
1THE FORMULA OF HIGHER ORDER DERIVATIVES OF IMPLICIT FUNCTIONS

THE FORMULA OF HIGHER ORDER DERIVATIVES OF
IMPLICIT FUNCTIONS

By

Ryuji Kaneiwa
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Let p n1, . . . , nk be the cardinal of the set P n1, . . . , nk . Then
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the generating function of the arithmetical function p n1, . . . , nk is given
by

n1,...,nk N0
k

p n1, . . . , nk x1
n1 . . . xk

nk

m1,...,mk Nk

1 x1
m1 . . . xk

mk 1

(see [1]).

Suppose that a function f x1, . . . , xk k 2 is of class C r 1
n r or r ω in a domain G Rk and that f a1, . . . ak

0, fxk
a1, . . . ak 0 at a point a1, . . . ak in G. Let xk g x1, . . . , xk 1

be the implicit functioin determined by f 0.

Theorem. Let n1, . . . , nk 1 N0 and n n1 nk 1 1.
Then in a neighborhood of a1, . . . ak ,
(1) g n1,...,nk 1 x1, . . . , xk 1

1
fxk

2n 1
u P2n 1 n1,...,nk 1,2n 2

ν u f u; x1, . . . , xk ,

where ν u
1 u ek u ek ! 2n u ek 2 ! n1! nk 1!

i1,...,ik Nk

i1! ik! u i1,...,ik u i1, . . . , ik !
,

f u; x1, . . . , xk

i1,...,ik Nk

f i1,...,ik x1, . . . , xk
u i1,...,ik

and em 0, . . . ,
m

1̆, . . . , 0 1 m k are fundamental vectors.

For the proof of Theorem, we prepare following two lemmata.

Lemma 1. Suppose that k 2; n1, . . . , nk 1 N0,
n n1 nk 1 1 and u P2n 1 n1, . . . , nk 1, 2n 2 .
If u ek 0, then

u i1, . . . , ik

nm , if i1, . . . , ik em for all m 1 m k 1 ,
n 1 , if i1, . . . , ik 2ek,

0 , otherwise.
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Lemma 2. Suppose that k 2; n1, . . . , nk 1 N0,
n n1 nk 1 1 and u P2n 1 n1, . . . , nk 1, 2n 2 .
If u ek 1, then u coincides with either of the following two cases u.

(i) n 2 and for some h such that 1 h k 1,

u i1, . . . , ik

nh 1 , if i1, . . . , ik eh,
nm , if i1, . . . , ik em for all m 1 m k 1, m h ,
1 , if i1, . . . , ik ek or eh ek,

n 2 , if i1, . . . , ik 2ek,
0 , otherwise.

(ii) n 3 and

u i1, . . . , ik

nm , if i1, . . . , ik em for all m 1 m k 1 ,
1 , if i1, . . . , ik ek or 3ek,

n 3 , if i1, . . . , ik 2ek,
0 , otherwise.

Proof of Lemma 1.
For any u P2n 1 n1, . . . , nk 1, 2n 2 , we set that

s i
i1 ik i

u i1, . . . , ik i N .

Then

i 1

s i
i1,...,ik Nk

u i1, . . . , ik 2n 1

and

i 1

i s i
i1,...,ik Nk

i1 ik u i1, . . . , ik

n1 nk 1 2n 2 3n 2.
Therefore s P2n 1 3n 2 . Let s i s i 1 i N . Then
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i 1

i s i
i 1

i s i 1
i 1

i 1 s i

3n 2 2n 1 n 1.
We have s P n 1 . Let λ be i 1 s i . Then λ n 1 and

s 1 λ
i 1

s i 2n 1.

So that s 1 n. From the assumption u ek 0, we have
(2) s 1 u e1 u ek 1 n.

