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Supplement III to the paper “Asymptotic cumulants of some
information criteria” —Examples 2 and 3

Haruhiko Ogasawara
This article is to supplement Ogasawara (2016) with Examples 2 and 3
using expository computations.

S6. Example 2: The normal distribution with the MLE of the mean and the

known variance 0~ under possible non-normality
S6.1 Preliminary results
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-1 -1 T 1 Z -1
trAD)=-A"y =1, [, -l =———={(x; — 1)~} =
207 2
(note that 4=~ even under non-normality),
ol z, o 01 o'l
—L =1 Jg3) = (()3) —=0, (4) Jé“) =——=0.
20, o o0; EYeA

Let & = ng(z) (k=12,...) under possible non-normality with
z=(x" - Hy)/ O . Note that the notation &; is used only when the argument

of K () is z for simplicity.

o =40 50, -1 =20 - 3, -1 =0,

Jik=1

B =40n - 1)—12(1 ~h) =8 =0, (),

l Ia Oy’ _n_lleLJ’
K, (y)=var ()= —Var (z° )——(K4 +2),
1 2y 1 22 1)
Kes(ly;) ==K (27) = 8Eg{( 1)’}

= —%(Q +12x, +10x7 +8)

(see (56.8) given later), (S6.2)

g4(101) 6 g4(Z )

= E(;c8 +24K, + 56Kk, + 32k +144K, +240k; +48)
(see also (56.10) given later),
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o —L1, E2 AN | O
06, K o\ 2 20’
Eg{(loj—70*)4}=%Eg{(zz—1)4}=%Eg(zs——426+624—422+1)
= %{K‘s + 28k, + 56Kk, + 35k, +210x, +280x7 +105

—4(xs +15k, +10x7 +15)+6(x, +3)—4+1}

1
=1 (K + 245, + 56K, +35x; +156K, + 240« + 60)

(see also (S6.10)),

B alj / A z z2 -1 ? 1 P 3
e 8—60(01-—0) -—Eg ; - 2 :EEg(Z -2z +Z)

1 1
=E(K'5 +10x; —2x;) :Z;(KS +8k;,),

? z2-12z° 1
E{("f “(aa}} Eg(_ 2 ?j"zo—z

1
—2—2(K4 +2),

E, (M) =ayy), = var, (<21 ) =k, +2,

(A) ol 2,(A)
E, ov L, oo z_j‘ici’E 6v2 :87:—87
06, ! 00, c £\ 06; c

(the result 87 holds under canonical parametrization),
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PRORY a 16x;
E =641E | I, — |} +O(n")=—"73
g{( 86’0 ] } { g( Y 690 j} (n ) o’

neov, (m,, ) =ncov, (v, 1) = 4E {(y, =)’} = 4K, ()

+0(n™),

=—%(K‘6+12K‘4+10K‘32+8),
ncovg(%,mv]=4Eg{%(loj—I_O*)Z}=é(lc5+8/c3),
navar, (m,) =16[ E, {(,, =)} ~[B, {(y; ~ )3T ]
1 oy Slg el
:16{EEg{(z ' {4Eg{( ) }H
=E {(z° -D"}-[E {(zZ* -D}}T

= K, + 24K, + 56Kk, + 35K, +156K, + 240K +60—(k, +2)

= Ky + 24K, + 56Kk, + 34K} +152K, + 240K + 56,
Sy® 8% —( 0l : 4
cov o |Z8E Uy, — )| - | = (x5, +2),
” g(aeo 2o ) =8B ()| 35 | 1= os

MOVEN —, Ol 2
-—:ZOJZSEg {(101_10 )2 ‘a-éo‘}=;(’(5 +8153),

t

- 7\ (A) (8 2
mVZ’ mva_l’ 0, 8_] , QK__E Gv_ ®i ,
26, 36, 06, ¢\ o6, 0,
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— _( (A) )~3/2 { l, Eg (av(A) }ﬂ,_l}
26,

1

_1 2y32 ) _1 4K, 1Y 1 732 4 '
=20+ L - o | [ =5 +2) (L, dox)

(under normality vl = (_2—5/2,0).)’

{ ( (A) )—5/2 _ ( (A) )—5/2E (GV(A)J/il,

L 00,
v 1 v
(™M V2 E Y (A) \-32
ity (Sl | —geatrn (G
(B)
2 A
(A) \-5/2 v -1 -1 (A) \-3/2
+= (aNmz) E, 50 +0(n™") (A7), (a ,) A
’ (B) (A)

= |:%(K'4 +2),3(k, +2) k0, 2k, +2) k07,

2
{_2(]('4_]_2)—3/2 +6(K4+2) -5/2 2}0. ___(K_4+2)—3/2:l

(under normality v (3 x 2—1 1/2 O O 2 1/2 2 2—5/2 0_2)1)’

n"E (b )’m '}=4{4Kg4(10j), E, {(lo, Ly EH

{161{ (A ) l(1(5+8K3)}
o

(under normality ang {(I_N(IB )’ mil) 1=(48,0) ),
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nEg(]_N([lL)m(vnv v =2 {ncovg(z,mv), neov, (I_O,%—J} v
0

{ Ky (ly;)s— } (K, +2)°(-, 4ox;)’
=—(x,+2) 3/2{—41(‘ (b))~ 2x3}

=—(x, +2)"? {E(K‘G +12k, +10x +8)— 2;@}

= —%(/g +2)(k, +12x, +6K7 +8)

(under normality HE, (m)m(vl) W =-2" )

2B, (hy —h) = 20 (A"T) + 172(c, + ¢ +¢5) + O(n™)
=n"b+nb,+O(n ) =-n"2 (b,=0, O(n>)=0),

b, =-2 even under non-normality, and b, =0 comes from ¢, = ;=0

under canonical parametrizationand ¢; =0 due to Jo3) =Jo o) =0

(0(1’1—3) =0 stems from ]é =0, k=5,6,... defined similarly to

]ék)’ k =3, 4)’
Ly =—2(l’o—l‘o*)=%{n“2(x,-—uo)Z—az}sz_z—L
O i

7O _ ol g*li=(_L)_l[ ,Uo) =_(f—,u0)2 =_32
66, 06, o’ o’ o’ (S6.3)

E=GE-m)/ o), nE,G)=2"y=-1 L= =0,

where llvﬁ) =l W=0 is due to J(3) = Jé4) 0.

$6.2 n'AIC,,
n'AIC,, l +n 12q=—21 n'2,
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S6.2.1 Asymptotic cumulants of nﬁlAICML before studentization
For estimation of —2E, (1_1\;) >
K1 {n_lAICML + 2Eg(lNIL)}

A s $6.4
:—2Eg(IML—IML)+n"]2q=—n"12+n"l2:O (564)

A)* A)*
(exactly 0; O} = Gy = 0)

while for estimation of —21_0* ,
Ky (n"AICy, +20)=n"'Qq+ A7) +n{W’E (1Y) + 1)} + ..
=n'Q2-D+nx0+nx0+...=n"

(86.5)
(a&)l =1, alﬁ/lAL,)Al = 0).
Using Z\,ﬁ) =0,

K,,(n'AICy, ) =n"'[nE {4V} ]+ n?[22°E T 01D)
+n°E {0}~ {nE G 1+O0n™)

2
a1 O
=n"'—nE, [{n 1Z:(xj—uo)z—dz} J
O j=1

5 ) (56.6)
+n72 l: —2L4Eg |:{n_12(xj _ﬂo)2 _02}(35_#0)2}
o3

(a) ~
+§Eg{(f—uo)“}—(—1)2 }roofﬁ),

(A)
where the first term on the right-hand side of (56.6) is
n HE G =n ' nE, {(Z° -]

=n"[E,(zY)-{B, ) ]1=n"(x,+3-1)=n"(k, +2),

the firsttermin | - 1 of (86.6) is
(A) (A)
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n

— 1T 2n* _ —
2'12Eg(lpﬁ)lm§f))=—?Eg Hn D) —02}(36 —ﬂo)z}

-1

2
2n® O 2| _
- E{ DYCEYN Z{Zu,- —uo)} l—n 'o*
j=1 J=t

(B) (B)

S 2 R (- )} (= m)E, G P —nlot ]

g ® (B)

= —%{Kg4(x*)+30'4 -o*}=-2x, +2),

the second termin |- | of (S6.6) is
[GYRGY

2
— n _ _
n’E {(hy))'} = ?Eg{(x ~ 1)} =3+0(n™)
(under normality n’E g {(I—N(fi) )2} =3 without the remainder term).
Consequently,
K, (n'lAICML) =n" (x, +2)+ n? {2, +2)+3 -1} + O(n™)
= 17 (i, +2) =22k, 1)+ O) = e, + e, + 0(n) B8

(under normality oy =2 and O, = —2).

K (0 AIC, ) = n [ B {40’} +37°E {0V D))
—3nE,_(/ 1P 1+ 0n™)
where the first term in [1] of (S6.8) is
PE ALY} =rE G -1} =5y (GD) = K o (2%)
= Eg{(z -1’} = Eg(z —3z* +32° 1)
=&, +15x, +10x +15-3(x, +3) +3~1=x, + 121, +10x +8
(=E,(z°)-3E,(z*)+2 Stuart & Ort, 1994, Equation (3.38)),

(S6.8)
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the sum of the second and third terms in [-] of (S6.8) is
3n°E AU Y B )} —3nE, (L),

=, (0 G~ s +O0r™)
o

= —%IVEg {Zi: {(x; ~ )’ _02}n71i(xk _ﬂo)}} +0(n™)

k=1

=-6x +0(n™").

