in terms of these coordinates, we set
L(s,z) =1—s1z1 — sax2, Q(s) = s182 — $1 — So.
The intersection points P; and P of the curves defined by L(s,z) =0 and Q(s) =0 are

<1+33‘1—332+\/R(l‘) 1—z14a2— R(JU)) <1+$1—$2—\/R($) 1—$1+$2+\/R(x)>.

2.T1 2%2 21‘1 21‘2

Note that R(z) = 1 — 4x; for z = (z1,21) € p3. When 1 = z2 = 1/4, R(x) vanishes and
Q(s) = 0 is tangent to L(s,x) = 0. For & = (1/8,1/8), we regard Aj; as

U ),

yel(@1)
where [(#1) is the segment connecting 1/4 and @7 = 1/8, and £(y) is the segment connecting the
intersection points of L(s,z) =0 and Q(s) = 0 for x = (y,y) with y € l(41); see Figure 3. For a
fixed x = (z1,21) in the loop ps, the segment [(z) is expressed as

@)
1 L1 4 Ui
by a parameter ¢; € [0,1]. For an element y = 1/4 + (x; — 1/4)q1 € l(z1), the segment ¢(y) is

expressed as

Pi(y) + (P2(y) — P1(y))ae,

by a parameter ga € [0, 1], where Pi(y) and P»(y) are the intersection points P; and P, for
x = (y,y). Hence Ajs is expressed by (q1,¢2) € [0,1] x [0,1] as

(51, 8) = (2(1 + (1 =2¢2)v/ (1 —421)q1) 2(1 — (1 —2¢2)\/(1 - 4901)Q1)> (4.1)

1-— (1 — 4.%1)(]1 ’ 1-— (1 — 4.%'1)(]1

for a fixed = (z1, 1) in the loop ps.

By the continuation of y/1 —4x; along the loop p3, its sign changes. We regard this sign
change in the deformation of Ay along ps as a bijection of As with the reversing orientation
given by

r:[0,1] x [0,1] 3 (¢1,92) — (q1,1 — q2) € [0,1] x [0, 1].

We deform the pull-backs of s1, sa, L(s,z), and Q(s) to [0,1] x [0,1] by (4.1) along p3 and
apply r to them. It is easy to see that those of s; and ss are invariant under the deformation
and the action. Since those of L(s,z) and Q(s) are expressed as

(1 — ql)(l - 4$1) 1GQ1QQ(1 - QQ)(l - 41‘1)

1-— (1 —41}1)ql ’ (1—(]1(1—4331))2
their arguments increase by 27 under the deformation, and they are invariant under r. Thus
the pull-back of 511532 L(s, z)*Q(s)™ to [0,1] x [0,1] by (4.1) is multiplied by ugus under the
deformation along p3 and the action r. By considering the orientation of As, we have

M3(A5) = —psps Ay,

It is easy to see by Figure 3 that three chambers
Ag = {(s1,82) €R? | 51,89 < 0},
A7 = {(s1,52) €R? | 51,Q(s) > 0,59 < 0},
Ag = {(s1,52) € R? | 59,Q(s) > 0,51 <0}

10
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are invariant under the deformation along p3. Thus the elements A (i = 6,7, 8) of Ha(Ce(C2,u))
corresponding to A; are eigenvectors of Mg with eigenvalue 1. Since they do not intersect As
topologically, they belong to (Aé/ “)+. To show that they are linearly independent, we compute
the intersection numbers

Hij =T, (A%, AY") (6<i,j<8):

1 1 1
Hge =1+ + +
o po—1  pr—1 p2—1

p12 — 1 po1 — 1 o2 — 1
s =00 =D = 1)  (aora — Do — D —1)  (ions — D)o — 1)z — 1))

P S
67 — — )
py—1 p12a — 1 pora — 1

H 1 (1—!— L + L )
68 — — )
po —1 p124 — 1 pp2g — 1

1 1 p1a — 1 pig — 1
Hi7 =1+ + + + y
pr—1  pa—1 " (pr2a — 1)1 — D(pa — 1) (po1a — 1)(p1 — 1)(pa — 1)
Hpg — — M4
(pa — 1) (pa24 — 1)
1 1 -1 -1
Hgs = 1+ Ha4 a4

io—1 " pa=1 " Grize— D(uz = D(pa— 1) (toa — Dz — Vg — 1)
and Hj; :Hi\; for 6 <i < j <8, where
1
Mo = m =&, Mg = Hilkj, Mgk = Hillj k-

