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I I -. } 2 2 z2 - } 
tr(-A-r)=-A-y=l, l0 j-l0 =-

2
0-2 {(xj-µo) -o- }=-~ 

(note that A= -r even under non-normality), 

~~ = ~ J(3) = io(3) = a3T = o J<4) = ·(4) = a4T = o 
uu. O" , 0 ae3 , 0 lo ae4 . 

0 0 0 

Let Kk = Kgk(z) (k = 1,2, ... ) under possible non-normality with 

z = (x* - µ0 ) IO". Note that the notation Kk is used only when the argument 

of Kgk O is z for simplicity. 
n n 

vt) =4(n-1r
1~)loj -~)2 

=2(n
2 
-nr

1 L Uo1-lok)
2 =0/1), 

j=I j,k=I 

n A 

v(A) = 4(n -1)-1 °"(Z . -T )2 = &(A) = 0 (1) 
ML L..J MLJ ML ML2 p ' 

}=I 

A n 

iMLJ = Ii lo=BML, TML = n-1 LiMLJ' 
J=I 

1 2 1 
Kg2 (/01 ) = var/101 ) =-varg(z ) =-(K4 + 2), 

4 4 

K (l .) = _ _!_K (z2) = _ _!_ E {(z2 -1)3
} g3 OJ 

8 
g3 

8 
g 

1 2 
=--(K6 +12K4 +lOK3 +8) 

8 
(see (S6.8) given later), 

1 2 
Kg4(/0J) =}6Kgiz) 

(S6.2) 

1 
= -(K8 + 24K6 + 56K5K3 + 32Ki + 144K4 + 240Ki + 48) 

16 
(see also (S6.l 0) given later), 
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1 
=-(K8 +24K6 +56KsK3 +35Ki +156K4 +240K] +60) 

16 
(see also (S6.10)), 

{ atj -. 2 } {z( z2 -l)2

} 1 s 3 E -(/. -/ ) =E - --- =-E (z -2z +z) 
g ae 01 0 

g a- 2 4a- g 
0 

1 1 
=-(Ks +lOK3 -2K3) =-(Ks +8K3), 

4a- 4a-

{ ( 
al 

:

2

} ( 2 2 ) 
-. j z -1 z I 4 2 

E (/.-/)- =E ----=--E(z-z) 
g o1 o ae g 2 a-2 2a-2 g 

0 

1 
= ---2 (K4 + 2), 

2a-

E/vt)) = a~2 = varg(-2/0j) = K4 + 2, 

E ( av(A) J = 8E [1 . atj J = - 4K3 E [ a2v(A) J = 8 = _!_ 
g ae g 01 ae a- ' g ae2 r a-2 

0 0 0 

(the result 8y holds under canonical parametrization), 
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ncov /mv, fa)= ncov /vtl,fo) = 4Eg {(l0J -fo')3
} = 4Kg3(/0J) 

1 2 
=--(K6 +12K4 +lOK3 +8), 

2 

( 
aT J { a1J -. 2 } 1 ncovg -,mv =4Eg -(l0J-l0 ) =-(K5 +8KJ, 
oB0 oB0 CY 

n avar/mv) = 16 [ Eg { (/0J -fo')4}-[Eg {(l0J -fo')2
} ]

2 J 

~ 16[ I~ E, {(z' - J)'}-{-1-E, {(z' -1)'} r] 
= Eg {(z2 -1)4}-[Eg {(z2 -1)2

} ]
2 

= Kg +24K6 +56K5K3 +35K; +156K4 +240Ki +60-(K4 +2)2 

= Kg + 24K6 + 56K5K3 + 34K; + 152K4 + 240Ki + 56, 

ncov g (av<AJ, ofo l = 8Eg {(l0J -Ia')( 01
J ]

2

} = -~(K4 + 2), 
oB0 oB0 080 CY 

( I) ( Of ]' m - m 
V - v' ae0 ' 

m<2l - m2 m - 0 - _v __ E _uv_ 0-
[ 

a-1 ( 8-1 ]
2 

{ a <A) ( '.'.l..(A) ]} 8-1 ]' 
v - V ' V ae0 ' ' 8()0 ' ae0 g ae0 ae0 ' 
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I 

vol= _!_(a<Al )-312 {-1 E (avCAJ ),1,-'} 
2 ML2 ' g ae. 

0 

I 

= ~(K, + 2f"' {-[, -
4
;• (- ~' r} = ~(K, + 2)"'(-[, 4ox,)' 

(under normality v<ll =(-T512 ,0)'), 

v(2) = [ l(a(A) )-5/2 _l(a(A) )-5/2E (av(A) )A,-1 
8 ML2 ' 4 ML2 g ae. ' 

0 
(A) 

_ _!_(a(A) )-3/2E (av(A) )(A-1)2 [ _ _!_(a(A) )-3/2E (a
2
v<A)) 

2 ML2 g ae. , 4 ML2 g ae.2 
0 0 

(B) 

+ ~',r'"E, { ( ~:J} + O(n ') Jex')',~( a~', r"' ,i-• J 
(B) (A) 

= [i (K + 2)-512 -3(K + 2)-512 
K CT 2(K + 2)-312 

K cr3 
8 4 ' 4 3, 4 3' 

I 

{-2(K4 +2r312 +6(K4 +2r512 Ki}CT2,- ~
2 

(K4 +2r312
] 

(under normality vC2
l = (3 x Tll/2

, 0, 0, -2-112 cr2,-T512 cr2
)' ), 

(under normality n2Eg {(/~)2m~ll '} = (48, 0)), 
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nE (Pl)m(l) ')v(l) == -2{ncov (/ m ) ncov [r aT )}v(l) g ML v g o, v , g o, ae. 
0 

== -2{4K //oj),-.!S_}.!.(K4 + 2r312 (-1, 40K3 ) 
1 

g 2a 2 

== -(K4 + 2r312 {-4Kg3 Uo)-2K;} 

== -(K4 + 2r
312 

{1(K6 + 12K4 + 10Ki +8)-2Ki} 

1 -== --(K4 + 2) 312 (K6 + 12K4 +6Ki +8) 
2 

(undernormality nE/~m~l) ')v<l) ==-2112
), 

-2E/~ -~) == n-12tr(A-1r)+n-2 (c1 +c2 +cJ+O(n-3
) 

== n-1b1 + n-2b2 + O(n-3
) == -n-12 (b

2 
== 0, O(n-3

) == 0), 

b1 == -2 even under non-normality, and b2 == 0 comes from c2 == c3 == 0 

d . 1 . . d O d ;·<3l ·<4l 0 un er canomca parametrization an c1 == ue to O == ) 0 == 

(O(n-3
) == 0 stems from J~k) == 0, k == 5,6, ... defined similarly to 

J•(k) k == 3 4) 
0 ' ' ' 

~ == -2(lo -lo')== ~{n-1 I (x1 - µ0)2 -a2
} = z2 -1, 

(1" 1~1 

!J}_,l == aT J-1 aT == (-~)-
1 
( x - fo )

2 

(x - µ0)2 = -z2 
080 080 a a a 2 

(S6.3) 

(z=(x-µ0 )/a), nE/!J}_,J)==J-1y==-l, !Jil ==~l ==0, 

where !Jil ==~) = 0 is due to J~3
l == J~4

l = 0. 

A A 

n-1AICML ==-2~ +n-12q=-2!ML +n-12. 
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S6.2.l Asymptotic cumulants of n-'AICML before studentization 
A 

Forestimationof -2E/l~J, 
I -. 

Kg1{n- AICML +2Eg(ZML)} 

=-2Eg(~ -~)+n-12q=-n-12+n-12=0 
(A}*_ (A)* _ 

( exactly O; aMLl - aMLt.1 - 0) 

while for estimation of -if, 
( -1AIC 2-l *)- -1(2 ,-1 ) -2{ 2E (-/ (3l -1 (4))} Kg! n ML+ o -n q+A r +n n g ML+ ML + ... 

Using Tr2_,l = 0, 

Kg2(n-1AICML) = n-1[nEg {(IJi:)2}] + n-2[2n2E/fJ~IJt) 

+ nzEg {(iJ~l)2}-{nE/fJt)}z] + O(n-3) 

= n-1 ~nEg [{n-1 I (xj - µ0)2-0'2}2 
(J' J=I 

+n-' [ - ~: E, [ { n 't,<x1 - µ,)' -u' }ex-µ,)'] 
(A) 

+;:Eg{(x-µ0 )4}-(-1)2 
]+0(n-

3
), 

(A) 

where the first term on the right-hand side of (S6.6) is 

n-1[nEg {(/~)2}] = n-1[nEg {(z2 -1)2}] 

= n-1[E/z4 )-{Eg(z2)}2] = n-1(K4 + 3-1) = n-1(K4 + 2), 

the first term in [ · ] of (S6.6) is 
(A) (A} 

(S6.4) 

(S6.5) 

(S6.6) 
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(B) (B) 

=-
2

n
4

2 

[ n-3nEg{(x* -14i)4}+n-3(n2 -n)[Eg{(x* - µ0 )2}]2-n-1
0-

4 
] 

0" (B) (B) 

2 * 4 4 =--
4 

{K 4 (x )+30" -0" }=-2(K4 +2), 
O" g 

the second term in [ · ] of (S6.6) is 
(A) (A) 

2 

n2Eg {(1~)2} =..;.. E {(x - µ 0 )4} = 3 +O(n-1
) 

O" g 

(under normality n
2
Eg {(1~)2} = 3 without the remainder term). 

Consequently, 

Kgz(n-1AICMJ = n-1(K4 + 2) + n-2 {-2(K4 + 2) + 3-1} + O(n-3) 

_ -le 2)- -2 2c l) oc -3)_ -1 (A) -2 (A) oc -3)(s6.7) - n K4 + n K4 + + n - n aML2 + n aML,..2 + n 
• (A) - 2 (A) - 2 (under normality aML2 - and aMLt.2 - - ). 

Kg3(n-'AICML) = n-2
[ n2Eg {(!Ji:)3} + 3n2Eg {(!Ji:)2~l)} 

- 3nE (z<2l )a(A) ] + O(n-3
) 

g ML ML2 

where the first term in [·] of (S6.8) is 

n2Eg {(/Jrn =n2Eg {(z2 -1)3} = n2Kg3(z2
) = Kg3(z2

) 

= Eg{(z2 -1)3} = E/z6 -3z4 +3z2 -1) 

= K6 +l5K4 +lOK; +15-3(K4 +3)+3-1 =K6 +l2K4 +l0K; +8 

( = E/z
6
)-3Eg(z

4
)+ 2; Stuart & Ort, 1994, Equation (3.38)), 

(S6.8) 
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the sum of the second and third terms in [·] of(S6.8) is 

3n2E {(P1) ) 2 z<2) )} - 3nE (T(2) )a(A) 
g ML ML g ML ML2 

= ---;[nEg {l~(x - µ0 )} ]
2 +O(n-1

) 
(J 

= - :. [ R, {t {(x; - µ,)' -a-')n-•t, (x, - µ,,) }J +O(n ') 

=-6K} +O(n-1
). 

Consequently, 

Kg3(n-1AICML) = n-2 (K6 + 12K4 +4K} + 8) + O(n-3) = n-2a~3 +O(n-3) 

( = n-2[E/z6
)- 3Eg(z4

)- 6{Eg(z3)}2 + 2] + O(n-3
); 

under normality atJ3 = 8 ). 

