THE FORMULA OF HIGHER ORDER
DERIVATIVES OF IMPLICIT FUNCTIONS

By
Ryuji KANEIWA

‘We denote that X

No={0,1,2,...}, Np=No"\{(0,...,0)} (keN={1,2,3,...}),
PBi(ng, ..., ne) = {ue No™ s #{(ir, ..., ix) € Ni;uliy, ..., i) # 0} < R,

Z u(i17~"7ik):la

(41,...,ik JENE
M imulin, . ik) = nm(1 <m < k)}
(41,.-.,ik JENE
and
o
PB(ni,...,ng) = U PBi(ni, ..., nk),
1=0
where [,n1,...,n; are elements of Ny.
An element u of Pj(ny,...,nx) expresses a vector partition of
ni
into [ parts. For example,
N

w(0,1)  u(0,2) 2 1
u=(u(i,5))j)en, = | w(1,0) (1) =13 € Pr(4,7)
u(2,0) B 0 (0]

expresses a vector partition:

(2)=(0) () () )+ () () + (5)

Let p(n1,...,ng) be the cardinal of the set P(nq,...,ni). Then
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the generating function of the arithmetical function p(nq,...,nk) is given
by

p(ny, ... ,nE)x™ .ot = H (1—zy™ .o ™) !
(n1,...,nk)ENgF (m1,...,my)ENy
(see [1]).

n<r<oworr=w)in a domain G ¢ R¥ and that f(ai,...a
0, fz, (a1,...ar) # 0 at a point (a1,...ax) in G. Let = g(z1,..., 2%
be the implicit function determined by f = 0.

Suppose that a function f(z1,...,x) (k = 2) is of class C"(1 <
k) =
1)

THEOREM. Let ny,...,nx_1€Ngandn=n; +---+np_1 = 1.
Then in a neighborhood of (a1, ... a),
(1) gt (L )

1
== 2n—1 Z V(u)f(u;xl7"'7xk)7
fz'“ uePan_1(n1,...,np_1,2n—-2)

(—1)“er)y(ey)! (2n —uleg) —2)!ng! - ng_q!

where viu) =
S S E
(il,...,ik)ENk
f(u;ml,...,xk) = H {f(il’“"ik)(l‘l,...,xk)}“(“’“"ik)
(i1,++,ik)ENE
and e, = (0,...,1,...,0) (1 <m < k) are fundamental vectors.

For the proof of Theorem, we prepare following two lemmata.

LEMMA 1. Suppose that k = 2; nq,...,nr_1 € Ng,
n=mny+---+ng_1 =1and u€ Pop_1(n1,...,Nk_1,2n — 2).
If u(ex) = 0, then
N, if (G1,...,0) = ey forallm(l <m <k —1),
w(in, ... i) =< n—1 [if (i1,...,0) = 2ey,

0 , otherwise.
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LEMMA 2. Suppose that k = 2; nq,...,np_1 € Npg,
n=mny+---+ng_121and ue Pop_1(n1,...,Mk_1,2n — 2).

If u(ex) = 1, then u coincides with either of the following two cases wu.

(i) n = 2 and for some h such that 1 <h < k-1,

nh—l,1f(21,...7z;€)=eh7
N, 3f (i1,...,9k) =emy for all m (1<m<k—1,m#h),
wliy,...,i5)=< 1 ,1f(zl,...,zk) koreh+ek,
n—2 if (i1,...,i;) = 2e
0 , otherwise.

\

(ii) n = 3 and

N, 0f (i1,...,0k) = ey for all m (1< m<k—1),
. Sy 1, if (i1,...,49k) = ek or 3eg,
u(“""’zk)_<n—3,1f(21,‘.., k) = 2eg,
0 otherwise.

\ )

Proof of Lemma 1.

For any u € PBaoy,—1(n1,...,nk_1,2n — 2), we set that
s@i)= > ufir,....ix) (ieN).
iy =i

Then
oc
DMis(iy=" > u(iy,....ix)=2n-1
im1 (i1,-rin )ENR

and

Zis(i) = > (A ik ulin,. k)
i=1

(41,0 JENK
=ni14+--+ng_1+2n—2=3n—2.
Therefore s € Po,,—1(3n — 2). Let s*(i) = s(i + 1) (4 € N). Then

3
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oC oc oc
Dlis*(i) Z (i+1) =) (i —1)s(i)
i=1 =1 i=1
=Bn-2)—2n—-1)=n-1.
We have s* € B(n —1). Let A be >~ s*(i). Then A <n — 1 and
oc
s(1)+ A= >s(i) =2n—1.
i=1
So that s(1) = n. From the assumption u(ey) = 0, we have
(2) s(1) =u(e1) +--- +ulex—1) 2 n
On the other hand,
(3) u(er) + -+ ulex—1)= > (i 4 +ik_1)u(is, ..., i)

(il ..... ik)F{el,.,.,Ekfl}
< Z (ir + - Fip—1) uliy,. .., i)
(i1,--,%% )ENK
=n1+--+np_1="n.
From (2) and (3), we have

(4) s(1) = uler) + -+ + u(ex—1) = n.