Since
B2 (o — v172)% (B + 7172)

det(Hij)e<i,j<s = ,
R (@ =)o = 71)( = 72)(B = 1)?(B = 71)(B = 72)(B = 1172)
if a8 +1y2 # 0 when we assign complex values to the parameters, then they span the eigenspace
of M3 with eigenvalue 1 and the space (Aé/u)l. O
To represent M3 by a matrix, we express Ag by a linear combination of AY,..., A}.

LEMMA 4.3. We have

Ty(An, Ay = L= ) apa) () —(1—a)m7e

PETT (U— p) (U= i) (U= i) (=) (1= 1) (1= 72)
u Aljuy u Aljuy H3 4 B —Y1Y2

Tl A0 = Bl 440 = T i) T e ) = )

Tp(AY, AV — L — (papua) ™ (pzpra) =t (p1a) =B =mn)

(1= (papa) ™) (L = (popa) (L = pg) (L= B)(L—=71)(1 —72)
The twisted cycle AY is expressed as

u 72(04 - 71)(6 - ’71) AU ’71(05 - 72)(/3 - '72)
PoaBl—m)(1—v2) aB(l—m)(1— )

5 + AL

this leads to

w Al/u 1+ pspug —(aB + 772
Ih( 57A5/ ): = ( )

(I —p3)(I—pa)  (a—my2)(1-5)

11
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59

AS 8—1/1‘1

- 1/y 1/1 5\51

Ag

A

FiGURE 3. Cycles As, ..., Ag

Proof. By the results in Section 3.4 of Chapter VIII of [Y97], we can compute the intersection

numbers Zj, (A¥, Ai/u) for i = 2,3. Among the components of Ay, only A intersects with /—1R2
at (\/x1,/T2). Since their topological intersection number at this point is —1, we have

T2 1/ u (1 =) =)@ —772) ,1/u
<\/71Rx) a (I —a)nye A

u —(1 =
by (2.4). This implies that Z,(A¥, A}/") = (a— 717(2)(1 g);Y11)7(21 —72) We can evaluate the

intersection number Zj (A¥, A}l/ “) in a similar way. Lemma 4.1 together with Lemma 3.1 imply
the expression of A¥ as a linear combination of A} (i =1,...,4). O

REMARK 4.2. (i) The eigenspace of Mgy with eigenvalue 1 is characterized by AY and the
intersection form 7,

(ii) If aB + y172 = 0, then Ih(Ag,Al/u) = 0. In this case, the 3-dimensional space (A;/U)L
contains the cycle AY and coincides with the eigenspace of M3 with eigenvalue 1. Since
Hj(Co(C2,u)) is not spanned by eigenvectors of M3, its representation is not diagonalizable.

PROPOSITION 4.2. With respect to the basis '(AY, AY, AY, AY}), M3 is represented by the matrix

H'ejes (B —=1)(a—1112)
id, — (1 11y %% g,
idg = (1 +mvy2a™ B )e5Hteg idy of

where idy4 is the unit matrix of size 4, and

o — (1 (=B -=n)  nla—)B-1) 1)
Cafrm-1)mnm-1)" afle-m-1)"")’

oV — (1 C(la=7m)B=m)  (a—7)(B—2) 1>

i T =102 —=1)7 ven—-1e-1"")"

H'eles,

corresponding to Af and Aé/ “ by the expression in Lemma 4.3.