On the other hand,
(3) u e1 u ek 1

i1,...,ik e1,...,ek 1

i1 ik 1 u i1, . . . , ik

i1,...,ik Nk

i1 ik 1 u i1, . . . , ik

n1 nk 1 n.
From (2) and (3), we have
(4) s 1 u e1 u ek 1 n.
For all m such that 1 m k 1,we have also
(5) u em

i1,...,ik Nk

imu i1, . . . , ik nm.

By (4) and (5), we get

u em nm 1 m k 1 .

From that s 1 λ s i 2n 1 and (4),

λ s i n 1.

Thus s Pn 1 n 1 expresses a partition of n 1 into n 1 parts. So
that

s i
n 1 , if i 1,

0 , if i 1.
Namely,

s 2 n 1, s 3 s 4 0.
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We have

s 2
i1 ik 2

u i1, . . . , ik
1 p q k

u ep eq .

If there exists a pair p, q such that

1 p q k, p k, u ep eq 0,

then ipu i1, . . . , ik np. This is contradiction. So that

1 p q k, p k

u ep eq 0.

This leads s 2 u 2ek n 1. q.e.d.

Proof of Lemma 2.
We use the same setting of s, s , λ as used in the proof Lemma 1.

We have s P2n 1 3n 2 , s P n 1 and
s 1 n, λ 2n 1 s 1 n 1.

From the assumption u ek 1, we have
u e1 u ek 1 n 1

because that s 1 n. On the other hand,

u e1 u ek 1 i1 ik 1 u i1, . . . , ik n.

Hence
u e1 u ek 1 n 1 or n.

(i) Case of u e1 u ek 1 n 1.
In this case, from that u em nm for all m 1 m k 1 , there

exists h 1 h k 1 suth that
u eh nh 1

and for any m 1 m k 1, m h ,
u em nm.

In this case, we have
s 1 n, λ n 1.

such
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By the same way as in the proof of Lemma 1,

s i
n 1 , if i 1,

0 , if i 1.
Nanely,

s 2 n 1, s 3 s 4 0.

From imu i1, . . . , ik nm 1 m k 1 , we get
n 2, u eh ek 1, u 2ek n 2,

u ep eq 0 1 p q k, p, q h, k , k, k .
This consequence coinsides with case(i) of Lemma 2.

(ii) Case of u e1 u ek 1 n.
In this case, from that u em nm for all m 1 m k 1 ,

u em nm for all m 1 m k 1

Hence
s 1 n 1, λ n 2.

Therefore s Pn 2 n 1 . This leads

s i
n 3 , if i 1,

1 , if i 2,
0 , if i 2.

Nanely,
s 2 n 3, s 3 1, s 4 s 5 0.

From imu i1, . . . , ik nm 1 m k 1 , we get
n 3, u 2ek n 3, u 3ek 1,

u i1, . . . , ik 0 i1, . . . , ik e1, . . . , ek, 2ek, 3ek .
This consequence coinsides with case(ii) of Lemma 2. q.e.d.

Proof of the theorem.
We denote the differential operator

xm
, by m 1 m k ,

without regrarding that xk is the function g x1, . . . , xk 1 of x1, . . . , xk 1.

And denote
xm

1 m k 1 by m, when we regard that

xk g x1, . . . , xk 1 .

coincides

coincides

regarding

i 1

i s i
i 1

i s i 1
i 1

i 1 s i

3n 2 2n 1 n 1.
We have s P n 1 . Let λ be i 1 s i . Then λ n 1 and

s 1 λ
i 1

s i 2n 1.

So that s 1 n. From the assumption u ek 0, we have
(2) s 1 u e1 u ek 1 n.

On the other hand,
(3) u e1 u ek 1

i1,...,ik e1,...,ek 1

i1 ik 1 u i1, . . . , ik

i1,...,ik Nk

i1 ik 1 u i1, . . . , ik

n1 nk 1 n.
From (2) and (3), we have
(4) s 1 u e1 u ek 1 n.
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(5) u em

i1,...,ik Nk

imu i1, . . . , ik nm.
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From that s 1 λ s i 2n 1 and (4),

λ s i n 1.
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that

s i
n 1 , if i 1,

0 , if i 1.
Namely,

s 2 n 1, s 3 s 4 0.
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Then
m m m xk k

m
fxm

fxk

k 1 m k 1 .