For all m such that 1 < m < k — 1,we have also

(5) ulem) <Y imulin, o, ik) = N
(i1, ik )EN}

By (4) and (5), we get
ulem) =nn(l1<m<k—1).
From that s(1) + A = > s(¢) = 2n — 1 and (4),
A= Zs*(z) =n-—1.
Thus s* € B,,_1(n — 1) expresses a partition of n — 1 into n — 1 parts. So

that
en [ m—1 ifi=1,
S(’)_{ 0 ,ifi>1.
Namely,
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We have

s2)= Y iy, = Y ulep +eg).

i =2 l<p<q<k
If there exists a pair (p, ¢) such that
1<p<qg<k, p<k, u(ey+eq) >0,

then > 4,u(iq,..., i) > np. This is contradiction. So that

Z u(e, +e4) =0.

1<p<q<k, p<k

This leads s(2) = u(2e;) =n — 1. q.e.d.

Proof of Lemma 2.
We use the same setting of s, s*, A as used in the proof Lemma 1.
We have s € Po,—1(3n —2), s* e P(n —1) and
s(Yzn, A=2n—-1—-s(1)<n—1.
From the assumption u(e) = 1, we have
u(el) + - u(ek,l) =2n—1
because that s(1) = n. On the other hand,

uler) + -+ +ulep—1) < Y (i + -+ +igm1) ulin, ..., ik) = n.

Hence
uler) +--- +uleg_1) =n—1or n.

(i) Case of u(er) + -+ +ulex_1) =n—1.

In this case, from that u(em,) < n, for all m(l < m < k—1), there
exists h(1 < h < k — 1) such that

ulep) =np — 1
and for any m(1 < m <k —1, m # h),
u(em) = Ny
In this case, we have
s(1)=n, A=n—1.



6 N3 BE R OB 129 i

By the same way as in the proof of Lemma 1,
s*(i)z{ n—1 ifi=1,
0 ,if o> 1.
Namely,
s(2)=n—-1, s(3) =s(4)=---=0.

From Y ipu(it,...,ik) = nm (1 < m < k— 1), we get
n =2, ulep +ex) =1, u(2ex) =n—2,

u(ep +eq) =0 (1<p<qg<k, (p,9) ¢ {(hF) (kR)}).
This consequence coincides with case(i) of Lemma 2.

(ii) Case of u(e1) + -+ +ufex_1) =n.
In this case, from that u(e,,) €< n,, for all m(1 <m <k — 1),

u(em) = n,, for all m (1 <m<k-— 1)

Hence
s(l)y=n+1, A=n—2.

Therefore s* € PB,,_o2(n — 1). This leads
n—3 ,ifi=1,

s*(i) = 1 ifi=2,
0 ,if 7> 2.
Namely,
5(2)=n—-3,53)=1, s(4)=s(5)=---=0.
From Y ipmu(ii, ..., ig) =nm (1 < m < k—1), we get

n =3, u(2e) =n—3, u(3ex) =1,
u(il,. . .’/]:k}) =0 ( (7;1,. ..7ik) ¢ {617... ,ek,2€k,3ek}).
This consequence coincides with case(ii) of Lemma 2. q.e.d.

Proof of the theorem.

A

0
v m (1 € m < k),
P by Om ( m < k)

without regarding that xy is the function g(zy,...,zx_1) of 1,..., Tk 1.

We denote the differential operator

And denote (?i (1 <m <k —1) by 6,,, when we regard that
Tm
TE = g(T1,. ., V1)
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Then ) )
Om = Om + Om [.’Ek] Ok

=0Om (1<m<k-1).

ka
If n = 1, then that for some j (1 <j <k —1),

PBon—1(n1, ..., nk—1,2n —2) = Pi(ey) = {u;},

where
. . _ 1 ,if(il,...,ik):ej
ujlin, i) = { 0 , otherwise.
Then
V(uj) = 17 f(uj;xlw' . 7$k) = fx,
Hence the theorem holds, if n = 1.