Consequently,
K3 (nAIC ;) =17 (K, + 12k, +4ic; +8)+O(n ) =" ey +O(n™)

(=2 [B,(2°) =3B, (%)~ 6{B (")’ + 21+ 0(n );
under normality 04,34)3 =8). (56.9)
Use INE) =0 then
Kou(n'AIC, )=n" (L) mk (W) + 4B {0 LD
=6, {( )’ (i)'} = 4nE (b dony

(A) (&) (A) N » (86.10)
— 0050 as — 600 IME, (L)} (11)+ on"),

where the firsttermin | * | of (S6.10) is
(A) (A)

P (00 =k, () =K,k (Z) =B 4@ - D'} -3[E,{(Z - )} T

— 8 6 4 2 4 2 2

=E (z" -4z"+6z" —4z" + 1) -3{E (z" -2z" + 1)}

= i, + 28k, + 56Kk, +35x; + 210k, + 280« +105
—4(x, +15x, +105 +15) + 6(x, +3)—4+1-3(x, +2)

= K, + 24K, + 56Kk, + 3210 +(210-4x15+ 6 —12)k, + 240k
+105-4x15+6x3-4+1-12

= iy + 24K, + 56Kk, + 32K, + 144K, + 2407 +48,
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the second term in [‘ ]) of (56.10) is

4’E ()] (2)} 4 P"E ALY B, G+ 3 B (WD)

Mi2#?

—6nE, Q5B (D)7} 1+0(n™)

= 4{ n°E (MDY} D) +3(k, +2){~(k, +2)}

(B)

_6K3 3 {Z{(X - 1) -0 }Z{(xk ) —o }Z(x —,uo} }

(B)
+0(n™")

(see the first term in ([' 1 of(86.6))

A) (A)

= 4[ —nE {(0)} -3k, +2) - 6k, n—:Eg Hznl(xj —ﬂo)z}
o =
(8)
X Z":(xl. — 1ty)— 2n0'2i(xj — 1, ) i(xf - ﬂo)} }r omn™)
=1 j=t =1 .
=4[ —-#’E {(1h{)'}-3(x, +2)
—6K,n {nE (2°) +2(n* -n)E (2°)B (z) - 2n°E, (z*)} 1+0(n™")
=4[ —(k, +12k, +10x +8) - 3(x + 4K, +4)— 6K, (k, +10K, - 2K3) ]
+ O(n_l)

= —4(x, + 24K, +58k7 + 3K + 6K,k +20)+O(n™")
(see (S6.8); Stuart & Ort, 1994, Equation (3.38); note that
n =n+3(n" —n)+n(n-)(n-2)).

the thirdtermin [ 1 of ($6.10)is
(A) (A)
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6B (L) ()’ = 6w, {(z” - 1)°Z*}
=6[ nvar, (z V3{nvar, @Y +124n cov, (zz, Z)¥n var,(z) |+ on™)
=6{(x, +2)x3+12x2}+O0(n™") =18(x, + 4x7 +2)+ O(n™").

Consequently,
Koy (n"AIC,, ) = n7[ Ky + 24K, + 56Kk, +32k; +144K, + 240K +48

— (K, + 24K, +58K; +3K; + 61,k +20) +18(x, +4x7 +2)
—dx (=), + 12k, + 45 +8)—6x (2)(xc, +2)(x, +1)
—6(x, +2)(-1)* 1+O(n™)

=17 K+ (24— 4+ Dk, + (56 — 24k, + (32— 12+12)k7

+(144-96+18+48+36—6)x, + (240 —4x 58 +18x 4+ 4x D)k} S6.11)
+48-80+36+32+24-12 1+0(n™)
=n" (K, + 24K, + 32k, +32k7 +144x, + 96 +48)+O(n™)
=n"ald, +0(m™)
(under normality O!ML4 48)

S6.2.2 Asymptotic cumulants of ”l_lAICML after studentization for

estimation of —21_0*
A2 (' AIC,, +217)

ML (‘;l(vil‘]l) )1/2

A =

A 12 A) yV -3/
K () =n ang (aygs) " + oG} + O ™)

=n -1/2 {a(A) (am)z)ﬂ/Z +nEg (ll\/(ﬂl_l)mil) v)V(l)} + O(n—3/2)
=p? {(K‘4 +2)7? —%(/g +2)(k, +12k, + 67 +8)}
(86.12)

+ O(n*3/ %)

V2, 312
A TOAT)
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(a’((frgwm =—(1/2)(x, + 2)7"? (xs +12, + 6K32 +8) ; under normality

(A _ o~z Al2 (A _ A2
AL =2""-2" and AL =-2 )s

(A)
KgZ (tML )

e [ ool + 2B (G0 VY Y @)
(A)
+ 2n2Eg { I_N([B (I_N([f)v“) 'mil) + —l;,(i)v(z) 'miz) + }’l_l 2qV(]) 'mil)) :l

(B) (B)

% (a(A) )~1/2

+72E, 212 (o, 2 L0v0 m® + GOV 'm®)y

(86.13)

0B, (T el el + ) 00,
(A)
(i) the first term in ['] of (86.13) is

Apa(oans)” = _2(K +1)(x; +2)" (==1 under normality),

(ii) the second term in [' ]) of (86.13) is
2n2E {(l (1))2 (1)1 (1)}( (A) )—1/2

1 ) , _
- 2{16Kg4(10j), (s, +8K3)}5(I{4 +2)°7(=1, dox,)'(k, +2)7"

=(x, +2)° {16 ,,(,;) + 4 (x5 +83)}
= (K, +2) (K, + 24K, + 56Kk, + 32K +144x, +240x7 +48)
+4x,(x, +8x;,)}
=—(i, +2) (K, + 24K, + 52Kk, + 32k + 144K, + 208k +48)
(=—12under normality),
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(iii) the first partin 27 B, [+ 1(e05)™ of the third termin [ ] of

(B) (B) (A) (A)
(S6.13) is
2 TM7T @M1 (1 (A) V2
2n Eg(lML L VvV 'my7 Y ag)

- 2{ nE, (LnE, (1P m® Yyv

+ang(Zﬁ?gzrjzrl{nEg(ézrnaj,y} ‘“}«fA’ 2400
0 0

= 2{(—1) {—%m +2) (i, +12k, + 6K + 8)}

+2 3( - ){nE (aaé vj,y}%(x4+2)3’2(—1, 4(7/c3)'}(1(4+2)”2

+0(n™)
=(x, +2)7 [1{6 +12x, + 6% +8—2K30{l(1(5 +8x,), }( 1, 40x,)’ }
e
+0(n™)
=(x, +2)°[ K, +12K, +6x7 +8— 21, {—(k, +8x,) +4x,} 1+O(n™)

= (K, +2) 7 (x, +12x, + 1457 + 2K,6, +8) + O(n™")
(= 2 under normality),

(iv) the central part in 2”_2E [ ] (a(A) * ofthe third termin [ * |

(A) (A) ©
(S6.13) is
20°B (G0 v mPY ey,

- -
=2 aly,|navar,(m,),ncov, i ,0,7,ncov d ﬂ v
"0, ¢\ "0, "6,

©
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[

FOE O mesE Bl
— ) — ol
+8 {ncov, (4,m,)}", ncov (4,m)E | [;—|,0,
g -4 600
(D)

2
E |l,—= |t ncov | by——E [,,==| |[v*" (al)™?
{ g((’faaoj} g[" 00, ) <\ " a6, M
(D)
+0(n™)

©)
= 2{ [ (i, +2)navar,(m,) + 8{ncov, (I,,m,)}’ ]g(@ +2)7
)

+ {(1{4 +2)ncov, (

m,,_—

- ol
) +8ncov (/,,m,)E, 10’6—90
x {-3(x, +2) " x,0}
2
al -2 -3_.2 2
+ (x, +2)y +8E, lojgéj— {2(x, +2)" +6(x, +2) k3 }O
0
(CV ) ol
+<(x, +2)ncov ﬁ-—,i +8ncov lo,av— E_|l,,—
¢\ 06, o6, £ o6, ) 5\ " a6,
2
x{—%m +2)-2} }L o™

©
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= 2[ { (xk, + 2)(k, + 24K, +56K,K, + 34K +152x, +240x7 +56)
©

+2(x, +12x, +10x;] +8)° }%(IQ +2)°

+{(x, +2)— ! (K, +8k;) +2(k, +12x, + 10 +8)—= }{—3(K4+2)‘31<3o~}
[}

+{—(x, +2) 2(7c4+2)——(/< +8k;) }{—%Z(K4+2)_2} }O(n‘l)

©

+{(K‘ +2)L+2 32}{ 2k, +2)2 +6(x, +2) k10’
O'

=2 (zc4+2) (K6+12K‘4+10K +8)?

<

—6(x, + 12k, + 107 +8)x +12x; }
3
+(x, +2)7 {g(xs + 24K, + 561k, +34xK; +152K, + 240K +56)
—3(k; + 8Kk, + 65 — 4K + 4(xc; + 8K, }

+(x, +2) " (-2)+2 } omn™

©



16 o B R eSE 1w

= 2{ (x, +2)_3%(K6 +12«, +6x7 +8)°

()

+(x, +2)7 {%(KS +24K, + 34K +152, +56) + 22Kk, + 100]('32}

-2x,+2)"'+2 }+ on™)

(©)
(=227 x 48427 x3x7-2x2" +2)=2{6+(21/4)+1}=49/2 under

normality),

(v) the third part in 27 E, [+ 1(o4nh)™” of the third termin [ - 1

(B) (B) (A) (A) ©
(S6.13) is ~
2n°E ('  2qm v} (e5),) ™ = 4nE (L m W (efy))
= 4{~%(1{4 +2) (ke +12K, + 6K + 8)}(1(4 +2)
=2k, +2) 7 (x, +12x, + 6K7 +8)
(=—2x27?x8=—4 under normality),
(vi) the first half of the fourth term in (L)' (l) of (S6.13)

2 T @A) \-V2T () (1 Hy . I
2n E, {IN(IL)(aIEAL)Z) l]\/(]L)V( ) 'mi )} is equal to the value in (iii),

(vii) the second half of the fourth term in (£)‘ (1) of (86.13) is
P AT m))

=aP v 'nacov . ()W +2{nE . GPmO WDy 1+ 0(m™)
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1 5
=(x, + Z)Z(K4 +2)7 (-1, 4ox;)

navar,(m,) ncovg(mv,al_/aﬁo) -1 )
X _
neov (m,,0l 106)) ¥ 4ok,
+2x %(K",, +2)(x, +12, + 6K +8)° +O(n™")
:%(K‘4 +2)7(-1, dox,)

K, + 241, + 56K, +34K; 1

—(x, + 8«
| +152k, + 24012 + 56 o K5 8s) (—1 )
4ox
l(l<5+81c3) Lz ?
(o2 (o2

+—;—(1<4 +2)7(x, + 12k, + 67 +8)* +O(n")

= %(/Q +2) i, + 24k, + (56 — 8k, + 34K +152k,
+(240 - 64 +16)x? + 56}

+ %(1(4 +2)7(x, +12K, + 67 +8)° +O(n™")
= %(Q +2) % (k, + 24K, + 48x.k, + 34K +152k, +192K% +56)
+ %(K4 +2)(x, + 12k, +6x7 +8) +O(n™")

:lxlx56+lxlx 64=Z+4=1—5 under normality
4 4 2 8 2 2 ’

(viii) the fifth termin [ ] of (S6.13) s
(A) (A)

17
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~(2nE (1)@, 2 ) + (@)}

= {2(—1)@4 +2)™2 {—%m +2) 7 (k, + 12, + 6K + 8)}
+%(7c4 +2)7 (K, + 12K, + 6K + 8)2J

= —{(K'4 +2)(k, + 12K, + 657 +8) + %(zg +2)7(k, + 12, + 617 + 8)2}
(=—(27 x8+(1/4)27° x8)=—4 under normality).