Use TJ;,) = 0 , then 

Kgin-1AICML) = n-3 
[ n3Kgi/Jil)+4n3Eg {(iJ~fzJ~)} 

(A) 

+6n3E {(z<1
))

2(ZC2))2}-4nE (f<2))a(A) 
g ML ML gML ML3 

-6aCA)a(A) -6aCAJ {nE (P2))}2 ] +O(n-4 ) ML2 MLLl.2 ML2 g ML ' 

where the first term in [ · ] of (S6.10) is 
(A) (A) 

(A) 

(S6.9) 

(S6.10) 

n3Kgil~) = n3Kg4 (z 2
) = Kg4 (z2) = Eg {(z2 -1)4}-3[Eg {(z2 -1)2} J2 

=E/zg -4z6 +6z4 -4z2 +1)-3{E/z4 -2z2 +1)}2 

= Kg + 28K6 + 56K5K3 + 35Ki + 210K4 + 280Ki + 105 

-4(K6 +15K4 +10Ki +15)+6(K4 +3)-4+1-3(K4 +2)2 

=Kg+ 24K6 + 56K5K3 + 32Ki + (210-4 X 15 + 6-12)K4 + 240Ki 

+ 105 - 4 X 15 + 6 X 3 - 4 + 1-12 

= Kg + 24K6 + 56K5K3 + 32Ki + l 44K4 + 240Ki + 48, 
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the second term in [ · ] of (S6. l 0) is 
(A) (A) 

4n3E {(l<l))3 T<2)} = 4[ n2E {(l<1))3}nE (/C2))+3a(A) n2E (J(IJTC2
)) 

g ML ML g ML gML ML2 gMLML 

-6nE/~z)n2Eg {(~)2:z} ]+O(n-1
) 

=4[ n2Eg{(~)3 }(-1)+3(K4 +2){-(K4 +2)} 

(B) 

-6K, :: E, [t, {(x1 - µ,,)' - o-'} t. {(x, - µ,,)' -o-'} t (xt - µ,)] l 
(B) 

+O(n-1
) 

(see the first term in [ · ] of (S6.6)) 
(A) (A) 

= 4[ -n'E, {(/J;'J'}- 3(K, + 2)' - 6K, :: E, [ { t. (x1 - µ,,)' r 
(BJ 

x ~(xi' - µ 0 )-2n<T
2
t(xj-µ0 )2 ~(x

1
, -µ0 )] }o(n-1

) 

(B) 

= 4[ - n2Eg {(/J~)3}-3(K4 + 2)2 

-6K3n-1 {nEg(z5
) + 2(n2 -n)Eg(z3 )Eg(z2

)- 2n2Eg(z3
)} ] + O(n-1

) 

=4[ -(K6 +12K4 +l0Ki +8)-3(K; +4K4 +4)-6K/K5 +l0K3 -2K3 ) ] 

+O(n-1
) 

=-4(K6 +24K4 +58Ki +3K; +6K3K5 +20)+0(n-1
) 

(see (S6.8); Stuart & Ort, 1994, Equation (3.38); note that 

n3 = n+3(n2 -n) + n(n-l)(n-2) ). 

the third term in [ · ] of (S6.10) is 
(A) (A) 
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6n3Eg {(/Ji;)2(!J~))2} = 6n3Eg {(z2 -1)2z4} 

= 6[ nvarg(z2)3{nvarg(z)}2 + 12{ncov/z2,z)}2nvarg(z)] +O(n-1
) 

= 6{(K4 + 2)x3+ 12K;}+O(n-1
) = 18(K4 + 4K; +2)+ O(n-1

). 

Consequently, 

Kg/n-1AICML) = n-3[ Kg+ 24K6 +56K5K3 +32K; + 144K4 + 240K; +48 

-4(K6 + 24K4 +58K; +3Ki +6K3K5 + 20)+ 18(K4 +4K; + 2) 

-4x(-l)(K6 +12K4 +4K; +8)-6x(-2)(K4 +2)(K4 +1) 

-6(K4 + 2)(-1)2 ] + O(n-4
) 

=n-3
[ Kg +(24-4+4)K6 +(56-24)K5K3 +(32-12+12)Ki 

+(144-96+ 18+48+36-6)K4 +(240-4x58+ 18x 4+4x 4)K; (S
6

.l l) 

+48-80+36+32 + 24-12 ] +O(n-4
) 

= n-3(Kg + 24K6 +32K5K3 +32K; + 144K4 +96K; +48)+0(n-4) 

=n-3a~
4 

+O(n-4) 

( under normality a~4 = 48 ). 

S6.2.2 Asymptotic cumulants of n-
1
AICML after studentization for 

estimation of -2Zo' 
n112 (n-1AICML +2lo°) 

c-o~y;z 

K (lA)) = n-112{a(A) (a(Al )-112 + a(A) } +O(n-312) 
gl ML ML! ML2 (i;t)MLI 

= n-1/Z {a~1(at22r112 +nEg(/Ji;m~1) ')v<1l} +O(n-312 ) 

= n-1/Z { (K4 + 2r112 -l(K4 + 2r312 (K6 + 12K4 +6K; +8)} 

+O(n-312) 

_ -112a(Al +O(n-312) - n (t)MLI 

(S6.12) 
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(a0\ML! =-(1/2)(K4 +2r312 (K6 +12K4 +6Kf +8); undernormality 

a<AJ = 2-112 - i12 d a<AJ = -i12) (t)MLI an (Al)MLI ' 

K (lA)) g2 ML 

=l+n-1[ 

(A) 

a<A) (a<A) )-1 + 2n2E {(/<1))2v(!) •m<tJ}(a<A) )-112 MLA2 ML2 g ML v ML2 

+2n2E [ T< 1l(T<2lv(1l•m(1l +T<l)v(2l•m<2l +n-12qv<1l•m(1l) J 
g ML ML V ML V V 

(B) (B) 

X (aML(A)
2
)-l/2 

+ 2E {2p2J (a<AJ )-112 p1Jv<'l, m(J) + (l(l)v(ll, m<1J )2} n g ML ML2 ML v ML v 

-/ (2) )( (A) -112 (A) (A) )2} J ( -2) - {2nE / ML aMLz) a(L11JML1 + ( a(L11JML1 + 0 n . 

(i) the first term in [ · ] of (S6.13) is 
(A) (A) 

(A) 

a~A2(a~2r
1 

=-2(K4 +l)(K4 +2r1 (=-1 undernormality), 

(ii) the second term in [ · ] of (S6.l 3) is 
(A) (A) 

2n2Eg {(Z~)2v(I) 'm~l)}(a~2r112 

(S6.13) 

=2{16Kg4Uo),: (Ks +8K3)}±(K4 +2r
312

(-l, 4aK3)'(K4 +2r
112 

=(K4 +2r2{-16Kg4(/0)+4K3(K5 +8K3)} 

=(K4 +2r2{-(K8 +24K6 +56K5K3 +32Ki +144K4 +240Kf +48) 

+4KiK5 +8KJ} 

= -( K4 + 2r2( K8 + 24K6 + 52K5K3 + 32Ki + 144K4 + 208K; + 48) 
( = -12 under normality), 
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2 -2E [ ] ( (A) )-1/2 [ ] 
(iii) the first part in n g • aML2 of the third term in · of 

(B) (B) (A) (A) 

(S6.13) is 
2n2E (T<l)T<2)v(1) •m<1))(a<A) )-112 

g ML ML v ML2 

= 2[ nE/T~))nE/TJrm?l ')v<1l 

+2nE,[ ~ :~}i-•{nE,[:~ m.),r}v'·'}a~,) v, +O(n ') 
= 2[ (-1){-±(K4 + 2r

312
(K6 + 12K4 +6Ki +8)} 

+ 2 K3 (-a2){nE [ oT m ),r}.!..cK4 + 2r3/2(-1, 4D"K3)'](K4 + 2r112 
Q" g 0~ V 2 

+O(n-1
) 

=(K4 +2r
2

[ K6 +12K4 +6Ki +8-2Kp{! (K5 +8K3), ~ 2 }(-1, 4o-KJ'] 

+O(n-1
) 

=(K4 +2r2
[ K6 +12K4 +6Ki +8-2K3{-(K5 +8K3)+4K3} ]+O(n-1

) 

=(K4 +2r2(K6 +12K4 +14Ki +2K3K5 +8)+0(n-1
) 

( = 2 under normality), 

2 -2E [ ] ( (A) )-1/2 [ ] 
(iv) the central part in n g • aML2 of the third term in · of 

(B) (B) (A) (A) 

(S6.13) is 

2n2Eg {(!Ji;)2vC2J 'm~2J}(a~2r112 

_ [ (A) [ [ oT) [ov(A) oT )] (2) -2 aML2 navarg(mv),ncovg mv,- ,O,y,ncovg --,- v 
oeo oeo oeo 

(CJ 
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{ ( 
011 )}

2 
(- ov<A)) ( 011 ) J <2) J (A) _112 

Eg loJ 8Bo ,ncov g lo, 8Bo Eg loJ 8Bo v (aMLz) 
(D) (C) 

+O(n-1
) 

[ 

- 2 3 -3 
=2 [ (K4 +2)navar/mJ+8{ncov/10,mv)} ]8(K4 +2) 

(C) 

+K, + 2)ncov, ( m,, :~) +Sncov,(l,,m,)E, (lo1 :rn 
X {-3(K4 + 2f3 K30"} 

+K, + 2)r + s{ R, (10) :~J} }-2(K, + 2r' + 6(K, + 2r' Ki)o-' 
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=2[ { (K4 +2)(K8 +24K6 +56KsK3 +34Ki +152K4 +240K; +56) 

(C) 

3 -
+2(K6 + 12K4 +IOK; +8)2 }-(K4 +2) 3 

8 

+ { (K4 + 2): (Ks+ 8K3 ) + 2(K6 + 12K4 + 10K; +8); }{-3(K4 + 2r3 Kp} 

+{(K4 +2) ~ 2 +2 :{ }{-2(K4 +2t
2 

+6(K4 +2r
3
K;}a

2 

+{-(K4 +2) : 2 (K4 +2)-! (Ks +8K3); }{- ~

2 

(K4 +2r
2

} J+O(n-
1

) 

(C) 

= 2[ (K4 + 2r3 
{ i(K6 + 12K4 + lOK; + 8)2 

(C) 

-6(K6 +12K4 +IOK; +8)K; +I2K: } 

+ (K4 + 2r2 
{ %(K8 + 24K6 + 56KsK3 + 34K; + 152K4 + 240K; + 56) 

-3(Ks +8K3 )K3 +6K; -4K; +4(Ks +8K3 )K3 } 

+(K4 +2r1(-2)+2 J+O(n-1
) 

(C) 
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=2[ (K4 +2r
3

%-(K6 +12K4 +6Ki +8)
2 

(C) 

+ c K4 + 2r2 { %c Kg + 24K6 + 34K; + 1 s2K4 + s6) + 22K5K3 + 1 ooK;} 

-2(K4 +2r1 +2 J+O(n-1
) 

(C) 

( =2(r3 x48+r2 
X 3x7-2 X 2-l +2) = 2{6+(21 / 4)+ 1} = 49 /2 under 

normality), 

2 -2E [ ] ( (A) )-1/2 [ ] (v) the third part in n g • aML2 of the third term in · of 
(B) (B) (A) (A) 

(S6.13) is 
2n2E {n-1ZCll2qm<1l•vC1l}(a<Al )-112 =4nE (ZC1lm<1l 1)vC1l(a(Al )-112 

g ML v ML2 g ML v ML2 

=4{-~(K4 +2r
312

(K6 +12K4 +6K; +8)}(K4 +2r
112 

=-2(K4 +2r2(K6 +12K4 +6Ki +8) 

( = -2 x r 2 x 8 = -4 under normality), 

(vi)thefirsthalfofthefourthtermin [ ·] of(S6.13) 
(A) (A) 

2n2E {P2l(a(A) )-l/2rcl)v(l),m(l)} . It th I . (""") 
g ML ML2 ML v 1s equa o e va ue m 111 , 

(vii) the second halfofthe fourth term in [ · ] of (S6.13) is 
(A) (A) 

n2Eg {(!Ji!v<1l 'm~1l)2} 

= a~2v<!) 'nacov g(m~1l)v<1l + 2{nEg(TJi!m~1l ')v<ll}2 + O(n-1
) 
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x [navar/mv) _ ncov /mv,aT I aeo) J(-1 ) 
ncov /mv,ol I 080 ) r 4m:3 

1 
+ 2 X -(K4 + 2r3(K6 + 12K4 + 6Ki + 8)2 + O(n-1

) 
4 

=_!_(K4 +2r2 (-1, 4m::-3) 
4 

[

Kg + 24K6 + 56KsK3 + 34K; 

X + 152K4 + 240K; + 56 

1 
-(Ks +8K3) 
CT 

! (Ks +8K3)1(-l ) 
1 4m::-3 

CT2 

1 
+-(K4 +2r3(K6 +12K4 +6K; +8)2 +O(n-1

) 
2 

1 
= -(K4 + 2r2 {Kg+ 24K6 + (56-8)KsK3 + 34Kf + 152K4 4 

+ (240-64 + l6)Ki + 56} 

1 
+-(K4 +2r3(K6 + 12K4 +6K; +8)2 +O(n-1

) 
2 

1 
+-(K4 +2r3(K6 +12K4 +6K; +8)2 +O(n-1

) 
2 

( 
1 1 1 1 7 15 . ) 

= - x - x 56 +-x - x 64 = - + 4 = - under normahty 
44 28 2 2 ' 

(viii) the fifth term in [ · ] of (S6.13) is 
(A) (A) 
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-{2nE (T<2J )(a<AJ )-112 a<A) + (a<AJ )2} 
g ML ML2 (&)ML! (L'.l)MLI 

= -[ 2(- l)(K4 + 2rl/
2 
{-~(K4 + 2r312 (K6 + l2K4 + 6K; + 8)} 

+±(K4 +2r
3
(K6 +l2K4 +6K; +8)

2 J 

=-{(K4 +2r
2
(K6 +l2K4 +6K; +8)+±(K4 +2r3(K6 +l2K4 +6K; +8)2

} 

(=-(T2 x8+(1/4)2-3 x82 )=-4 undernormality). 

