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INTERSECTION NUMBERS AND TWISTED PERIOD 

RELATIONS FOR THE GENERALIZED 

HYPERGEOMETRIC FUNCTION m+tFm 

Yoshiaki GOTO 

(Received 5 July 2014 and revised 6 October 2014) 

Abstract. We consider the generalized hypergeometric function m+I F111 and the differential 
· equation m+I E111 that it satisfies. We use the twisted (co)homology groups associated with
an Euler-type integral representation. We evaluate the intersection numbers of the twisted 
cocycles that are defined as the mth exterior products of logarithmic I-forms. We also provide 
the twisted cycles corresponding to the local solutions to 111+ 1 E111 around the origin, and we 
evaluate their intersection numbers. The intersection numbers of the twisted (co)cycles lead 
to the twisted period relations between two fundamental systems of solutions to 111+ 1 E111.

1. Introduction

The generalized hypergeometric function 111+ 1 F111 of a variable x with complex parameters
ao, ... , a111, b1, ... , b-,11 is defined by 

F (ao, ... , a111. 
)-� (ao, n)···(a111 , n) 11 Ill+ 

I m b b ' X - � (b ) (b ) I X 'I , · .. , 111 n=O 1, n · · · 111, n n . 
whereb1, ... , b111 \i{O, -1, -2, ... } and (c, n) =f(c+n)/f(c). This series converges in 
the unit disk Ix I < 1, and satisfies the generalized hypergeometric differential equation 

( ) [ Ill Ill 
] 

. ao, ... ' am 
111+1E111

= 111+1E111 b b : en(e+b;-1)-xn(e+aj) f(x) = O,
I,···' 111 i=l .i=O 

where(}= x(d/dx). The linear differential equation m+I E111 is of rank m + 1 with regular
singular points x = 0, 1, oo. We put bo := 0 (although ho is usually defined to be I, we use
this setting for our convenience). If b; - b j \t '7l., (0 Si < j s m), a fundamental system of 
solutions to 111+1 E111 around x = 0 is given by the following m + 1 functions: 

(ao, ... , am 
)Jo:= m+I Fm b b ; X ' 

I, ···, 111 
f' 1-b F ( ao - b,. + 1, ... , a111 - b,. + 1

) 
Jr: = X r • m+I 111 ; X ,b1 - b,. + 1, ... , 2 - b,., ... , b111 - b,. + 1 
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where 1 _:s r _:s m. It is known that 111+1 F111 admits an Euler-type integral representation:

F (ao, .. ,, am.)
111+1 Ill b b 

'

X 

I, ···, 111 

(2) 

where D := {(t1, ... , t111 ) ElR111 IO< t111 < lm-1 < · · · < t1 < l}. The branch of the inte­

grand is defined by the principal value for x near to 0. 

In this paper, we consider the twisted (co)homology groups associated with the integral 

representation (2). Note that the singular locus of the integrand of (2) is not normally crossing. 

In such a case, as is studied in [7], the resolution of singularities is an effective way to 

study the intersections of the twisted (co)homology groups. We resolute the singularities 

and evaluate the intersection numbers of the twisted cocycles. We provide formulas for the 

intersection numbers of the mth exterior products of the logarithmic 1-forms, which span 

the twisted cohomology group. To describe the formulas, we use the combinatorial structure 

of the divisors. For the study of the twisted homology group, we introduce a method that 

does not require the resolution of the singularities. We use the method given in [5] and [6] 

to construct twisted cycles corresponding to them+ 1 solutions (1) to 111+1 E111 • These are 

made by the bounded chambers, and their boundaries are not regularized in the usual way. 

It is an advantage of our construction that we can evaluate their intersection numbers by 

the formula in [11] for a normally crossing singular locus. Intersection numbers of twisted 

homology and cohomology groups lead to twisted period relations between two fundamental 

systems of solutions to 111+ 1 E111 that have different parameters. We transform these relations 

into quadratic relations between the hypergeometric series 111+ 1 F111 • Since our intersection 

matrices are diagonal, it is easy to reduce the twisted period relations to quadratic relations 

between the 111+ 1 Fm . 

In [9], twisted cycles corresponding to the solutions (1) to 111+1E111 are obtained as 

the usual regularizations of real (unbounded) chambers, and their intersection numbers are 

evaluated. This evaluation is based on the method in [7], and it requires that the singularities 

be resolved. Note that we do not need this resolution for the study of the twisted homology 

group. Our method is much simpler than that in [9]. 