Consequently,
Keo #EAy=1+n" { —2x, +2) '(x, +1)
)
— (K, +2)2(, + 24K, + 52Kk, + 3267 + 144K, +208x2 + 48)
+2(k, +2)(x + 12k, + 147 + 2Kk, +8)
+2{ (x,+2)° %(Kﬁ +12k, + 6K +8)
(®)

+(x, +2)7 {g(xg +24x, +34K2 +152x, +56) + 22k, + 1007 }

2k, +2)7 42

(B)
(S6.14)
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=2k, +2)*(x, +12x, + 6> +8)

+%(K'4 +2)7 (k, + 24K, + 48Kk, + 34K, +152K, +192k7 +56)
+ %(g +2) (x, + 12k, + 65 +8)°

—{(K'4 +2)7(x, +12k, + 6K +8) +%(1<4 +2)7(x, +12x, +6K; + 8)2} }
*
+0(n™?)
:1+n“{ 4-2x, +2) " (x, +1+2)
)
+(, +2)7H F1+GB/ D)+ D)y +(-24+2+18-2+6 -«

+(=52+4+44 -1k, + (=32 + 3/ 21T+ (17 /2)x;
+(—144+24+6x19-24+38-12)k,
+(—208+28+200-12+48—6)x; —48+16+6x7-16+14—-8 }

+(x, +2)° (% + % - %)(Q +12x, + 6K +8) }L omn™)

(4
=1+n" { 22k, +2) " +(x, +2) 2 (—x, + 8Kk, + 2k — 4K, +50K7)
+(x, +2)° %(K6 +12x, + 61 + 8)2} +0(n™)

=1+n"'al ., 007 (o, =D
(=140 2-1+(7/ 88 +O0(n?)=1+n"15+O(n*) under normality),



20 o R %t H68%E Bl
g3 (t(A)) n—l/Z {a(A) (a(A) )73/2 + 6a((£;ML1} + 0(n73/2)

= { (, +12x, + 45 +8)(k, +2)™"

—6x %(g +2)(x, +12x, + 6K +8)} +0(n™?)

(86.15)
=-n""2(x, +2)(x, + 12K, + 7K +8) + O(n )
00
(under normality 0!(,)ML3 —2x 2% =2 ).
Kg4(tl(\ﬁ,))
=pn" I(\ﬁ)4 (a(A) 2L 4n°E {(l T )4 ] E}l)}(aﬁ\L)z )—3/2
)
+ 12n3Eg {(ZN(IIL))BI (2)V(1) ' (1)}(a(A) )73/2

(S6.16)

+61°E {(7(1))4(v(1)vm(1)) }(a(A) )—

+47°E {(1 (1)) 1(2) (D (1)+(l(1))4 (2)1 (2)}(a(A) )73/2
HAnE (L )oins + 6asghdinss + 6058, (1B, ()Y W erp),) ™
_4{ ((tj;l\)&l —2q(a(A) )—1/2 }a((;?lz/ﬂﬁ

_6{aét?13/fLA2 4ang(lN(i)mil) v)V(l)(a{;]z&)2 )—1/2}
~6{arhs —24(ang,) Y }0(#),
(A)
(i) the first termin [~ 1 of (86.16) is
(A) (8)

o™ (™)) = (k, + 24K, + 32Kk, +32k7 + 144K, +96K2 +48
8 6 53 4 4 3

a2
x (K, +2)7
( = 12 under normality),
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(ii) the second term in [~ 1 of (86.16) is
(A) (A)

4n°E {(L ) v 'm Halp),) "

ol. -
= 4{ 6x 4a](\ﬁ)2 {4"‘,;4(10; ), Eg {ﬁ(loj -1, )2 }:'
(B) ’

_ ol
—4x 8Kg3(loj){ncovg(lw(,i),mv ),—2E, (zoj gj} }V(D(aﬁﬁ;)‘m +0(n ™)

0
®)

{ 96(x, +2)

®

X {%(K‘S +24x, + 56Kk, + 32k + 144Kk, +240k] +48), i(/{s + 87(3)}
—128{—%(1% +12k, +10x2 + 8)}(/{6 +12k, +10k2 +8, %j }

)
X %(K4 +2)7%(=1, dox,) (x, +2)* +O(n™)
=12(k, +2)2{ — (x, + 24K, + 56Kk, + 32K + 144K, +240x; +48)
+ 4K +8x,)x;, }

+8(k, +2)°{ —(x, +12x, +10x7 +8)" +4(x, +12x, +10x2 +8)x; }

+0(n™)
=—12(x, +2) 7 (x, + 24k, + 52k, +32x; + 144Kk, +208x7 +48)

—8(x, +2) {(x, +12x, +8x7 +8)" —4x; }
(==12(1/4)x 48 -8(1/8)x 64 =—144 — 64 = -208 under normality),

(iii) the third term in [~ 1 of (S6.16) is
(A) (A)
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12”3E {(Z (1)) 1(2) ) (1)}(a(A) )—3/2

zlzli 3051(&)2;12]: (l (1)1 2) (1) v)v(l)(a(A) )73/2

+6{ncov (zm aaé )} A'mE, (LY mP W (aly),) }LO(n“l)
0

—36n2E (l (1)1(2) (1) v)v(l)(a(A) )—1/2

2

ol -

+12x6x(-2) { ( o ,ﬁ)} (-o? )”Eg(lw(rlL) m(vl) -)v(1>(a§/’§32 Y2
0

+0(n™")

=18(k, +2) 7 (x, +12x, + 14K +2x,%, +8)
2
+72K—32(—O'2){—%(K4 +2%2 (i, + 12, +6K% + 8)}(1(4 +2)%2 O™
g
=18(k, +2)2(k, +12, + 1452 + 2Kk, +8)

+36(x, +2) k2 (K, + 12K, + 657 +8)+O(n™")

(=18(1/4)x8=36 under normality; note that the first term 18(x, + 2)7()
on the left-hand side of the above last equation is 18 times the result of (iii) for

(S6.13) of @puraz)

(iv) the fourth term in [' ]) of (S6.16) is
6n3E {(l (1)) (V(l)v (1)) }(a(A) )—1

=6[ 3(a,)* vV 'nacov (m(l))v(‘)

+12aly), {ncov (L, mP WO Y(ap)) " +O0(n™)

=18 %(lg +2)2(k, + 24K, + 481,k +34K2 +152K, +192k7 +56)

+36><%(1(4 +2)7 (k, + 125, + 6K, +8)* +O(n™)
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= %(K4 +2) (i, + 24K, + 48K,k + 34Kk, +152K, +192%5 +56)
+18(x, +2) 7 (x, + 12, +6x7 +8)* +O(n )

9 1 1
( TG 56+18x 3" 64=63+144=207 ypder normality; see the result of
(vii) for (86.13) of (t)MLAZ j,

(v) the first half of the fifth term in (/[\)' (11) of (86.16) is
4’ E ALy Y RV m (e, ™

(= 36/3 =12 under normality; one third of the value in (iii))

(vi) the second half of the fifth term in (E)' (1) of ($6.16) is

4n3E {(l (1))4 (2) ¢ 52)}((11834)2 -3/2

_ n
3ayy,)’ { navar, (m,),ncov, mv,i ,0,7,ncov, av—,i
26, 26, * 06,

(B)

) ~ ol
n 120{152)2 (___2)2 li {n COVg (IO’ mv)}z, nCOVg(lo: mv)Eg (ZOJ —67]) ’0,
0

©)

2
ol — oW ol -
{Eg [10,- 6—9’0} ,ACOV, (10, 20, j (lo] é?j } }V(Z)(afv‘[fz) 312
© ®
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Ay
i}

n

563% 17

=12| [ (x,+2)’navar,(m,)+16(x, +2){ncovg(l—,mv)}2 ]%(K4 +2)™
®

+ {(K4 +2)ncov, {mv, o

_ ol
+16(x, +2ncov (I,,m)E_| 1, —
g g J 600
a )’
+| (x, +2)’y +16(x, +2){E_| I,, —-
g 7 600

x{-2(x, + 2)~3 +6(x, + 2)"4 K'32 }0'2

(&) A7
+{(K4+2)2ncovg[av ol j

00, * 20,

_ A®
+16(x, +2)ncov, [10, v

—jE (lo.—alj j}{——z (x, +2)3} }
o6, ) *\ " 86, 2
+0(n™)

B)

x{-3(x, +2)*x,0}
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= 12{ { (K, +2)7 (), + 24K, + 56Kk, +34K] +152K, + 240x7 +56)
(B)

+4(x, +2)7 (5, +12x, +10x +8) }%

+ {(K4 +2) 2 (ke + 87(3)-1—
o

+16(x, +2)° {—1(;(6 +124, +10x2 + 8)}(—ﬁj (-35,0)
2 20

K

407

+{—i2+16(x4 122 2k, +8K3)[—ﬁj}[—"—z] }r O™
o o 20 2

()

+ {(K‘4 +2)? LZ +16(x, +2)° } {=2(x, +2) + 6K }07
c

= 12{ (x,+2)° {%(K‘G +12x, +10x; +8)°
(B)