Consequently, 

Kgz{t~)=l+n-I[ -2(K4 +2r1(K4 +1) 

(A) 

-(K4 +2r2(K8 +24K6 +52K5K3 +32Ki +l44K4 +208K; +48) 

+2(K4 +2r2 (K6 +l2K4 +l4K; +2K5K3 +8) 

+2[ (K4 + 2r
3 
%(K6 + l2K4 + 6K; + 8)2 

(B) 

+ ( K4 + 2r
2 

{ %c Kg + 24K6 + 34K; + l 52K4 + 56) + 22K5K3 + 1 OOKJ} 

-2(K4+2r
1
+2] 

(B) 

(S6.14) 
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-2(K4 +2r2(K6 +12K4 +6Ki +8) 

1 -
+-( K4 + 2) 2 

( K8 + 24K6 + 48K5K3 + 34K; + 152K4 + l 92Ki + 56) 
4 

1 
+-(K4 +2r3{K6 +12K4 +6Ki +8)2 

2 

-{(K4 +2r2(K6 +12K4 +6Ki +8)+±(K4 +2r3(K6 +12K4 +6Ki +8)
2

} ] 

(A) 

+O(n-2
) 

= 1 + n-1 
[ 4- 2(K4 + 2r'(K4 + 1 + 2) 

(A) 

+(K4 +2r2
{ (-1+(3/4)+(1/4))K8 +(-24+2+18-2+6-l)K6 

+ (-52 + 4 +44+ 12)K5K3 +(-32 +(3 /2)17 +(17 I 2))K; 

+(-144 + 24 +6x 19-24 + 38-12)K4 

+ (-208 + 28+ 200-12 + 48-6)Ki -48+ 16 + 6 X 7-16 + 14-8 } 

+(K4 +2r
3
(%+±-±)cK6 +12K4 +6Ki +8)

2 
J+O(n-

2
) 

(A) 

= 1 + n-1 
{ 2- 2(K4 + 2r' + (K4 + 2r2(-K6 + 8K5K3 + 2K; -4K4 + 50Ki) 

+(K4 +2r3 l(K6 +12K4 +6Ki +8)2 }+O(n-2
) 

=l+n-'a&~~u,2 +O(n-2
) (a&~~2 =1) 

( = 1 + n-1 {2-1 + (7 / 4)8} + O(n-2
) = 1 + n-115 + O(n-2

) under normality), 
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K (lA))=n-112{a(A)(a(A) )-312+ 6a(A) }+O(n-312) g3 ML ML3 ML2 (Llt)MLI 

= { (K6 + 12K4 + 4Ki + 8){K4 + 2r312 

-6x~(K4 +2r312 (K6 +12K4 +6Ki +8)}+0(n-312 ) 

= -n-112 2(K4 + 2r312 (K5 + 12K4 + 7K; +S)+O(n-312 ) 
= -1/2a(A) + 0( -3/2) n (1)ML3 n 

a(A) = -2 X 23/2 = -25/2) (under normality (t)ML3 . 

K (t<A)) g4 ML 

=n-1 [ aCA) (a<A) )-2 + 4nJE {(TC1))4v(1),mc1)}(a<A) )-312 
ML4 ML2 g ML v ML2 

(A) 

+ 12n3Eg {(YJ2)3TJ2v(l) 'm~1)}(a~2r312 

+ 6n3Eg {(ZJ2)4(v(I) 'm~1))2}(a~2r' 

+ 4n3Eg {(!J2)3Y~lv<l) 'm~I) +(TJ2)4v(2) 'm~2)}(a~2r3/2 

+[4nE (P2))a<AJ +6a<A) a<A) +6aCA) {nE (T<2l)}2](a<A) )-2 
g ML ML3 ML2 MLLl2 ML2 g ML ML2 

4{ (A) 2 ( (A) )-1/2} (A) - a(,)MLI - q aML2 a(t)ML3 

-6{a(A) -4qnE (l(l)m<1l ')v<1)(aCA) )-112 } (t)MLLl2 g ML v ML2 

-6{a&~~LI -2q(a~2rl/2}2 J+O(n-2), 

(A) 

(i) the first term in [ · ] of (S6.l 6) is 
(A) (A) 

a~2i ( a~{2 r
2 = ( K8 + 24K6 + 32K5K3 + 32Ki + 144K4 + 96Ki + 48) 

x(K4 +2r2 
( = 12 under normality), 

(S6.15) 

(S6.16) 
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(ii) the second term in [ · ] of (S6.16) is 
(A) (A) 

4n3Eg {(/~)4v<1J 'm~1J}(a~2r312 

_ [ (A) [ { azj -. 2 }] -4 6x4aML2 4Kg4 (/0 j),Eg 
8

()
0

(/oj-lo) 

(B) 

--4 x 8K,,(I,){ ncov, (73:' ,m, ),-2R, (1,1 ;~,)} ]v''' (d,2,r" + O(n ') 

(B) 

=[ 96(K4 +2) 

(B) 

{
1 2 2 1 } 

X -(K8 + 24K6 + 56K5K3 + 32K4 + 144K4 + 240K3 + 48), -(K5 + 8K3) 
4 4a 

-128{-i(K6 + 12K4 + I0K; + 8) }( K6 + 12K4 + I0K; + 8, ; ) ] 

(B) 

x±(K4 +2r312 (-l, 40K3) 1(K4 +2r312 +O(n-1
) 

= 12(K4 + 2r2 { -(Ks + 24K6 + 56K5K3 + 32K: + 144K4 + 240K; + 48) 

+4(K5 +8K3)K3 } 

+8(K4 +2r3
{ -(K6 +12K4 +10K; +8)2 +4(K6 +12K4 +10K; +8)K;} 

+O(n-1) 

=-12(K4 +2r2(K8 +24K6 +52K5K3 +32K: +144K4 +208K; +48) 

-8(K4 +2r3{ (K6 + 12K4 +8K; +8)2 -4K:} 

(= -12(1 / 4) x 48-8(1 / 8) x 64 = -144-64 = -208 under normality), 

(iii) the third term in [ · ] of (S6.16) is 
(A) (A) 
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12n3E {(T<l))3"[(2l (I) •m<l)}(a<AJ )-312 
g ML ML V v ML2 

= 12[ 3a<AJ n2E (T<1lf<2lm<1l ')v<1l(a<Al )-312 
ML2 g ML ML v ML2 

+6{ ncov, (/.:;',:!.Jr,! 'nE, (/Ji' m'.'' ')v'''(a~,f"' ] +O(n ') 

= 36n2E (T<1Jp2Jm<1J ')v<1J(a<A) )-112 
g ML ML v ML2 

+ 12 x6 x(-2)' {E, (1,J' =~"Jr (-o-')nE,(/J;' m;'1 ')v'"(a[;;',f'" 

+O(n-') 

=18(K4 +2r2(K6 +12K4 +14KJ +2K5K3 +8) 

+ 72; (-a2){-~(K4 + 2r312 (K6 + 12K4 + 6K; + 8) }(K4 + 2r
312 

+O(n-
1
) 

=18(K4 +2r2(K6 +12K4 +14K; +2K5K3 +8) 

+36(K4 +2r3KJ(K6 +12K4 +6K; +8)+0(n-1) 

( = 18(1 / 4) x 8 = 36 under normality; note that the first term I8(K4 + 2r2(-) 
on the left-hand side of the above last equation is 18 times the result of (iii) for 

(A) 
(S6.13) of a(l)MLt.2) 

(iv) the fourth term in [ · ] of (S6.16) is 
(A) (A) 

6n3Eg {(l~)4(v0 l 'm~1
l)

2 }(a~2 r1 

= 6[ 3(a~2 )2v<1l 'nacov /m~1l)v<1J 

+ 12a~2 {ncov //Ji! ,m~I) ')v(')}2 ](a~2r' +O(n-1) 

1 -= 18x-(K4 + 2) 2(K8 + 24K6 + 48K5K3 + 34KJ + 152K4 + 192K; +56) 
4 
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9 
=-(K4 +2r2(K8 +24K6 +48K5K3 +34K1 +152K4 +192K: +56) 

2 

+ l8(K4 + 2r3 (K6 + 12K4 +6K: +8)2 +O(n-1
) 

( 
9 1 1 

= - x - x 56 + 18 x - x 64 = 63 + 144 = 207 under normality; see the result of 
2 4 8 

(vii) for (S6.13) of a&t~t>.2 ) , 

(v) the first halfofthe fifth term in [ · ] of(S6.16) is 
(A) (A) 

4 3E {(T(ll)3z(2lv<1J 'm(ll}(a<AJ )-312 
n g ML ML v ML2 

(= 36/3 =12 under normality; one third of the value in (iii)) 

( vi) the second half of the fifth term in [ · ] of (S6. l 6) is 
(A) (A) 

4 3E {(T(ll)4v<2J •m<2J}(a<Al )-312 n g ML v ML2 

[ { ( 

- ) ( (A) - )} _ (A) 2 a, av a1 
-4 3(aML2) navar/m.),ncovg m.,- ,O,r,ncovg --,-

880 aeo aeo 
(B) 

+12a~z(-2)2[ {ncov/l;;,m.)}2, ncov/Zo,m.)Eg(10J :~J,o, 
(C) 

] v(2) ( a~2 r3/2 

(B) 
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=12[ [ (K4 +2)2navarg(mv)+16(K4 +2){ncov/Io,mJ}2 ]%(K4 +2)-4 

(13) 

{ 
z ( aT ) - ( al. )} + (K4 +2) ncovg mv, 

080 
+16(K4 +2)ncovg(/0 ,mv)Eg l0j 

0
~
0 

x{-3(K4 +2r4Kp} 

+K, +2)'y+)6(K, +2){E, (/01 =~Jr] 
x{-2(K4 +2r3 +6(K4 +2r4 K;}a2 

+{(K4 +2)2ncov (ov(A)' oT) 
g 8()0 8()0 

(- ov(A)) ( al. )}{ az } ] 
+l6(K4 +2)ncovg lo, 8()0 Eg loj O~o -2(K4 +2r

3 

(B) 
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=12[ { (K4 +2r2(K8 +24K6 +56K5K3 +34Ki +152K4 +240Ki +56) 

(B) 

=12[ (K4+2r
3
{%cK6+12K4+10KJ+s)2 

(B) 

-12(K6 + 12K4 + 10Ki + 8)Ki + 24K;} 

+ (K4 +2r2 {%(K8 +24K6 +56K5K3 +34Ki +152K4 +240Ki +56) 

-3(K5 +8KJK3 +6Kf-8Ki +8(K5 +8KJK3 } 

-2(K4 +2r1 +2 J+O(n-
1

) 

(B) 
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=12[ (K4 +2r3 %(K6 +12K4 +6Ki +8)
2 