In [10], twisted period relations form+ 1 Fm are obtained from the study of the intersection 

forms of the (co)homology groups with coefficients in the local system of rank m. Another 

integral representation of 111+1 Fm and its inductive structure are used. Our (co)homology 

groups have coefficients in the local system of rank 1 for the general m variable case. The 

twisted period relations in [10] are transformed into quadratic relations between the 111 + 1 F111 

and their derivatives. Since our quadratic relations consist of only the 111+ 1 F111, the structures 

of twisted period relations in [10] and that of ours are completely different. 

There have been few studies of the intersection forms of the twisted cohomology groups 

.associated with (2). We give two systems of twisted cocycles that have some orthogonality 

with respect to the intersection form. This is the first time the intersection numbers of such 

cocycles have been evaluated. 
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As shown in [2], the irreducibility condition of the differential equation 111+1 E111 is known
to be a; - b J ff. Z (0::: i, j :::: m). Since we use the fundamental system (1) of solutions to
111+ 1 E111 , we assume throughout this paper that the parameters a;, bi satisfy the condition 

2. Twisted (co)homology groups associated with the integrai representation (2)

(3) 

For twisted homology groups, twisted cohomology groups, and the intersection forms, refer
to [l, 11], or [5]. We use the same notation as in [5] and [6].

In this paper, we primarily consider the twisted (co)homology group for

(

Ill Ill 

)M := C111 - U (tj = 0) U U (fj-1 - fj = 0) U (1 - t1 = 0) U (1 - Xtm = 0) 
}=I }=2 

and the multivalued function
Ill Ill 

u := n t?-bj+t. n (tj-1 - tJlraj. (1 - t1l1 -a 1 • (1- xtm )-a0. 

j=l }=2 

We put w := d log u, where d is the exterior derivative with respect to the variables t1, . .. , t111 

(note that this is not with respect to x, which is regarded as a parameter). The twisted
cohomology group, the twisted cohomology group with compact support, and the twisted
homology group are denoted by H k(M, 'vw), H}(M, 'vw), and Hk(C.(M, u)), respectively.
Here, V w is the covariant differential operator defined as V w := d + w/\. The expression (2)
means that the integral 

J, u<po,
D®u 

dt1 I\ · · · I\ dtm <po:=������ � ����� �
t111(l - t1)(t1 - t2) · · · Ctm-1 - tm) 

represents m+l F111 mod�lo Gamma factors. By [l] and [3], we have H k (M, 'vw) = 0 (k # m),
dim H 1

11 (M, V w) = m + I, and there is a canonical isomorphism

J : H 111 (M, 'vw)--+ Ht (M, 'vw).

By the Poincare duality, we have

dim Hk(C.(M, u)) = dim H k(M, 'vw) = 0 (k # m),

dim H111 (C.(M, u)) = dim H 111 (M, 'vw) = m + 1.

The intersection form I,, on the twisted homology groups is the pamng between
H111 (C.(M, u)) and H111 (C.(M, u-

1 )). The intersection form le on the twisted cohomology
groups is the pairing between Ht (M, 'vw) and H 111 (M, V _w). By using J, we can regard the
intersection form le as the pairing between H 111 (M, V w) and H 111 (M, V _w), i.e. 
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3. Twisted cohomology groups and intersection numbers

In this section, we give two systems of twisted cocycles and evaluate their intersection
numbers. 

We embed M into the projective space JP>111 , that is, we regard M as an open subset of JP>111 : 

where

( 

Ill Ill ) 

M = JP>111 
- U L J U U H1 

C (C111 C JP>111, 
}=0 }=0 

L1 := (T1 = 0) (0 :C:: j Sm),

H 1 := (TJ-1 - T 1 = 0) (1 :S j Sm), Ho:= (To - xT,11 = 0).

In terms of the homogeneous coordinates To, ... , T,11, the multivalued function u is
expressed as

where

Ill 

_ -r
"'

oc-r T. )'10 n T "'j (T· T·)wlt - .LO 10 - X 111 • l l j 1-I - J 
1

, 

}=I 

>..1 :=a1 -b1+1 (l:S}:Sm-1), A111 :=a111,

µ,1 := b1 - a1 (1 :S j Sm), /-lo:= -ao,

( 111 111 ) >..o := - L >..; + L µ, J = ao -b 1.
}=I }=0 

Note that Lo = (To = 0) is the hyperplane at infinity, i.e. M c (C111 = JP>111 - Lo c JP>111 , and the
coordinates t1, ... , t111 on (C111 are given as t J = T1 / To. Hereafter, we regard subscripts as
elements in Z/(m + l)Z. For example, we have a111+1 = ao, b111+1 = bo = 0 , and

A_;= a; - h_;+I, µ,_; = b; - a; (0 :S j Sm).