12
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Proof. We set M = idy — (1 + 1720~ 1871 H te¥(e5H tey)~Les. Since
Tn (A% AV = (dy,... dy)H ‘e,

for A" = (dy,...,dys) "(AY}, AY, AY, AY), we have

esM =e5 — (1+ 71’}’204—15_1)651{ 1te}f(e5H teg)_l% = _Llfﬁm es,
(6
(dla"'7d4)M - (dl,. ..,d4),

for (di,...,dy) satisfying (dq,...,ds)H ‘ef = 0. Thus the eigenvalues of M are —vy17y2/(a3)
and 1, e5 is an eigenvector with eigenvalue —v;7y2/(af), and the eigenspace with eigenvalue
1 is characterized by the equality (di,...,ds)H 'ey = 0. Since e; corresponds to As and
(di,...,ds)H te¥ = T, (A", Aé/u) for A" = d1 A} + - - - + dy A}, the linear transformation repre-
1+yya 870 (B—1)(a—m72)
esH tey N af
by Lemma 4.3. The representation matrix of M3 on the right-hand side is valid even in the case
aff + 172 = 0. O

sented by M coincides with M3 by Lemma 4.2. Note that

Note that M1, My, and Mg are represented by the matrices in Propositions 4.1 and 4.2
with respect to the basis f(AY, AY, AY, AY). However, this basis degenerates when we assign
an integer to ¢; (i = 1,2). For example, if ¢; = 1, then 3 = 1 and M, is represented by the
unit matrix; we see that this expression is not valid in this case. Hence we give expressions of
M1, My, and M3 in terms of the intersection form Z;, which are independent of the choice of
a basis of Hy(Ce(C%,u)) and are valid even for integer values of ¢y, co. As we have mentioned in
Remarks 4.1 and 4.2, M; are determined by the eigenspaces V}“, V3", the eigenvector Ag, and
the intersection form Zj,. We take a basis of H2(Ce(C2,u)) consisting of bases of these subspaces.
We set

Aqf234:t(A1f7 g? g’ Z):Pt( qfv 12La gaAg)7

where

aB(l—y1)(1 — ) 0 0

(1—=a)(l = B)nre
—af(l—12) 7 0 0

P=1 1-a)1-8) 1-m
—af(l — 1) 0 2,
(1-a)1-=B8m L—m

0 0 0 1

LEMMA 4.4. The integrals
fo = [ ultzer (=123
A;

are well defined even in the case c1,co € Z when we assign complex values to the parameters.

13
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Proof. By Lemma 2.1, we have

" I'(a+n1+n2)l(b+ny + n9) n
G Ml
P =6 X o) Plea + ) PO+ ) O 7)) %2
F(a+1—01+n1+n2) (b+1—61+n1+n2) ni+l—ci, .n
s 1 Lph2,
fa(@) = Gy Y T2 e+ n)l(cz o)LL+ n) (1 +ng) ! "

)T

'la+1—co4+ni+n)l'(b+1—co+ny1+na) , notl—c
) =G M g2 2,

o) 4; T(er +n) 2 —ca + o) (L - ny)D(1+mg) *1 "2

€Nz
fala) = Gag 2 (ale) = ),
o) = Gag 2 (fa(w) = i),

where Gy = I'(1 — b)I'(¢1 + ¢ — a — 1)em™V - Hatb=c1=¢2) Tt ig clear that fi(z) is well defined for
c1,cy € Z. We claim that

B~ @)

c1—m Cc1 —

converges to a nonzero function for any m € Z. Let m be a fixed integer, and put ¢; = m — ¢.

Then fo(x)/Gy is

Z IF'(a+n]+ng+e)l'(b+n) +ny+e¢) i mo
, I(1+n)+¢e)(c2+n2) (0} +m)[(1+ng) t 20
ny=2l-m

n2 >0

where nf =nj; +1—m. If m > 2, then we have

1
lim———— =0
e50 I'l+n}+e¢)
for 1—m < nj <0.If m <0, then the terms 1/I'(c1 +n1) (0 < n1 < —m) in the series expressing
fi(x) converge to 0 as ¢; — m. Thus fo(z) converges to fi(x) with ¢; = m as € — 0. Since the

poles of the I'-function are simple, we have this claim. Similarly we can show that fg(m) is well

defined for ¢1, ¢y € Z. ]
The intersection matrix H = ( n(AY, Al/ “)) is given by
1<i,j<4
—af(l—y1)(1—72) —af(1-y2) —af(l-71) —af
(1—a)(a=v172)(1-p5)? (1—a)(a—7172)(1-B)? (1—a)(—7172)(1-B)? (a—7172)(1-B)
afyi(1—2) aB(aB—y1)vi(1—=72) afyi 0
(I—a)(a=717v2)(1-8)2 (1—a)(a—y1)(a—7172)(1-6)2(8—71) (1—a)(a=y172)(1-5)2
afB(1—v1)v2 aBys afB(af—y2)(1—=71)v2 0
(1—a)(a—v172)(1-p)? (1—a)(a—7172)(B—1)? (I—a)(a—v2)(a=7172)(B—1)%(B—72)
Y172 0 0 —(aB4+7172)

