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Supplement I to the paper “Asymptotic cumulants of some
information criteria” —Proofs and technical results

Haruhiko Ogasawara

This article is to supplement Ogasawara (2016) with proofs and technical
results.

Appendix. Proofs and technical results
A. Proofs and associated expressions
Al. Proof of Theorem 1

We obtain an expression of b, which is different from that of Konishi
and Kitagawa (2003) with 5, being well known. For the expression, we use

the formula of the expansion of 0, =0,,(X) given by Ogasawara (2015a,
Equation (2.1) (see also 2015b for correction); 2014, Equation (2.4)):
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AY =0(1), 15 = Op(n‘j’z) (=1, 2, 3),

_ 1 L= o’
V0000 50, 00,
ay =q'®,), M aea;e,—A=0p(n-“2>,
o9’ _04®),
00, o' "
@ 01

° 00, (00, ’ =X®--Ox (ktimes of x), ® denotes the

Kronecker product, and (')op(n—vz) indicates that (-) is of order O, n"?)

with other similar expressions.
3
The term Z A‘f)lgf) in (A1.1) (Ogasawara, 2010, Equation (2.4)) is
j=1

given from the following expansion:
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= (15)3—1) |’ 15)3—2) v, 15)3—3) v, 15)3—4) |)v — 01, (n73/2 ),
where A®7=0(1) (j=12) and A“”=0(1) (j =1,...,4) are defined

2 4
. .. 272 _ 2-)y(2-7) [©) [ 3B-Ny6-7
implicitly by AT —ZA 15" and ATl —ZA i ;
Jj=1 J=1
V(M) =[{v(M)} T ; V() isthe vectorizing operator taking the
non-duplicated elements of a symmetric matrix in parentheses; and vee(s) is
the vectorizing operator stacking the columns of a matrix sequentially.
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Expand 21, and 21y as
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respectively. Then, recalling E (l )=
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0 , we have
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where the terms of j =4 in Z = ) of (A1.3), when the expectation is taken
are absorbed in the remainder term of order O(n™);and E, ()~

3y,
indicates that the expectation is taken up to order O(n")
Lo T=nE [ ol al

20, 20, j When the model is true, I'=—A =1 where

I, isthe population Fisher information matrix per observation. Under possible
model misspecification, the last three expectations in (A1.4) are given as
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~tr[B, (37 {(A'q) ®(A'TA™)j] } O(n™)

(A)

=n"'b+nc,+0(n>) (b =2t(A'T),¢,=-21["1]),
(A) (A)

where (A(Zﬂl))(d:ab, » indicates the element of the d-th row and the column
corresponding to (M), =m,;, (the (a, b)th element of M) and

al 19(8,), =03l 186,, of A®™" with (), being the c-th element of a
vector with other expressions defined similarly;

Z 0= z“:z ) Z ()= Zz (); cov, () is the covariance using the

a>b b=1 a=1 e, f=1 e=1 f=1

2
distribution £ (X* 1C0); Z ©) is the sum of two symmetric terms with

respect to e and f'with Z () defined similarly; and ([) (]) is for ease of
(c.d.e)

finding correspondence;
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(A)

p)
. l lbd 2

+ a E
2, | Mo 0 04900 and

ab,c,d=1
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3 00,,
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= n*2 z ladﬂbe]ffn COVg {(JE)B) )(a,b,C)’ _—az }}/ef + 0(}1‘3)

a,b,c,d.e, f=1 0d
=n’c,+0(n>),

where A" =(A™),,. Then, from (A1.5) to (A1.7) we have (2.9).

A2. Proof of Corollary 1
Under canonical parametrization in the exponential family, it is known
that

o'r A PP
(690)<j> ~ e (690)<j> =2 "“),whichgives ¢, of (2.11) from (A1.5)

with M = O (a zero matrix of an appropriate size) and J§’ —E,(J5’)=0O . The
results of ¢, =¢; =0 are derived similarly from (A1.6) and (A1.7) with M =
Oand J -E, (J57) =0, respectively.
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A3. Proof of Corollary 2
Recalling (A1.2) for A®?® and A®™® in ¢ of(2.11), we have

ol ol ol
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+ z, (A(344))(d:a,b,c)(}/ab}/cd +Vaba T Vaa¥be)

a,b,c,d=1

+ tr(g(;l*' ATA™ J — I {(A™'q,) ® (A" TA™)}] }

0

. — — —
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+tr(%A“FA‘lj—tr[Jﬁ3’{(A_l DO(ATA™)] }