If n 1, then that for some j 1 j k 1 ,

P2n 1 n1, . . . , nk 1, 2n 2 P1 ej uj ,

where

uj i1, . . . , ik
1 , if i1, . . . , ik ej

0 , otherwise.
Then

ν uj 1, f uj ; x1, . . . , xk fxj .

Hence the theorem holds, if n 1.
Suppose that the theorem folds for n 1 n 2 . In the case for

n, there exists j 1 j k 1 such that

nj 0.

By the hypothesis of induction, we have

(6) g n1,...,nk 1
j g n1,...,nj 1,...,nk 1

j
1

fxk

2n 3
u P

ν u f u

1
fxk

2n 1 fxk

2

u P

ν u j

fxj

fxk

k f u

2n 3 fxk j

fxj

fxk

k fxk

u P

ν u f u

1
fxk

2n 1
u P

ν u fxk

2
j f u fxj fxk k f u

2n 3 fxk
fxjxk

f u 2n 3 fxj fxkxk
f u ,

where
P P2n 3 n1, . . . , nj 1, . . . , nk 1, 2n 4

and
f u f u;x1, . . . , xk .
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Concerning m f u 1 m k , we have

(7) m f u m

i1,...,ik Nk

f i1,...,ik u i1,...,ik

q1,...,qk Nk
u q1,...,qk 0

u q1, . . . , qk f q1,...,qk u q1,...,qk 1f q1,...,qm 1,...,qk

i1,...,ik Nk
i1,...,ik q1,...,qk

f i1,...,ik u i1,...,ik .

Suppose that

u P, q q1, . . . , qk Nk and u q 0.

We define uj,1
q N0

Nk , by the following:
(i) If q ek,

uj,1
q i1, . . . , ik

u i1, . . . , ik 2 , if i1, . . . , ik ek,
u i1, . . . , ik 1 , if i1, . . . , ik q,
u i1, . . . , ik 1 , if i1, . . . , ik q ej ,

u i1, . . . , ik , otherwise.
(ii) If q ek,

uj,1
q i1, . . . , ik

u i1, . . . , ik 1 , if i1, . . . , ik ek, ej ek ,
u i1, . . . , ik , otherwise.

Then
uj,1

q P P2n 1 n1, . . . , nk 1, 2n 2

and by (7), we get

(8)
u P

ν u fxk

2
j f u

u P

ν u
q Nk

u q 0

u q f uj,1
q .

We define uj,2
q N0

Nk , by the following:
(i) If q ej , ek ,

uj,2
q i1, . . . , ik

u i1, . . . , ik 1 , if i1, . . . , ik ej , ek, q ek ,
u i1, . . . , ik 1 , if i1, . . . , ik q,

u i1, . . . , ik , otherwise.
(ii) If q ej ,

uj,2
q i1, . . . , ik

u i1, . . . , ik 1 , if i1, . . . , ik ek, ej ek ,
u i1, . . . , ik , otherwise.
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(iii) If q ek,

uj,2
q i1, . . . , ik

u i1, . . . , ik 1 , if i1, . . . , ik ej , 2ek ,
u i1, . . . , ik , otherwise.

Then
uj,2

q P

and by (7), we get

(9)
u P

ν u fxj fxk k f u
u P

ν u
q Nk

u q 0

u q f uj,2
q .