(a=7172)(1-5) (a=7172)(1-8)

and its determinant is
a3B3(8 — mv2)is
(1 —a)(a—7)(a—y2)(a—=7172)3(1 = B)>(B —7)(B —2)

Let His (vesp. Hi3) be the submatrix of H made by entries (1,1), (1,2), (2,1), and (2,2) (resp.
(1,1), (1,3), (3,1), and (3,3)).

14
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THEOREM 4.1. The linear transformations M; = M(p;) (i = 1,2,3) of Ha(Ce(C2%,u)) are ex-
pressed as

u_i u _i u pl/u u Hp1l/u 7 y—1 A11L
Mi(A") = Z A%+ (1= ) (T4 A1), Za(A" 43 () (G )

uii u _i u Hl/u u pl/u 7 \—1 AIIL
Ma(A%) = A%+ (1= ) (T4 A7), T(A", 45 () (G )

Y172 Ih(Auv Aé/u) u_ AU (5 - 1)(04 - ’71'72)1-}1(Au Aé/“)Ag

Ms(A%) = A — (1 + _
’ af 1, (Av, A7 af

Proof. By Proposition 4.1 and Lemma 4.1, the eigenspace of M; with eigenvalue 1 is spanned
by A} and A¥, and that with ~; s its orthogonal complement

{A% € Hy(Ca(C2,u)) | Tn(AY, AY™) = Ty (AY, AY™) = 0}.
The elements Alf and Aé‘ belong to the eigenspace of M; with eigenvalue 1, and they are linearly
independent. Set
1 1 “1/u w Al a g [AY
MY(AY) = =A% 4 (1= =) (Tu(A", A1), Tu(A", A1) ) (Frig) ™! <;> .
71 g4t Ag
We can easily check that
Av i AY =AY (i=1,3),

/ u\ __ R .
MUAT =0 L a5 7,040, AV = 7,40, A1 — o,
4!
by the property
(1,0) if A% = AY
(zh(m,A}/“),Ihmu,A;/“)) (3t ={ (0,1) if A*= Ay,
(0,0) if T(AY, AY") = T,,(Av, AY") = 0.

Since the eigenvalues and eigenspaces of M coincide with those of M/, we have M; = M}. We
obtain the expression of My in a similar way. Set

Y1Y2 )Ih(A“7 Aé/u)

My(AY) = A® — (1 + .
aB ", (A, AL

AL,

By the property
T,(An, A7) [ 1 it Av= Ay,
0 if Ave (AV™)4,
we see that

Av i Ave (AYM)L

which shows M3z = M4 by Lemma 4.2. The second expression of M3 is obtained by the equality

I, (Av AV = _—@Btmy) g 43. O
WA A5 = (1 gy [ Lemma 43

15
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REMARK 4.3. (i) We note that when we assign integers to c¢1 and cp, although AY, Ay, and
AY are linearly dependent, A Ag, and A remain linearly independent.

(ii) Since we have

(Flyp)~L = (@ =m72)(1—-F) ( (af —y)n (@ =7)(B=m) >
2 Bl —m) \—(a—m)B-m)n —(@—m)B-1)1-mn)
(Fig)~1 = (0 = mv2)(1 = B) ( (af —v2)72 (@ —72)(8 —72) )

° aB(l—y1)vs —(a=7)(B="2)re —(a—2)(B—2)1—"2)

the factors 1 — 1 and 1 — 79 are canceled in the expression of M1 and Msy. Theorem 4.1 is

1
valid even in the case c1,co,a +b—c1 — cy — 5 € 7Z when we assign complex values to the

parameters.

