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Expository supplement II to the paper “Asymptotic expansions for the
estimators of Lagrange multipliers and associated parameters by the
maximum likelihood and weighted score methods”

Haruhiko Ogasawara

This article gives the second half of an expository supplement to
Ogasawara (2016).

4.5 Asymptotic cumulants of ’w, and fw, by the weighted score method
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Then, the asymptotic cumulants different from those for ¥, given earlier are
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Then, the asymptotic cumulants different from those for #, given earlier are
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in the second and third terms, respectively in braces on the right-hand side of
the first equation for ky(t w,,) are used (note that 6,=p=p, =D, ).

Recall that éw =0+n 2k(1- Zé) +0, (n®) and
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From Qs =0 | nacov(y,dy ;) = nacov(6, ).

5. Results using special properties of Example 2.2
5.1 Asymptotic cumulants of 0 and 7] by maximum likelihood
Let 6, =6,+6,=26, and D, = P, + D, . Then,
6= éML =(p+p)/2= 1312 /2. Since Py, is the usual sample proportion
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for the combined category of the first two original ones,
K, (é -6,)=0, Kz(é) =n'276,(1 —6),),
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k,(0)=n?276,(1-6,,){1-66,(1-6,)}.
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=(-2,-2,0,0,0,0,2,2)'+(-1,1,-1,1,-1,1,-1,1)"
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In elementwise expressions,
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) o (3)
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(6)
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(Stuart & Ort, 1994, Equation (7.18); Ogasawara, 2010), where
Oupa = 000p. " 0.4.
Alternatively,
x,(p) =P, nx,(p) = vecdiag(p) —p~,
n’x; (p) = e (p) — {vec diag(p)} ® p - p ® {vecdiag(p)}
~(I, ®K,)[{vecdiag(p)} ®p]+2p~",
where K, (a®b)=b®a (aandbare Ax1 vectors) and

A
) — <J> —
e’(a)= Ze(i) a;,e;, =(0'1,0")’ , €y isthe Ax1 vector whose i-th
i1

element is 1 and the remaining ones are 0. Note that e?(a) = vecdiag(a).
Let
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In the above expressions, noting that P = (P}, P,)" and using the

lexicographical order for eight quantities,
(111,112,121, 122,211, 212, 221, 222)
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Using the lexicographical order for 16 quantities,
(1111, 1112, 1121, 1122, 1211, 1212, 1221, 1222,
2111, 2112, 2121, 2122, 2211, 2212, 2221, 2222),
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e
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.
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=—(2p-12p%)
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-3
n
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:(13_1 1 17_1’1319_1’_lalala_lala_L_lsl)s
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_1677 J<3> n—16277 (10) R
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and the third term is

<2> <2> _ <3>  _
- i(n‘lano ] ®[ n'o’n, j +g(n 'on, J n'o’n,
2( op' (op"™ 30 op' ) (p)”

as)

x Y {vecncov(p)}*
= {iiﬁ(—l,lrb ®(1,0,0,~1)
2 pp,
2 2 <3> < AN <3>
+§p—6(—1,1) ®(-3,-1,-1,1,-1,1,1,3){ > {vecncov(p)}
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6
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=n’ -1—{ 6(-1,1) ®(1,0,0,—1)>
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Then,
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1 ‘
+ 8—5{(_1’13 la—la la_la_l’ 1) ® (19 03 07 _1)}
)4
(10)
x Y vecncov(p) ®n’i; () +—
p

3
= (-1, ®(1,0,0,-1)*
{32( ) ( )
1
+—(=1L,1)® ®(=3,~1,-1,1,-1,1,1,3
48( ) ( )}

> {vecncov(p)}
-6a,,a,,, } +0(n™)

na,, +0(n™).

as)