For any u P, we define uj,3, uj,4 by the following:

uj,3 i1, . . . , ik
u i1, . . . , ik 1 , if i1, . . . , ik ek, ej ek ,

u i1, . . . , ik , otherwise,

uj,4 i1, . . . , ik
u i1, . . . , ik 1 , if i1, . . . , ik ej , 2ek ,

u i1, . . . , ik , otherwise.
Then we have

uj,3, uj,4 P ,

(10)
u P

ν u fxk
fxjxk

f u
u P

ν u f uj,3

and

(11)
u P

ν u fxj
fxkxk

f u
u P

ν u f uj,4 .

From the observation that
uj,1

ek
uj,3,

by (8),

(12)
u P

ν u fxk

2
j f u

u P

ν u u ek f uj,3

q Nk ek
u q 0

u q f uj,1
q .

Remarking that
uj,2

ej
uj,3, uj,2

ek
uj,4;

by (9),
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(13)
u P

ν u fxj fxk k f u
u P

ν u u ej f uj,3 u ek f uj,4

q Nk ej,ek
u q 0

u q f uj,2
q .

From (6) and (10)–(13), we have

(14) g n1,...,nk 1
1

fxk

2n 1
u P

ν u u ek u ej 2n 3 f uj,3

2n 3 u ek f uj,4

q Nk ek
u q 0

u q f uj,1
q

q Nk ej,ek
u q 0

u q f uj,2
q .

Concerning the first term of (14),

u P

ν u u ek u ej 2n 3 f uj,3

v P

f v
u P

v uj,3

ν u u ek u ej 2n 3 .

We denote that

(15) A v
u P

v uj,3

ν u u ek u ej 2n 3 .

Then from

uj,3 ek 0, uj,3 ej ek 0, uj,3 ej u ej , uj,3 ek u ek 1 ;
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(16) A v
0 , if v ek v ej ek 0,

2n v ej v ek 2 ν v α1 , if v ek v ej ek 0,

where α1 N0
Nk and

α1 i1, . . . , ik
1 , if i1, . . . , ik ek, ej ek ,
0 , otherwise.

Let B v be a function of v P such that

(17) B v
u P

v uj,4

ν u 2n 3 u ek .

Then from

uj,4 ej 0, uj,4 2ek 0, uj,4 ek u ek ;

(18) B v
0 , if v ej v 2ek 0,

2n v ek 3 ν v α2 , if v ej v 2ek 0,

where α2 N0
Nk and

α2 i1, . . . , ik
1 , if i1, . . . , ik ej , 2ek ,
0 , otherwise.

Let C v be a function of v P such that

(19) C v
u P

v uj,1
q

ν u
q Nk ek

u q 0

u q .

If v uj,1
q , q ek, we set p q ej and

αj,1
p i1, . . . , ik

2 , if i1, . . . , ik ek,
1 , if i1, . . . , ik p ej ,

1 , if i1, . . . , ik p,
0 , otherwise.

Then we have

u v αj,1
p , q p ej , u q u p ej v p ej 1

and
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(20) C v

0 , if v ek 2,

v p 0, p ej ek

pj 0, pi 2

v p ej 1 ν v αj,1
p , if v ek 2 ,

where p p1, . . . , pk Nk.

Let D v be a function of v P such that

(21) D v
u P

v uj,2
q

ν u
q Nk ej,ek

u q 0

u q .

If v uj,2
q , q ej , ek , we set p q ej and

αj,2
p i1, . . . , ik

1 , if i1, . . . , ik ej , ek, p ,
1 , if i1, . . . , ik p ek,

0 , otherwise.

Then we have
u v αj,2

p , q p ek, u q u p ek v p ek 1
and

(22) D v

0 , if v ej v ek 0,

v p 0
p ej ek,2ek

pk 0, pi 2

v p ek 1 ν v αj,2
p , if v ej v ek 0 .

From (14), (15), (17), (19) and (21), we have

g n1,...,nk 1
1

fxk

2n 1
v P

f v A v B v C v D v .

therefore, for the proof of the theorem, it is sufficient to show that

(23) A v B v C v D v ν v .