—12(x, +12x, +10x7 +8)x? +24k‘;}

+(x, +2)7 {%(1{8 + 24K, + 56Kk, + 34K +152k, +240k7 +56)

~3(x, + 81, )i, + 612 — 87 +8(k, + 8K3)K3}

—2(x,+2)"+2 } on™

B

25
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= 12[ (x, +2)*3%(K6 +12k, + 62 +8)

(B)

+(xk, +2)7 {—2—(/{8 +24K, +34K7 +152K, +56) + 26KK, + 1281(?}

-2(k, +2)"+2 }L o™
(B)

(:12(%x%x64+%x%x56—1+2):144+63+12:219 undernormalityj,

(vii) the sixth term in [ : ] of (36.16) is
[4nE (L))ol + 6a<A> agggz + 60y {nE, (WY W)
=[ 4(-1)(x, + 12k, + 41('3 +8)+6(x, +2){2(x, +1)}
+6(x, +2)(-1)* I(x, +2)7
=—{4K, +(48+36—6)x, + 12k, +16K; +32+24-12}(x, +2)7

=—(4x, + 78, +12k; +16x; +44)(x, +2)7
(=—44/4=-11 under normality),

(viii) the sum of the seventh, eighth and ninth terms in (/E)' (1) of (86.16) is
—4{05(A) _2q(a(A) )—1/2} (A)

(MLL ZymLs
A N, 1 A) \-1/2 A A) \-1/292
_6{05((;)13@2 —4gnE, (lN}L)mi v )(afvm)z) - 6«{61((,)1\),1Ll - 2q(a( ) }

=4 {(lq +2)? —%(;Q +2) 2 (k, +12x, + 6K +8)~2g(K, + 2)*”2}
x (=2)(x, +2) P (x, +12x, + 7K: +8)

—6{0!((,?34LA2 4q {—%(m +2)7 (1, +12K, + 665 +8)} (%, + 2)_1/2}
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1 2
-6 {(K4 +2)7 5(1(4 +2) (ke + 12k, + 657 +8) —2g(x, +2)™? }

= —8{1 +%(K4 +2) (K, +12k, + 6k +8)}

x (K, +2) 2 (x, +12K, + 7K +8)

—6{ a(t)MLAZ +2(k, + 2)* (ks +12x, +6K32 +8)}
2
_6{14—5(1(‘4 +2) (K, +12k, + 67 +8)} (x, +2)"

=600 2 — (8+12+6)(x, +2) 7 (k, +12K, + 6K +8)

—{8(x, +2) K7 +4(x, +2) 7 (k, +12k, +6K7 +8)K] }
—6(x, +2) —(4+ )(K4+2) (k, +12K, +6x7 +8)

=—6{ 2-2(x, +2)" +(x, +2) 2 (~x, +8x.k, + 2K — 4K, +50K])
+(x, +2) (77 ) (x, +12x, + 6K +8) }
—26(x, +2) *(x, +12K, +6K7 +8) —8(k, +2) "k —6(x, +2)'
—(11/2)(x, +2)(x, +12k, + 61 +8)°
—4(x, +2) (ke + 12K, + 6K +8)K;
=-12+6(x, +2)" +(x, +2)2{ (6-26)x, —48K,x, — 12K
+(24-26x12)x, +(-6x50-26x6—8)x —26x8 }
(221 11](1{ +2)7(x, +12k, +6K7 +8)°
—4(x, +2) 7 (rc, + 12K, + 6K +8)k}
=-12+6(x, +2)"
+(k, +2)7 (20K, — 48xk, — 12k — 288k, —464K; —208)
~16(x, +2)7(x, +12x, + 67 +8)°
—4(x, +2)(x, +12x, +6K3 +8)k;
(=-12+3-52-128=-189 under normality).

27
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£

%8 fE68s 1y
Consequently,
Kg4 (tl(\/fli))

=n'| (k, +2)7(k, + 24K, + 32Kk, +32K] + 144K, + 961 +48)
(A)

—12(x, +2) (K, + 24K, + 52Kk, +32K; + 144K, +208k; +48)
—8(k, +2)7{ (x, +12K, +8x7 +8)° —4x] }

+24(x, +2) 7 (x, + 12k, +14K; + 2Kk, +8)

+48(x, +2) i (kg + 12K, + 6K +8)

+ %(IQ +2) 2 (K, + 24k, + 48Kk, + 34k +152k, +192K7 +56)
+18(x, +2)(x, + 12k, + 67 +8)°

+18(x, +2) 7 (x, +12x, + 6x3 +8)°

+(x, +2)7 {%(Kg + 24K, +34x] +152K, +56) + 312Kk, + 15361(3}
~24(k, +2) " +24

—(x, +2) (4K, + 78k, +12x. +16K. +44)
1246k, +2)!

+(x, +2)7 (20K, — 48k, —12x; — 288k, —464x. —208)
~16(x, +2) " (x, +12k, + 62 +8)

(86.17)
—4(x, +2) 7 (x, +12K, + 67 +8)k; }L on™)

(A)
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=n*{ 12-18(x, +2)

(A)

+(k, +2)7{ (1-12+9)k, + (24— 12x 24+ 24+ 9x 24— 4 - 20)x
+(32-12x52+48+9x24 +312 - 48)k.k,
+(32-12x32+9%x34—12-12)x?
+(144—12x144 +24x12+9x152— 78— 288)x,
+(96—12x208+24 %14 +9x 96 +1536 —16 — 464)x>
+48-12x48+24x8+9x 5644208 }

+ (K, +2)7 {-8(x; +12x, + 8K +8)° +32x;

+(48—4)(k, +12x, + 6K +8)k

+(36-16) (1, +12, +6x; +8)° } } on™)
(4)

=n"'[ 12-18(x, +2)"

+ (K, +2) (2K, — 48, — 64Kk, — 10K, — 294K, — 144K —84)

+(x, +2) 2 { 12(x, + 12k, + 657 +8) +12(x, +12x, +6K7 +8)x7 } ]

+0(n™?)

= rfla((,’)\lz,IL4 +0(n™)
(=12-9-21+96=78 under normality).

S6.2.3 A result for estimation of —21_0*
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R

% H68E 1
nacov, {n‘lAICML,

5 (A)
~(A)

a,
OML3 , 2
Xy T 6 (z “1)}
= pacov g{ n'AIC A

A(A) N-172
v O () +

A

A(A) 2
X admL1Z 5

[24

1
~A(A) ¢ ~(A)
+gaML3 Ay

(S6.18)
@ -0,
(i) where the first term on the right-hand side of ($6.18) is

nacov, {n"AIC,, , &\’ (dyg)

—1/2}

—1/2} — nEg (l_b/gi)mil) ¥ v(1)

=nacovg{m),(
= —%(g +2)7(x, +12K, + 6 +8),

~(A)
Oz

(ii) the second term on the right-hand side of (S6.18) is
nacov {n"'AICy; , A 22}
=nacov, {Zv(i),nE < (m)mg) w3z

=nacov [ l_NglL) (@)™ {4@ +282} 1z
with

4@ = 4"12{2\@ - (—% —%10:%(2”02 ))}
(hyy =—{(x,— %) 1 (26™)} - (1/ ) log(270°))
) ‘ﬁ”qi{% -9 -’y

b

— [n‘g{(x, ) —0%F

—6n! i{(xj — ) 0P, — 1)~ )

} +0, )
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_ _%[2_6—32_%32_2 ~1-6(° 22 +(2), ,m }(3), (n_m)} +0,(m™)

gt

and

—_\3)? 3)2
. e x -% (x4
282 =2{n" ! J =2n! [’ j
] s
n x — 3 n 2 —
_12n-1z(f_'[l‘)j e (MJ x—”°+0p(n‘1)
S\ o \ o -
_27 122 2(3)
that is
macov, [ T (@) trs o) + 2623 12
— nacov, (2T, el (@) "}k, )+ 26}

+nacov, {-21, 4K‘3(loj)+2 MK, +2)77 2]

-ny +0, =",

Op(n

=3(as), {—%(IQ+2)"3’2(x6+121c4+6x§+8)}
X{—%(K6+12K4+10K32+8)+2K'32}Z;
+nacovg{z_2,—%{?—32—4+3?—1—6(;—2;+E)Z}

1270 127 2°F j|(l(4+2)_3/222,
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Ay
i}

n

H68% 1w
=—(x,+2) 5/2(K'6 +12x, +6x; +8)

I:_—{(O-X 0-6)_3(0-6 _04)+3(G4 -1} +3(os - 20 )0-3

+40,(0s—0,)—120; }(/c +2)77%z2;
3

I:Z(K‘4 +2)(x, + 12k, + 67 +8)

where

+(x, +2)7"7 {——(0'8 4o, + 60, —3)+ 700, - 220, H
0,=E (z"), 0,=Kx,=1,0,=K;,0, =K, +3
cov, (z*, 2°)=n"’E, {Z(zf. - I)szZzl,}
j=1 k=l I'=
=n(no,+n’ —n-n')=n"(c, -1)=0(n")
(iii) the third term on the right-hand side of (56.18)
LA

Using aMLa—K6+127,(\'4+41232+8_6'6 30'4 6O'3+2 with
- n

O, =nh IZj:I{(xj ~X)/0}" we have
1.
nacov, {n_lAICML, ga(A)

L3 ~ (A) -3/2 (Z~ 1)}
= I:n acovg {Z_

2 5367 —6(2 —27° 67 Zz)z}(a(A) )2
7m (A) N1 5 (A)
+nacov { by’, 3(ay,) (@

2_.
M) )12y (e 12k, +4x7 +8) }Zd !
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-3/2
= { (x, +2)7{ (04 —05) —3(0, — 0,) —120;(05 — 03)
—6(o,—20,—60,)0, }
-1 1 -3/2 2
+3(x, +2) —5(K4 +2)7 (x, + 12K, +6K; +8)

2
z; -1

x (K, + 12K, +4x. +8) }

=[ (x, +2)**( 0, — 40, +30, —180,0, +6007)

z

ISR )

-1

—%(IQ +2) (i, +12K, + 6K +8)(k, + 12k, +4x; +38) }

Consequently,
~(A)

94
-1 A(A) (1)ML3 2
nacov, {n AIC,,, Ty T 6 (zz - 1)} (S6.19)

is the sum of the values in (i), (ii) and (iii) given above

. . . ~(A) o (B)  _n-l2 12
(under normality, (S6.19) is 0 since  Fpymu1 = a((,)Mu =27""=2" and

AN _ (A _AHS2
Qs = %z =27 are fixed values).