(A3.1)

_ 2&(5(;1 _ATTA™ ]+2tr[ IO UAQ) (A TA ™,
where (‘)d. is the d-th row of a matrix and (*)., is the a-th column of a

matrix.
Under correct model specification and canonical parametrization, since
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al,— /08, = X _Ef(X*) and ~A=T=1I, (A3.1) becomes
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=Ky '(i* )Kf3 (i*) LY '(i* )[I(q) ® {Vec(l(q) )Vec'(I(q) )}]Kfs (i*)
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which gives (2.12).

A4. Proof of Corollary 4
, o1 T
T = { . }(j=2,3,...)
Since Yo 690 (690 v) j-1> g 600 (690 |)<]—1> under

canonical parametrization, the asymptotic expansion using the MLE
corresponding to (A1.4) higher than (A1.4) is given only by the first term

—2Eg {i(ém _90)}

00, , which is also given only by

ol (.ol
_2Eg{80 .{_A 15]} and —2Eg{h(Jf)3),J§4),---)},where h() is the
0 0
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sum of multiplicative functions of the powers of the arguments.

ol -
In the only non-vanishing term —2E, {W By, — 0, )} for the

0

expansion of the left-hand side of (2.15),

2FE ol _A—la_l = 2tr{TE _Q_l_i
¢100, 9, £\ o0, 90,

=—n"'2t((EX")=-n"2q under arbitrary distributions as long as % and

' exist. The remaining terms —2E ¢ {h(J 5)3), J 5)4) »---)} vanish when we use

the normal distribution even under non-normality since J E)j) =0(j=3,4,..)
in this case.

An alternative direct proof'is given as follows. Let Z j(j =L..,n) be

independent copies of x and E,.() denote an expectation over the

distribution of Z" or z,(j =1,...,n). Then, by definition,
2, e 1
~2hy =-2E,. {—%Z(zj —i)'):‘l(zj -X) —Elog{(2iz)" | X |}}
=1

= tr(Z7E) + (1, —X)'Z7 (m, —X) '+log{(27)* | 2}
=g+ —%)'Z7 (n, —X)"+log{(27)" | X},
which gives —2E,(hy) = (1+7n")g+l0g{(27)" | £} On the other hand,
2E, (b ) =2E, {-”%i(xj —%)'T(x, —i)—%
=(1-nHr(E') +log{(27)! | Z|}
=(1-n")q +log{(27)" | Z}.

Consequently, (A4.1) and (A4.2) yield —2E, (ho —hy)=-71"2q.

(Ad.1)

log{(27)" | I}}

(A4.2)

A4a. Proof of Corollary 5

Let Cl* be the sum of the first three terms on the right-hand side of (2.12).
Then,
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the last term in (A4.3) becomes
2,5 (), ") ® vee(I )}

- ' =¥y - A4.5
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On the other hand, the second term on the right-hand side of (A4.3) is

—2tr(a—q* ;l]

00,'
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- 50,00, oI
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i3 : L 0'(A),
where 890600 ' vee (A) VeC(BO) = Z 890690 |(B0 )ab and (')ab is the

a,b=1

(a, b)th element of a matrix. From the definition of Cl* in (A4.3) (see (2.12)),
we find that the sum of (A4.5) and (A4.6) is —6'1* , which gives

* *
¢ =¢—¢ =0,

. - ~1(AA A
AS. Expressions of ~Ay®, —Ay“Y | T\ and Ty
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A6. Actual expressions of —A;' @, —A;'“Y, T apq TP
Omitting terms with M, J 33) -E,(J 33))’ M; and Gé?n ~E, (Gga()/)) in
(AS5.1) and (A5.3), we obtain
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where 7 Oy, =—7 ‘A q, + Eg(A(z)lf)z)) is the vector of the asymptotic
biases of Oy up to order O(n™') under possible model misspecification
On the other hand,
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70 -
AS8. The derivation and actual expressions of (lMI{ )op(n-ﬂz) (J=L...,4)