Suppose that the theorem folds for n — 1 (n = 2). In the case for
n, there exists j (1 < j € k — 1) such that

n; > 0.
By the hypothesis of induction, we have
(6) g(n1 ..... nk_1) _ ('3j[g(nl ..... n;—1,..., 'rLk,l)] _ (3] [ s Z 1
fmk ueP
1 fx;
= At vt (5 A )
fwk uqu ka

ij % viu) f(u
-3, (aj - 2= ) CADWIBH >}
= 12 W{ fu 2051 ()] = fu, Far 0L f (u)]
zk ueP
_(2n_3)fwkfw]wkf(u) + (2n_3)fljfmklkf(u) }7

‘Bz‘Bgn,g(nl,...,nj—1,...7n;€,1,2n—4)

where

and

fluw) = fluszq, ..., xk).
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Concerning d,,[f(u)] (1 £ m < k), we have

(7) 6m[f(u)] = Om H {f(il ~~~~~ ik)}u(il,...,ik)

(i1, mrik)ENK

— Z w(qy, - .. qr) {f(ql,m,qk)}u(ql,m,qk)—lf(ql,wqm+1,m,qk)

(a1, a)eNy
H {f(il,“.,ik)}u(il,...,ik).

u(qy,-.-, qp)#0
(i1,--,i JEN

(igseees i) #E(q1, s ag)

Suppose that

weP, g =1(q1,...,qr) € Ny and u(q) # 0.

We define ug’l e No™V*, by the following:
(i) If ¢ # e,

j,l . ., _
ug” (i k) uliv, ... ig) + 1, if (in,...,0k) = q + ¢,

)
u(llv---aik)il ) if i17---7ik) =4q,
)
w(i,...,%) , otherwise.
(i) 1t g = ep,
s _ w(in, ..., i) +1,1f (41,...,0) € {er,e; + e},
ug” (i k) { u(i1,...,%) , otherwise.
Then

ué’l € ml = s:]32n71(’n'17 sy N1, 2n — 2)

and by (7), we get

(8) D) 2 01 (w)] = YT v(w) DT ulg)f(udh).

ueP ueP €N},
u{q)#£0

We define ufzﬂ € No™*, by the following:
(i) If g ¢ {e;, ex},
) u(ilv"~aik)+17if(i17"'7ik)E{ejaekaq+€k}7
wl?(in, ..o yig) = ulin, .., ig) = 1, 0f (i1, 08) = g,
w(i,...,%) , otherwise.
(ii) If ¢ = ey,
320 SN u(i17...,ik)+1,if(il,...,ik)e{ek,ej—kek},
uy” (i, -5 in) { u(iy,...,ix) , otherwise.
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(iil) If ¢ = ey,
'2(2'1,...7ik)={u(ih“.’ik) +1 s if (il,...,ik) € {ej,Qek},

wd . ) :
a u(iy,...,9) , otherwise.

Then
ug’2 e P
and by (7), we get
©) S W) oy fon ALF @] = Y v(@) S ul@)f ().

ueP ueP aeN
u(q)50

For any u € B, we define u?3, u?* by the following:

305 SN U(il,...,ik)+1,if(il,...,ik)E{ek,6j+6k},
whS (i - k) { w(i1,...,%) , otherwise,

uj’4(i1,...,71k)={u(“"”’lk) +1,if (¢1,...,1%) € {e;, 2ex},

u(iy, ... i) , otherwise.
Then we have
w3 ult e P,

(10) D) fay frya F(u) = v(u) f(u!?)

q ueP ueP
(11) S () fa, P () = Y w(u) ),
ueP ueP

From the observation that
3,1 _ 3.3
up = ul”,

by (8),

(12) Y v(u)fol lf ()] = Y v(u) Julen) f®) + Y ulq)f(ufh)
ueP ueP qeNp e}
u(q)#0
Remarking that
5,2

uh? = o3, uzf = ul4;

by (9),
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ueP ueP

(13) Y v(u) fo, fr Ol ()] =Y v(u) {u(e»f(uﬂf’) + uler) f(u?)

geNp\fej ep}
u{q)#0

+ U(Q)f(%’Q)}

From (6) and (10)—(13), we have

() gl = iy 3 [{u ex) = ules) — (2 = 3)) (0%
Tk ueP

+{2n — 3 — uler)} f(u??)