5.2 The information matrix

Weuse 6,=6,=0,=p, =p,=p after differentiation.
. I, -H
I = ( 0 0

1
L) e

m/n my/n  m/n
il e @

o; o;
my/n m/n m/n
0; 6 6
7% 5 |7 ]y
=19 & G |_|4 +_( )(1,1),
L 1y L el
63 92 93

92

0

*1 :{151 _IalHo(Ho 'IalHo)_lHo 'Igl _I(;IHO(HO 'I(;]Ho)_l

_(Ho 'IalHo)_lHo'I(_)l _(HO'I(;IHO)_I }
where
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1_(6,0 6 01\(1 6 0 )1 6 0
6 =888 8 )ien(d 8)()af (s 3)
= 61—612 —0102 — 80—002 —902
-06, 6,-6;) (-6, 6,-6;)

1 6 - 92 -60, |[1
H,'L'H, = (I, 1)( 00 0 02)( 1)

=0,-607 +200,+6,- 6> =20,

iy (G-6 —62)(1)_, (1
T H, = (—Oeg o, —922)(—1) -a (L))

Consequently,
0 ) (1o (1)
*_1 _‘902 90 _002 200 290 -1
o=
0y e
26, 26,
b_g G_g L
2 2 2
= &_902 ﬂ_gg 1 .
2 2 2
L
2 2 26,

Since 0, +6,=20,=6,,
7 . 6, 9122 1

navar(6,) = navar(6,) = 50—90 = 44 = 2912(1_912) and
RPN S |
navar(n” 1) =—i"" = _2—50— = E’ which are equal to the results in

Subsection 5.1.

5.3 Asymptotic cumulants of /, and /, by ML
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Lo n0-6) _n"{0,/2)-(6,/2)} _ n"(0,-6,)
’ {912(1_912)/4}1/2

{én (1 - é12) / 4}1/2
_ -1/2
Kl (tg) — _n—l/2 {612 (l 26012)} (1 _ 2912)+ O(n—3/2)

H66%: B4

- {élz(l - 0”12)}1/2 '

120
=n Ay

+0(n>"?),
_ 2
K, (tg) =1+n" {Z—(l 2012)

+3p+0(n?) =1+n"af), +O(n™
46,(1-6,) } (n™) n Gy (n™)
(a5 =D,

K,(t,) = -n"? 2{6,,(1- 4912)}’”2 1-26,)+ on™?)
=2 ag; +0O( w2 ),

K, (1) = ”_l[{eu(l -6, ) +9(1- 2912)2 {6,(1-6, B +6]+0(n)
= n‘la;? + O(n‘2 ),

nacov(d,,, &y

)= 0-26,)(6,(1-0,)) " +{6,0-0,))",

nacov(6,,,a%) = (1-26,,)*{6,,(1-6,)} "> +4{6,,(1-6,,)}"".
P nl/Z(n-lﬁ) B

_ _ nm(ﬁz - ﬁ]) _ nl/z(ﬁz - }A’l)
TPy (bR B+ P (B )"
nh = Az_{71 i ﬁ:pﬁ'pz
where P+ D,

1/@2p)y=—i""
> (2p) )

Since nvar(p, — p,) = p, —p; +t P —p12 +2pP =Pt Py 1y isthe
studentized ﬁz _131-
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%=nm{ (-L1) _(@—ﬁl)a,l)’}
op B+ P 2y +5,)"
o,

p)= " [_W{(?)@(%)Jr(%)@(_ll)}
el )
o= il )+ (e()ef)

) ()

=n —(_3’_1,_1319_1’1’1,3)"

where

el )00
el (o)l L3

= (_2, 0, Oa 2) '® (la 1)'+ (—19 la—lala_l’ 15 _17 1)'
=(-2,-2,0,0,0,0,2,2)'+(-1,1,-1,1,-1,1,-1,1)"
= (=3,-1,-1,1,-1,1,1,3),

ot n1/2 2 1/2
n _

- ——(_1’1)‘, % = _(1503 09_1)"
o py ep*  py

17



18 B B R e6E 4w

2

—— <2> +O n—3/2
K, (t,) 2 @p .)<z> EAd(p-p)"}+0(n"")
n—1/2
—5(1,0,0,-1)'{vecdiag(p) - p*} +O(n"?)
12
n"? 32 32 o _
=W(p1—pz+pl -p)+0m*?)=0(m™?) (a;) =0),
12
(6= ()t(Wﬂ%
K co p)—L —'K‘ p.p 2
op' "’ (@p)°
62 0%t o, ot
+— 1 - X (ﬁ<2>, A '<2>) 772 1 2('\ A |<3>) ZS
4 (op ')< g @)= 3op' ©@p)”
-n(a)) +0(n™),
where the first term is
1 A [— -1\ 2p
—(—l,l)ncov(p)( ) —(-1 1)( -p )( ):——:1
D 1 P p pP- P 1 P