The five terms up to order O, (n) in the last expression of (4.3) are
further expanded one by one as follows:

@O L B
'2(10)0,,(1) = —2Eg(10) - 2{10 - Eg (lo)}

= -—2(1—0*)0(1) - 2(7(; - 7(;* )Op(n’m)’
(i)
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Lo (
29,

—lA—l * +ZA(k)l(k) +n—ll(w)
0

k=1 ]
600 Op(n’m)

A“l ol )
0, 00, ),
_2( ol A‘Z)I‘Z)J _2[ I
00, 0,

il_ A(3)l§)3)]
n 9,' 0,(n?)
_2( -1 6l'l(W)J ,
8" )y )
(iii)
(690 1)<2>

<2>
} (_ nATg +Z APL® +n‘ll(w)]
0,1 k=1

~{nvec (ANA™'4) ™} -,
ol
-2 n"lvec'(A){(A‘ )®(A“ ]H
[ ae Op(n’m)

— \<2>
+2[n"'vec ’(A){(A"qo) ® (A(Z)IEJZ) )}]Op(n'z) - {VCC '(A)(A_l %} }
0 0p(n’1)
vec'(A) {(A_l %J ®(AP1Y )}
L 0 _Op(n’m)
vec'(A) {(A_l ij ® (A1 )}
20,

3 <2>
=—vec {A+(M)o ( _1/2)}( —lA—lq’(’) +ZA(k)l(k) +n—1 (l(W)))
k=1
-2 U

+

N

+

N

. OP(n_z)

Ve (AYAPI) Y L+ Z[n"lvec’(A) {[A‘l %J ®1" H
? 0

0,(n?)

(A8.1)
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4 L Lol
—Z{n vec'(M){(A q0)®(A —JH
ae0 -2
0,(n™")
ol ™ ol
—{vec'(M)(A“—] } +2{vec'(M){(A"——]®(A‘2)lf,2))H ,
660 an -2
0, (n™?) 0, (n™)
(iv)
1 o7 e 2 >
—= -n'A'q, + Y AP
3(@90')<3>[ Gt 2 A J
l ) . 2 <3>
=—gvee TE,(J)+{J5’ —E (J“’)}O iy ( n'A 1q0+;A”‘)lg")j
al_ <2>
= n‘lvec'{Eg(Jf)”)}{(A‘ )®(A' p J }
0,(n%)
1 o\~
+=| vec{E_ (I} A —
3[ {E( )}( 2,
Op(n73/2)
al_ <2>
| vec B, A= | ®(APIY)
00,
0,(n?)
1 ol
+—| vec'"{JP —-E, (I} AT — )
3[ 4 (J57)} 20,
0,(n")
) ]
— <4>
1 o'l 1 ol
__E AOOy<> _ 1 E J(4) A
12 g{(aeou)<4>}( 0 ) 12 VEC{ ( )}[ 60 ) :|0(_2)

al ol
Using 09, .Al

(4.3) becomes

29

<2>
, VeC'(A)(A] 50) and similar results in (A8.1),
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_Zl_w = _2(1_0*)0(1) - 2(70 _l_o* )Op(n—uz) +(

o o al )
00, 00, 0,07
+| 2n7! ol A“qz—z-——al APLY
690' a OI
(A)
—2n"'vec'(A){(A'q,) ® AL
00,
] -1 aT 22 1 -1 al_ >
+2vec'(A)q| A7 — |®(A¥L7) p—vec'M)| A7 — |  (A8.2)
690 600
— \<3>
1 ol
+=vec'{E_(JO)N| A —
3 {E,(Js )}[ aOOJ }
(Ao, ()
Ve (XA g ¥
ol OO} ool (W) Sl -1 % @@
+ —ZWA 10 - 2n ‘é—‘—'lo + 2n"vec (A){(A q0)®(A 10 )}
) (e @) : ®
+ 2vec'(A){[A'l %]@(A“’lg”)} —vec'(A)APIP)*
0
—(1)

4)
+ 2n*‘vec'(A){[A*1 %J@lg“”} —2n"1vec'(M){(A_1qz)®(
0
_(2\

Al i
09,
-(3)
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! -1 _@_l___ 22
+2vec (M){[A 0 ]@(A I; )}

0
~2x(4)

+n”'vec'{E,(J)} {(A‘lq’;) ® [A“ %J }

-(3)

ven! o) ~1i - @@
vec'{E, (J; )}{[A P J ®(A™], )}

0
—2x(4)

— \<3>
1 Ll
+§VCC {Jg) _Eg(JE)S))}[A 15]

0

— \<4>
1, L ol i}
—pvee {Eg(Jf,“))}(A 15{] } +0,(n™"?)