quk\{ej ek}
u{q)#0

Concerning the first term of (14),

Y. v(u){u(er) —ule;) — (2n — 3)}f ()

ueP
=Y re) Y vlu)fuler) —ule;) — 2n—3)}.
veP’ 11655373
We denote that
(15) Aw) = Y v(w)uler) —ule;) — (2n—3)}.
ue‘lj,s

Then from

w3 (er) > 0, u3(ej +ex) >0, wP(e;) = ulej), w?(ex) = ulex) +1;
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11

_ 0 ,if v(ex) v(ej+er) =0,
(16)  A(v)= {f{Qn—H)(ej)fv(ek)fQ} viv—aq) , if vieg)v(e;+ex) > 0,

where o € NON"‘ and
. . 1,if(ih...,ik)e{ek,ej+ek}7
o in, - ik) = {O , otherwise.

Let B(v) be a function of v € B’ such that

(17) Bw)= > v(u){2n —3—u(ex)}.
ue‘}%A
Then from o

u?(e;) > 0, ul*(2ex) > 0, w(er) = uler);

B 0 , if v(e;) v(2er) = 0,
(18) Bv)= {{Qn—v(ek)—?)} viv—ag) , if v(e;) v(2ex) > 0,
where ay € NON’“ and
nlin, . in) = {1 Jif (21, ... ,18) € {e;, 2ex},

0 , otherwise.

Let C(v) be a function of v € P’ such that

(19) Cly= Y, vlw) Y u@
AT

va=ug’1, q # ey, we set p=gq+e; and

2 ,if(il,...,ik)—€k7
1 . —1,if (41,...,ik) =p —€j
7,1 _ ’ ) ) Uk 7
“ (21’“.,’“6) 1 aif(ila 7Zk) p,

0 , otherwise.
Then we have
u:v—af)’l, g=p—ej, u(lq) =ulp—e;) =v(p—e;)+1

and
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0 , if v(eg) < 2,
Clv)= > o)+ Yrlv—aj') Lifu(e) 22,

p
v(p)>0, p#e;+er
p;>0,3 p; =2

(20)

where p = (p1,...,pk) € Ni.

Let D(v) be a function of v € P’ such that

21) Py == T v Y ul).
ueP qeNp e e}
v=ul? u(a)%0

Ifv= ug’Z, q¢{ej,er}, weset p=q+ej; and
_ 1, if (i1,...,%) € {e;, ex, P},
ad?(iy,. .. ig) =1 =1, if (i1,...,ix) = p —ex,
0 , otherwise.

Then we have

u=v—aof? qg=p—ep, u(q) =ulp—er) =v(p—er) +1
and

0 , if v(e;)v(ex) =0,

(22) D(w)=< — Z {v(p —er) + 1} 1/(1)—04{;2) ,if v(ej)v(ex) > 0.
v(p)>0
pélej+er,2er}
Pr>0,3 pi 22

From (14), (15), (17), (19) and (21), we have
gl = T — > F){A@) + B(v) + C(v) + D(v)}.
T veR’

Thercfore, for the proof of the theorem, it is sufficient to show that
(23) A(v) + B(v) + C(v) + D(v) = v(v).
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We denote

(i1, vir)ENK
by P(v). If v(ex)v(e; + er) > 0, then
v(v—oa1)
_ (=1)vlen)=Hy(er) =11 {2n—d—v(er) + 1} g - - - (nj—1)! - - nk_ll.
P)/{v(er)v(e; +ex)}

So that, by (16),
A(v) = (—1)"CHu(er) {2n—v(er) — 3} ! - (nj— 1) -ng_y !

: L{2n—|—v(ej) —v(er)—2}v(e; + ex),

P(v)
So we have
0 ,if v(ex) = 0,
(24) A(v)= {Q(v) viej +ep){2n+vle;)—v(er)—2} , if v(e:) >0,
where
Qv) - (=1)*u(ep)! {2n—v(ex) =3} nq! - - - (n;—1)!---nyp_q! '

P(v)

If v(e;)v(2ex) > 0, then

(—1)vesdy(ep)! {2n—v(er) =4} ny!- - - (nj— 1) nyy !
P(v)/{v(e;) - 2v(2er)} '

v(v —ag) =

So that, by (18),
B(v) = {2n—v(eg)—3}v(v — ag)
= (=1)UERy(ep)! {2n—v(eg) =3} ny ! (nj—1)! -+ ngq!

1
W 2v(e;)v(2ey).

So we have

(25) B(v) = Q(v)2v(e;)v(2ey).
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If v(e) = 2, then by (20),

(=1)") {w(ep) =2} {2n—v(er) =2} ny! - - - (=) np_q!