COROLLARY 4.1. The linear transformations M; (i =

1,2,3) are represented by matrices M;
with respect to the basis Alyq, = T(AY,..., AY}) as M; (Aqf 4) =

M;AY,,, where

1 0 0 0
R R J 0 0
- - t —1(€1) _ 1
M, = 711d4—|-(1 Wl)H( €1, 63)(H13) <€3> = 0 0 1 0 ,
aB—y (a=72)(B—72) 1
af afy2 7
1 0 0 O
- 1. 1. - ‘ ~ 1 (el 0 1 0 O
M2—721d4+(1—72)H( e1, ‘e2)(Hi2) <€2 = 1 0 712 B
af—y  (a=y1)(B—m) o L
af afyi V2
1 0 0 -1
. Y172 H €q€eq 01 0 0
M3 =idy — (1 + —=
3 1d4 ( + Oé/B )€4Ht64 0 0 1 0 )
0 0 O ;%72

and e; is the i-th unit row vector of Z.*.

Proof. The matrix M3 is obtained in the same way as in the proof of Proposition 4.2. By the
expression of M7 in Theorem 4.1, we give its representation matrix with respect to the basis

Tn(AY, Al/“) (dv,...,d)H'e; (i=1,...,4)

we have

Note that

Aqf o €1 o
A?,‘ - es 1234~

Thus we have

u pl/u u pl/u T\ Au 2 r \—1 (€ AU
(Ih(A LA, Ty (A%, A )) (Hyz)™! <Ai) = (dy,...,ds)H("e1, "es)(His)™" (ei) 12345
3
which implies that M is the representation matrix of M. We obtain the matrix M5 in a similar
way. O
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REMARK 4.4. With respect to the basis P’ '(AY, AY, AY, AY) of Ho(Ce(C2,u)) for

aB(1=71)(1—72)

(=) (1B 0 0 0
—af(1—"2) " 0 0
P = (1—=a)(1=B)y2 I-m
—af(1—1) 0 V2 0 ’
(1-a)(1-8)m 1—m
af —Y172 —M172 aBy1y2

(I—a)(1-58)  (A-7)1-7) (@-m)1-72) (a=m7)(B-772)
My, My, and M3 are represented by matrices

1 0 0 0 10 0 0
1L b o o 01 0 0
0 0 1 0| [10 " 0|
0 0 1 ~;* 01 0 5t
e oy 1 oy 1 (eemve)(B=12)
af af M ap Y2 aBy1y2
0 1 0 0
0 0 1 0 ’
0 0 0 1

1
respectively. These representations of M; are also valid even in the case c1, co, a+b—c1—co— 3 eZ

when we assign complex values to the parameters.

5. Twisted cohomology group
Recall that

M=b+1—c, X=b+1—c, Is=—-a+ci+ca—1, Iy=—b,
X={(t,z) € C* x X|t1t2L(H)Q(t, z) # 0} C (P* x P') x P?,
C2=prtz), pr:X>(t,x)—zcX.

In this section, we regard vector spaces as defined over the rational function field C(\) =
C(A1,..., A1) = C(a, b, c1, c2). We denote the vector space of rational functions on P? with poles
only along S by Ox(xS). Note that Ox (xS) admits the structure of an algebra over C(\). We
set

S = (P! x P x P? — %.

Let £2%(x&) be the vector space of rational k-forms on X with poles only along & and AR(+6)
be the subspace of Q§+q(*6) consisting of elements that are p-forms with respect to the variables
t1,to. We set

dtq dty dtL(t)

=d; 1 t =AM— +A—+ A
w tog(u(,x)) 1t1 + 2152 + A3 L(t)

dtQ(ta 'CC)
Q(t, )

where d; is the exterior derivative with respect to the variables t1,t2. Note that

dtL(t) = —dty — dto, dtQ(t,SL') = (t2 — IL‘Q)dtl + (t1 — l‘l)dtg.

+ M\

€ !2316’0(*6),

17
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By a twisted exterior derivative V = d; + wA on X, we define quotient spaces
#¥(V) = ker (v M0 (+6) (2;“’0(*6)> /v (93’;*170(*6)) (k=0,1,2),

where we regard (2, 1’0(*(‘5) as the zero vector space. Each of them admits the structure of a
vector bundle over X.

We consider the structure of the fiber of H¥(V) at z. Let 2%, (xx) be the vector space of

rational p-forms on C2 with poles only along the pole divisor of the pull-back w, = 2} (w) of w
by the map 2, : C2 — X. There is a natural map from each fiber of #*(V) at = to the rational
twisted cohomology group

H( (E%(*x), V) = ker (Vw : Q&(*w) — !?égl(*x» [V <Q&_1(*w))

on C2 with respect to the twisted exterior derivative V, = d; + wzA.