®0,(n?)

- - - ol ol
=20l Yoy —2(} — 1, )Op(n’m) +(WA 15]
0 070,

— \<2> — \<3>

ol 1 ol

+| —vec'M)| A =—| +=vec'{E (I A" —
{ vec'( )( 690] 3Vec{ «(Jo )}[ aﬁoJ }

312
0, (n™7)

) A

— \<3>
' @ 1 4 0l
+[vec (A(APIP)* Ve IO - Eg(Jg”)}(A laT)
0

— \<4>
1o @y [ 1.9 -5/
— gy vee {E,(J; )}(A 16_00 +0,(n”"?)
0,(n%)

> 4 (i ! * ] —_ * -,
=-2(1, )0(1) + E (IIV(HJJ))OP(,,—J"Z) —(n 2‘10 A 1q0)0(n_2) +Op(n 5/2)
=

A =19, j=1,..,4),
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where the underline with a number in parentheses indicates a quantity and the
negative number e.g., “—a x(4)...” indicates —a times the quantity which has
the symbol “(4)...” when the quantities with “—a x (4)...” are summed.

In the last result of (A8.2), the first term for 1_“(14) can also be written as
vec'(A)(APIP)*

=vec '(M){(A“ i) ® (A“‘MA“ i)}
00, 0,
— \<2> —
—vec'{E (Jff’)}{[A“ 1] ®[A‘1MA“‘ —61—]}
y 20, 90, (A8.3)

—_ N\ <2> — \<2>
1 Lol ) L, ol
Ve {Eg(JE,”)}KA ‘%;] ®{A ‘Eg(Jff))[A I%JJ H

(recall (A1.2)).

A9. The derivation and actual expressions of Theorem 4

Kk, (nAICy)
= _2(1_0*)0(1) +n! {nE, (1_1\/512,)) +2q}00
+n” {ang (I—M(i) + Zv(li)) -q, 'Aﬁlqg}ou) +0(n™)
=21 +n " {tr(A7'T) +2q}
+n 2 (WE, (LY + i) -4y A qo} + O(n ™) (A9.1)
=21" +n"'al +nadl) +O(n™)
(o) = oy = tr(A"T) +29),
Kqy (n_lAICW) =n" [nEg {(I—N([]L) )2 }]0(1)
+ n‘2[2n2Eg (I_I\,ﬁ)l_hﬁ)) + 2n2Eg (l_l\,fi)m))

+n’E (L) (e —29)*1+0(n)



Supplement I to the paper “Asymptotic cumulants of some information criteria” — Proofs and technical results

=n"'al), +naly,, +0(n™)

(B, (L) = o) —2¢ = te(A7'T))
(o) = oy =B {(0)'} =4E {(; - )’}
=4var (1)), ayy, = Ohy),
Koy (n'AICy) = [ B {(h))’} +3n°E {(h) )’ I}
-3nE, (hy Yo 1+0(n”)
=n"alpy +0(n”) (o) = o)),
Ky (n'AIC,,))
=E [{n"'AIC,, —E, (n'AIC)}']
~3{n"'a +nald Y +0(n™)
=E, {(n"'AICy, +2/,)"}
+n [, —29){ags +3(an) — 29,
+6(ay) —29) a1 =307 (e )’
—6n”alaly, +0(n™)
=E {(n"'AIC, +21,)*} -3n"* (o,
—n” {4 () —2q)anps + 6 i,
+6a) (ai), —29)°}+0(n™)
=17 1 (i (B )} o, T4 E G Y LD}
+6m°E {(h)) (i)'}
+4n'E (b)) I}~ Honah —2q)anp)
— 6y, — 6oy (anm) —29) 1+0(n™)

= e, +0(r™) (@ =),
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B. Expository notes in regression models
For n 'CAIC under canonical parametrization, from Corollary 2,

¢, =—vec'(I;HIO T, IO vec (I,") — vec' (IO )X, ) vec(IS)

—vec'(J)vec{(1,) >}

P )
_ .ab 3 .cd £ yY(3) -ef 3) «ad +be ~cf ¢ 7(3)
=- z iy (Jg))(a,b,c)’g Js )(d,e,f)lg - z Js )(a,b,c)lg iy iy (I )(d,e,f)
a,b.c, ab,c,
de,f=1 d,e, f=1
Z ) b ecd
b s
- z Js )(a,b,c,d)lo Iy »
a,b,c,d=1

)y =15 (@b =1,..., p).

