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Theorem. Let n be a positive integer. If x and y are Cn-functions
of t and dx

dt 0 in a certain interval, then

dny

dxn

1 n 1

dx
dt

2n 1

n

k 1

dky
dtk

k 1 !
s1 s2 n 1

1 s1 2 s2 2n k 1

1 s1 2n s1 2 ! dx
dt

s1 d2x
dt2

s2

2! s2s2! 3! s3s3!

is valid in the same interval.

We prepare several notations for the proof of Theorem. Set that
P s N0

N; # j N; s j 0 ℵ0 , where N0 0 N.
We denote for k N0 and s P,

Mk s j 1 jks j ,
and for l, n N0,

Pl n s P; M0 s l,M1 s n .
An element s of Pl n represents a partition of n into l parts:

n

s 1

1 1

s 2

2 2 .
We denote

x j djx

dtj
, y k dky

dtk

and for s P,

ν s
1 s 1 2 M0 s s 1 !

2! s 2 s 2 ! 3! s 3 s 3 !
, ξ s x s 1 x s 2 .

Thus we are able to rewrite the theorem to the following

(1)
dny

dxn
1 n 1 x 2n 1

n

k 1

y k

k 1 !
s Pn 1 2n k 1

ν s ξ s .
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proof of (1). If n 1, then we have

s Pn 1 2n 2

ν s ξ s
s P0 0

ν s ξ s 1,

since s P0 0 implies s j 0, for all j N. Accordingly, (1) becomes

dy dx y x ,

if n 1. This is well known.
Suppose that (1) is folds for n 1 n 2 . That is

(2)
dn 1y

dxn 1
1 n 2 x 2n 3

n 1

k 1

y k

k 1 !
s Pn 2 2n k 3

ν s ξ s .

From (2), we have

(3)
dny

dxn

dt

dx

d

dt

dn 1y

dxn 1

x 1 1 n 1 2n 3 x 2n 2x
n 1

k 1

y k

k 1 !
s Pn 2 2n k 3

ν s ξ s

1 n 2 x 2n 3
n 1

k 1

y k 1

k 1 !
s Pn 2 2n k 3

ν s ξ s

1 n 2 x 2n 3
n 1

k 1

y k

k 1 !
s Pn 2 2n k 3

ν s ξ s

1 n 1 x 2n 1
n 1

k 1

y k

k 1 !
s Pn 2 2n k 3

2n 3 ν s ξ s x

n

k 2

y k

k 1 !
s Pn 2 2n k 2

k 1 ν s ξ s x

n 1

k 1

y k

k 1 !
s Pn 2 2n k 3

ν s ξ s x .
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We define s for s Pn 2 2n k 3 as the following

s m
s 2 1 , if m 2,

s m , otherwise.

Then we have s Pn 1 2n k 1 , ξ s x ξ s and

ν s
2s 2

2n 2 s 1 2n 3 s 1
ν s .

So that

(4)
s Pn 2 2n k 3

2n 3 ν s ξ s x

u Pn 1 2n k 1

2n 3 2u 2 ν u ξ u

2n 2 u 1 2n 3 u 1
.

We define s for s Pn 2 2n k 2 as the following

s m
s 1 1 , if m 1,

s m , otherwise.

Then we have s Pn 1 2n k 1 , ξ s x ξ s and

ν s
ν s

2n 2 s 1
.

If k 1 and u Pn 1 2n k 1 , then u 1 0. Hence

(5)
s Pn 2 2n k 2

k 1 ν s ξ s x
u Pn 1 2n k 1

k 1 ν u ξ u

2n 2 u 1
,

if k 1.
Next we define s j for s Pn 2 2n k 3 . If j 1, we set

s 1 s .

If s j 0 and j 1, we set as the following

s j m

s 1 1 , if m 1,
s j 1 , if m j,

s j 1 1 , if m j 1,
s m , otherwise.



16 人　文　研　究　第　132　輯

We have s j Pn 1 2n k 1 ,

ν s
2s 1 2

2n 2 s 1 1 2n 3 s 1 1
ν s 1

and

ν s
j 1 s j j 1

2n 2 s j 1 s j j 1
ν s j ,

if s j 0 and j 1. Further we get
(6)

s Pn 2 2n k 3

ν s ξ s x

s Pn 2 2n k 3

ν s
s j 0

s j ξ s j

u Pn 1 2n k 1

2u 1 u 2 ν u ξ u

2n 2 u 1 2n 3 u 1

j 1,u j 1 0

j 1 u j 1 ν u ξ u

2n 2 u 1
.

From (3), (4), (5), and (6), we have
dny

dxn
1 n 1 x 2n 1

n 1

k 1

y k

k 1 !
u Pn 1 2n k 1

2n 3 2u 2 ν u ξ u

2n 2 u 1 2n 3 u 1
n

k 2

y k

k 1 !
u Pn 1 2n k 1

k 1 ν u ξ u

2n 2 u 1

n 1

k 1

y k

k 1 !
u Pn 1 2n k 1

2u 1 u 2
2n 2 u 1 2n 3 u 1

j 1

j 1 u j 1
2n 2 u 1

ν u ξ u
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1 n 1 x 2n 1

n 1

k 1

y k

k 1 !
u Pn 1 2n k 1

2u 2 ν u ξ u

2n 2 u 1
n

k 2

y k

k 1 !
u Pn 1 2n k 1

k 1 ν u ξ u

2n 2 u 1
n 1

k 1

y k

k 1 !
u Pn 1 2n k 1 j 1

j 1 u j 1
2n 2 u 1

ν u ξ u

1 n 1 x 2n 1

n 1

k 1

y k

k 1 !
u Pn 1 2n k 1 j 0

j 1 u j 1
2n 2 u 1

ν u ξ u

n

k 2

y k

k 1 !
u Pn 1 2n k 1

k 1 ν u ξ u

2n 2 u 1

1 n 1 x 2n 1

n 1

k 1

y k

k 1 !
u Pn 1 2n k 1

2n k 1 u 1
2n 2 u 1

ν u ξ u

n

k 2

y k

k 1 !
u Pn 1 2n k 1

k 1 ν u ξ u

2n 2 u 1

1 n 1 x 2n 1
n

k 1

y k

k 1 !
u Pn 1 2n k 1

ν u ξ u .

This completes the proof.

Remark. In the theorem, by set y t, we get the formula for
inverse functions(see [1]).
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