Therefore
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We denote

i1,...,ik Nk

i1! ik! v i1,...,ik v i1, . . . , ik !

by P v . If v ek v ej ek 0, then

ν v α1

1 v ek 1 v ek 1 ! 2n 4 v ek 1 ! n1! nj 1 ! nk 1!
P v v ek v ej ek

.

So that, by (16),

A v 1 v ek v ek ! 2n v ek 3 ! n1! nj 1 ! nk 1!
1

P v
2n v ej v ek 2 v ej ek ,

So we have

(24) A v
0 , if v ek 0,

Q v v ej ek 2n v ej v ek 2 , if v ek 0,

where

Q v
1 v ek v ek ! 2n v ek 3 ! n1! nj 1 ! nk 1!

P v
.

If v ej v 2ek 0, then

ν v α2
1 v ek v ek ! 2n v ek 4 ! n1! nj 1 ! nk 1!

P v v ej 2v 2ek
.

So that, by (18),

B v 2n v ek 3 ν v α2

1 v ek v ek ! 2n v ek 3 ! n1! nj 1 ! nk 1!
1

P v
2v ej v 2ek .

So we have

(25) B v Q v 2v ej v 2ek .
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If v ek 2, then by (20),

C v
v p 0, p ej ek

pj 0, pi 2

1 v ek v ek 2 ! 2n v ek 2 ! n1! nj 1 ! nk 1!
P v v ek v ek 1 pjv p

1 v ek v ek ! 2n v ek 2 ! n1! nj 1 ! nk 1!
1

P v
v p 0, p ej ek

pj 0, pi 2

pjv p

1 v ek v ek ! 2n v ek 2 ! n1! nj 1 ! nk 1!
1

P v
nj v ej v ej ek .

So we have

(26) C v
0 , if v ek 2,

Q v 2n v ek 2 nj v ej v ej ek , if v ek 2.

If v ej v ek 0, then by (22),

D v

v p 0
p ej ek,2ek

pk 0, pi 2

1 v ek 1 v ek 1 ! 2n v ek 3 ! n1! nj 1 ! nk 1!
P v v ej v ek pkv p

1 v ek v ek ! 2n v ek 3 ! n1! nj 1 ! nk 1!
1

P v
v ej

v p 0
p ej ek,2ek

pk 0, pi 2

pkv p

1 v ek v ek ! 2n v ek 3 ! n1! nj 1 ! nk 1!
1

P v
v ej 2n 2 v ek v ej ek 2v 2ek .

So we have
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(27) D v
0 , if v ek 0,

Q v v ej 2n v ek v ej ek 2v 2ek 2 , if v ek 0.

1. Case of v ek 0.
In this case, we get

A v B v C v D v B v
Q v 2v ej v 2ek

Q v 2nj n 1
ν v ,

by Lemma 1.

2. Case of v ek 1.
In this case, we have

C v 0.
So that

A v B v C v D v A v B v D v
Q v v ej ek 2n v ej v ek 2 2v ej v 2ek

v ej 2n v ek v ej ek 2v 2ek 2
Q v 2n v ek 2 v ej v ej ek .

For the proof of (23), it is sufficient to show that

(28) v ej v ej ek nj .

If v P coincides with type(i) of Lemma 2, then
v ej , v ej ek nj 1, 1 or nj , 0 ,

according to h j or h j, respectively. In this case, (28) holds.
If v P coincides with type(ii) of Lemma 2. then

v ej , v ej ek nj , 0 ,

In this case, also (28) holds.

3. Case of v ek 2.
From (24)–(27), we get
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A v B v C v D v

Q v v ej ek 2n v ej v ek 2 2v ej v 2ek

2n v ek 2 nj v ej v ej ek

v ej 2n v ek v ej ek 2v 2ek 2
Q v 2n v ek 2 nj

ν v .
q.e.d.
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APPENDIX

Table of the case k 2 in the theorem
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