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HIGHER ORDER DERIVATIVES OF FUNCTIONS
PARAMETRICALLY DEFINED

By
Ryuji KANEIWA

THEOREM. Let n be a positive integer. If z and y are C"-functions
of t and Z—f # 0 in a certain interval, then

n k S T \s QI S
dry  (=1)n1 Z % Z (-1) 1(2n751,2)!(%) 1(1(11?) 2...

dzm ~ (dzyan (2D)525,1(3D) %551 - - -

1!
k=1 (k ) s1+so+=n—1
1.s]+42-sg+4-=2n—k—1

is valid in the same interval.

We prepare several notations for the proof of Theorem. Set that

P = {seN";#{j e N;s(j) > 0} < Ro}, where Ny = {0} uN.
We denote for k € Ny and s € 3,

Mi(s) = 72y j*5()),
and for [, n € Ny,

PBi(n) = {s e P; My(s) =1, M1(s) = n}.
An element s of B;(n) represents a partition of n into [ parts:

s(1) 5(2)

—
n=1+4+14+24+ - +24.-..

We denote .
; dx d®y
G =22 k- 2d
T VT Gk
and for s € 3,
—1)*M{2 Mo (s) — s(1)}! . s
Z/(S) _ ( ) { 0( ) ( )} 5(8) _ (.7],) (1)(.7;//) 2) ...

(21)5(2)5(2)!1(3)*Brs(3)! -7

Thus we are able to rewrite the theorem to the following

n n (%)
W =T s T M),

T sePna (2n—k—1)
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PROOF OF (1). If n = 1, then we have

Y v = Y vls)Es) =1,

SEPn_1(2n—2) s€Po(0)
since s € Pp(0) implies s(j) = 0, for all j € N. Accordingly, (1) becomes
dy/dx = y' /2",

if n = 1. This is well known.
Suppose that (1) is folds for n — 1(n = 2). That is

dnily 2n+3n ] y(k
(2) drn—1 =(-1)" Z i Z v(s)&(s).
sE%n,z(ankfii)
From (2), we have
dn dt d dnfl
(3) y_aa 71/
dz™  dxdt \ dzn?
_ (3;')_1 (71)n—1(2n —2n+2,.1 Z (k — Z v(s)&(s)
! sEPn_2(2n—k—3)
n— 2 2n+3n ' Z/(k+l)
+(-1) Z N v(s)&(s)
! sePn—_2(2n—k—3)
)" 2 2n+3n : y(k ’
+(— Z > v(s){€(s)}
! s€Pn_2(2n—k—3)

k—1)! ) (2n —3)v(s) &(s)a"

D sePn_o (2n—k—3)

S s D MR S EON O

D sePn_o (2n—k—2)

k—1)! ) V(S){ﬁ(s)}’w’] .

T sePn_2(2n—k—3)
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We define s” for s € B, _2(2n — k — 3) as the following
p _{s(2)+1 ifm=2,
s"(m) = { s(m) , otherwise.
Then we have s” € PB,,_1(2n — k — 1), {(s)z” = £(s") and

— 28”(2) v(s"
Y sy —s— ey

So that
(4) >0 (2n=3)w(s)E(s)a”

SEPn—2(2n—k—3)
_ v (2n = 3)2u(2) v(w) €(w)
{2n —2 —u()}H2n — 3 —u(1)}

UEPn_1(2n—k—1)
We define s’ for s € PB,,_2(2n — k — 2) as the following

ymgz{“n+1’ﬁm_L

s(m) , otherwise.
Then we have s’ € P, 1(2n — k — 1), £(s)z’ = &(s") and

!
oot
2n —2 —s'(1)
If k>1and ueP,_1(2n — k — 1), then u(1) > 0. Hence
(k —1) v(u)§(u)
(5) Z (k=1)v(s)&(s)z’ = — Z o o 1) !
o 2n—2—u(l)
SEPn—2(2n—k—2) uePn_1(2n—k—1)
if k> 1.
Next we define s*/ for s € P, 2(2n —k —3) . If j = 1, we set
5*1 — S”

If s(j) > 0 and j > 1, we set as the following
s(1)+1 yiftm=1,
*J _ S(])—l ,ifij,
s™(m) sG+1)+1 L itm=j+1,
s(m) , otherwise.
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We have s*7 € B,, 1(2n —k —1),

v(s) = 2571(2) v(s*!
) ) = G2 —s)jfan —s—si (")
v(s) = — G+ DG +1) v(s*),

{2n =2 - s* (1) H{s* (j) + 1}
if s(j) > 0 and j > 1. Further we get
(6) > v
SEPn—_2(2n—k—3) .
= > v(s) > s(j)&(s*)
SEPn_2(2n—k—3) s{(j)=0
_ 2u(1) u(2) v(u) §(u)
Z [{2n—2—u(1)}{2n—3—u(1)}

U+ Dul +1)v(u)§(u)
Z 2n —2 —u(1) ] '

uePp_1(2n—k—1)

j>1Lu(j+1)>0
From (3), (4), (5), and (6), we have
@ — (71)n—1(wl)—2n+1

dxm™
s v (2 — 3) 20(2) v(u) £(u)
kgl (k—1)! ueqs”,l(zznfkfl) {2n =2 —uw(1)}{2n — 3 — u(1)}

2n — 2 — u(l)

= (k) k—1v(u) &(u
EQ y 5 Y ( Jv(u)€(u)

ueP,_1(2n—k-—1)
n—1

yt* u(1)u(2)
Z -1 Z {{2n—2—u (HH2n —3 —u(l)}

k=1 u€Ppn—1(2n—k—1)
-z —‘;; D ? } () é(u)]
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— —2n+1

e

- <k> 24(2) v(u) €(u)
[Z 2 moaowl)
Ly

ue&pn_l(Zn—k—l)

k— u) E(u
Y (k= 1) v(u)§(u)

= (k: 1) e, iy 22— ull)
n—1 (k) ) )
L GHDu@+1)
' k=1 (k= 1) “Gmn—l%n—k—l) ng 2n—2—u(l) v{u) €()
= (—1)" a7+t
n—1 (k) ) )
: v G+DuG+1)
[k:l (k=1 uemn,lgnfkfm j;) 2n — 2 —u(1) v(u)&(u)
A (k= 1) v(u) £(u)
+ _—_—
k; (k—1)! uemw%n%l) 2n — 2 — u(1)
= (_1)"7'*1(1./)72n+1
n=1 (k) o — k-1 — (1)
Y n

A (k — 1) v(u)&(w)
+Z(k_1)! Z 2n — 2 —u(1)

UEP—1(2n—k—1)

— (71)”71(.%" —2n+1 S y(k)

> v{u) §(u).
T uePn_1(2n—k—1)
This completes the proof.

REMARK. In the theorem, by set y = ¢, we get the formula for
inverse functions(see [1]).
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