$6.2.4 Asymptotic cumulants of nulAICML after studentization for
estimation of —2E g (I—I\/IL)
S8 _ n*{n'AIC,, + 2E, )

" )"




31 WO R % WesE W1%
Kgl(tl(\gd)*) - n—1/2 {a((:;\)/m] + ﬂ«_l}/(aﬁi)z —1/2} + 0(n—3/2)

=n" {(K'4 +2) 2 —%(IQ +2) ¥ (k, +12x, +6K7 +8)

—(x, +2)"? }+O(n3/2)
(S6.20)
o L e 2 (412K, 4617 +8) O %)
5 4 6 4 3

12 (A 32 (B _ (&)
=n a(:)m1+0(n )(a(t)MLl_ (AMLI

. * 1/2
(under normality 0«’((,})\1\)@1 = a((Ap;;MLl =-2"",
A —1 A -1 A) -1/ T 1 1 -2
Ko () V=140 ol +24 7 (aly) P nE (L mP WP+ O ™)
=1+n  { o an + (K, +2) 7 (i +12, + 655 +8) } +O(n ™)

-1_(A)* -2
=l+n a((t)g,Mz +0(n "),

. ay  _ (A)
(under normality Xpmiaz = Xagvaz T 2y,

(Ay __ -1/2 (A -3/2 Ay A)
Kg3(tML ) =n a((t)l\)/IL3 + O(l’l ) (a((:)r\)/m - a((t)ML3)7

(AYy _ -1 (A -2 Ay _ (A
Kg4(tML )=n a(t)lz/lIA_l-O(n ) (a(t)lz4L4_a((t)13/[L4)'

S6.2.5 A result for estimation of _ZEg (l_l\;L)

5 (A)

a,
-1 A(AY* (#)ML3 2
nacov, sn AlCy;, &y, + (zz =D

[24

1 (S6.21)
-1 ACA 2 A(A ~(A) \-3/2 2
=nacov, {n AICy, , GihiZ; +ga§ﬂ)3 aim Yy (z; —1)}.

This reduces to the case of Subsection $6.2.3, where the first term of (i) for
(S6.18) is zero. So, (86.21) is equal to the sum of the second and third terms
given in (ii) and (iii) for (§6.18), respectively.

S6.2.6 Higher-order bias correction of n_lAICML
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. . -1 . -1 .
Since the correction term of 7 AIC, ie, 2n  isexacteven under
non-normality, the higher-order correction is unnecessary.

s63 n TICy (j=1,2)
Since A=A=-1/0% and y=7=1/0",
ATICY) =21 +n ' 2(=A7F) =21, +n'2
=n"'AIC,; (j=12).
That is, the results in Subsection S6.2 for nflAICML also hold for
n'TICY (j=1,2).

(86.22)
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S7. Example 3: The Bernoulli distribution with the WSE of the logit under
correct model specification

S7.1 Preliminary results

1
Pr(x" =x|0 1-7)"~* 0,1 —
(' =x|O)=7"(1-7)" (x=0,1), 7 “Trexp(0)’
l=log{l—[ﬂx’(l—ﬂ')l_x’}=21j, T=n
= =1
V4
lj:leogl_”+log(1—7r)=xj9+log(l—ﬂ),
S T
loj:xj00+10g(1—”o): Ty = 1+exp( 0) , lh=n IZ 0j°

I$ = logHﬁ (=) }{75(1 —m)} } (87.1)

7 _ 1)
ly" =n"ly

=(x+n7"'0.5a)logz +(1-x +n'0.5a)log(1 - 7),
19 = (X +n7'0.5a)log 7, +(1-X +n7'0.5a)log(1- 7,),

where the superscript (e) indicates that the quantity is for estimation of 0, by

the weighted score method and a is the sum of the pseudocounts for two
categories,

—E +,,)=E (l) 7,0, +log(1—7,),

ol x 1-x A X

20, [”0 l_ﬂoJ ol o) 0> Vv gl—f
27T 9%, _

Ay =X A=2=2L_ 25 =7y (1= 7,) ==k,

08 08’
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—\2
ol — -
F=y=nEf{(£j }=nvarf(x)=7ro(l—7r0)= iy,
0

tr(A'T) =4y =1,

T T
lyy =ty =(x; _”o)logl .

Ny

=(x; —7,)6,,

7 (e) =, . -inc -
oly _[¥+n05a 1-x+n"0.5a 7, (1-17,)
06,

=X -7, +n"'0.5a(1-27,) (=X +n"'0.5a—(1+n"'a)x,)

7, 1-7,

— -1 *
=X—7,tn 9y

N X+n'0.5a

Ty x+n'0.5a
Ty =

, 6, =lo =log————,
l+n'a v gl—rrw gl—)?+n’10.5a

* * aq* —_
=q,=0.5a(1-2xn,), —=-ai,
qdyo =9, ( o) 20 o

0

o’ o
I = i =—=-(1-2x)i, =—n'K ;5,(x)=—n Kﬂ(ae )
0
- ol
IO = _70__(1 67, + 67, )iy =—n K (X)=-n'K,, (6—00]’

1 = (& +170.5a)logy +(1-F +n"'0.5a)log(1 - 7,
~ 1
My =———————,

1+exp(—6y,)

~

ly =xlog7zy +(1-x)log(1-7,,),
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N7 T A R
=4 =4 2 |- 927G
6, o6, 6,

= A2 (—aip(x - my)+(1-27,)iy (—3,)0.5a(1 - 27, )(x — 7,)
=—af{i,”" +0.51 (127’ }(X - 7,) (see (AL.L)),

2B, (Iy ~ ) =217 tr(A 'T) 407 (¢, +¢, +¢,)+ O(n )
=n"b +n7b,+0(n")

b =2tr(A'T)=-2q=-2,

b, =¢, (¢, =c¢; =0 ynder canonical parametrization; see Corollaries 1 and 2
with (A1.5))
=-2(1-27,)’ 3, +(1— 67, +67)i, "

-2 9 2y +2jP 2 yqy+ O ™)
0,
=-2(1-27,)" 1, +(1- 67, + 672)i, "
+2aiy iy +2(1-27,)i, i, 20.5a(1-27x,)
=-2(1-27,)* 3" +(1- 67, +672)i "
+a{(1-27,))* 3, " +2}
=-(1-27)" 4" —2+a{(1-27,)" 3, +2}
=(a-D{(1-27)"} ' +2},

7y

h! =204 =) = —2F = 7) log——— = 2(F = 7,0y,

0
M)zii_li

e G-7 )0, B (IP)= 2y =1,
26, 20, (X-m)§, . n f(ML) Y
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— 3
- 1 3,5 Ol 1 3,
lN(Hi) =§]é3)/1 3(550—] =§(1—27Z'o)1010 3(x —71'0)3

1 T2, —
=§(1— 275 2(x - ”0)33
)= é“ —2m)h W E AR -} = %(1 “2m)

— kG,

where SK(*) is the skewness of a variable.

—\4 — 4
1 o) 1 ol
1(4) ——(i® 2/'{—5 - '(4)1—4
A 7S R TR 7

B () =2 k(3 )+ ki) + 007
= —%{3(1 27, —(1-6m, +677)}i,” +O(n™")

= —%(6755 -6, + 2)%’1 + O(n"l) = % - %70_1 +0(n™),

where kt(-) is the excess kurtosis of a variable,

B (B 4T =~ K GF + G +00n™)
— {_i(l — 27[0)2 + l(1 —-67, + 67!3)}%_1 +0(n™)
12 4
- L asam 2T 00 =L 00

2
! *' — * ., * — _ a -
2y A = () AT = n 27(1—2%)210 .

39
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w " AIC, +21)
For 'w = (P2 ;

we have
PV =4(n-1)" Z(iwj' _l_w)z =dny) = 0,1,
j=1

~

=0l s by = Z;le,
=

v =4(n-1) Z(zoj—l_o)z=46’§(n—1)“i(xj—’7)2

—402 2

Ox’

E, (M) =407, = o, (B, () =var,(x")=7,(1-7,) =),

var, () = 67 var (x,)= 00,

K 15(lo,) = 05k 15(x,) = 6, (1 - 27y,

K ()= 05K 14 (x,) = 6 (1 - 67, + 6715y,

E {(; — 1l )'} = 0y lic o () +3{var, (x))F]
=6 {1-6m,+ 67, +3m,(1-7,)}i,
=0, (1-37, +37))i,

51
Ef(lO] 890] 6, var,(x,) = iy

(S7.2)
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E

,
f (101 } '92Kf3(x) 92(1 2750)10,

t'rJ

oy (A) a]j -
] [0; a00}=890Varf(xj):849010,

v
E,

Ef{(z } O, 15(x,) = 0y (1 - 27 )5

892 ) 87 810

(87 is due to canonical parametrization),

aV(()A) ’ alj : -1 272 -1
Ef 800 :64 Ef loj'ée—o +O(}’l ):6490l0 +0(7’l ),

ncov  (m,, 1)= ncovf(v(A) l)=41cf3(loj)
=490K‘f3(xj)=4903(1—27l'0)%,

al, o, Ol _
neov, (550;’"1”) =4E, {(loj —-1'y ﬁ} =40 (1-27,)i,,
navar,(m,) =16] E {(,; ~ [;)'} = (B {(ly; =1, )"} ]

=16{0; (1-37, +37})i, — 05i,”}
=166, {1-37, + 31 — m,(1-7,)}i, =166, 1-27,) i,

v az_j — [61. :
neov, | —%—, ——|=8E, {(,, )| =L | + =86,k 4(x,)
f(aeo 06, R 1A A

=86,(1-27,)i,

41
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IR

78 68E Ml
GV(A) _ S ol
neov . (8—060, lo]stf {(loj' _lo ) a
=807k ,(x;) =80, (1-27,)i,
- -, Ol
nZEf {(h))m "y = {16"}4 (7y;),4E, {(Zoj' ~Iyy 591_}:'
0
= {166, (1— 67, + 672 )iy, 40, (1-27,)i,}
(see the result of the second term for (81.7)),