(recall that P =P, =P, =P, /2),

the second term is

n A
12
-1
= -(-1,0,0,1,1,0,0,-1){(p,0,, ", )~ P*B,1),3) +2p" 15, '}
12
o -1
}+m®@%ﬂ%W%_ﬂm
p12 P12
the third term is
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-1

] O ) T cov(®)
e nCcov nCcov
2 Nopop P opap VP

:”__ILH{(I 0)(17—172 —pzj(l 0)[19—192 -p’ )}
2 pb, |\0=1/{-p* p-p* \O -1){ -p* p-p’
_n tr{(p—2p2 -r J(p—zpz -r )}

2pr p —(p-p)H))\ p° —(p-p°)

-1
2 ?2
-1 !
= 2p*—4p)=—(1-2p),
16p3(p p) 8p( D)

and the fourth term is

n—l

_Z( LD[ncov(p) ® vec'{ncov(p)}1(-3,-1,-1,1,-1,1,1,3)"

12

n'3 ( _ 2) }

= Z(-Ls| PP

7 ){ppp (p-p*,-p’.-p’.p-p°)
x(-3,-1,-1,1,-1,1,1,3)"

{(p-p°)V-p'-p'+(p-p°)}

-1

n 1
4{( p.p)®(p-p°,-p*,-p’,p—p")}-3,-1,-1,1,-1,1,1,3)
n'13
4p{ (I1-p),p,p,—(1-p),(d-p),—p,—p,(1-p)}
X(_3a_1:—lals_1515133)'
n'3
=—=p23(1-p)-p-p-(1-p)}
17124
3n'1 3n™!
(2 4p)= . (1-2p).

Then,
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o R %8 H66E B4
K, ()= 1+n_‘1(1_2p)(_%+é+§]+0(n_2)
=1+0(n?) (&) =1, a2, =0).
Ky(t,) = (6[;7']<3> 15 (P)
+%{ (af:;'ib ® [Z; ] }(23): {veccov(p)} —n""?3a) + o(n™?)
= %(—1 D) n’x,(P)
2
nV3——*1 n o, ncov(p) n o, ncov(p) o, +0(n"?)
ap' ' op
’;;2,/22( 1L1,1,—1,1,—1,—

-1/2
n

LD{(p, (6) |’p)_p2(391(6) ’3)+2P31(8) '}
p- p —-p 1 0 p—p2 —p2 -1 32
pff *, )( -p* p-p’ )(0 —1)[—172 p—pz)(l )+0(" )
n? 0 32 -3/2 o _
"r3cry 5[ 7)o =0 @i =0
(t)_ ai<4> )
Ky\ly) = op’ x,(p)
{(&J ot }(m
+2 ®
op'

G ™ [ 2= veeeovD) @ (P)}

NEIA ® o, 5
2 ap

©p)™

<3>
+ = aﬁ (%) aatﬂ
3\ op'
as)
x Y {veccov(p)}*

@)~

60, +0(m™)



ostory sppement 1t e paer “Asymptotexansion or he imtors of Lagrange il an st prameers by the mavimum ot and weghted sove methods

where the first term is
1
2 ,-1,-1,1,-1,1,1,-1,-1,1,1,-1,1,—1,1,1)
y4Y3

x{(P,044 s p)~ P*(4,1,1,0,1,0,0,1,1,0,0,1,0,1,1,4)
-p°(3,0,0,1,0,1,1,0,0,1,1,0,1,0,0,3)
+2p°(6,3,3,2,3,2,2,3,3,2,2,3,2,3,3,6)}'

-1

= 2p- P (4=-1-1-1-1)= p*(B+1+1+1])

2
12
+2p*(6-3-3+2-3+2+2-3)}
n! e
=—2p-6p*)=——(1-6p),
P 2p

the second term is

- (10)
2n—3{(—1, L,1,-1,1,-1,-1,1)®(1,0, O,—l)}n3ZVec cov(p) A x;(P) ,

12
the third term is

n_] {%LA(], _19 _13 1) ® (1’ O’ 0’ _1)<2>

12

+L4%(—1,1,1,~1,1,—1,—1,1)®(—3,—1,—1,1,—1,1,1,3)}
12

as)
xm’ )" {veccov(p)}”.