(B) 

+ (K4 + 2r2 
{ %(K8 + 24K6 + 34Ki + 152K4 + 56) + 26K5K3 + 128Ki} 

-2(K4 +2r1 +2 }o(n-1
) 

(B) 

( (
1 3 1 3 ) =12 -x-x64+-x-x56-1+2 =144+63+12=219 
8 2 4 8 

under normality) , 

(vii) the sixth term in [ · ] of(S6.16) is 
(A) (A) 

[4nE (l(2))a(A) + 6a(A) a(A) + 6a(A) {nE (T<2))}2 ](a(A) )-2 
g ML ML3 ML2 MLt,2 ML2 g ML ML2 

=[ 4(-l)(K6 +12K4 +4Ki +8)+6(K4 +2){-2(K4 +1)} 

+6(K4 +2)(-1)2 ](K4 +2r2 

=-{4K6 +(48+36-6)K4 +12Ki +16Ki +32+24-12}(K4 +2r2 

= -(4K6 + 78K4 + 12Ki + 16Ki +44)(K4 +2r2 

( = -44 / 4 = -11 under normality), 

(viii) the sum of the seventh, eighth and ninth terms in [ · ] of(S6.16) is 
(A) (A) 

4{ (A) 2 ( (A) )-1/2} (A) 
- a(t)MLI - q aMI,2 a(t)ML3 

-6{a<A) -4qnE (T(Ilm<1l ')v<1l(a<AJ )-v2}-6{a<AJ -2q(a<AJ )-1/2 } 2 
(t)MLL',2 g ML v ML2 (t)MLI ML2 

=-4{(K4 +2r112 -i(K4 +2r
312

(K6 +12K4 +6KJ +8)-2q(K4 +2r
112

} 

x(-2)(K4 +2r312 (K6 +12K4 +7Ki +8) 
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-6{ (K4 + 2r112 -±(K4 + 2r312 (K6 + 12K4 +6Ki +8)-2q(K4 + 2r112 r 

=-8{1+±(K4 +2r
1
(K6 +12K4 +6Ki +8)} 

X(K4 + 2r2(K6 + l2K4 + 1Ki +8) 

-6{ a(~~~t,_2 +2(K4 +2r2(K6 +l2K4 +6Ki +8)} 

-6{1+±(K4 +2r1(K6 +12K4 +6Ki +8)r (K4 +2r
1 

= -6a(~~~t,_2 -(8+ 12 +6)(K4 + 2r2(K6 + 12K4 +6Ki +8) 

-{ 8(K4 +2r2 K; +4(K4 +2r3 (K6 +12K4 +6Ki +8)Ki} 

-6(K4 +2r
1
-( 4+%}K4 +2r3(K6 +12K4 +6Ki +8)

2 

=-6{ 2-2(K4 +2r1 +(K4 +2r2(-K6 +8K5K3 +2KJ-4K4 +soK;) 

+(K4 + 2r3(7 / 4)(K6 + 12K4 +6Ki +8)2 
} 

-26(K4 +2) 2 (K6 +l2K4 +6K; +8)-8(K4 +2r2 K;-6(K4 +2r1 

-(11/2)(K4 +2r\K6 +12K4 +6Ki +8)2 

-4(K4 +2r3(K6 +l2K4 +6Ki +8)Ki 

=-12+6(K4 +2r1 +(K4 +2r2
{ (6-26)K6 -48K5K3-l2Kj 

+(24-26x12)K4 +(-6x50-26x6-8)K;-26x8 } 

(
21 11) - 2 +2 (K4 +2r\K6 +12K4 +6Ki +8)2 

-4(K4 +2r3 (K6 + l2K4 +6Ki +8)Ki 

=-12+6(K4 +2r1 

+(K4 +2r2(-20K6 -48K5K3 -12K]-288K4 -464K;-208) 

-16(K4 +2r3(K6 +12K4 +6Ki +8)2 

-4(K4 +2r3(K6 +12K4 +6Ki +8)Ki 
( = -12 + 3 - 52 -128 = -189 under normality). 
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Consequently, 
K (lA)) 

g4 ML 

=n-1
[ (K4 +2r2 (K8 +24K6 +32K5K3 +32K; +144K4 +96Ki +48) 

(A) 

-12(K4 +2r2 (K8 +24K6 +52K5K3 +32Ki +144K4 +208Ki +48) 

-8(K4 + 2r3 
{ (K6 + 12K4 + 8K; + 8)2 -4Ki } 

+24(K4 +2r2 (K6 +12K4 +14Ki +2K5K3 +8) 

+48(K4 +2r3 Ki(K6 +12K4 +6K; +8) 

9 -
+-(K4 + 2) 2(K8 + 24K6 + 48K5K3 + 34Ki + 152K4 + 192Ki + 56) 

2 

+18(K4 +2r3(K6 +12K4 +6K; +8)2 

+18(K4 +2r3(K6 +12K4 +6KJ +8)2 

+ (K4 + 2r2 
{ ~(K8 + 24K6 + 34Ki + l 52K4 + 56) + 312K5K3 + 1536K;} 

- 24(K4 + 2r1 + 24 

-(K4 + 2r2(4K6 + 78K4 + 12K; + 16K; +44) 

-12+6(K4 +2r1 

+(K4 +2r2 (-20K6 -48K5K3 -12K;-288K4 -464KJ-208) 

-16(K4 + 2r3 (K6 + 12K4 +6Ki +8)2 

-4(K4 +2r3(K6 +12K4 +6Ki +8)Ki }O(n-2
) 

(A) 

(S6.17) 
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=n-1
[ 12-18(K4 +2r1 

(A) 

+(K4 + 2r2 
{ (1-12+9)K8 +(24-12x 24+24+9x 24-4-20)K6 

+(32-12x52 +48+9x24+312-48)K5K3 

+(32-12x32 +9x34-12-12)K; 

+(144-12x144+ 24x 12+9x152-78-288)K4 

+(96-12x 208+ 24x 14 +9x 96 + 1536-16-464)K; 

+48-12x48+ 24x8+9x 56-44-208 } 

+(K4 +2r3 {-8(K6 +12K4 +8K; +8)2 +32Ki 

+(48-4)(K6 + 12K4 +6Ki +8)K; 

+(36-16)(K6 +12K4 +6K; +8)2 
} J+O(n-2

) 

(A) 

=n-1
[ 12-18(K4 +2r1 

+(K4 +2r2 (-2K8 -48K6 -64K5K3 - 70K; -294K4 -144K;-84) 

+(K4 + 2r3 
{ 12(K6 + 12K4 +6Ki +8)2 + 12(K6 + 12K4 +6Ki +8)K; } 

+O(n-2
) 

= n-1a&tlu +O(n-2) 

( = 12-9-21 + 96 = 78 under normality). 

S6.2.3 A result for estimation of -i{/ 
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{ 

-! A(A) attlL3 2 } nacov g n AICML, a(iJMLI + 
6 

(z,, -1) 

= n acov g { n -( AICML, &;;;', ( &;;;', r"' + &,~;MU z~ 

+ _!_ {X(A) (a(A) )-3/2 (z: -1)} 
6 ML3 ML2 a ' 

(i) where the first term on the right-hand side of (S6. l 8) is 
n acov {n-1 AIC a<A) (a(A) )-112 } 

g ML• MLJ ML2 

= nacov {T<1l (a<AJ )-u2
} = nE (T<1>m<1> ')v<1> 

gML' ML2 gML v 

= _.!..(K4 + 2r312 (K6 + 12K4 + 6KJ + s), 
2 

(ii) the second term on the right-hand side of (S6.18) is 

{ -!AIC A(A) 2} nacov g n ML' a(MJML1z., 
---------= nacov {l(J) nE (T(J>m<1> ')v<1l}z: 

g ML' g ML v a 

= n acov [ T<J) (&<Al )-312 {4~(/ . ) + 2R2} ]z: 
g ML ' ML2 g3 O; 3 a 

with 

~ -)~{A ( 1 1 2 )}

3 

4Kg3 (!0 j)=4n -;:t !Ml,j- - 2- 2Iog(27ra) 

(!Ml,j =-{(xj-x)2 /(2a2 )}-(1/2)log(2Jra2
)) 

1 -]~{( -)2 2}3 =---
6 

n L, xj-x -a 
2a j~I 

1 [ n =---6 n-1L{(xj-µ0)2-a2}3 
20" j~I 

-6n-1 t {(xj -µ0 )
2 -a2 }2(xj -µ0 )('x - µ 0)]+0/n-1

) 

(S6. l 8) 
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-2 --

= 2z3 -12z3 z2 (z) ( -112) + 0 (n-1
), op n p 

that is 

[ -l (!) ( A(A) )-3/2{4-(/ ) 2 A2}] 2 nacovg ML• aML2 Kg3 Oj + K3 Z;; 

= naCOV g {-2fo, 3(a~2r1(a~2t 112 }{4Kg3(/0 j)+ 2KJ}z1 

+nacovg{-21a, 4W+2Rf}(K4 +2t312 z1 

= 3(a~2r1 {-~(K4 + 2t312 (K6 + 12K4 + 6KJ + 8)} 
x{-~(K6 +12K4 +lOKJ +8)+2Kf }z1 

+nacovg [z2
, -~ {z6 -3z4 +3z2 -1-6(z5 -2z3 +z)z} 

+2z
32 

-12z3 z2 z }K4 +2t312 z1, 
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=l(K4 +2rs/2(K6 +12K4 +6Ki +8)2z~ 
4 

+ [-l{((Ts - (T6)-3((T6 - (T4) + 3((T4 -1)} + 3( (Ts - 2(T3)(T3 

+ 4(Ti (Ts - (T3)-12a; }K4 + 2r312 
Z~ 

=[%(K4 +2rs/2(K6 +12K4 +6Ki +8)2 

+(K4 +2r
312

{-l(a8 -4(T6 +6a4 -3)+7(Ts0"3 -22(Ti} }~, 

where 

a-k = Eg (zk), 0'2 = K2 = 1, 0'3 = K3, 0'4 = K4 + 3, 

covg(z2, z2 )=n-3Eg{t(z~ -l)tzktzz'} 
= n-

3
(na-4 + n2 -n-n2

) = n-2 (0-
4 

-1) = O(n-2
). 

(iii) the third term on the right-hand side of (S6. l 8) 

Using &~'i;3 = K6 + 12K4 + 4Ki + 8 = c\ - 38-4 -68-; + 2 with 

ak = n-
1 L:~1 {(xj -x) I a}k, we have 

{ 
-1 1 ~(A) ~(A) )-3/2( 2 } nacov g n AICML' 6aMLiaML2 za -1) 

= [ nacovg {z2, z6 -3z4 -6z
32 

-6(z5 -2z3 -6z3 z2)z}(a~z)-312 

+naCOV { / (l) 3(a(A) )-1(a(A) )-l/2 }(K +12K +4K2 +8) _a_ 
- ]z~ -1 

g ML' ML2 ML2 6 4 3 6 
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= [ (K4 + 2r312 { (CT8 - CT6 )-3(CT6 - 0"4 )-120"3(0"5 - CTJ 

- 6( 0"5 - 20"3 - 60"3 )0"3 } 

+ 3(K4 + 2r
1 
{--±(K4 + 2r

3
'
2

(K6 + l2K4 + 6KJ + 8)} 

]
z 2 -1 

x(K6 +l2K4 +4KJ +8) T 
= [ (K4 + 2r312 ( 0"8 -40"6 + 3CT4 -18CTp5 + 60CTJ) 

--(K4 +2r512 (K6 +l2K4 +6KJ +8)(K6 +12K4 +4KJ +8) 3 ]z~
6
-l_ 

2 

Consequently, 

{ 

-1 ~(A) (X&~lL3 2 } 
nacov g n AICML, aCt)MLl + 

6 
(za -1) (S6.19) 

is the sum of the values in (i), (ii) and (iii) given above 
a(A) = a(A) = 2-1/2 _ 21/2 

(under normality, (S6.l 9) is O since (t)MLl (1)MLl and 
~ (A) _ (A) _ 25/2 

a(t)ML3 - a(t)ML3 - - are fixed values). 