1

ol - = !
) (mg) - 466 D). F -,

m? =| m? mil__ 0 27;2 v E v
’ e, U \o8,)] 4

_ oL
26, 26, |[ o6,

= {16@;‘(”5 ~%)2’ 4002(745 _g)(f_ﬂo)i 0, (f_”o)za
86, (1 — i) (X — )},

1 v
(1) —— (A) \-3/2 _1, E ﬂ,_l
v 5 (amz) { 7 [ 3 60 J }
1
2

TN T/ Ty 1 N\ '
=—(46,5)7" -1, 86, (-1) Y =——(@79) 7" (1, 86,),

16
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3 5V(A)
Do 2(g®™ —5/2 _ (&) V52 .
{ 8( 2) ( 2) ( 20, j
(A)

_%( (A) )—3/2E (&(A)j(l ) { (A) )—3/2E (&(A)jl—ljf)

20, 26,

(B)

2
__(a(A) )73/2 ™ ( (A) )—5/2 E v
84902 8 06,

+0(n—1) }(2—1)2 —(a® (A) )-3/22 :|

(B) (A)

| 2uanySeanytsoncn - tuah i,

(A)
{ T8 R 1= 2T - (460 8]

@)

3 SN e s 1 o N— TN
+§(400210) 5/264902102 }o 2,5(490210) 3/2(—10) ! }
(B) (A)
3

s ~ 1 o
05 5/2 _94 572 __9 21 5/2

256 T o TR

{1 o7 0—1/2(1 2,)— _6—3 —1/2+Ze-3%-1/2}10 -

16 11_6_903705/2:|

3 g 1.1, PR T
— 9 —0 1-27)+—6",——8 i

256 2 ( o) 277 16 ° |°

(2)*5-5/2
v )105/

43
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nEf(l_l\;i)mil) Wwh=-2 ncovf(l_o,mv), neov , [Z_O,%j}vm
0

=—2{4K 5(l;),mcov, (l aa—éoJ}v(”

=—(86;(1-27,)F,, 20, }v"

— 86 (1-27,)%, 26,731, 860)'i(9§70)'3’2

:%(1—2%)@”%0-1 s { (1-27,)+6; } P

(ﬁ‘(;;\))—l/Z __(alsﬁl)z)—l/Z_l_n n(v)+2v(j) ym(j)+0 (n 3/2)
Jj=l

(v) = 1 o )_B/ZE [&(A) jl‘lq* (see (S1.2))
2 Cin 7 890 0

1 Ty T TN
=5(49§lo) 80,1, (=) 0.5a(1-27,)

= —%.9(;270-3/2 (1-27,).

§7.2 n'AIC,,
nAIC,, = —ZILW +n'2g= —ZILW +n'2

where note that lw is used rather than lv;(;e) .

$7.2.1 Asymptotic cumulants of n_lAICML before studentization

For estimation of —2E ! (—l:; ),
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K 7 AIC, + 2B (o)}
=n"'2A7 Yy +2¢) + n"zb2 +0(n™)
=0 x0+n7b, +O(n)=n"c, +O(n™) (87.3)
=n(a-D{(1-27,) i +2} +O(n?)

. . A)* Ay
(bz =¢, due to canonical parametrization; 05&,1) = al(vIL)l =b =0 s

(A _ _
Qyny =0, =0¢y),

. - 3 T *
while for estimation of —2/; ,

K, (n'AIC,, +21)")
=" (Ay+2q)+n7 B, (D + ) + (g, V% '+ O0(n)

2
=n'+n? {%(l —5)+ %(1 ~27,)" k" } +0(n”) (87.4)
= oy A +O0(n7) (o) = ong))-
K, (7 AIC ) =7 [1E (L)} + [ 20°E (YR
+2n°E, (MR + 1B AGD Yy~ {nE (W)Y 1+ O ™)

=n"'4nvar,(X)6; +n'{ 4n’k,,(%)0,i"
7 it (S7.5)

—%(1—2%)905-2#13 f{(J_c—ﬂO)4}+2/1‘27/2}+0(n_3)

=n" 4902—13 +n {41 - 27,)6, —4(1 - 27,6, +2} + on™)
=n"" 4002% +n 22+ O(n*3) = n_lozlf,[AL)2 +n“2a§/f‘L>Az + O(n_3)

Ay _ (&) (A) _ (A)
(ay; = Ozs Aypr = yglas)-
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Ay
i}

n

H68% 1
K (n'AICy )= [ B {(h)'} +37°E {0 ¥ 1))}
- 3nEf (I_N([i))a&i)z ]+ O(n_3)

— 2
n’E {(h)'}+647 S ncov, Z&),i +0(n™)
20,
: o\’
2B () + 24276, {n cov, (E,Ej} } +0(mn™)

0
=n2 {861’k ;,(X) - 245,76, i} + O(n™)

(87.6)
=n? {86, (1-27,)— 246} i, + O(n™)
=n’a®

-3 A A
vis TO(0T) (aévs) = al&/IL)3 .

Kyq (n_lAICW) =n” (£) n3Kf4(l_lV}i)) + 4n3Ef {(l_l\/g‘) )31_1&)}

MLZaMLAZ

+6mE  {(L0 ) (W)} +4n'E () i’} — 4nE (b))
—6a™ o™

(A)
Oy

~ 6oy 4B (L)) (1)+ O(n™)

=n" { 1607, (%) —324 'O n’E {(X —~7,)’}

+2447°0;m°E {(X - 7,)°} + 4x (—8)%03 (1-27)i, ""E (X — 7,)°}
—4x (Do, ~6a) ol

MLA2

- 6aig, (-1)? }O(n*“)
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- { 166 (1- 67, + 672)F, +326:5, 104, (1-27,)F,

+24x15053,7%%,° - xlseg(l =27,)i 0

—4{80; (1-27,) + 24602}, —6x 4071, x2— 6 x 4007, J (57.7)
+0(n™)
=n2{ 160 (1-67, +677)+(320-160-32)8; (1-27,)
+(360-96—-48-24)07 }i,+0(n™)
=n>{ 166, (167, +6x2)+1280; (1-27,)+1926; }ij +O(n™")

= a0 (@) = al)).

§7.2.2 Asymptotic cumulants of n_lAICW after studentization for

estimation of —210*

w17 (AIC, +21))
v (A(A))I/Z
-V - -3/
f](t(A)) 7 12{a(A) ((Z(A) ) 1/2 + a((L;A,;M]_J} +0(n 3 2)

—1/2 {a(A) (a(A) )*1/2 + nEf(ZN([{)mil) v)v(l)} + 0(n—3/2)
=n" {1 x(4G75)" + {%(1 —27,)+ 6, }g—m } +0(n™?)

- 1’2{391+ (- 27;0)}101 +0(m™™) =n"aly, +O0(n>?)(s7.8)

_ A .
(a(z)m =L

a((AlthLl =nE; TOmD Yy = ((1/2)(1-27,) +6;"35,7).



48

o R %t H68%E Bl
A
Kfz(t\(N))
_ — 2 T2 (1 1 A) \-1/2
“Ln| el (a®) ! + 207 4GP VO mP Y (els),)
(A)

+2n2Efl: 7O Oy m® 4 TO ()
(B)
{(A) 172
X (@)

+n2Ef {21 (2)(a(A) )—1/21 (I)V(l) vm(l) +(1 T (l)v (1)) }

~{2nE (I Yong )™ s + (i)’ } o(n™),

A)
(i) the first term in [-] of (§7.9) is
(A) (A)
_ 1 .-
Ana(ongs) =2(46,5)" =07
(ii) the second term in ([ 1 of(87.9)is
2n2E {(l (1))2 (1) (1)}(a(A) )—]/2

. _
= 2[1 6K ;4 (l5; )48, {(101' L)y 5(‘91_}:| v (o, )™ (see(S1.7)
0

=2{166; (1- 67, +61)i,, 467 (1-27,)iy}

x[—%}(eﬁof’m, 86,)'(4077) ™"
{05 (167, + 675 )i, + 26, (1= 27 ) 16, )
{167, +67; +26,"(1-27,)}3,"
=—{(- 2”0)2 - 2% + 290_1(1 - 2770)}—’;_1
=—{(1-2x,)" +26," (127}, " +2,

@1 (2 “1n, (s (1)
gy +v7'm7)y+n 2qv 'm;’}

(B}

(87.9)
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(iii) the first part of 2n’ E, [ ] (a(A) in (87.9) is

2 1 2 L I A) 172
2, Y O )

61
_4 2/ l: 3
ol ol _
+2E, (lojajz l{ncovf (—6_9:’ mvj,}/H v (ot )

+0(n™")
= —4[ — {46, (1-27,)iy, Oy} + 205, (—1) " {40 (1 =272, )iy, i} ]

1 - , - _
x(—fg)w:zo) 21, 86,)(4675) ™ + O(n™)

1 - -
= ‘g[ {46;(1-2x,), 0,}i, +20,{407 (1-27,), 137, |
x(1, 86,)'(62i,) > +O(n™)
= —%[ 46;(1-27,)+ 867 +26,{46;(1-27,)+86,} 16,%i, ' ~O(n")

= _{%egl (1-27,)+36,° }g* +0(n™),
(iv) the central part of 2’ E, [ ] (a(A) ™ in (87.9)is

2n2E {(1 (1)) (n—l v) + v(2) vm(Z))}(a(A) )—1/2

- 2a(A) 77\(}:") (a,(A) )—1/2 + za(A) Ef (miZ) v)V(Z) (Cﬁ(\ﬁ)2 )—1/2

) _ ol
£2x(-2) {2{ncovf(10»mv)}2’ 2ncov  (I,,m,)E , [Zoj ﬁj’o’
0

2
ol — oW ol B
2{Ef (loj 5—9’;)} ,2ncovf (lo,a—eoJEf (lw a—gfoﬂv(z)(af\ﬁ)z) 12

+0(n™)
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— z(al(wﬁi)z )1/2 n(v) + z(alﬁ/ﬁ‘)z )1/2

ol v\ ol @
X navarf(mv),ncovf mv,ﬁ ,0,7,ncov ﬁ’% v
0 0 0

+8[ 2§40, (1-27,)5 ¥, 86, (1-27,)i,6,i,, 0, 2(6,i,)°,
1607 (1-27,)i,0,5, VP ()" +0n™),
-2 |- 4077 -2m) |
+2[ 166, (1-27,)* %, 40, (1-27)),, 0, &, 86,(1-27,)i, 1
% V(2)*lo 5/2(4002170)1/2
+8[ 32600(1-27,)%3,, 86;(1-27,)i,", 0, 26337,
1662 (1-27,)i” W22 (402 +O(n™)