Let lk and hk (0 :S k Sm) be the defining linear forms of Lk and Hk, respectively. We
define an m-form on M by

(
Jo

) (JI) (
J,11-I

)<PUo, ... , !,11) := d log - /\ d log - /\ · · · /\ d log --
J1 fz !,11 

for Jo, ... , J,11 E {lo, ... , 1'.111 , ho, ... , h111 }. We consider two systems { <pk}k11=0 and { 1f!k }%�a
given as 

<f)k := </J(ho, ... , hk-1, lk-1, hk+I, ... h111),

Vlk:= </J(ho, ... , hk-1, ek, hk+1, ... h111).
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Using the coordinates t 1 = T1 / To (1 ::: j .::: m) of (C111 
= IP"11 • - Lo, we have

dt1 I\ · · · I\ dtm 
<po= f111 (l - t1)(t1 - t2) · · · (lm-1 - f111)

dt1 I\ · · · I\ dt111 
i/to = 

(1 - t1)(t1 - t2) · · · (tm-1 - 1111)
X dt1 I\ · · · I\ dt111 

<p,-= --
lr-1 (1 - xt111)(l - t1)(t1 - t2) · · · (tr-1 - t,.) · · · (t111-I - t111) 

dt1 I\ · · · I\ dtm 
1{!,. = --

t,.(1 - Xlm)(l - t1)(t1 - t2) ···(tr-I - t,.) · · · Ctm-1 - lm) 

where 1 ::: r .::: m. Note that them-form <po coincides with that defined in Section 2. 

THEOREM 3 .1. We have 

where 

I c ( <p;, <p J) = I c ( i/t; , i/t J) = 0 (i =I= j), 

I ( ) _ (2n v'=l°)m n b1 - bk 
c <{Jk' ({)k -

(a - b ) (b - a ) 'O<l<m l k l I 

I (''' ,Ir ) - (2n v'=l°)lll n a1 - ak 
c 'I' k' 'I' k - (b - a , ) (b - a ) ' O<l<m I k I l 

f#k 

11 m (b; - a;)(bj - a1) 
n
m 1 

le(({);, 1/11) = lc(i/tj , ({);) = 8ij(2rrv-1) , (b · - a ·) bi - a, 1 1 l=O · 

t:;J := 1-1' i =I= j and (i = 0 or j = 0),

1 otherwise. 

The following corollary follows immediately from this theorem. 

207 

(4) 

(5) 

(6) 

(7) 

COROLLARY 3.2. Under the condition (3), the m-forms ({JO, ... , (()111 form a basis of 
H 111 (M, 'vw). 

Proof. We set C := Uc(<p;, <p J ));;J=O, ... ,m; this is called the intersection matrix. Then we have 

m 1 b· - b · 
det(C) = (2rrv'=l°)m(111+I) n n , ; 

(bi - a,)m a; - b
1
·' 1=0 0:S.i#.i:S.m 

which does not vanish under the condition (3). D 

In the remainder of this section, we prove Theorem 3.1. According to [8], we can evaluate 
intersection numbers by blowing up pm so that the pole divisor of the pullback of w = d log u 
is a normal crossing divisor. We need information about the m-forms around the points at 
which the m components of the pole divisor intersect. 

For i =I= j, j + 1, let LJ,J+I, ... ,i-1 be the exceptional divisor obtained by blowing up 
along L 1 n L J+I n · · · n L;-1 = (T1 = T1+1 = · · · = T;-1 = 0). The residue of the pullback 
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of w along L J,J+l, ... ,i-1 is 

i-1 i-1 i-1 i-1
Aj,J+l, ... ,i-1 =LA/+ L /J,/ = I:ca, - b1+1) + L (b1 - a,)= aj - b; 

l=j l=J+I i=j i=J+I 

(recall that the indices are regarded as .elements in Z/ (m + 1 )Z). Note, for example, that L 12 
is an exception<ll divisor, but LI is not. 

First, we describe the intersections of L 1, ... , L111 , Ho, ... , H111 and the exceptional
divisors L j,j+ 1, ... ,111 (1 :,s j :,s m - 1) in C111 = JlD111 

- Lo. It is easy to show the following
lemma. 

LEMMA 3.3. We blow up JlD111 - Lo along

L; n L J+I n · · · n L111 (1 :'S j :Sm - 1).