S6.2.4 Asymptotic cumulants of n-
1
AICML after studentization for 

~ 

estimation of -2E/~J 
1/2 -1 -"-. 

t<A>* = n {n AICML +2E/lML)} 
ML (v~)1'2 
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K (t<AJ*)= -l/2{a(A) +;!,-ly(a(A))-1/2}+0( -3/2) gl ML n (l)MLI ML2 n 

= n-l/
2 

{ (K4 + 2r112 -~(K4 + 2r312 (K6 + 12K4 +6Ki +8) 

-(K4 +2rl/2 }+Q(n-3/2) 

1 
= -n-1/

2 2(K4 + 2r312 (K6 + 12K4 + 6Ki + 8) + O(n-312 ) 

(S6.20) 

_ -1/2 (A)* Q( -3/2) ( (A)* _ (A) ) 
- n a(l)MLl + n a(t)MLl - a(L\.t)MLI 

. (A)* _ (A) _ 21/2 
(under normality a(1)ML1 - a(81JML1 - - ), 

K (t<A)*)=l+n-1{a(A) +2r1y(a(A) )-l/2nE (l(l)m(l),)v(l)}+O(n-2) g2 ML (t)MLL\.2 ML2 g ML v 

= 1 + n-
1 

{ a(~~~,-,2 + (K4 + 2r2(K6 + 12K4 + 6Ki + 8)} + O(n-2) 

=l+n-1a&f~,,_2 +O(n-2), 
• (A)* _ (A) 2 

( under normality a(,JML"-2 - aC"-tJML"-2 + ), 

K (tCAJ*) _ n-112a(AJ + O(n-312) (a<AJ* _ a<AJ ) g3 ML - (t)ML3 (t)ML3 - (t)ML3 ' 

Kgit~*) = n-
1
ac~~~ +O(n-

2
) (a&~~4 = a<~~~). 

S6.2.5 A result for estimation of -2E g ( ~) 

{ 

-1 A(A)* (X&~i,u,3 2 } nacov g n AICML, a(,)MLJ + 
6 

(za -1) 

- { -1 A(A) 2 1 A(A) A(A) -3/2 2 } (S6.21) 
-nacovg n AICML' a("-tJMLiza+ 6aML/aMLz) (za-1). 

This reduces to the case of Subsection S6.2.3, where the first term of (i) for 
(S6.18) is zero. So, (S6.21) is equal to the sum of the second and third terms 
given in (ii) and (iii) for (S6. l 8), respectively. 

S6.2.6 Higher-order bias correction of n-
1
AICML 



Supplement III to the paper “Asymptotic cumulants of some information criteria” －Examples 2 and 3 35

Since the correction term of n-
1
AICML i.e., 2n-1 

is exact even under 

non-normality, the higher-order correction is unnecessary. 

S6.3 n-1TIC~ (j = 1, 2) 

Since A = 2 = -1 / CT
2 and Y = Y = 1/ CT2, 

n-1TlC~ =-2[ML +n-12(-2-1r)=-2/ML +n-12 

= n-'AICML (j = 1, 2). 

That is, the results in Subsection S6.2 forn-
1
AICML also hold for 

n-1TIC~(j = 1, 2). 

(S6.22) 
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S7. Example 3: The Bernoulli distribution with the WSE of the logit under 
correct model specification 

S7.1 Preliminary results 

Pr(x'=xlB)=ffx(l-ff)1-x (x=O,l), ff= l 
1 +exp(-8)' 

l=log{Il"''(l-Jtt'' }= t,11, T =n-'l, 

ff 
lj = xj log--+ log(l- ff)= x/J + log(l- ff), 

1- ff 

1 - -1~ 
f0 j = x180 + log(l - ff0 ), ffo = , f0 = n L.)oj' 

1 + exp( -80 ) J=I 

I~' = log[ {TI,,.,, (I - ")' ,, } {,r(l - ,,. ) J "n J. (S7. l) 

T~e> = n-'zt> 
= (x + n-'o.5a)Iogff + (l-x + n-10.5a)log(1-ff), 

I;t> = (x + n-'o.5a)logffo + (l-x + n-'o.5a)log(l-ffo), 

where the superscript ( e) indicates that the quantity is for estimation of 80 by 

the weighted score method and a is the sum of the pseudocounts for two 
categories, 

az (x 1-:xJ _ A :x -= ---- ff (1-Jr )=x-ff B =log--
ae 1- 0 0 0' ML l - - ' 

o ~ ~ X 

A _ a2 T a2 zj "7" 

ff ML = x, A= A= ae2 = ae2 = -ffo(l-Jro) = -lo, 
0 0 
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r = r = nE1 { ( !~J} = nvar/x) = ,ro(J-,,-,) = ~' 

tr(A-1r) = A-1r = -1, 

-. 7i 
l0 j-l0 =(xj-1t0 )1og--0 -=(xj-Jt0 )B0 , 

1-Jro 

aT~e) =(x+n-
1
0.sa _ 1-x+n-

1
0.saJ1to(l-1t

0
) 

aeo 7io 1- 1io 

= x -1t0 + n-10.5a(l-21t0 ) (= x + n-10.5a-(1 + n-1a)1t0 ) 

4- ( -J (4) _ ·<4) _ a z _ 2 -;- _ 3 - _ 3 az J0 -)0 --4 --(1-61t0 +61t0 )10 --nK14 (x)--nK14 - , 
a~ a~ 

~ 

T~e) = (x + n-10.5a)logfrw + (l-x + n-10.5a)log(l-frw ), 

~ I 
1iw = ~ ' 

l+exp(-Bw) 
~ 

lw =xlogfrw +(1-x)log(l-frw), 
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i<w)=t<w)=-A,-1aq'(-,1,-1 aT)- ·(3),1,-3 • aT 
O O ae ae lo % ae 

0 0 0 

= ,1,-2 (-az~)(x - Jr0 ) + c1- 2Jr0 Yz;;c-~r30.sa(t -2Jr0 )(x - ffo) 

= -a{,;;-1 + 0.5~ -2 (1-2Jr0 )2}(x - Jr0 ) (see (Al.I)), 
A A 

-2E1 (4.,-T;) = 2n-1tr(A-1r)+n-2 (c1 +c2 +cJ+ O(n-3) 

= n-1b1 + n-2b
2 
+ O(n-3

) 

b1 = 2tr(A-1r) = -2q = -2, 

b2 = C1 ( C2 = c3 = 0 under canonical parametrization; see Corollaries 1 and 2 

with (Al.5)) 

= -2(l-27r
0
)z-z;-i + (1-6Jr

0 
+ 6Jr;Yz;-r 

-2 !!* A-2r+2jci3),1,-3yq~ +O(n-1) 
0 

= -2(1-2Jr0 )2~-I + (1-6Jr0 + 6Jr;)~-r 

+ 2a~~-I + 2(1-2Jr0 )°,;; ~-2 0.5a(l-21r0 ) 

=-2(l-27r0 )
2 t 1 +(1-6Jr0 +61ri)~-I 

+a{(l-27r
0

)
2
~-J +2} 

= -(1-21r
0

)2",;;-i -2 + a{(l-2Jr
0
)2~-I + 2} 

= (a-1){(1-21r0 )2",;;-r + 2}, 

ZC1) =-2(! -T*)=-2(x-1r )log_5_=-2(x-1r )() 
ML O O O l O o, 

- ll"o 

- -

z(2) = ~A,-1 ~ = -(x -1{ )27-] nE (ZC2)) = A,-1 = -1 
ML ae ae o lo , t ML r , 

0 0 
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-1(3)_.!_ ·<3)1-3(aTJ
3 

_.!_(1_ 2 )-. --3(-- )3 
ML - lo /l, - 1ro lola x 1ro 

3 aeo 3 

1 (1 2 )-:--2(- )3 = 3 - 1ro lo x - 1ro ' 

2E (-z<3l)-1(1 2 )-:--2 2E {(- )3}_ 1(1 2 )2-:--1 n f ML - 3 - 1ro lo n f x - 1ro - 3 - 1ro lo 

= }{sk(x*)}2
, 

where sk(·) is the skewness of a variable. 

z<4) =_!_( ·(3))2 A-5( aT J
4 

_ _.!__ •(4),1,-4( aT J
4 

ML 4 Jo f}f}, l2 Jo i)f}, 
0 0 

n2E 
1

(TJ2) = _l{sk(x*)}2 + _!_kt(x*) + O(n-1
) 

4 4 

=-_!_{3(1-21r
0
)2-(l-61r

0 
+61rt)}~-l +O(n-1

) 

4 

1 (6 2 6 2)-:--1 0( -1 ) 3 1 -:--1 0( -1 ) =-- 1r - 1r + z + n =---1 + n 
4 0 0 0 2 20 ' 

where kt(·) is the excess kurtosis of a variable, 

n2E 
1

(TJ2 + TJ2) = _2_{sk(x*)}2 + _!_kt(x*) + O(n-1
) 

12 4 
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t<A) _ n112 (n-1AICw + 21/) 
For w - (v~l)1'2 

we have 
n .,.. ~ 

V(A) = 4(n -1)-1 '°'(f . - f )2 = a(A) = 0 (1) 
W L._. WJ W W2 p ' 

J=l 

~ n 

fw1 =11 \11=Bw' fw =n-
1Lfwi' 

J=l 

n n 

vt) =4(n-1r1L(lo1-Za)2 =4B;(n-1r1L(xj -x")2 
J=l }=I 

=4B;u;, 
E1(vtl) = 40;~ = a~2 (E 1 (u;) = var1(x*) = JZ"o(l - JZ"0) = ~), 

2 2-:-var//01) = 00 var1 (x1) = 00 z0 , 

K f3 (/01 ) = BgK/3 (x1) = eg (l- 2JZ"0)~, 
4 4 2-:-

K14(!01) = B0K14(x1) = Bo (l-6JZ"o +67Z"o )zo, 

E1{(/o1 -Za*)4} = e;[K14(x) + 3{var1 (x)}2
] 

= e; {1- 6JZ"o + 6JZ"i + 3JZ"o(l - lZ"o)} ~ 

(S7.2) 
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Er ( a2vb:) ] = Sr = Sio 
880 

( Sr is due to canonical parametrization), 

4 2 -:- 4-:-2 = l 6{80 (1- 3Jr0 + 3Jr0 )10 - B0 Io } 
4 2 -:- 4 2-:-= 1600 {1-3Jr0 + 3Jr0 - Jr0 (1-Jr0 )}fo = 1600 (1-2Jr0 ) 10 , 

ncov f (avt)' aT l = 8Ef {uoJ -7/)( 811 
]

2

} = 8B0Kr/x1) 
8B0 8B0 8B0 

= 8Bo(l - 2Jr0 )io 
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(avt) -J { -. 2 a11 } ncov 1 --, 10 =8E1 (1
01 

-10 ) -

a~ a~ 
= 8BtK13(X1) = set(I-21ro)T;, 

n'E1 {(lJ:')' m\" '}-[ 16.-1.(1,1 ),4E 1 { (1,1 -T,')' ;~J] 
4 2-;- 2 -;-= {1600 (l-61r0 + 61r0 )lo, 400 (1-21r0 )10 } 

( see the result of the second term for (S 1. 7) ), 

I 

v(l) = _!_ (a(A) )-3/2 {-1 E [ av<A) ) A, -1} 
2 ML2 , i ae. 

0 

= _!_(4B.2T)-3/2 {-1 88. T(---;-)-1} I= __ 1 (B.2--;-)_3;2 (1 88. ) I 
2 0 0 ' 0 0 lo 16 0 lo ' 0 ' 
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v(2) = [ Ica(A) )-5/2 _l(a(A) )-5/2E (ov(A) )A-1 
8 ML2 ' 4 ML2 f OB. ' 

0 
(A) 

_ _!_(a(A) )-3/2 £ (ov(A) )cA-1)2 [ _!_(a(A) )-3/2 £ (ov(A) )A-1 ·(3) 
2 ML2 f OB. ' 4 ML2 f OB. Jo 

0 0 
(B) 

_ _!_(a(A) )-3/2 E ( 82v(A) ) + Ica(A) )-5/2 E {( ov(A) )2} 
4 ML2 g 082 8 ML2 g ae. 