Consequently,
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[

¥R % Fe6k B4 m
K4(t”)=n_'[1-6p L1111 ®(1,0,0,-1))
2p  4p
)
xn’ Y veccov(p) ® &, (p)
+
32

]. <>
i 63(1,-1,-1,1)®(1,0,0,~1)<

+ (—1,1, 15_131’_19_1a1)®(_3,"13—131:—1313193)}
as)

xn Y {veccov(p)}” } +0(n™>)
1)

-2
=n a”4 +O(n )
(._1/\ A (1) _0 (t)_o
nacov(n 7,0,;) =0 (note that @, =0),
—1A A(t t
nacov(n n,a,(,3)) =0 (note that 05,(,3) =O),

5.4 Asymptotic cumulants Oy and ﬁw by the weighted score method
s O+kn™ S 3k’
Oy = —=0|1

14 3kn

kn—l

- o |t -1

1+3kn j 1+3kn
=0-n"3k0+n"k+0,(n?)

=0+n'k(1-30)+0,(n),

k(0 —0,) =n""a, +n"'k(1-36,)+ O(n™?)

=n"'k(1-36,)+O(n*) = n‘lk(l - %eu j +0(n™)

=n"'ay, +0(n7?) (ay, =0),

1,(0y) = 17y, + 17 (g, — 6ktyy) + O(n™)

| -2 -3 —
SN Oy N Ay, TOMT) (Cygy = Ay Oygpr < Ay
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(1+3kn) L2 Pr

nh = (1+3kn™ )P, = D) _ p+p, _ (+3kn)n'n
w N ~ -1 -1 - -1
P+ D, +2kn 1+ A2knﬂ 1+ A2knA
p+p, b tp,
=n'7 l+n‘1k{3~ . 2 . )}+0p(n_3/2),
p+Dp,

K (n_lﬁw _n_lno) = O(n_z) (aw;ﬂ = 0),
where 7, =0 and a, = 0 are used,

K, (n'hy) = n-la,ﬂ +n? {“rmz +2k [3 - —;—j a,, } +0(n™)

12

=n'q,+n" {amz +2k (3 - ei] BL} +0(n),

12 12

where &, = 1/6,.

5.5 Asymptotic cumulants ’w, and fw, by the weighted score method
n'? (éw -6,)

{éwn (1 - éwn) / 4}1/2 '

s O+kn P+ p,+2km

Since “w — 143k 2(l+3kn*1) , we have

6. =20 = M - n' (éwu —6,)
w12 W 1+3Jn" and ‘weé (1 _ewu)}m , Where

tWG
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Mo R % B66% B4E
A A 3kn™! 2kn™ A _ A _
Oy, =6, (1_1+3kn"1)+1+3kn"1 =6,+n 1]‘7(2_3912)+0p(’7 2)7
. s . A 1-26 R X
{6w12(1_‘9w12)} v :{élz(l_elz)} " —2{912(1—91122)}3/2 (9W12 B 12)
+0,(n)

L (6,(1-8,) " - K1=202)2=30,)

2{912(1 _ élz )}3/2 + Op (n™).
k(- 2912)(2 - 3512):|

Consequently,

o =021 0. 1-0. 2" —p, 2 2
" {{ T S Ga-dp

X {éu - 912 + n‘lk(2 - 36312)} + Op (n—3/2)
=t, +n"1/2k{ 2—3é12

(1-26,)(2-36,,)(6, - 6,,) .
@0,0-6,)" ;{9 - 5 )}Jé 22140,(1n77).
12 12 12 12

The asymptotic cumulants different from those by ML given earlier are
-1/2
K (twe) =n |: 1

a® + ]((2;3012)1/7 + O(n_m)
{012 (l - ‘912 )}
="l +0(n™"),
K, (twe) =1

- ; 3
+n! [af,/?z +2knvar(6,,) {

_(1-26,)2-360,) | |, o)
6,(1-0,)  {6,(1-6,)F
=l+n” {aéié ~2k {3 L (1226,)(2—36,)