In { <po, ... , <p111 , i/!o, ... , i/!111}, only <po and Vii have L J,J+l, ... ,111 as a component of the pole 
divisor. Furthe,; we have 

Hk n L;,J+l, ... ,m = 0 � k =Oor k = j. 

Second, we describe all of the intersections of Lo, ... , L111, Ho, ... , H111 and the
exceptional divisors. 

LEMMA 3.4. After blowing up along all L 1 n L J+I n · · · n L;-1, the pole divisor of the
pullback of w is a normal crossing diviso,: Let <l>k (respectively \llk) be a set consisting of the 
components of the pole divisor of the pullback of <pk ( respectively Vlk), Then we have 

<l>k = {Hk+I, Hk+2, ... , Hk-1, Lk+l,k+2, ... ,k-l, Lk+2 .... ,k-l, ... , Lk-2,k-l, Lk-d, 

\llk = {Hk+1, Hk+2, ... , Hk-1, Lk, Lk.k+I, . .. , Lk.k+l, . .. ,k-3, Lk.k+l...,k-3,k-2}. 

Moreover, we have 
Hk n L;,J+l, ... ,i-J = 0 � k = i or k = j .

Proof. Recall that u is expressed as 

U = l 1 
• • • t )...111 • (1 - xt )µ0 (1 � t1)µ' · (t1 - t2)µ2 . .  • (t 1 - t )I.Lm

I ,n 111 · · 111- 111 

on C111 = JlD111 - Lo (with the coordinates t; = T1 / To, 1 :,s j :,s m). On the other hand, on
]!D111 - Lk, it is expressed as

u = S
AO • . •  s)...k-1 SAk+J • • •  s)..."'0 k-1 k+I 111 

· (so - xsm)µ0(so - s1)µ' · · · (sk-1 - l)µk(l - Sk+1)11k+ 1 
• • • (sm-1 - Sm)µ"'

= s)...k+l · · · s)...111 /0 · · • s)...k-l · (sk J - l)µk (1 - Sk+l)µk+ lk+I 111 '0 k-1 -

· (Sk+l - Sk+2)µk+2 
• • ' (Sm-I - Sm)µ"' (so - XSm )µO (so - SJ )µ 1 

' • • (Sk-2 - Sk-1 )µk-l, 

in terms of the coordinates s i = T1 / Tk (0 :,s j :S m, j =fa k). Thus,

Lk+I, ... , L111 , Lo, ... , Lk-1 and Hk, ... , H111, Ho, .. . , Hk-1 

in JlD111 - Lk behave similarly to

Li, ... , L111 
and Ho, .. . , H111 

in JlD111 - Lo. Then the lemma follows from Lemma 3.3. D 
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Remark 3.5. For 1 ::: j::: m, H1 is defined by TJ-1 - T1 = 0. On the other hand, Ho is 
defined by To - x T,11 (= To - x To-1) = 0. As mentioned below, this difference gives the sign 
8ij in (7). 

In particular, we have #¢k =#wk= 2m. We put 

cpr"l := {{D1, ... , D111 } c ¢k ID;# D1 (i # j), Din··· n D111 # 0} 

(wi"'l is also defined in a similar way). Then Lemma 3.4 implies 

¢�
11) 

= {{Hp}pET U {Lq,q+l, ... ,k-dq¥T I/ C {k + 1, k + 2, ... , m, 0, ... , k - l}},

wt')= {{Hp}pEI U {Lu+1, ... ,q-l }q¢/ J / C {k + 1, k + 2, ... , m, 0, ... , k - 1}}. 

Finally, we evaluate the intersection numbers of the <p; and o/J by using the results in [8].

Proof of Theorem 3.1. First, we obtain ( 4 ), since it is clear that 
q)(III) n q)(,n) = W�III) n W(111) = 0 (i # j).I J . I J 

Second, we have 

11 111 '""' n i 
TI 

i
lc((()k,(()k)=(21r-v-1) L,; . ----:-· 

)..
·. 