0 0 

+O(n-') ]or')', ~(a~,r"' ,r' J 
(B) (A) 

= [ I(4B.F)-5/2 _l(4B.F)-5/28B.--;--(--:--)-1 _ _!_(4B.F)-3/28B. -.. -2 
8 

olo , 
4 

o1o o1o lo , 
2 

olo ololo, 

(A) 

[ _!_( 4B;ior312 880io(-ior1 {-(1- 2Jr0 )la}- _!_( 4B;~r312 8la 
4 4 

(B) 

I 

+ %c 4e;ior512 64e;io2 
]io-

2
, ic 4e;~r312 

c-lar
1 

] 

(B) (A) 

= [-3-e.-F-5/2 .2_e.-4T-5/2 _ _!_e.-2T-5(2 
256 0 lo ' 16 0 0 ' 2 0 0 ' 

{
_!_(J.-2-:---1/2 (1-2 )- !e.-3--;---1/2 le.-3--;---1/2 }--;---2 _ _!_e.-3--;---5/2 J 

o 1o ffo o 1o + o lo 1o , o 1o 
4 4 4 16 

I 

= [-3_8-s ]__B.-4 _ _!_ 8-2 !e.-2(l - 27r ) + !e.-3 _ _!_ 8-3 J T-s12 

256 ° ' 16 ° ' 2 ° '4 ° 0 
2 ° ' 16 ° 0 

_ (2)*-:---5/2 
= V lo ' 
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2 

( A(A))-1/2 = (a(A) )-1/2 + -ln(v) +"" v(j) 'm (j) + 0 ( -3/2) 
Vw ML2 n 'IW L,_; v p n ' 

J~I 

T/~) = lca~~2r312 Ef (i3v(A) JA-1q~ (see (Sl.2)) 
2 aeo 

= l( 4Bt~r312 8B0~(-~r1o.5a(1-2.1r0) 
2 

=- a e;2~-3/2(1-2.1ro). 
4 

A A 

n-1AICw =-2/w +n-12q=-2lw +n-12, 
~ ~() 

where note that lw is used rather than lw 
O 

• 

S7.2.1 Asymptotic cumulants of n-
1
AICML before studentization 

For estimation of -2E / T;), 
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A 

K 11 {n-1AICw +2E/T;)} 

=n-1(22-1y+2q)+n-2b
2 

+O(n-3) 

=n-1 x0+n-2b
2 

+O(n-3)=n-2c
1 
+O(n-3) 

= n-2 (a -1){(1- 27r0 )2°1o-1 + 2} + O(n-3
) 

( b2 = cl due to canonical parametrization; atr = a~; = bl = 0 ' 
(A)* - -

aWM -b2 -Ci), 

while for estimation of -iT/, 
K11 (n-1AICw +iT;-) 

= n-1<i-1r + 2q) + n-2 {n2E /TJi? + ~J) + (q~f1o-1
} + O(n-3) 

(S7.3) 

=n-1 +n-2{io-i-1)+: (1-27r0 )2i-1}+0(n-3) (S7.4) 

K 1z{n-1AICw) = n-1[nE1 {(/J2)2}] + n-2 [2n2E//J2/J2) 

+ 2n2E 1 (/J2/J~l) + n2E 1 {(/J2)2}-{nE //J~l)}2
] + O(n-3

) 

= n-14nvar/x)Bg +n-2 
[ 4n2

K13(x)B0i-1 

-~(1-27roWoi-2n2E 1{(:X -ll'o)4} + 22-2r2] + O(n-3) 

= n-14egi + n-2 {4(1- 27roWo - 4(1- 27ro Wo + 2} + O(n-3
) 

= n-14B
0
2 fo + n-2 2 + O(n-3

) = n-1a~~2 +n-2a~~82 + O(n-3) 

( a(AJ = aCAJ a(AJ = aCAJ ) W2 ML2' W82 ML82 · 

(S7.5) 
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K13 (n-1AICw) = n-2
[ n2 E1 {(/~)3} + 3n2 E1 {(/Jil)2T1l)} 

-3nE1(Tj2)a~2 ]+O(n-3) 

= n ' [ n'E 1 {(1!')') + 6,1. ' { ncov 1 (T.J~, :~ J n + O(n ') 

= n }'E1 {(/,];')'} + 24,1.-•e; { ncov 1 ( X, :~ J rJ+O(n ') 

= n-2 {-segn 2K13(x)-24t1e;~2
} + O(n-3

) 

= n-2 {-seg(l -27l"0 )-24B;}~ + O(n-3
) 

= n-2 aCA) + O(n-3) (a<A) = aCA) ) 
ML3 W3 ML3 • 

K1in-1AICw) = n-3 
[ n

3K/4(/J~) + 4n3E f {(/J~{zJ~l} 
(A) 

+ 6n3E 1 {(~)2(Tj2)2
} + 4n3E 1 {(/J~)3/J;,l}-4nE 1(T1l)a~'i;3 

-6aCA) aCA) -6aCA) {nE (TC2l)} 2 ] +O(n-4 ) 
ML2 MLt.2 ML2 f ML 

(A) 

= n-3 
[ 16Btn3K14(x)-32,r1egn3E1{(x -7l"0 )5} 

(S7.6) 

+ 242-2e;n3E 1{(:x -7l"0 )6} + 4x (-8).!.eg(l- 27l"0 )~-
2n3E 1 {(:X - 7l"0 )6} 

3 

- 4 x (- l)a<AJ - 6a(A) aCAJ - 6aCA) (-1)2 
] + O(n -4

) 
ML3 ML2 MLt.2 ML2 
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= n-3 
[ 16Bt (1- 6Jro + 6Jr;Y,;; + 32ei1a-1l 01a(l - 27l"o)io 

+ 24 x 1 se;1a -21a3 
-

3 2 
x 1 seg (1 - 2JZ" 0 ) 1a -21a3 

3 

- 4{8Bg (1- 2JZ" 0 ) + 24B;} lo - 6 x 4B;1a x 2 - 6 x 4B;1a ] 

+ O(n-4
) 

= n-3
{ 16Bt(1-6JZ"0 +6JZ";)+(320-160-32)Bg(l-2JZ"0 ) 

+(360-96-48-24)(}; }io +O(n-4
) 

(S7.7) 

= n-3 
{ 16Bt (1- 6JZ"0 + 6JZ";) + 128Bg (1- 2JZ"0 ) + l 92B; }io + O(n-4

) 

S7.2.2 Asymptotic cumulants of n-
1
AICw after studentization for 

estimation of -2fo' 

K11(tC:)) = n-1/2 {a~i(a~zrl/2 + a~(ML1} + O(n-3/2) 

= n-112 {a~1(a~2)-112 + nEJ(T~m~I) ')v<I)} + O(n-312) 

= n-1/2 [ 1 X ( 4B;1arl/2 + { ~(1- 27l"o) + e;I} lo-1/2] + O(n-3/2) 

= n-1/2 {%e~I +~(1- 2JZ"o)} tl/2 + O(n-3/2) = n-l/2a(~~i!iLI + O(n-3/2) (S7.8) 

( 
(A) _ (A) • 

a(l)WI - a(l)MLI' 

a(Al = nE (T(Ilm<1) ')v<1l = {(1/ 2)(1- 27l" ) + e-1 }T-112 ) 
(/\./)ML! f ML v O O O " 
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K (lA)) 
/2 W 

= 1 + n-1 [ a<AJ (a<AJ )-1 + 2n2E {(/(ll )2 v<1J, m<1J }(a<AJ )-112 
MLt.2 ML2 f ML v ML2 

(A) 

+2n2E1 [ TJ2{T~lv<1l•m~1l +TJ2(n-117~) +vl2lrm~2l)+n-12qv0l•m~1>} ] 

(B) (B) 

X (a~z)- 112 

+ n2E {2yc2J(a<Al )-112yoiv<1> •m<1> + (fCllv<l) •m<1J)2} 
f ML ML2 ML v ML v 

{2 E (-/ (2) )( (A) )-1/2 (A) ( (A) )2} ] 0( -2) - n f ML aML2 a(t.t)MLI + a(t.t)MLI + n ' 

(i) the first term in [ · ] of (S7.9) is 
(A) (A) 

(A) ( (A) )-1 _ 2(4n2-:-)-1 _ _!_ n-2-:--1 
aMLt.2 aML2 - uo lo - uo 1ti 

2 ' 

(ii) the second term in [ · ] of (S 7 .9) is 
(A) (A) 

2n2E1{(/~)2vll) 'm~1i}(a~2r112 

(A) 

~ 2[ 16.-f,(IOJ),4E 1 {u,; -T,')' :~J ]v'"(~,r"' (see(Sl.7)) 

=2{16B;(l-6n-0 +6n-;)°1o, 4B;(1-2n-0 )fo} 

x(-
1
~}B;for

312
(l, 8B0 )'(4B;tor

112 

= -{Bt(l-6,ro + 6n-;)fo + Wg(l- 21ro)fo}(B;for2 

=-{l-6n-0 +6n-; +2B~1(1-21r0)}t1 

= -{(1- 2n-o)2 - 2fo + 2e~1(1- 2,ro)}fo-1 

= -{(1- 2n-o)2 + 2B~1 (1- 2,ro)}fo-1 + 2, 

(S7.9) 
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2 2E [ ] ( (A) )-1/2 (iii) the first part of n 1 · aML2 in (S7.9) is 
(B) (B) 

2n2E (f(llT<2Jm<1J ')v<tl(a<A) )-112 
f ML ML v ML2 

~ -4[ ,l +cov t<);,m.), E r(i,1 :~,)} 

+ 2E (1 . atj );i,-1 {ncov ( aT m ) r}]v<1l(a<AJ )-112 
1 01 aB I aB , v , ML2 

0 0 

+O(n-1
) 

=-4[ -{4Bg(1-2;r0 )fo, B0fo}+2B0fo(-for 1{4B;(l-2;r0 )fo, fo}] 

x(-
1
~)<B;for312 (l, 8B0 )'(4B;forv2 +O(n-1) 

1 3 7 2 7 = --[ {4B0 (1- 2;r0 ), B0 }10 + 2B0 {4B0 (1- 2;r0 ), 1}10 ] 

8 

x(l, 8B0 )'(Btfor2 +O(n-1
) 

= _.!_[ 4Bg(l - 2Jr0 ) + 8B; + 2B0 {4Bg (1- 2Jr0 ) + 8B0 } JBtfo-1 + O(n-1
) 

8 

=-{%e~1(l-2;r0 )+3B~2 }t1 +O(n-1
), 

2 2E [ ] ( (A) )-1/2 (iv) the central part of n J • aML2 in (S7.9) is 
(B) (B) 

2n2Ef {(T~)2(n-lr;~) + v(2) 'm:2))}(a~2rl/2 

= 2a(A) n<v) (a(A) )-l/2 + 2a(A) E (m(2) ')v(2) (a(A) )-1/2 ML2'/W ML2 ML2 f v ML2 

+ 2 x (-2)' [ 2{ncov 1 (tm,))', 2ncov 1 (/,,m.)E 1 (1,1 :~Jo, 
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= 2(a(A) )1/2n(v) + 2(a(A) )1/2 ML2 '/W ML2 

[ ( aT) (av<A) aT J] <2) x navart<mv), ncov J mv,- ,O,y,ncov J --,- v aeo aeo aeo 
+8[ 2{4Bg(1-2;r0 )fo}2, 8Bg(1-2;r0 )foB0fo, 0, 2(B0fo)2, 

l6B2(l-2;r )iBi ]v(2l(a(A) )-112 +O(n-1) 
0 0 0 0 0 ML2 ' 

= 2(4e2-=-)112 {-!:!:...e-2-=--312(1-2;r )} olo 
4

o 1o o 

+2[ 16Bt(1-2;r0 )
2Zo, 4B;(1-2Jr0 }°fo, 0, la, 8Bo(l-27r0 )Zo ] 

x v<2J*1a-s12 ( 4B;1a)112 
6 2-:-2 4 -:-2 2-:-2 +8[ 32B0 (1-2Jr0 ) 10 , 8B0 (1-2;r0 )10 , 0, 2B0 1o, 