Facts 5.1 [AoKill],[Cho97]. (i) We have

4 if k=2,

. k ° _
dim H"( C%(*J%Vw)_{ 0 if k=0,1.

(ii) There is a canonical isomorphism
ot HE(92 (50), Vi) — HA(E2(2), V) = Ker(V, : £2(x) — E3(2))/Va(€L()),

where EF(z) is the vector space of smooth k-forms with compact support in C2.

We have a twisted exterior derivative VY = d; — wA for —w and
H(VY) = 02°(+8) VY (02 °(x8)),  H* (025 (xx),Vy) = 0 (x) [V (2% (+2)).

The Ox (*S)-module H?(V"Y) can be regarded as a vector bundle over X.

For any fixed 2 € X, we define the intersection form between H?(£2%; (xx), V) and H?(£8; (xx), V")
by x x

Lgordl) = [ 20(00) 16 € Cla),

where ¢, ¢, € !2& (*x), gz is given in Fact 5.1. This integral converges since 7, () is a smooth
2-from on C2 with compact support. It is bilinear over C(a).

We take four elements

1 to dt1 N dtg dt1 N dto
=d;l —— ) ANdil = = d;log(te) Ndilog(L(t)) = ————
¥1 t 10g (L(t)) t 108 (L(t)) . tlth(t) y P2 t Og( 2) t Og( ( )) tQL(t) )
t1 A\ dto t1 N to
— —dylog(t)) A dy log(L(t)) = “L0 2 S EAL: .
7 clog(t) Adelog(L(D) = = 7e5™ 9= T000, 2)

of #*(V), and we denote o(p;) € H?(28% (xx), Vi) by ¢a. Since VY (p;) = 0, VY (¢ri) = 0, we
can regard ¢; and ¢, ; as elements of H?(V"Y) and H?(£2%; (xx), V), respectively. The intersection

numbers To(po 0rg) (Poi € HA(O%(x2), Vo), puy € HA(Q%(xa),VY) 1 < i,j < 4) are
evaluated as follows.

18



PERIOD RELATIONS FOR F}

component | residue

Eoo )\OZCL—l
t1=0 M=b—c1+1
to =0 M=b—c+1

L(t)=0 A3=—a+c14+co—1
Q(t,l‘)zo )\42—[)

Ey Mg =b—c1 —co+2
i1 =00 134 =0~ C2
to = 0 Aggy = a — €1

TABLE 2. Residues of w,

THEOREM 5.1. The intersection matrix (Zo(a,i, ¢z.5)) is (2mv/—1)2C, where C' is a sym-

metric matrix with entries

C’n_<1+ 1><1 L )_ (—a+14b)(2b—c; — ey +2)

1<i,j<4

A )\ s A (—a+ca+e-1)0b—a+1)(b—c+1)(b—c—c2+2)’
oo L 1
BTN e+ D(—ateate-1)
oo 1 1
BTN b—a+D(—ateate-1)
Cuu =0,
1 1 1 1 (c1 —1)(a+b—co)
Cop=+—++ )|+ + = ,
- <)\0 )\2> (>\3 )\134) (@a—1)(a—c2)(b—c2+1)(—a+c1+c2—1)
—1 —1
C p p 5
%7 NoAs (a—1)(—a+c1+c2a—1)
02420’

_|_

(1, 1N/ T (c2—=D(a+b—c1)
Cos = (/\0 - A1> <A3 /\2‘34> T a-Da—e)b-a+1)(—atea+e—1)

oo 2 2
M7 NMR()  (—a+c +e—1)(=b)R(z)’

AM=—-A—XA—-A3-2M=a—-1, Mau=M+M+M=b—c1—c2+2,
Aga = —AM —A3— N =a—ca, Aggy = —A2— A3 — A\ =a—cy.
The determinant of C' is
—4b
(a—1D)(a—c1)a—c2)(—a+c1+eca—1)P3b—c1+1)(b—ca+1)(b—c1 —ca+2)R(x)’