Ic{k+l,k+2, ... ,k-l) iE/ µ,, NI J,J+l, ... ,k-1 

= <21rv'=l)'1' L TI b· l a· 
. TI a ·� bk

. (3)
Tc{k+l,k+2, ... ,k-l) iET 1 - 1 NT 1 

By induction on m, we can show that 

I: 
TI 

1 
TI . 

1 
= TI bi - bk ,

Tc{k+1,k+2, ... ,k-l) iE/ b; - a; NI al - bk 0�1�111 (a1 - bk)(b1 - a1) 
1# 

which reduces (8) to (5). The equality (6) can be shown in a similar way. Finally, we prove (7). 
Because of 

we have 

¢f11l n wt')= {{Ho, ... , H111 } - {H;}}, 

¢}111) n wj"'l ={{Ho, ... , H111 , LJ,J+l, ... ,i-d - {H;, H1}} (i # j),

lc(<p;, i/1;) = s;; · (21rv'=1)1

1
1 TI_!_= s;; · (21rv'=1)111 TI 

1 
,

L,fci /J,I l,f,i bi - a1 

I ' 11111 1 
TI 

1 le((();, i/11) = t;ij 
· (2rrv-1) · -

AJ,J+l, ... ,i-1 l#i,J 
/J,I

I 11111 1 TI 1 
= s;. · (2rr-v-1) · ---

1 a1 - b; /-'-' . b1 - az
-,-1,1 

(i # j), 

where <J = ± 1. Let us show that 

,;; = {� 1 

i = 0 or j = 0 or i = j,
otherwise. 

(9)
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When we evaluate the intersection number lc (cp;, VI J ), it is sufficient to consider blowing up 
along only 

L;+t n L;+2 n · · · n L;-J, L;+2 n · · · n L;-t, ... , L;-2 n L;-t 

in the coordinate system of IP111 - L;, since the pole divisor of cp; is a normal crossing divisor 
following this blowing-up process. Put <l>}m) n \J!t) ={{Gt, ... , G111 }}, and 'let 81 be the 
defining linear form of G1. By taking appropriate coordinates ti, ... , t;,1

, we can explicitly 
express cp; . TI 1 81 and VI } . TI1 81 around the intersection point Gt n ... n Gm . 
(i) For i = j = 0, we have

81 = 1 - tf (1 ::: l ::: m),

n 
dt; I\ ... I\ dt;ll <{JO' 81 = I I ' 

I tt ... tm 
VIO. n 81 = dt; I\ ... I\ dt:,l . 

I 
and the intersection point G1 n · · · n Gm is expressed as 

tf =-1 (1::: l :'.Sm).

(ii) For i- = 0 and j =/:-0, we have

81 = t1, 81 = 1-t{ (l=/:-J), 

. 
n 

_ dt; I\ ... I\ dt:ll<po 81 - , , , ' 
I t · · · t. · · · t' (1 - t .) 

t J Ill J 

.. 
n 

_ dt; I\ ... I\ dt:,l 
Vlj 81 - I / / ' 

I 
-xt

1 · · · t111 

and the intersection point G1 n · · · n Gm is expressed as 

(iii) For i =/:-0 and j = i, we have

8m+t-i = t:n+l -i -X, 81 = I -tf (l =/:-m + I -i), 

n 
dti

' I\ ... I\ dt' 111 <(Ji ' 81 = X • 
I I ' 

I ti ... tm
Vii· n 81 = dt; I\··· I\ dt:n ,

I 
and the intersection point G1 n · · · n G111 is expressed as 

t:,1+[ -; = X, tf = l ([=/:-m+l-i). 

(iv) For i =/:-0 and j = 0, we have

8111+1-i = t;n+l -i• 81 = 1 -tf (l =/:- m -i + 1),

n 
dt; I\ ... I\ dt;llcp; . 81 = X . --- ' 

I ti··· (11+1-i · · · t:,1Ct:,1+l -i -x)

n 
dti I\ ... I\ dt;ll 

l/lo · 81 = , , 1I tl ... tm -

and the intersection point G1 n · · · n Gm is expressed as 

t;11+i -; = 0, tf = l (l=/:-m+l-i). 
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(v) For i ::f. 0 and j ::f. 0, i, we have

8J-i = t1_;, 81 11+!-i = t;n+l -i -x, g, = 1 -t{ (l ::f. j -i, m + 1 - i),

n 
dt; I\ ... I\ dt:,, 

<p; . 81 = X . � , 
I I 

I (1 / ) I t1 • • • tj-i · · · t111 - tj-i 

. .  

n 
_ dt; I\ ... I\ dt:,, 

o/1 81 -
t' ... t' -1I I 111 

(note that if j < i, then we regard j - i as m + 1 + j -i), and the intersection point 
GI n · · · n G111 is expressed as

t' . . =0 
J-1 ' I 

fm+l -i = X, tf=l (l::f.j-i,m+l-i).

Thus, (9) is proved, and we complete the proof of (7). 

4. Twisted homology groups and intersection numbers

D 

In this section, we construct m + 1 twisted cycles in M, corresponding to the solutions ( 1) to 
111 +1E111 . 