16Bg(l - 2Jr0 )Zo2 ]v<2)*1a-512 ( 4B;t;;"r112 + O(n-1) 

= _!:!:...etto-1(1-2;r0 ) + [ 64Bg(1-2;r0 )2t1, 16Bg(1-2;r0 )1a-1
, 

4 

0, 4B
0
fo-1, 32B; (1- 2;r

0 
)i/ ]vczJ• ( use v<2l = v<2)*1a-512 ) 

+[ 128Bg(1-2;r0 )
2t1, 32Bg(1-2;r0 )fo-1, 

0, 8B
0
1a-1, 64B;(1-2;r

0
)"t1 ]v(Z)* +O(n-1) 

= _!:!:...e:11a-1 (1- 2Jr0 ) + (64 + 128)Bg(l- 2;r0 )21a-1-
3
-et 

4 256 

+ (16+ 32)Bg(l-2;ro)Zo-l ~et 
16 

+ (4 + 8)B0t 1 
{ ±e~

2
(l-2;r0 )+1e~

3
} 

+(32 + 64)B;(l-2;r0 )Zo-1 (-
1
~ 8~3 )+o(n-1) 

= -1e~17/(l-2;ro) +~(1-27ro)2Zo-l +9(}~1(1- 2;ro)Zo-l 

+3B~1(1-2Jr0 )1a-1 +6e:21a-1 -6B~1(l-2;r0 )1a-1 +O(n-1
) 

= { ~(1-2;ro)2 + (-1+ 6 )e~1(l- 2;ro) + 6B:2} lo-I+ O(n-1
), 
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2 2E [ ] ( (A) )-I/2 (v) the third part of n J • aMLz in (S7.9) is 
(B) (BJ 

2n2E (n-12qJ<1lm<1l ')v<11 (a<AJ )-112 = 4nE (T<1Jm<1l ')v<11 (a<AJ )-uz f ML v ML2 f ML v ML2 

= 4{!c1- 2Jr ) + e.-1 }r-112c4e.2r)-112 = {(1- 21T )e.-1 + 20.-2 }T-l 2 0 0 0 00 0 0 0 0' 

(vi) the first halfofthe fourth term in [ · ] of(S7.9) is 
(A) (A) 

equal to the result of (iii) i.e., 

n2E {2J<2l(a<Al )-1/2T<l)v<1l 1 m<1l} = -{ie.-1(1-2JT ) + 3e.-2}T-1 + O(n-1) 
f ML ML2 ML v 

2 
0 0 0 0 , 

(vii) the second halfofthe fourth term in [ · ] of(S7.9) is 
(A) (A) 

nzE f { ( /J~vCll 'm~Il )2} 

= a<Al v0 l 'nacov (m<11 )v<11 + 2{nE (J<1lm<1l ')v<l)}2 +O(n-1) 
ML2 f v f ML v 

[

navar1 (mv) ncov /mv,oT I 800 ) l = a<AJ v<1J ' v<Il 
ML2 -

ncov 1 (mv,8l I 800 ) r 

+ 2{nEr(/~m~11 ')v<11
}

2 + O(n-1
) 

= 4e.2T-(B.2Tr3(I 80.) o o o o - o o 1 
(

16B.
4
(1- 2JT )

2
T 4B.

2
(1 21T )T)(l J 

o ol62 o o ' o 4B;(l-21io)fo r 8()0 

{
1 }

2 

_ +2 2(1-2JT0 )+0~1 i/+O(n-1
) 

=-
1 etia-2 {160;(1-2JTo)2 + 2 x 32Bt(l-21io) + 64B;}Ya" 

64 
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= { ±(1-2;ro)
2 

+ B~
1
(l-2;ro)+B~

2 }t1 
+ 2{~(1-2;ro) + B~

1 r Ya-I 

+O(n-1
) 

={i(l-2;r0 )2 +3B~1(l-2;r0 )+3B~2 }t1 +O(n-1
), 

(viii) the fifth term in [ · ] of (S7.9) is 
(A) (A) 

{2 E (-/ (2) )( (A) )-1/2 (A) ( (A) )2} 
- n f ML aML2 a(lll)MLI + a(lll)MLI 

~ -[ 2H)(4B/~r'" H(l-2no) +Bo'}~-"' +H(l-21'o) + BO' r ~-· l 
-[ B,' { !(1-2n0 ) +BO'}-{ !(1-2,,0 )+ B,'} }' 

{ 
1 2 1 -] }7-] = - 4(1- 2;r0 ) + 2B0 (1- 2;r0 ) 10 • 

Then, from (i) to (viii), 

Kf2(ttl) = 1 + n-1a<~~i112 + O(n-2
), 

(A) _ 1 (}-27-1 {(l 2 )2 2n-I(l 2 )}7-1 2 
a(1)w112 - 2 o 1o - - ffo + 0 o - ffo 1o + 

-2{IB-1(1-2;r )+3B-2}r-1 
2 0 0 0 0 

+{~(1-2;ro)2 +(-1+6)e~
1
(l-2;r0 )+6B~

2 }ta-1 

+{(l-2;ro)B~1 +2B~2}fo-1 

+ { i(l - 2;r0 )
2 + 3B~1(1 - 2;r0 ) + 38~2} fo-1 

{
l 2 l(}-1( )}7-] - 4(l-2;r0 ) + 2 0 l-2;r0 10 

(S7.10) 
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[( 9 3 1) 2 = -1+ 4+ 4- 4 (1-2n-0 ) 

+{-2e.-1 _3e.-1 +(-~+6)e.-1 +e.-1 +3e-1 _!e.-1}<1-2n-) 
0 0 4 0 0 0 20 0 

+ie~
2 

-6B~
2 

+6B~
2 

+28~
2 

+3B~
2 Jt;;-1 

+2 

={2(l-2Jr )2 +(-~+2-)e.-1(1-2n- )+.!...!:.e-2}T-1 +2 4 0 420 0 20 0 

( 
(A) (A) h 0) a<1Jw112 * ac1JML112 w en a * . 

Kf3(tr)) = n-112 {a~ia~2r312 +6n2E/T~v(l) 'm~1))} +O(n-312 ) 

= n-112 {a<A) (aCAl )-312 + 6aCAl } + O(n-312) 
ML3 ML2 (llt)MLl 

= n-vz [-{8Bt(l- 2Jr0 ) + 24Bt}~( 4Bt~r312 + 6{i(l- 2Jr0 ) + B~1} ~ -112 ] 

+O(n-312) 

= n-112 {(-1 + 3)(1- 2Jr
0

) + (-3 + 6)8~1 }~ -liz + O(n-312 ) 

= n-112 {2(1-2n-o) + 38~1 }~-112 + O(n-3/2). 

Kf4ur)) = n-l [ a~4(a~2r2 + 4n3Ef {(TJ::)4v<'l 'm~'l}(a~:2r312 

(A) 

+ 12n3E f {(T~)3T~lv(') 'm~')}(a~zr312 

+ 6n3E1 {(1~)4(v<'l 'm~'l)2}(a~22r' 

+ 4n3E {(l(l))Jycz)v<'l •mC'l + (ZC'l)4v(2J 'mcz)}(a<Al )-312 
f ML ML V ML V MLZ 

(S7.11) 

(S7.12) 
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+{4(a~1 -2q)a~3 +6a~2a~A2 +6at2/a~1 -2q)2}(a~2r 2 

4{ (A) 2 ( (A) )-1/2} (A) 
- a(t)MLl - q aML2 a(l)ML3 

- 6{a(A) - 4qnE (/(llm<1> ')v<1l (a(A) )-1/2} (t)MLA2 f ML v ML2 

-6{a&~~1 -2q(a~2 r
112

}
2 

l+O(n-
2
), 

(A) 

(i) the first term in [ · ] of(S7.12) is 
(A) (A) 

a<Al (a(Al )-2 
ML4 ML2 

= { l6B04(l - 61l'0 + 61l';) + 128Bt(l-21l'0 ) + 192B; }fo( 4B;for2 

= { l-6Jr0 +61l'; +8Bt(1-27Z'0 )+ 12e0-
2}fo-1 

= {(1- 21l'0 )2 -2fo + 8B;1(1-21l'0 ) + 12e~2}fo-1, 

(ii) the second term in [ · ] of(S7.12) is 
(A) (A) 

4n3Ef {(Z~)4v(l) 'm~l)}(a~2r3/2 

= 4[ 6a~2n2Ef{(T~)2m~l) '}v(l\a~2r3/2 

+ 4(-2)3 K13Uo)nE1(l~m~1
) ')v(1)(a~2r312 ] + O(n-1) 

= 24n2E1{(/~)2m~l) '}v(l)(a~2r112 

-128Bt(l- 21l'0 )fo {±(1- 21l'0 ) + e~
1
} fo-

112
( 4B;for312 

+ O(n-
1
) 

=-12{(1-21l'0 )2 +2B~1(l-2JZ'0 )}fo-1 +24 

-8(1- 21l'o)(l- 21l'o + 2e~1 Yt1 + O(n-1) 

= -{20(1- 21l'0 )2 +40B~1(1 - 27Z'0)}t1 + 24 + O(n-1 ), 

(note that the term 24n
2
E1 {(/~)2 m~

1
l '}vc

1
\a~2r

112 
is 12 times the result 

in (ii) for (S7.9) of a&~~A2 ), 
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(iii) the third term in [ · ] of(S7.12) is 
(A) (A) 

12n3E/{(/~)3T~lv(l) 'm~l)}(a~2r3/2 

=12r [3a(A)nE (/<2l)+6i-1{ncov (r<1
) 

0
')}

2

]E (/<l)m(l),)v(l) ML2 1 ML I ML , ae. 1 ML v 
0 

(B) 

(A) -I (-(!) aT ){ ( aT ) } (!) 1 (A) -3/2 + 6aML2A, nCOV f /ML' fJBo nCOV f fJBo ,mv ,y V (aML2) 

(B) 

+O(n-1
) 

= 12[ { 3( 4Bt~)(-1) + 6(-io-l )4(Boio)2 }{ic1- 2ffo) + e~1
} lo-1/Z 

+ 6( 4B;7a)(-t1 )(-2B07a){4B;(l - 2Jr0)t Io} 

x(-
1
~}e;7ar

312
(l, 8B0 )}4e;7ar

312 
+O(n-

1
) 

= 12 [ -{18(1-2Jr0)e; + 36B0 }7a112 

+4seg7a(-
1
~}e;7ar

312
{4B;(l-27r0 )+8B0 }7a }4e;7ar

312 
+O(n-

1
) 

=l[ -{18(1-2Jr0 )e; +36B0 }B~37a-1 

2 

-3B~\-1 {4B;(l-2Jr0 )+8B0 } ] + O(n-1
) 

= _l{3oe~17a-1(1-2Jr0 )+ 60B~27a-1
} + O(n-1

) 

2 

= -{45B~1(1- 2Jr0 ) +90B~2}7a-1 + O(n-1
), 

(iv) the fourth term in [ · ] of(S7.12) is 
(A) (A) 
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6n3E1{(/~)4(v<tl 'm~tl)2}(a~2r1 

= 6[ 3(a~2)2v0l 'nacov /m~1l)v<1l 

+ 12a~2{ncov f(T~ ,m~l) ')v<1l}2 ](a~2r1 +O(n-1) 

= l8a~2v<1l 'nacov /m~1l)v<1l + 72{ncov //~ ,m~1l ')v<1l}2 +O(n-1
) 

= 18{ ±(1-2;,ro)2 + eo-
1
(1-2;,ro) + e~2

} t 1 

{
1 }

2

_ +36x2 
2

(1-2;,r
0
)+B~1 i0-

1 +O(n-1) 

= { (~+ 18 )(1-2;,r0 )2 +(18 + 72)8~
1
(1-2Jr0 )+(18+ 72)8~

2 }fo-1 

+O(n-1) 

= { ~ (1-2;,r0 )2 + 90B~1(1- 2;,r0 ) + 90B~
2

} fo-1 +O(n-1) 

(the two terms with 18 and 72 on the right-hand side of the second equation are 

18 and 36 times the corresponding ones in (vii) for (S7.9) of a&~~t,.2 , 

respectively), 

(v) the first half of the fifth term in [ · ] of (S7.12) is 
(A) (A) 

one third of the result in (iii) for (S7.12), i.e., 
4n3Ef{(iJ2)3TJtlvCI) 'm~l)}(a~2r3/2 

= .!_[-{45B~1(l - 2;,r
0

) + 90B~2 }fo -i] + O(n-1
) 

3 

= -{158~1(1- 2;,r0 ) + 30B~2}fo-1 + O(n-1) 

(vi) the second halfofthe fifth term in [ · ] of (S7.12) is 
(A) (A) 
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4n3E f { ( TJ2 )4 v<2) 'm~2) }( a~2 )-312 

= 4[ 3(a<Al )2nE (m<2l ')v<2l + 6a<A) n2acov {(P1
) )

2 m<2) '}v<2l ] 
ML2 f v ML2 f ML ' v 

x(a~2r312 +O(n-1) 

= 12(a<AJ )112 nE (m<2l ')v<2l + 24(a<AJ )-112 n2acov {(Pl) )2 m<2l '}v<2l 
ML2 f v ML2 f ML ' v 

+O(n-1
) 

(the first two terms are 6 and 12 times the second and third terms on the 

right-hand side of the first equation of(iv) for (S7.9) of a&~~11.2 , 

respectively) 

= (6 X 64 + 12 X 128)(1- 2Jr0)2t1 
_

3
_ 

256 

+ (6 X 16 + 12 X 32)8~1(1- 27r0)t1 i._ 
16 

+ (6 X 4 + 12 X 8){ ±8~1(l-27r0)+±8~2} lo-! 