Proof. We blow up P! x P1(> C2) at the two points (0,0) and (0o, 00) so that the pole divisor
of w, is normally crossing. We tabulate the residue of w, at each component of the pole divisor
in Table 5, where Ejy and F, are the exceptional divisors corresponding to the points (0,0) and
(00, 00), respectively. To evaluate Cy;, we find the intersection points of components of the pole
divisor of ¢, 1. There are four points

(1 =0YNEy, {t2=0}NEy, {t1=0}n{LE) =0}, {to=0}n{L(t)=0}
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t1:0
Alib—(;1+1

L(t) = 0
)\;5:—a+(31+(32—1

Eo :
Mag=b=c1—ca+2:

tQZU
Azzb*62+1

h:oo
Algs =a — ¢

FIGURE 4. Pole divisor of w,

see Figure 4. For every intersection point, we compute the reciprocal of the product of the residues
of w, along the components passing it. The results in Section 5 of [M98] imply that Ci; is given
by their sum:
1 n 1 n 1 n 1
AtAi2s - A2dia  AtAz 0 Aoz
Similarly, we can evaluate Cs2 and Css.

Let us evaluate C12. The intersection points of the components of the pole divisor of ¢, 2 are
{ta =0} N{L(t) =0}, {ta=0}N{t1 =00}, {L(t)=0}NEsx, {t1=00}N Ex;

{ta =0} N{L(t) = 0} is the common intersection point of the pole divisors of ¢, 1 and ¢, 2 . By
regarding L(t) and t2 as local coordinates around this point, we express ¢, 1 and ¢z 2 in terms
of them:
dL(t) A dto dL(t) A dto
Pr1 = — y Pr2 = T N
(1= L(t) — ta)ta L(2) toL(t)

Since 1/(1 — L(t) — t2) = 1 for (L(t),t2) = (0,0), the intersection number Cpy is given by
the reciprocal of the product of the residues of w, along the components passing the point
(L(t),t2) = (0,0), that is 1/(AaA3). Similarly, we can evaluate Ci3. To evaluate Ca3, we express
¢z,2 and @, 3 in terms of coordinates s; = 1/t1, so = to/t; around {L(t) = 0} N E represented
by (s1,s2) = (0,—1). Since

—ds1 A dsy —ds1 A dsy
) 3 = y
81(81 -1 82) Yo 8182(51 —1- 52)

P2 = [32](51752):(0,_1) =-1,

and the residue of w, along {L(t) = 0} and that along F., are A3 and Ao, respectively, we have
Caz = —1/(AoA3).
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The pole divisor of ¢4 consists of L(t) = 0 and Q(¢,x) = 0. They intersect at the two points
Py and P,. Since the pole divisor of ¢,; (i = 1,2,3) does not contain Q(¢,z) = 0, we have
Ciy =0 for ¢t = 1,2,3. To compute Cyy, we express 4 around the intersection points P; and P
in terms of the local coordinates L(t) and Q(t,z). A straightforward calculation implies

( )'dL( ) A dQ(t, x)

T LQ( )/ R(@) "ol a1 xg) ) —4Q(t,2)
around P; (i = 1,2), where the function ( /\/R —2(1 —x —x2)L(t) — 4Q(t, x) is
a single-valued holomorphlc function around P; with Value ( 1)/y/R(z) at this point. We have
c -1 —1 1 1 1 2
“= Ag)\4 VR(@) - /7 MsAi/R(x) /R(x) AshR(@)
The determinant of C' is obtained by a straightforward calculation. O

Note that the matrix C' is well defined, and det(C') # 0 for any x € X under our assumption.
The natural map from each fiber of #2(V) at x to HZ(Q' (xx), V) is surjective. The C(\)-span

of the classes of ¢1,...,ps € H*(V) (resp. € HZ(VY)) is denoted by Hc(x)(v) (resp. H%(/\)(VV)).
The intersection form Z, is regarded as a map from H%(A)(V) X 7—[2( )(VV) to O(xS).