For O.:::: k.:::: m, we set 

Mk :=<C111 

- (0 (cz1 =0) u (1-Zj =0)) u (zk -x n Zj =0)).
1=l J#k 

where z1, ... , z 111· are coordinates of <C111, and zo is regarded as 1. Let Uk be a multivalued
function and let <Pk be an m-form on Mk, defined as follows: for 1 .:::: k.:::: m,

Uk:= n z�rb\1- Zj)brai. z�k(l -Zk)-ao(Zk -X n Zj )
bk-a

k,
J#k J#k 

dz1 I\ · · · I\ dz111 <Pk·=-----------
. Zk · TI1#Cl -Zj) · (Zk -x TI1# Zj)'

and fork= 0, 
111 

( 
111 

)
-ao

UQ := n Z�i (1 -Zi l;-a; · 1 -X n Zi 
i=l i=I 

dz1 I\ · · · I\ dzm 

</Jo:= TI/II . 
i=J(Z;(l-z;)) 

We construct a twisted cycle lik loaded by Uk in Mk . Let x ands be positive real numbers 
satisfying 

(for example, if 

1 8 
8<- X<----

2' (l+s)m-1 

8=-

3' 
1 (3)111-l 

O<x<- · -

3 4 
this condition holds). Thus, the direct product 

Ok:= {(ZJ, ... 'Zm) E JR.111 I c.:::: Zj .:::: 1 -8 (1.:::: j.:::: m)}

of m intervals is contained in the bounded domain 

{ (z1, ... , z111) E JR.111 IO< ZJ < 1 (1.:::: j.:::: m), Zk > X • n ZJ}·
}# 
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The orientation of Clk is induced from the natural embedding JR111 
c C11 • 

By using the e-neighborhoods of C1 := (ZJ = 0), ... , Cm := (Zm = 0), Cm+! := (1 -
z1 = 0), . .. , C2111 := (1 - 2111 = 0), we construct a twisted cycle 6.k from Clk ® Uk in a way
similar to that used in [5] and [6]. Here the branch of Uk on Clk is defined by the principal
value. 

Let Uc JR111 be the direct product (0, 1)111 of m intervals, which is bounded by
Ci, ... ' C2111, and contains Clk, For JC (1, ... '2ml, we set C1 := njEJ Cj, U1 :=
U n C 1, and T1 := e-neighborhood of u.,. Then we have

Clk = U -U T1 .
J 

Using these neighborhood.s T1 , we can construct a twisted cycle 6.k in the same manner as in
Section 3.2.4 of [l] (C and U correspond to the notation in [l], H and 11, respectively).
When k =/. 0, for fixed positive real numbers ZJ E (0, 1) (j =/. k), the point (z1, ... , 2111 ) 

satisfying Zk -X n
}# 

Zj = 0 belongs to Tk, since the solution X n
}
# Zj of the equation

Zk -X n
i# 

Z j = 0 in Zk belongs to JR and satisfies

X · Tl Zj < X < e.
j-f-k 

Thus, if (z1, ... , Zm) moves along a circle with radius e surrounding Ck, the branch of

( )
bk-ak

z? Zk -X Tl Zj 
j-f-k 

is changed. The difference between the branches of Uk at the ending and starting points of
this circle is

Those of the circles surrounding C111+k, C;, Cm+i (i =/. k) are

exp(2rr.J=1(-ao)), exp(2rr.J=T( a; -bk)), exp(2rr.J=1(b; -a;)),

respectively.
We give the expression of 6.k briefly. For j = l ,  ... , 2m, let c J be the (m -1)-face of

Clk given by Clk n T1 , and let S1 be a positively oriented circle with radius e in the orthogonal
complement of CJ, starting from the projection of c J to this space and surrounding CJ. Then
6.k is written as

where

dk :=f3k -1, dm+k :=ao 1 -1, d; :=a;{3k 1 -1, dm+i :=f3ia; 1 -1 (i =/.k),

and a J := e2rr Rai, f3 J := e2rr Rbi. Note that we define an appropriate orientation for each
<njEJ C j) X n

jEJ Sj ; see [l] for details.
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Remark 4.1. If k = 0, the difference between the branches of uo at the ending and starting 
points of the circles surrounding C;, C111 +; (1 ::: i .::: m) are 

exp(2n.J=-i'a;), exp(2n.J=-i'(bi -a;)),

respectively. Since (0, 1)111 n {z I 1 - X n
i 

Z; = O} = 0, the twisted cycle io is the usual 
regularization of (0, 1)111 ® u0. 