-(6 x 32 + 12 x 64)8~1(1- 2Jr0 )lo-1 _!_ + O(n-1
) 

16 

45 (1 2 )2-:--1 9on-l (1 2 )-;--1 3on-l (1 2 )-;--1 =- - 7l"o 1a + 0 o - 7l"o lo + 0 o - 7l"o 1o 
2 

+608~2t' -608~1(l-27r0)t1 +O(n-1
) 

= { ~ (1- 2Jr0 )2 + 608~1(1- 27r0 ) + 608~2
} lo-' + O(n-1 

), 

(vii)thesixthtermin [ ·] of(S7.12)is 
(A) (A) 

{4(a<AJ - 2q)a<AJ + 6a<AJ a<Al + 6a<Al (a<A) - 2q)2 }(a<A) )-2 
ML! ML3 ML2 ML/\.2 ML2 ML! ML2 

= [ 4 x (1- 2){-88t(l - 27r0)- 248;}lo + 6( 48;~)2 

+ 6( 48;~)(1- 2)2 
]( 48;~r2 

={28o-l(l-27ro)+( 6+3+%)8~
2 
}lo-I ={28~

1
(1-27r0)+ ~l 8~

2 }~-I' 
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( viii) the sum of the seventh to ninth terms in [ · ] of (S 7 .12) is 
(A) (A) 

4{a(A) 2q(a(A) )-1/2 }a(A) 
- (l)MLI - ML2 (l)ML3 

-6{a<AJ - 4qnE (f<1lm<1l ')v<1l(aCAJ )-112}- 6{a(AJ - 2q(a<AJ )-112
}

2 
(l)ML/i2 .f ML v ML2 (t)MLI ML2 

= -4[ {%et+ i(l- 2.1l"o)} io-1/
2 

- 2( 4B;for112
] {2(1- 2.1l"o) + 3e;1 

}fo-1/
2 

[ {
7 2 ( 0 9J I 11 2}-:-- I -6 4(1-2.1Z"o) + -4+2 e~- (1-2.1l"o)+2e; lo- +2 

(B) 

-4{i(l-2.1Z"o) + e;
1

} t[/2
( 4B;for

112 J 
(B) 

-6[ {%e;
1 
+i(l-27ro) }t112 

-2(4B;for
112 J 

= -4{ie;1 + i(l - 2.1l"o)} {2(1- 2.1l"o) + 3e;1 }fo-l 

[{
7( 2 (9 Je.-1( ) (11 ) -2}-C---J ] -6 4 1-27l"o) + 2-1 0 1-2.1l"o + 2-2 eo lo +2 
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:= -[ ( 4 + 
2

2

1 
+ % )(1-21r0 )2 + (10 + 21 + 3)8~1(1- 21r0 ) 

+ ( 6+ 21 +% )e~2 J~-1 
-12 

:= -{ 16(1- 21r0 )2 + 3480-
1(1- 21r0 ) + s; B~2

} ~ -l -12. 

From (i) to (viii), 

K
14

(t<:;)) := n-1 
[ { (1-21r0 )

2 + 8B~1(1- 21r0)+ 12B~2
}~-l - 2 

(A) 

-{20(1- 21r0 )2 + 40Bt(l- 21r0 )}~-l + 24-{45B~1(l-2;r0 ) +90B~2
}~-l 

+{ ~ (1-21r0 )2 +90B~1(l-2;r0 )+90B~2
} ~-

1 

-{l5B~1(l-21r0 ) + 30B~2
}~-

1 

+{ ~ (1-21r0 )2 +60B~1(l-2;r0 )+60B~2
} ~-l 

{2()-1(1 2 ) 21 e-2}-:--1 + o - ffo +2 o 1o 

-{ 16(1- 21r0 )2 + 34B~1(1- 21r0 ) + s; B~2
} ~-

1 -12 ]+ O(n-2
) 

(A) 
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-I [ [ ( 45 45 ) 2 =n 1-20+2 + 2 -16 (l-21r0 ) 

(A)(B) 

+ (8-40-45 + 90-15 +60+ 2-34)e;1(l-27r0 ) 

( 
21 57) 2 J- I + 12-9o+90-30+6o+2 - 2 e; ~-

(B) 

- 2 + 24 - 12 } 0( n -2
) 

(A) 

= n-I [ {10(1- 21ro)2 + 26Bt(l- 27ro) + 24B;2}i-I + 10 ] + O(n-2) 

_ -I (A) 0( -2) -n a(,)ML4 + n . 

S7.2.3 A result for estimation of -2Za* 
-1 A(Al a(t)W3 2 

{ 

A(A) } 

nacov I n AICw, ac,Jwi +-
6
-(za -1) 

_ { -I A(A) {X(~~Zrr,3 2 } - nacov I n AICML, a(t)MLI + 
6 

(za -1) 

~ nacov 1 { n-'ATCw., ~ 1,(~r•n +&/;/w.,z) 

+ _!_ A CA) (aA (Al )-312 ( 2 - l)} 
aML3 MLZ 2 a , 

6 
(i) where the first term on the right-hand side of(S7.14) is 
nacov {n-1ATC a<A) (a(A) )-112 } 

f ML• ML! ML2 

(S7.13) 

(S7.14) 

= nacov {T<1l (a(A) )-112 } = nE (T<1lm(l) ')v(l) (a(A) = a(A) = 1) 
f ML ' ML2 f ML v ML! ML! 

= {1(1-21ro) + e~1
} i-112

' 
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(ii) the second term on the right-hand side of(S7.14) is 

{ -lAIC ~(A) 2} nacov I n ML' a(Ll.l)MLlza 

= n acov {/(1) nE (T0lm<'l ')7'5}z: I ML' f ML v a 

= nacov 1 [1~, {±(1-2frML)+B~ }tt2 ]z1 

=nacov1 [-2B0X, { ~(l-2X)+(log 1-=X r}x(l-x)f"' }: 
= -W,n var rex>[ {-1- B~' ( ~. + 1 _1,,J} i;-v, 

+ {±(1-21r0 ) + B; 1 
}{-±t

312
(1-21ro)} Jz1 

= 2Bo~[ (1 + 0;2t1 y~-u2 + { ±(1- 21ro)2~ -312 + ±B;1(1- 21ro)t312} ]z1 
= {!ci-21r )2 e.-:---112 + (l - 21r )y-u2 + 2(B. y112 + e.-1y-u2 )}z2 

2 o o1o o o o o o o a 
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{ 
1- }]z: -1 +(1-2Jro +3({1) -2io-3/2(1-2Jro) ~ 

= -2Bofo { (2 + 3Bo-2fo-l )fo-1/2 + ±o-2Jro + 3B;I )(1- 2Jro)fo-3/2} 

z: -1 x-a __ 
6 

=-{B0t112(1-2Jro)2 +3fo-112(1-2Jro)+4Boio112 +6Bo-1t112} z1-1 _ 
6 

Consequently, 

{ 

-1 ~(A) (X(~tt3 2 } nacov1 n AICw, a(iJwi +-
6
-(za -1) 

= {±(1-2Jro) + e;I} la-1/
2 

+ {±B0io-112(1-2Jro)2 + la-112(1-2Jro) + 2Boio112 + 2e;1Ia-112) }z1 

-{.!..eoio-112(1- 2Jro)2 + _!_ la-112(1 - 2Jro) + ~B0fo112 + eo-1fo-112} 
6 2 3 

X (z1 -1) 
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S7.2.4 Asymptotic cumulants of n-
1
AICML after studentization for 

~ 

estimation of -2E f ( T;) 

tfA)* = n
112

{n-
1
AICw +2Ei7;)} 

w (vt)Y/2 
Kfl (tt)*) = n-l/Z {a&~il + l-1r(at!r112 } + O(n-312 ) 

= n-112 {a&~h,1 + l-1r(a~2r112} + O(n-312) 

=n-112a<Al +O(n-312) 
(l,t)MLI 

= n-1/2 {±(1-21l"o) + e~I} tl/2 +O(n-3/2) 

( (A)* _ (A)* _ (A) ) 
a(t)WI - a(t)MLI - a(M)MLI ' 

K12 (tt)*)= 1 + n-1a&~-1,;,u + O(n-2
) 

= 1 + n-1 {a<Al + 2l-1y(a<Al )-112 nE (f<1)m<1l ')v<1l} + O(n-2
) 

(t)W,',2 ML2 f ML v 

=l+n-1{aCAl -2(a<A) )-112 nE (T(llm<1)•)v<l)}+O(n-2) 
(t)W,',2 ML2 f ML v 

(S7.15) 

(S7.16) 
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_1[{7( )2 ( a 9)e.-1( 2 ) lle.-2}-=---1 2 =l+n 4 1-27ro + -4+2 o 1- ffo +2 o lo + 

- 2(4t{~r112 {±(1- 27ro) + eo-1} ~-112] + O(n-2) 

= 1 + n-[ [ { i(l-27ro)
2 

+ (-~+4 )e~
1
(1-27ro) +~e~

2
} ~-l + 2] 

+O(n-2). 

S7 .2.5 A result for estimation of -2E 1 ( T~) 

-1 ~(A)* a(t)W3 2 

{ 

~(A) } 

nacov1 n AICw, a(iJwl +-
6
-(za -1) 

is the sum of the second and third terms of(S7.14) for estimation of -21/ i.e., 

{ 

-1 ~(A)* (X(~~t3 2 } nacov1 n AICw, a(tJWl +-
6
-(za -1) 

-(1 2 1)e-:---112(l 2 )2 (1 2 1)-:---112(1 2 ) - -Z- +- 1_ - Jr + -Z- +- l - Jr 
3 a 6 01J O 2 a 2 O O 

(S7.l 7) 

S7.2.6 Higher-order bias correction of n-l AICw 

The higher-order bias correction of n-1 
AI Cw under correct model 
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specification and canonical parametrization can be done by using b2 = Ci as 

n-1AICw -n-2b
2 

= n-1AICw -n-281 

= n-1AICw -n-2 (a -1){(1-2iML)2
~ + 2} 

= n-1AICw + n-2 (1-a)[(l-2x)2 {x(l-x)f1 + 2]. 

S7.3 n-
1nc~LU = 1, 2) 

Since n-
1 AICML =n-

1TIC~ (j = 1, 2) due to 

n-
1 L;~1 (x; - x")2 = x(l -x) in this example, the results in Subsection S7.2 

for n-l AICML also hold for n-1TIC~L (j = 1, 2). 
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