} +0(n?)
012 a- 912 )
=1+ n_lag/).%z + O(n_z)-

Note that 0w12 = 2f)w = ﬁWl + ﬁWZ = ZHW s
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tw” = n1/2 r]n) 1/2(n—177w)

g _ 1 143k’

Y 2Py D+, +2kn”
- lA (1+3kn'1)—L +0,(n)
b tp, (p1+p2)

_ ]. —lk{ 3 _ 2}\ 2}+Op(n—2)
D+ D, b+, (p1 +D,)

=—f””+n_1k{? - ?2]+0p(n-2) gmo_ 1] ]
6, 6 p+p, O

(=0 Y2 = (Y2 —%(—i MY (=i +1")+ 0, (n)

s Mk 3 2 -
S P

2 12 12

1/2
12

-1
. ”2" [39;;2 02 ]+ 0,(n),

n—lﬁ — (1 + 3kn_1 )(132 _ ﬁ1)
" hthy+2kn

_ DTy - 2kn*M+0(n-2)

P +p, (1 )

Pz P1 -1 3 2 2
Z——+n k(p p){A — = }+0(n ),

P+ P B+, (BtD)] T

pz_ﬁ1 “17.7 2 A 3 2 -2
Ly, k(pfpl)[v———A—Jw ()
912 012 9122 !
Then,
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1/2 Snn\-1/2 -1
tyy =1 (=iy") "(n Nw)

-1
) pi R k(A0 2
=n {012 - 2 [3912 - 0"112/2 ]}

PPy i, )| 2|1 40,007)
4912 6,

12 12

1 3 2 3 2
=1 +n_1/2k(ﬁ2—ﬁ1){——(,\——,\—]+ = = }+0 (1’1_3/2)
7 2 61142 0132/2 01142 9132/2 p

- p,—p, | 3 2 -
=1, +n 12y P p1( —— A3/2J+0 "),
2 012 012
The asymptotic cumulants different from those by ML given earlier are
K (ty,) =0, (n?) (0‘&),,1 0), where 0‘ =0 jsused,

Kz(tw,,)=1+n“{ O +2knvar(p, — )l[i 2 ]}+O(n‘2)

2 012 9122

=1+n'k [3 — 6’1) +O(n*) =1+ n'la‘(,y,]A2 +0(n™),
12

where 0—’ =0 and nvar(p,—p)=p +p, =6, areused.

n acov(9w12, ay,

=nacov(f,,d") +kn var(@lz)[ -3 — - (1-26,)(2~ 3?};)}
{‘912 (1_012)} 2{912(1_‘912 )}

+0(n™)

A 1-26,,)(2-36,,) a1
=nacov(@,,a") k| 3{6.,(1-6 1/2+( 12 22 1+0(n™),
n (6151 ) = [ {6,(1-6,)} 2(0,(1-0,)}" )
0 y_ 0. 6D (g =g
nacov( w12=aw53) nacov(6,,, %) (awsz s

where for nacov(6, 12,(191 ) and © aCOV( 125 0593 ) , see Subsection 5.3,
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nacov(n” 'y, éug,,) =nacov(n™', &) =0,

nacov(n” iy, &, ;) =nacov(n™'7,9) =0,

@) 0 _

o _ (t)__
where Oy, = 0 and @y, =5 =0 are used.