PROPOSITION 4.2. We have 

1 ,I, -n
lll f(ai)r(bi -ai) D 

(
QQ,,, 

0

, ,  
am, ") uo..,,o - · m+I rm , X , 

�o i=I f(b;) ht, ... , b111 

1 _ f(b,. - l)f(l -ao) n f(aj - b,. + l)f(bj -a1)
u,.<jJ,. - . . 

�r f(b,. - ao) 
l:",}:",111 

f(b; -b,. + 1) 
Nr 

D ( ao -b,. + 1, ... , am -b,. + 1 . 
)· m+trm , X 

b t -b,. + 1, ... , 2 -b,., ... , b111 - b,. + 1 
(l.:::r.:::m). 

Pmof In a way similar to that used for Proposition 4.3 of [S] or Proposition 4.3 of [6], we 
can show this proposition by expanding the left-hand sides with respect to x. Note that we 
use the equalities 

1 n
lll a;+11-l

(l )
b·-a·-l

d n
lll f(a;+n)f(b;-a;) 

- Z; - Zi I I z = ,
t.o i=l i=l f(b; + n) 

z n z�r
b
,+n (1 -z;l1-a1-l . zf,-2-n (1 -z,.)-ao dz 

h, Nr 

= n f(aj -b,.+n+ l)f(b1 -a1) . f(b,. -1-n)f(l -ao)
,

·_J. 
,f(b1-b,.+n+l) f(b,.-ao-n) ;,r 

for a natural number n and 1 _:::: r .::: m. The second equality follows from the fact that the 
twisted cycle i,. of the integral can be identified with the usual regularization of the domain 
(0, 1)111 , loaded by the multivalued function 

n a1-b,+11
(l )b·-a·-1 b -2-n(l )-aoz; -z; 1 1 ·z,.' -z,. 

Nr 

on C111 
- U'.;'=l ((z; = 0) U (1 -Zj = 0)). 

We define a bijection lk : Mk � M by 

lQ(ZJ,, .. , Z111) := (tJ,, .. , tm); f.1· = n Z;,
i=I. 

D 

lr(ZI, ... , Zm) := (t1, ... , f111); · f.1· = n Zj (s < r), 
Zr 

ts = 

nm 
(s � r),

j=l X. j=s+l Zj 

where 1 ::: r .::: m. We also define branches of the multivalued function u on real chambers 
in M. Let D,. c JR.111 (1 _:::: r .::: m) be the chamber defined by 

t; > 0 (1 ::: j .::: m), 1 - xt,11 > 0, tj-l -fj > 0 (j # r), tr-I - t,. < 0, 
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where we regard to as 1. On D,., the arguments of the factors of u are given as follows. 

lj l - Xlm lj -1 - lj (j =/:- r) lr-1 - t,. 

0 0 0 -n

Recall that on_D = { (t1, ... , t111 ) E JR.111 
I O < t111 < fm -1 < · · · < t1 < 1}, all of the arguments 

of the factors of u are 0. 

THEOREM 4.3. We define a twisted cyck!ik in M by 

/},,k := (lk)*(t.k), 

Then we have 

1 nm f(ai)f(b; - Cli) 
u<po = f(b·)

· Jo,
6g i=l I 

1 -rr,,/=T(b.-a -1) r(b,. - l)f(l - ao) n f(aj - b,. + l)r(bj - Clj)
U(f)O = e 

I r ' 
' J,.' 6 f(b,. - ao) 1 . f(b1· - b,. + 1) r 5}5111 

j=f.r 

where 1 ::=: r .::=: m. 

Proof. By pulling back u<po under Lo, we can show the first claim. We prove the second one. 
On !i ,. , we have 

Ill 

U 
= e-rr,,/=T(b,-a,.) (t,- - t,--1l'-a' ( l - Xtm )-ao · n t?-bj+l · n (fj-1 - tjlrai,

j=l 15j5m 
j=f.r 

where the argument of each factor is zero on L,- (O',-) C D,.. We consider the pullback of u<po 
under L,.: 

u(t,.(z)) = e-rr,,/=T(b,-a,) · x-b, · u,. (z), 

t;<po = -x · ¢,.. 

By Proposition 4.2, we thus have 

[ u<po = -e-rr,,/=T(b,-a,.)xl-b, 1 u,. </J,. = e-rr,,/=T(b,-a,.-1). (f-factors). f
,. . D 

16,. 6, 

Remark 4.4. For 1 ::=: r .::=: m, the twisted cycle !i,. is different from the regularization of 
D,. © u as elements in H111 (C.(M, u)). 