6. Twisted period relations

Among H»(Co(C2,u)), Ha(Ca(C2,1/u)), H?(225(xx),V,), and H?(022; (xx),VY), there are the
intersection pairings Zj, and Z., and the pairings which yield solutions of F4 with various param-
eters. We have two isomorphisms from Hy(Ca(C2,u)) to H*(022; (xx), VY) by regarding them as

the dual spaces of Hy(Co(C3,1/u)) and those of H?(£2%; (xx), V). As is shown in [KiY94], these
isomorphisms coincide. ThlS compatibility implies the followmg

THEOREM 6.1. The intersection matrices H and (2m+/—1)?C and the period matrices
1(x) = ( / wp) ()= ( / <1/u>%,i>
4; 0<i,j<4 4; 0<i,j<4

satisfy
O (z)tH T_(z) = (2nv/—1)2C. (6.1)

COROLLARY 6.1. The identity (6.1) implies twisted period relations

1 _
F4(a b,cr,c;2)Fy(2 —a,—b,2 —c1,2 — ca;x)
1 — 12
b(l —a
bEl_aii)H(al, b1,2 —c1,¢0;2)Fy(2 — a1, —b1,¢1,2 — 23 x)
b1 = az) ———=Fy(az,bz,¢1,2 — c2;2) Fu(2 — ag, —b2,2 — c1, 25 )
bQ(l —a12)

b
+ EF4(G12, bi2,2 —c1,2 — c2;2) Fy(2 — a12, —b12, ¢1, ¢2; )

N (1 —a -+ b)(bl + bg)(l — 01)(1 — 02)
- (1 —ai2)bibabio ’
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1-—
F4(a b+1,c1,c0;2)Fy(2 —a,1 —b,2—c¢1,2 — co;7)
1 —a2
_ bl —a) . .
( )F4(a1,bl—|—1 2 — 61,62,$)F4(2—a1,1—51,01,2—62,16)
a12
b 1-—
2( a2)F4(a2, bg + 1,01, 2 — 02;$)F4(2 — ag, 1-— bg, 2 — C1,C2; ZL‘)
b(1 — a12)

b12
+ TF4(G12’ bia+1,2—c¢1,2 —co;2)Fu(2 — ara, 1 — bia, c1, 25 )

_ 2(1 — Cl)(l — CQ)
(1 = a12)(=D)R(z)’

1 _
? Fy(a,b,cr,c0;2)Fy(2 —a,1 —b,2 — c1,2 — c252)
1 —a12
1-—
- F4(a1,51, —c1,c;0)Fy(2 — a1, 1 —by,¢1,2 — co;2)
1 —012
1-—
- F4(a2, b, c1,2 —co; ) Fy(2 —az, 1 —b2,2 — ¢1, c2;7)
1—a
+ Fy(a12,b12,2 — 1,2 — c2;2) F4(2 — a12,1 — big, c1, ¢2; )
-0,

where

ap=a—c1+1, aa=a—co+1, ajo=a—c —co+2,
by=b—c1+1, by=b—cos+1, bo=b—cy—co+2.

Proof. Compare the (1, 1)-entries of the both sides of (6.1). Then we have

(fi(@), oo fa(@) "HTVHY (@), (@) = Ze(@an, 900), (6.2)
where
) (2) = e UF(CQFZ_?Z_(;_ a-or a)F4(2 —a,—b,2—¢c1,2 — c2;7),
v I'(ci—b—1)I'(ci—a+1)I'(1+b)I'(1—c1 —c2+a)
2 (¥) = T2 =)
><e_”ﬁ(‘”b_cl_Q)x§171F4(01 —a+1l,c1—b—1,¢1,2 — co; ),
v F(co—a+1)I(ca—b—1)(14+0)I'(1—¢1 —cy+a)
3 (@) = T(2—c)l(c2)
><e_”ﬁ(““’_cl_cz)x§271F4(02 —a+1l,c0—b—1,2—c1,c9;1),
fil(z) = 7 '@ 2 (- e)l(1—e)l(1+ b)F4(cl +ea—a,c1+ea—b—2,c1,c9;1).

F(3—Cl—02+b)

Since H is diagonal, we can easily evaluate H~! = ‘H~!. By multiplying both sides of (6.2)
by (1 — e1)(1 — c2)/(2mv/—1)% and using the formula I'(a)I'(1 — a) = 7/sin(ra), we reduce
this relation to the first identity. By multiplying the identities arising from the (4,4) and (1,4)

entries of (6.1) by (1 — ¢1)(1 — ¢2)/(2mv/—1)2, we have the second and third equalities in this
corollary. O
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