Ll

= —Zeglgfl(l =27 +[ 646, (1-27,) 3", 166,(1-27,)i,”",

0, 40,57, 3207 (1-27,);," v (use v =v@'752)
+[ 1286;(1-27,)°, ", 326;(1-27,)i,",
0, 86,57, 642(1-27,)5 " WP +0(n™)

a 1 - 3 _
=20, (1-2m,) + (64+128)65 (127, 6"

+(16+32)8;(1-27,)i, 36 6;*
+(4+8)6,5," {Zagz(l -27,) %903}
+(32+640)F(1-27,)i " (—%003 j +0(n™)

——6?0_ (- 271'0)+ (1-27,)%%, "' +96,(1-27,)i, ™

+360;'(1- 2ﬂ0)zo*‘+69*2 760" (1-27,)i, " +O(n™)

{ (1-27,) +(—Z+6j0‘l(l 27ro)+69“2} o™,
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(v) the third part of 27°E; [+ 1(aa2)™ in(57.9)is
(B) (B)
20°E (™ 21 m W () = 4B (P m D W (g

- 4{%(1 —2no)+ea‘}zo*“2<40§i>‘“ ={(-27)6;" +26735,

(vi) the first half of the fourth term in U[\)' (1]u of (S7.9) is

equal to the result of (iii) i.e.,

nZEf {21_1\25) (aé/ﬁ)z )41/271;511‘)‘,(1) vmil)} — _{% 60_1 (1 _ 272_0) + 30(;2 }%—1 + O(n—l) ,

(vii) the second half of the fourth term in (1[\)' (}\) of ($7.9) is
wE AV )}
= oy, v 'nacov ,(m ) + 2{nE, (¢ PmP YWY +0om™)
_ oy navar,(m,) ) ncov (m,,0! /06,) O

ncov ,(m,,0l /06,) 4
+2{nE , (hym WOF +O0(n™)

_ _ 16081 -2x. Y1 46°(1-2x,)i (1
:4951'0%;(93:'0)’3(1, 890){ oUm2m) % 4 ”°)l°j£ J

46;(1~27,); y 80,
1 2
+2{5(1 ~27,) + 9;‘} i +0m™)

_ g%ef’é‘z {166, (1-27,)° +2x326,(1-2m,) + 646,37,

2
+2{-;-(1 —2m,)+ 9(;‘} i +0m )
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Ay
i}

n

563% 17

2
= {%(1 27, +6, (11— 27zo)+¢90-2}g-1 +2{%(1 —2m,)+ 9(;1} i
+0(n™h)

_ {%a 2, + 36, (1-27,)+ 390-2},0-1 +O(n™),

(viii) the fifth termin [ * |
A) (A

T A) N2 (A 2
_{2nEf (lw(ri) )(ar(vm)z) a((At;MLl + (a((AAr;MLI) H

- _[2(—1)(49@)"2 {%(1 -27)+6,' }g“z + {%(1 —27,) + 90‘} g'i

) of (§7.9) is

{00‘1 {%(1 —2m,) + 9(;1}— {%(1 —2m)+ 9(;1} }g"l

= —{%(1—2;:0)2 +—;—00“(1 —27:0)}701

Then, from (1) to (viii),
A -1, (A 2
K'fz(l‘\(y )) =1+n a((t)gm +0(n™),
1
(A) —
Lywar = 5

6,75 {1~ 27, +26,'(1-22,)}5 " +2
3 -1 -2 {7 -1
- 2{560 (1-2z,)+36, }10

+{%(1 ~2z,) +(—%+6]6’0'1(1 ~21,) +60(;2}gl

+{(1-27,)60," +26,"};,

(87.10)
+ {%(1 —27,) +36, (1-27,) + 39;}@‘

—{ia ~27,) +20;'(1- 2n0>}al
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{[ 1+%+%——j(1 21, )

+{—29(;‘ ~36;" +(—%+6)90“ +67 +30;" —%eg‘}(l—zﬂo)

;9‘2 -60,% +60;,% +20,* +39*2} '+2

{(1 27, +£—Z+ ja (1-2m)+— 9} "+2

(A)
(a(t)WAZ # X pymiaz when a # 0).

(t(A)) n—l/2 {a(A) (a(A) -3/2 + 6n2Ef (Z_IV%IJ)VU) vmil))} + O(n—B/Z)

-1/2 {a(A) (a(A) -3/2 + 6a((£;MLI} + O(n—3/2)

= *“2{ 86, (1- 27ro)+2402}10(490210)‘3’2+6{ (1- 27z0)+9‘1} -”2}

+0(n*)
=n""{(-1+3)1-27,) +(-3+6)8,"}i, ™" + O(n™?)

=n"""{2(1-27,)+36,'}i,""* +O(n™").
(S7.11)

A

_ Dyd (D) 1o (] A) \-32
f4(t\(;)):nl oy (i) +4n’E {(1()) D'mP Y (ayg),)

(A)
+ 12n3Ef {(Z_Ngll‘) )31_(2)V(1) ¥ (1) }(a(A) )—3/2

+6r’E, ()" (v m? ) (@)

+ 4n3E {(l (l)) l (Z)V(I) vm(l) + (l 7 )4 2) 5,2)}(a§£)2 )—3/2

(87.12)
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A A A (A A A 2 A) \-2

+ {4(0‘15481 - 2‘])051(@)3 + 6a§&)2a§/m)Az + 60‘1(\41,)2 (al(\/IL)l ~-2q) }(al(v[L)Z)
(A) (A) \-V2y . (A)

- 4{a(t)ML1 -2q(ongs }a(t)ML3

A T (D) e (D A (A) 172
= 6{ainar —4nE (' m WO (aryy) "}

—6{a o, —2q(an,) Y } o(n™),

(A)

() the firstterm in [ - 1 of (87.12) is
(Aa) (A)

2
al(vﬁ)z; (alg/ﬁ,)Z )

={ 166, (167, +677)+1280:(1-27,) +1928; }i, (4673,
={1-6x,+6x; +86,'(1-2x,)+126,°}i,"
={(1-2x,)" —-2i, +86;,'(1-27,) +126;,°}i, ",

(ii) the second term in (g)' (1) of (87.12) is

4n°E A v m Y (el )

=4[ 6a2,n°E (LY m v (e,
+4(=2) K 5 (1, mE , (Lm " W (i) 1+0(n™)

=24n"E  {(h) Y m,” v (o)™
~1280;(1-27,)i, {%(1 —27,)+ 6, }33-1/2(49370)-3’2 +0(n™)

=-12{(1-2x,)* +26,'(1-27)};, " +24
—8(1-27,)(1 =27, +26; )i, +O(n™")
=—{20(1-27,)* +406," (1-27m,)}i, ' +24+0(n™"),
(A) -1/

{note that the term 24n°E ¥ {(lyv(u{) ) m(vl) '}V(])(OfMLz ? s 12 times the result

in (if) for (S7.9) of Fmiss),
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(iii) the third termin [ - ] of (§7.12) is
_ _ A) (A)
127°E {(h) B v 'mP Hang, )™

=12 {305(’*) nE, (h)+647" {ncovf (l(l) 6861? j} } E,(gm yv®
0

®
ol ol
+6a™ A ncov | LY, —— 13 ncov, | —,m, |,y sv" [(@a,)?
f 600 f 600 v 7 ( NI'LZ)
(8)
L0

= 12{{ 3(46; i )(=1) + 6(=i, MG,y )’ }{ (1-2m)+ 9"1} P
+6(46; i)~y )26, {46 (1= 27, )iy, 1y}
x (—%}(955)‘3’2(1, 890)'}(4493 P romE™)
= 12{ —{18(1-2x,)6; +360,}i,"
480 (- J 0T 80202 80, 40T <00
= —[ —{18(1~27,)0; +366,36,7
-36,%1 7 40; (1-27,) +86,} 1+O0(m™)
= ——{309-1 1-27,)+ 606,77 +O(n ™)
=—{456,"(1-27,)+900;%}i, " + O(n™"),

(iv) the fourth term in [ 1 of($7.12)is
A) (A)
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6n’E {(e))* (v mP Y ags) !
=6[ 3(aiy,)* v 'nacov , (m v
+12ap), {ncov (47, mP WY Yai,) ! +0@™)

=18ayy, v 'nacov ,(m" v +72{ncov, G, mO w0 +Oon™)

= 18{%(1 =27, +6, (1 -27,) + .90—2}5-1
1 2
+36x 2{5(1 —27,)+ 90—1} i +0(n™)

= {(§+ 18)(1 —27,)" +(18+72)6, ' (1-27,) + (18 + 72)002}%_1

+ O(n“l)
45 2 -1 2 |71 -1
= 7(1—27:0) +906, (1-27,)+906," +iy;” +O(n)

(the two terms with 18 and 72 on the right-hand side of the second equation are
18 and 36 times the corresponding ones in (vii) for (§7.9) of a((t[;]\)/[LA2 ,

respectively),

(v) the first half of the fifth term in ([\)' (1) of (87.12) is

one third of the result in (iii) for (§7.12), i.e.,
ArE (b)) b v 'ml Y angs) ™

= %[—{4590‘ (1-27,)+906,°}i, ' 1+ O(mn ™)

= —{150;,'(1-27,) +306,>}3, " +O(n™)

(vi) the second half of the fifth term in (/E)‘ (11) of (87.12) is
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3 T ()4 2 2 A -3/2
An°E A ) v? ' mP Hedy))
=4[ 3(ory, ’nE ,(m? WP + 6oy n acov {(L,7)?, mP 3P ]
% (a(A) )—3/2 +0( —l)
A 172 2 2 A -1/2 2 T ()2 2 2
=12(any,)"* nE (mP W +24(ay), ) ntacov  {(4) ), m? v