6. Asymptotic expansions for the estimators in logistic regression
The parameters in logistic regression are canonical parameters in the

exponential family yielding —A; = IZ and
0"™VT 100,(00,")" = E. {01 /00,(80,")"} = I (i=2,3,...).
The restriction used is linear with respect to parameters i.e., ho = ,31 - ,Bz =0

which gives H, = (I, =1)". Then, (A1.6) under correct model
misspecification becomes

b, -0, ol .
=— A('l)— - n_[A(.]) -1
-1 ( 0 aeo JO (n12) ( ‘ qO)O(n )

n My
— \<2>
lA*_l E.(30) A(11)_a_l_
277 0 ° 00,
0,(n™)

* E @) *
+|: Ao—l[ T(O‘]O )J|: (A(ll) aael J@{ _n—lAf)]l)qO +
(A)

(B)

3) — \<2>
_ l(Af)l I)AE)IZ)) ET (JO ) A((jll) ﬁ.
2 0 26,

(B)(A)o, (n7?)
{A( . -1 8q 9o pan 9L ol }
AN
00, 00, 0,03

— \<3>

1 o [E.(JP) ol B}

ngl( TOO Agll)g_é__ +0p(n 2)
0

Op (n—3/2)
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— — \<2>
ol . 1 ol
— I('l) + n—ll(‘l) L= _I(’I)I(3) I(ll)
( 0 06, )op(,;l/z) (O qo)o(,, )T g0 o | o 06, o

DI
IO IO

(A)

— — \<2>
« If)ll)ﬂ ® v—lI(ll)qO 11811)15)3) If)“)—al_
00, 2 06,
(A)Op(n_m)
{I( . -1 8qo Yo yan ol }
4o
60 600 Op(n_m)

— \<3>
{é I( 1)1(4) (I(ll) aael ] } + Op (n—Z)
Op(n_3/2)

3
=Y AV +n7'I"q, + 0, (n*)

i=l1

(AJ =0, 1P =0,(n"), i=1,2,3),

where

ol _ ol n_lz(ﬂ 1- U)ap
00, 6Bo o\ FE O )b,
= -IZU —R ok _ “Z(U -P)x,,

~ PO, B, 5
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I, = —i—n‘IZH:PQX X'
0 5'308[50 ' P 2<% Sy Ty
3 0°l X
(67 e = n Z(l —2P)POx,, XX,

aﬂOaaﬂObaﬂOC i=1

o'l :
() oy == n 2 (1=6F + 6P ROX, %, % X
T TT XTI TR T

Xia E(Xz’)a (i=1,...,n; a, b, c, d=1,...,q).

7. Some properties of the estimators of Lagrange multipliers
From the first-order condition of the estimators of parameters (see (Al.1)),
we have

al_ 143 A —1A%*

—+n Hyny +n qW:O. S7.1)

w
Define C asa ¢ X7 fixed matrix of order O(1) with C 'Hw being
non-singular. From (S7.1)
* ) oY * al_ *
-1 - ' -1 ' -1A
n ﬂw— (C HW) C 86 +n ! % (S7.2)

w

follows. We have

* ) 1A
Lemma S6. Assume that C Hw is non-singular, then 1 My in

*

(S7.2) does not depend on C.

Proof. Let E ji bea ¥Xg matrix whose (j, i)th element is 1 with the
remaining ones being 0. Then,
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LR

Ju
an_lﬁw _

H66%: B4

m =

Ciy

(C"'H,)"'E H,(C'H,)"'C’ [

= +n_1(1;‘,]
00y,
*," - 61_ 1A%
—-(C"'Hy) ‘Ej,.(aé +n”! ]

w
w

B (87.3)
* 0 o'y - o 1A al 1A%
=—(C 'Hy) lEji (Hwn My, +T+n 1
which gives the required result. Q.E.D.

w
w

=0,
or (5.17) as

-1 -1
The asymptotic bias of # Ty up to order O(n™) is given by (5.14)

-1 _ 1 @y, *
n o0,y =n (“un -Ayqy),
which is also given from (S7.3) as follows. Noting that

n_lﬁML = _(C* 'I:IML )_1 Cc"

(S7.4)
ol
00,
H,=H,, + 0,(n™") (use (4.2)),
" ~ -
oL _ 0l 01  (b,-8,)+0,n)
08, 00, 00,,00,"
- 6Al +0p(n"1),
ML