When the Jeffreys prior is used,
o lovec'(m . o)
= _—Vec(lol)s —= _(JE)” )(i,j,k)’

’ 2 0 0k
2 ' ' -1
1 8*vec'(I) 1 ovec'(I) Vec[ ol ]

6((10 )k — VeC(Igl )+
26,. 206,00, 2 06, 20,
o (D, _ —(JE{‘) . or! _r ol I
06,106y 00 06y

(i, .k =1,..,p).
When the shape parameter in a regression model is unknown, p + 1 in place of

pin ¢ and qZ should be used.
B1. Logistic regression
Pr(y: =y, |my,) =73, (1—7[01')1*% (v, =0,1),
1
Ty =, 0, =B, X =(X,...X,), Yy =(P}5-0s V)5
0 1+ exp(—x,'By) o =B (x, LY = V)

z, L e=B(i=1..n),
1+exp(—x,'B)



Supplement I to the paper “Asymptotic cumulants of some information criteria” — Proofs and technical results

TOIX.y)=T(0) =T =n" Y {y,logz, +(1-y,)log(1 -7}

=n") {yx,'B+log(l-7,)},
i=1

ol & . ol
—an lzl:(yi_”i)xi’ Buw is given by solving %%:ﬁmzo,

ol 2

_n (yx ”I)xl’
B, Z} :

= el =—n_1i7r (1-r, .)x.x.'z—n_li’f xx,'=-1
oB,oB, "' i1 " e i=1 B "
ol ol N * 2
I'=nE n ) E Ay — 7)) XX,
(550 5BOJ 2.5

=n" Z”Oi(l ~ 7 XX, =1, (var(y)) = 7o, (1= 7)),

ol
J(3) = 71 1- 27[ .. (1—7m,.)x.
( 0 )(a,b,c) aﬂoaaﬁobaﬂoc Z_I:( 01) 01( 01) ia 1b
=-n"' ZK3 (y: )X XX
i-1
o'l

(4)) -
D 0, 0Bw0B. 0P

n
-
=-n 2(1 — 67y, + 670, )70, (1 = 720, ) X, %, X, Xy
i1

n
_ -1
=-h ZK4 (y1 )xmxsztcxtd

(a,b,c,d =1,...,n),
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—ZIAML = —211_12{)/',- log 7y, + (1= y)log(1 -7, )}
i-1
=217 (X, By +log(l— Ay},
i-1
. 1
/A ~ s
1+exp(—X; 'By)

nIAIC =21, +n"'2p,

n'CAIC = —ZIAML +n'2p-né,.

B2. Poisson regression
Pr(y: = yi |ﬂ'01) = ﬂ'g}ii exp(_ﬁoi) / yi ! (y, = 051523"')9
Ay =exp(x;'B,), 0, =B,, 4, =exp(x,'B), 0=Pp (i=1,...

’n)’
Tznglz{yixi'ﬂ—/lli—lOg(yi!)},
i=1
a 3 . ol
6[3=n lg(yi—/li)xi’ By s given by solving a_B|p=foL:0,
a 3 .
=n IZ(J’,' — )X, (Ef(yi)z;{oi)a
B, i1
ol -
XX, '=-n" ) K (y,)xx
X ,Zlﬂ" Z i
I'=nE [61 o J n_lef{(y:—/’l‘l)i)z}xixi':n_lz/’{ﬁixixi':IO
B, 8 ) 5

(var(y;) = 4,),
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o1
(J(S)) abS) — Am Ap AD 2'01 ia l
o e aﬂOaaﬁObaﬁOC ; b

n
! .
=-n ZK3 (V) XXX,

i=1

o'l o
A'OI xla xl xlc xl
aﬁOaaﬂObaﬂOcaﬂOd zzll b a

(4)
(JO )(a,b,c,d)

=—n ZK4 (7)) X, XX, X,
(a,b,c,d = l,...,n):
—2& =2n" jzl{y,.x,. 'ﬁML —jMi —log(y; D}, j’MLi =exp(X; 'ﬁML)’
nAIC= 21 +n7'2p,
n'CAIC = 21, +n7'2p—n"G,.