C(v) = P(v)/[v(ex){v(ex) — 1}pjv(p)]

v(p)>0, p#£ej+ex
p;j>0,3 p; =2

= (—1)UERy(eg)! {2n—v(er) =2} ng!- - (ny— 1)+ ng_q!

1
570 o pup)
v(p)>0, p£e;+ey,
p; >0, pi=2
= (=1)UERy(eg)! {2n—v(er) =2} ng! - (ny—1)! -+ ng_q!

1
s (15 = 0e5) =0l +x)).

So we have
B 0 , if v(ex) < 2,
(26) C(v)= {Q(v){Qn—U(ek)—Q} {n; —v(e;) —v(e; +ex)} ,if v(ex) = 2.

If v(ej)v(er) > 0, then by (22),
D(v)

o Z (1)) Hy(e) — 13 {2n—v(ex) —3} g+ (nj— 1)1+ my_q !
- P()/{v(e;)o(ex)prv(p)}

pg{ej+er,2er}
pr>0,> p;=2

= (=1)UERy(eg)! {2n—v(er) =3} ng ! (n—1)! -+ ng_q!
1
: vle) Y, prolp)

P(U) v(p)=>0

pé{ej+er,2er}
Pr>0,3,pi =22

= (=1)vERu(ep)! {2n—v(er) =3} ny! - - (n =) myq!

' % v(eg){2n — 2~ vlex) — vlej + ex) — 20(2ex)}.

So we have
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_ 0 N if U(Ek) = 0,
(27) D(v)= {Q(v)v(ej){anv(ek)fv(ej +er)—2v(2e;)—2} |, if v(eg) > 0.
1. Case of v(ey) = 0.

In this case, we get
A(w) + B(v) + C(v) + D(v) =

|

<
~

<
=

by Lemma 1.

2. Case of v(eg) = 1.
In this case, we have
C(v) =0.
So that
A(U)+ (v) + C(v) + D(v) = A(v) + B(v) + D(v)
Q(v) [v(ej + ex) {2n +v(e;) — v(er) — 2} + 2v(e;)v(2es)
+v(ej) {2n — vier) —vie; + ex) — 2v(2e) — 2} ]
= Q(v) {2n —v(ex) — 2}H{wv(e;) + v(e; + ex)}
For the proof of (23), it is sufficient to show that
(28) vie;) +v(ej + ex) = nj.
If v € P’ coincides with type(i) of Lemma 2, then
(v(ej),v(ej +ex)) = (nj — 1,1) or (n;,0),
according to h = j or h # j, respectively. In this case, (28) holds.
If v € P’ coincides with type(ii) of Lemma 2. then

(vej), v(ej + ex)) = (ny,0),
In this case, also (28) holds.

3. Case of v(ey) = 2.
From (24)—(27), we get
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A(v) + B(v) + C(v) + D(v)

= Q(v) [ viej +ex) {2n + v(e;) —v(er) — 2} + 2v(e;)v(2ex)
+{2n —v(ex) — 2} {n; —v(e;) — v(e; + ex)}
+v(ej) {2n — vier) — vie; + ex) — 2v(2e;) — 2} ]
(0 (1= vfe) =21,

q.e.d.
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APPENDIX

Table of the case k = 2 in the theorem

[ f(z,y) =0, y=g(z)]

g“”(x):—# S ) ()

u€P2n—_1(n,2n—2)

en=1
%(1,0)%;(1 0) -
v(u): 1 g Ty
fluwsz,y): fa
en=e 2 0 10 01
q33(2,2)3u:(0 0 )(1 1 )(2 0 ]
1 0 0
v(u) : 1 —2 1

f(u;x,y) : nyfzz fzfyfzy szfyy
g”(l’) = _L:; (qufzx = 2fufyfuy + fzsz/)

Ja
en=3:[uePs5(3,4)]
v(u): 1 -3 3 -1
Fw2,9) : £y fovw fofy® ooy S Fo" gy Fo” FuFuny
viu): =3 6 3 -9 3

f(u;xvy):fy3fmzfxy fzfy2f1y2 fonyLLfyy f12fufmyfyy fofyy2

@) = Y vy

5
fy uePs5(3,4)

17
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-n:4:[u€q37(476)]

-n:5:[u€‘~139(578)]

—10

10

50

4914 1

30

40

15
50|2 g| 2|

— 25
31
v ¢

dxV CyH

49

—50
30

49

f

q Z‘ = flvm)
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