+0(n")
(the first two terms are 6 and 12 times the second and third terms on the

right-hand side of the first equation of (iv) for (§7.9) of & (I)MLAZ ,

respectively)

3
=(6x64+12x128)(1-27, )" " —
=( A-27,) 47—

+(6x16+12x32)9(;1(1—27:0)g-136
+(6><4+12><8){ 6, (1- 27[0)+—l9_2}%
~(6x32+12x64)8," (1~ 27,)i,”" 6+0(n“‘)
=-(1 27, 0, +9060, (1- 27,3, +306; (1-27,)i, ™
+606r2 606, (1275, + O(n ™)

_{—(1 2m, ) +606; (1 - 27r0)+60¢9'2} Lrom™),

(vii) the sixth term in ([)‘(]) of (87.12) is

{4(a§/ﬁ31 ZQ)Q(A) + 6a1€/ﬁ)2a1(v?L)Az +6a(A) (Oflst)l ZQ)Z}(‘ZIE/?L)z

=[4x(1-2){-80;(1-2x,)—240.}i, + 6(40;,)2
+6(46;7)(1-2)" 1(46;%,)

= {290—1 (1-27,)+ (6+3 %)ef}g-l = {290-1(1 ~2x,) +%90-2}70-1,
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Ay
i}

n

685 1

(viii) the sum of the seventh to ninth terms in [-1 of (§87.12) is
_4{ ((tl;‘l\)/ﬁ,l _2q(a(A) )_1/2 }aér?lzdLS

—6{a { (A)

7 (D) 1¢3]
()MLA2 4anf(lMLmv W«

(A) -~

ML2 1/2} - 6{a((t1;13«m1 - 2Q(0’1$L)2 )_1/2 }2
4[{ Sgi - 27@}%“’2 -2(46;1,)™" } 2(1-27,)+36, i, "
-6 7

0
o2 2o e
B)
{ (1 2ﬂ0)+0 } —1/2(402 )1/2 :l

(B

6[{30‘ +—(1- 27:0)}5-“2—2(49;%)-“2}
—4)
2

;' + —(1 27;0)} 2(1-27,)+36,'13,"
K

=1
7

0

La-2m) + %-1)0 (- 27:0)+(.1§1_2)9 }0_1”}
1 2

~6{5051 +5(1—27r0)}

—{4(1-27,) +108;" (1 - 27 + 66,37,

{ (1-2x,) +216,' (1-2x,)+216 }‘ 12
3

{2(1—271'0)2 +36; (1-27,) +=6 }
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- _Ku%%j(l—zno)z +(10+21+3)6;'(1-27,)

+(6+21+%)9§2F‘1 -12

- —{16(1 —27,) +346;(1 _2,,0)+%9(;2}?0-1 -12.
From (i) to (viii),
K @ty))=n" |: {(1-2m,) +86" (1-27,) +1267° 34, =2

(A)

~{20(1-27,)" + 406, (1 -27m,)} i, + 24— {456, (1-2x,) + 906,13,

+ {% (1-27,)* +900;'(1-27,) + 906, }g-l
—{156,"(1-27,) +306,%}7, "
+ {4—25 (1-27,) +608; (1-27,) + 6090-2}1-1
+ {2901 (1-27,)+ % 0;° }g"l

—{16(1 —27,)* +346;'(1 —27:0)+%952}70-1 ~12 } o(n™)

(A)

59
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=n’ (1—20+£+£—16j(1—27r0)2
2 2
(A)(B)

+(8—40-45+90-15+60+2-34)8,' (1-2x,)

+[12—90+90~30+60+221—%j60‘2 F-I
(B)

~2+24-12 :|+O(n_2) (87.13)
(A)
=n"'[ {10(1-27,) +266;'(1-27,)+240,}i, +10 ]+ O(n™)
=n"' o, +Om?).
S$7.2.3 A result for estimation of *21_0*
Fows
nacov < n" AICy, di, + (2 (zz 1)
6
= nacov, n_lAICML, &((11;134L1 + %(ZZ -1
_ nacov, { A, G0.@0) 7 162 (ST

1 oia) paa) \32, 2

LA @D,

(i) where the first term on the right-hand side of (§7.14) is
nacov . {n"'AIC,, éip) (Gins) ™}

T A -1/ T7Q 1 1 ~A{A A
= nacov 0, (6(8,)"} =B, (0mD WO (@), = al)y =1)

- {%(1 —-27,)+ 0(;‘}?0‘“2,
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(ii) the second term on the right-hand side of (87.14) is
nacov {n"AIC,, , 4,73}

=nacov, {l}ﬁ, {%(1 —2ﬁm)+éﬁ}%/z}z§
- |1 _ Yo, - -2 | 2
=nacov | —26,x, 5(1—2x)+ 10g§ {x(A-x)}"" |z
- 2| 1 I Wz
=20 nvar,(x)| y-1-6;7| —+ i
7y, l-m,

1 -1 1+, 2
+ 5(1—271'0)+90 >k (A-27my) ¢ |25

=26,i, {(1 +6,%5 7 + {%(1 -27,)° %" + %901 (1-27)i, > H z;

- {%(1 ~2m 60,5 +(1- 210, V2 +2(6,1"> + 6,3 )} z

(iii) the third term on the right-hand side of (§7.14)

_ 1. ~(A) 3
nacov, {n 'AIC, ., gaﬁ,ﬁé aih (2l -1)

6

— -1 2 _
=20,n acov I:J?,{l —2x+ 3[10g1—x—_) }{E(l _g)}«l/z}z_d_l
-X

2
T A A 2 An N - _1
— nacov, [ K0, {865 (1-24,,) ~ 2402 Vi (4602 1 )12

6

61
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o R % Wess 1Y
A 2| 1 1 T-1/2
=20, | 1-2-36"| —+—— |4,
72'0 1—7[0

2
7 - —1
+(1-27,+ 300—1){_% i0—3/2 (1- 2”0)}} z;

=205 {(2 #3070 % %(1 -2, +36,)(1-2x, );&“3/2}

22—1
X

6

Consequently,

A(A)
(24
nacov {n‘lAICW, Qe + "é"” (2 _1)}

[t
1

{0y (1 =27, 435 2 (1-27,) + 46,1, + 60, 5,7}

2

&

+ {—2—00%—1/2 (1-2x, )2 + 70—1/2 (1-27)+ 29()%1/2 + 29(;1-1.;_1/2)}2
_{ 1

—17-1/2
6 (7 A }

HOZ“UZ(I—QJZ'O)Z +5%—1/2(]_2ﬂ_0)+_00701/2 +
x(z2=1)

zé—l
6
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1 1 1] -
{(E—EJ ;+g}0010 1/2(1—271'0)2
1 1 1 2 2] —
I-= |z +=+=ti (1 -27,) + 2-—]z%+— 0,i"*
{( 2j 2 2} (=2m) {( 3)% 3} o

+{(2-Dz +1+ 136,73,
Z(%ZZ +;) Og1/2(1_27[0)2+(%Z§[+ljg—l/2(1_2ﬂo)

+(iz§+z)9010 +(z2+2)6;,"5,7".
3 3
(§7.15)

S$7.2.4 Asymptotic cumulants of n_lAICML after studentization for
estimation of —2E f (l_\;)
n"*{n " AIC, +2E (1)}

( A(A) )1/ 2

* - ny 3/
Kf1(t(A) )=n 1/2{0{((;;3” +A” 7(a(A)) Y0

/ A) y-12 312
=n"" {oggu + A 7 (engh) 73+ Om)

a2 312
MLl +0(n™")

1y =

(S7.16)
= *”2{ (1- 27[0)+t9_1} 2+ 0(n™?)

(A (A)* (A)
(a(t)Wl Lt = a(At)MLI)’

AP 1 (A )
Kfz(tfw))zl"'” a((t)‘gvAZ_*—O(n )

=1+ n @b + 247 7(@4)) P nE (R m WO+ O(n )

- -1/ T -
=1+n"{a{m, —2ay) "B, (B m W+ O(n™)
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:1+n“H (1-2x,) +(_Z+9j9 (1-2z)+— 9‘2} )

—2(405%)‘”2{ (1-27,)+06; } "”2} +0(n™?)

:1+n‘1H (1-27,) +(—Z+4j6"1(1 27)+— 0‘2} +2}

+0(n?).
AFY = U2 A 32 Ay Ay A
K f3(t§v "= 0’((:)13/&3 +0(n™") (a((t)\;lﬁi a((t)lz/fm afo&m)
(A)* -1 (A) -2 (A _ (A) (A)
Kry (ty')=n Xiyna T Oo(n™) (a(t)W4 Cioyvia = (I)ML4)

$7.2.5 A result for estimation of —2E 7 (TI\ZL)
ar , %ow
-1 A (A t 2
nacov sn AlCy, &py +—— p (z; -1

. 1. _
= nacovf{ “AIC,, (Q;MLIZ + 6051(\?83(06(& Y (z - )}

is the sum of the second and third terms of (§7.14) for estimation of —21_0*

1.€.,
§ O'Z(A)
nacov {n AIC,, &\ + "é“ (zZ-1)
E [%Zi + %} Oy "> (1-27,) + Gzﬁ + %)Z‘”z (1-27))
(87.17)

+(§Z§+%jgolo +(z2 + 10, .

-1
§7.2.6 Higher-order bias correction of 7 AICW

-1
The higher-order bias correction of # AICy, under correct model
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specification and canonical parametrization can be done by using b,=c; as
n'AIC,, —nh, = n' AIC,, —n7%¢,

=1 AIC, —n(a—1){(1-24,, )iz +2)

= n_lAICW +n” (1I-a)[(—- 2?)2 {x(1- f)}’1 +2].

§7.3 n 'TIC{ (j=1,2)
Since n_lAICML :”_ITIC% (/=12) dueto
n Z; (x,—-%¥) =%¥(1-X) in this example, the results in Subsection S7.2
for nAICyy alsohold for 7 'TIC{) (j=1,2).
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