B3. Negative binomial (NB) regression
B3.1 NB regression when the shape parameter r is known

* yi+r_l Vi r
Pr(y;, =y, | my;,r) = y o (1-7y,)

_TGi+n)
y.1T(r) oi(d=7m,) (y,=0,1,2,...),

7, =exp(x;'B,), 0, =B,, 7, =exp(x;'B), 0=Pp (i=1,...,n),

I=n"Y {logT'(y, +r)—log(y,)~logI'(r)+ yx,'p+rlog(l-7,)},

i=1
67 _1 rﬂ', 51
—6—[; Z[y, -7, j X |3ML is given by solving B lp . =0 ,

i=1
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l = nul (y, - rﬂOi
P, =l 1-

]x,. (B, (57 = 1 (1~ 7))

7o

_ 521_ ' — _n—li rﬂ-Oz
B,9B,

Xz i =-n K. (yz)xzxt
= (1- 7[01)2 Z
_— (al ol j

2
n'YE (J’:_ o J XX,
B, oB,' ; f{ 17,
ase My,
=n D E———
;(1_”01')

XX, ' =1, (var(y;) =rzy | (1= 7,)°)
a0y, = o1
0 /(a,b,c)

aﬂ()aaﬂobaﬂoc

27,
=-n"' )Y rrm, + 3 (XXX
121 0i {(1 7[0’) (1—7[01.)3} ia”vib"ic
-n ZK3(y1)x1a tb tc’

“4) =
(JO )(a,b c,d)

o'l
6ﬁ0aaﬂ0baﬂ006ﬁ0d

67,
= N'rr + :
; 0 {(1_ ’)2

67,
3 4 xmxsz X
(I-m) (A-7,)
= _nAl ZK4 (y:)xzaxlbxlcxld
i=1
(a,b,c,d = 15 s )

21 =

=21 {logT(y, +r)—log(y,") —log['(r)

+ X, By +rlog(l—7Zy,)
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Ty = eXp(Xi "Bun ),
n'AIC=-2L, +n'2p,
1 T 1 24
n CAIC=-2l, +n 2p-n"¢

B3.2 NB regression when the shape parameter 7, is unknown

00 =(Bo P ro)'ﬂ GZ(ﬁ', 7‘)',

] = n"Y {logI(y, +r)—log(y,) —logI'(r) + yx,"'B+rlog(1-,)},

i=1

O T,
n Vi— X;
o i=1 1_7[1'

P (3, + ) - () +og(1- 7))

|

) ol 0
By is given by solving % lp:ﬁm T,

’67[01
— n .
ﬂ Z(yl 1- ﬂOt)l
00

n“i{w(y,- +1,) —w(r) +log(l—7,,)}

i=1

(Ef(y;) =17y | (1= 7,,))s

axe h Ty, ' ae Ty
_ n —_Xixi n —_Xi
A= 621 _ g(l_”oi)z izll_”o,'
00,00,' O Ty . v , '
o nly —=x, —n Y () - ()}
i=1 1_”0i i=1
1,

(note that the (p + 1, p + 1)th element of A is stochastic).
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3 4
Non-zero elements of Jf)) and JS) are