Remark 4.5. Let t;. : M,. � Mo (1 ::=: r .::=: m) be the map defined as 

l;.(z1, ... , Zm ) := (w1, ... , Wm ); 

Then it is easy to see that L,- = Lo o (. 

Zr 
w,. = , Ws =Zs (s =/:-r). 

X n j=f.r Zj 

The replacement u � u - l = l / u and the same construction as used for !ik give 
the twisted cycle !'ir, which represents an element in H111 (C.(M, u-1)). We evaluate the
intersection numbers of the twisted cycles {!'ik}%�o and {!'i:}%�0. 



THEOREM 4.6.

Intersection numbers of m+l F111 

(i) For k -f. l, we have lJ, (t.k, t.n = 0.
(ii) The self-intersection numbers of the t.k are as follows: 

I 
(t. t,. v) -fl

m 
a;(l - /J;) h 0, 0 - (l _ ·)( . _ R-),

. i=l 
a, a, /Jr 

TI CXJ
(/J

,- - /JJ)IJ,(t.,., t.:) = .-a· a·- . 

I ::,j ::,m (/J, 1) ( 1 /J 1)
J=/=r 

ao - /J,.
(1 - /Jr )(ao - l)
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(1 �,. �m).

Proof This theorem can also be shown in a way similar to the method used for Theorem 4.6
of [5] or Theorem 4.6 of [6]. Keys to the proof of (ii) are lJ, (t.k, t.r) = Ih (iik, 1:) and the
fact that the self-intersection number of a twisted cycle constructed from the direct product
of intervals is obtained as the product of those of the loaded intervals. D

COROLLARY 4.7. Under the condition (3), the twisted cycles t.o, ... , t.m form a basis of
Hm (C.(M, u)). 

Proof. The determinant of the intersection matrix H := (/1i(t.;, t.1))i,J=0, ... ,m does not
vanish. D

Remark 4.8. In Section 3 of [9], there are the twisted �ycles Dj0l, ... , D,\?l, D
1
��t 1 , which

correspond to the solutions ft, ... , J,11 , Jo, respectively. By the variable change 

p : (t1, ... , tm ) I------+ (!, ... , _!_),
ti t,n 

our integral representation (2) coincides with that in [9]. It is easy to see that

t. ( l)m (D(O) ) t. = (- l)m /J,. - ao 
p (D(O)) (1 _< r <_ m)0 = - p* m+l ' r ao(/Jr - 1) * r 

as elements in Hm (C.(M, u)).

5. . Twisted period relations

The compatibility of the intersection forms and the pairings obtained by integrations (see [ 4])

implies the twisted period relation:

where IT±w are defined as

flw := ( { u<p;)_. . ,
1 /:;.j I,] 

fl_w := ( { u- 1
<p;) ,}t:,,.v .. 

j I,] 

and C and H are the intersection matrices (see the proofs of Corollaries 3.2 and 4.7).
Comparing the (i, })-entries of both sides, we obtain the following theorem.

THEOREM 5.1. We have 

(10)
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By using our results, we can reduce the twisted period relations (10) to quadratic relations 

between the 111+ 1 Fm , We write down one of them as a corollary. 

COROLL".'-RY 5.2. The equality (JO)for i = j = 0 is reduced to

where

111 bi - ho III b1· (a ) n b = n - ·111+1F111 b; X ·111+1Fm
l=I a, - 0 1=1 a, 

� x2. ao(ao - b,.)(b,. - a,.) . 
n 

a, - b,.
+ L., b (b2 - 1) b - b r=I r r l</<111 I ,. 

a:= (ao, ... , a111 ), b := (b1, ... , h111), 

ar,± := (1, ... , 1) ± (ao - b,., ... , am - b,.),

,-1-,. 

br,± := (1, ... , 1) ± (h1 - b,., ... , ±1 - b,., ... , b111 - b,.).

Proof By Theorem 4.3 , we can express the integrals in (10) as products of r-factors and

m+l F,,,. By Theorems 3.1 , 4.6, and the formula f(w)f(l - w) = rr/sin(rrw), we obtain the 

corollary. D 

Remark 5.3. If we assume the condition (3) and

ai - a J </. Z (0 � i < j � m),

then V/0 , ... , Vim also form a basis of H111 (M, v'w), because of Theorem 3.1. Considering 

I c ( ({)i, VI J), I c ( Vii , <p J), or I c ( Vii , Vf J), we obtain other twisted period relations.

Acknowledgement. The author thanks Professor Keiji Matsumoto for his useful advice and
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