, o'l
J f) ))(a,b,c) 22 Ap An
0P2.0B0sOPs.
27,
=—n"' ) 17, + O tX, XX, ,
z 0°%0i {(1_ 01)2 (1_”0i)3} ia”ib”ic
o'l LT
J® ==y —U _ x
( 0 )(a,b,p+1) 6ﬂ0aaﬁ0baro ;(1 )2 ia”vib
(a,b,c=1,...,p),
J(3) 631 | " "
( 0 )(p+1,p+1,p+1) a A3 =n Zl{l// (yz +r0) 4 (7‘0)}
(note that the last element is stochastic),
D A
D 0, 0bu0brPra

u . 61>
= —n_l Z’bﬂ()i ! > + 6ﬂ01 3 + at 4 XiaXipXicXia
i=1 (I-7,)" (-m,) (A-7,)

o'l
0P1.0B4s0B,.0r;

z 1 27,

-l 0i

=-n 27’0;‘ { + 3 }xiaxib
i1

(4) —
(JO )(a,b,c,p+1) -

(- ”0i)2 (I-7)
(a,b,c,d =1,...,p),
84 -1 "m m
" Z{W (v +1)—w" ()}
i=1
(note that the last element is stochastic),

nAIC= 21 +172(p+),

(G}
(JO )(p+1,p+l,p+l,p+1)

n'CAIC" =21, +n2p+1)-né, (n'CAIC’ =n"'CAIC).
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B4. Gamma regression
B4.1 Gamma regression when the shape parameter @ is known

i =1 20 @) = ¥ A exp(=2,,3,) | T(@) (¥, > 0),
Ao =X;'Bys 0, =Bo, 4, =x,'B, =P (i=1,...,n),
k() =G =D/ 4, (j=12,.),

T =Y {(a—Dlog(y,) +alog(4) ~ 4y}~ log (@),

i=1

al B n a al_
6_[}:”12[;_—%) i2 ﬁML is given by solving 513 Iﬂ Pra. 0’

ol & .
%()‘zn ;[%—J’;in (Ef(yi):a//loi):
= aBa:alBo' :—n_lazn:% =-n z_;K ( y;)Xxxt

i=1

n
_ -1 * "
=-hn E () xx,'=-1,,
i=1

ol ol ’ \
I'=nE {650 m] 21: {( ﬂn,) }xixf

=n—laz"j§f =1, (var(y)=alk),

— =n~1 2a zaxsztc ,
0PoaOPsOP. Z Z

i=1 i

n
-1 *
=-n ZK ( Vi )xxa XipXie =1 ZK3(yi )x’ YipXics
i=1
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o'l
(J (()4) )(a,b,c,d) =

n

=—n 60!2 xiaxib);icxid
aﬂOaaﬁObaﬂOCaﬂOd i=1 /101'
- Z’Q (_J’:)
i=1

X, X, X. X.,=—1 ZK4(yi)xia %X
=1

-1

ia”vib™ic™id —

(a,b,c,d =1,...,n)

20, =20 {(@~1)log(y,) + alog(hy,) — Ay} + 2log T(@0)
jMLi =X |ﬁML’

nAIC= 21 +n72p,

n'CAIC =21 +n™2p—n¢.

0,=B,,%), 0=, ),

B4.2 Gamma regression when the shape parameter &, is unknown

T =Y {(a—)log(y,) +elog(4) ~ Ay}~ logT(@0),

nt , z_ y X
i B = /11 i |
00 n
nY log(Ay,) —y(a)
i=1

b

. al
Bue is given by solving % |p=|§ML -,
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_ n!

al y (&_yi]xi
o | A\ (B, ()= / Ay,

" Ylog(y) ~wax)

i=1
621 i=1 /,lt)i i=1 ;lo;
S0 ' =
e X :
e —n lz - v'(a)
vy

3 4
Non-zero elements of Jf)) and Jf)) are

o'l X, X, X,
(J(3)) ey = =n*12a ia” ib” ic ,
bk aﬁOaéﬂObaﬂOc 0; ll;;i

631_ 7 X. X.
J(3) == _n_l ST
( 0 )(a,b,p+1) aﬁOaaﬂObaao ; 2021
(a,b,c=1,..,p),

(Jg3))(p+l,p+l,p+l) = il: =-y"(a),
oa,

o'l "X XX, X
@) _ _ 5 XicXia
(Jo Dasca = —n 6“02 BEPTIE

0808 0B0. OBy S A
o’l "X, X, X
J(4) — — n—l 2 ia”ib”Vic
o asepen 00,080,050, ; /’lI?i
(a,b,c,d =1,...,n),

o'T
(Jf)4) )(p+1 pHlpHlpHl) i ' m(ao )a
oa,

nIAIC =21 +n72(p+1),
n'CAIC =21, +n”2(p+1)-n%¢,.
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