(87.5)
qy =q, +0,(n""),

we have
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—1A * 2 — * al_ 1A%
E.(n ]nw):_ET{(C H,)"'C (66 +n lqu}

w

=-E, {(C* 'H,,)"'C (a_z +n'q, J} +0(n™)
00y (S7.6)
=1 {0, = (CTH, ) ' CT g} + O(n™).
Let C = Ao_lHo =0(1) , then (S§7.6) becomes
n {aqMLl - (H, 'AEIHO )_1 H, 'ASIQB} + O(nﬁz)
— @1, * -2
=n l(quU -A;7q,)+0(n™) 1)
= n"lanWl +0(n™),
which shows (S7.4). In (S7.7), since

ol

n A =—(C"'H,, )"'C"

M ( ML) aeML

* * * q H * —
:{—(C 'H,)" +(C"'H,)"'C"" oH, 0,, —90,),(C"'H,) ‘}
i=1 0i

.| el 0% A 19 I o

C S —
{ae 90,00, (B =00)+ 200,(00, ')<2>( w. =) }

-3/2
+0,(n™7),

(S87.8)
we have
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B, (n i) =—~(C 'H))'C""

0

* * I H * *
+(C''H,)"'C 'Z—a %(C'H,)'C"'(-TA" + A A TAYY),,
i=1 ¥ oi

+0,(n™)

-1 -2
=n 0, +0,[n"),

(87.9)
which is an alternative expression of ®,mML1 given by (5.17). The algebraic
equivalence is shown as follows. From (5.17),

ol
— A2D an
e = Ay nE; (60 -®@M |vec(A, )

0

N Z’: o(H,)., (AUPTALD)
a=1 ae0 '
-1 ET (Jf)3)) (87.10)
n
- (AFPAG)| _oh, | Vee(ATTAY).
(aeo |)<2>

On the other hand, let C = AEIHO . Then, using HOAE)“) =0 , we have
from (S7.9),
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_(Ho 'AEIHO)?I Ho 'ASI

Oy =

X {AoaﬁMLl + %ET (Jff))vec(Af)”)l"Ag“)) —nE; (MA(“) 66(; j}

<, oH
+(H0'A61H0)41H0'A(_>IZ O(HO'AEIHO)_IHO'AEI
i=1 00y,

x (-TAJV + A ATAJY),,
— —(H 'AH )—1 __I_H vA(lz)az—hvec(A(“)I‘A(“))
0 0 0 2 0 0 (ae )<2>
| S 3) (D A (1) 1 A-1 an 9° ol
+5H0 A E (IO vec(ATTASY)—H, ' A,'nE ;| MA] 20,

q
_AE)ZI)Z aI-IO (AE)21)FAE)1 1) ).i
i=1

1 0’h, 1
=1—(H,'A;H)"' —2— o, ')<2> —EA(Z”E I tvec(ALPTA()

+APVnE, o om vec(A{")
20,’
A(ZI)Za(HO) AE)]I)I\AE)IZ)) ,

a=1 69 '
(87.11)

where Vec(ABC) =(C'® A)vec(B) is used. Noting
Affz’ =—(H, 'ASIHO )_1 , we find that (S7.11) is algebraically equal to (S7.10).

When hy is linear with respect to 0,, Hy; becomes a fixed Hy in
P

(S7.8), and (S7.9) is simplified as
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E,(n 'Ry, )=—(C "H,)"'C"'

0

-2
+0,(n?)
= n‘lot,lML1 +0, (n™),

(S7.12)
Let C =I;'H,. The asymptotic covariance matrix of n_lﬁw (n ')
is given from (S7.8) with (§7.2) as

Theorem S4. In the general case with W, being possibly nonlinear with
respectto 9, define aCOV () asthe asymptotic covariance matrix of order

-1
O(n™") for the vector of the argument under possible model misspecification,
then

nacov,(n iy, ) =nacov,(n ', )
=(C"'H,)"'C"'TC’ (H,'C")" (§7.13)
=(H,'I,;'Hy) " H, 'I;'TIH, (H, 'TI,'H,) ™.

Under correct model specification with I' =1, (87.13) becomes

-1 “1a -1 -1
nacov(n My)=nacov (n iy )=MH,"I;H)) " (s7.14)
which is known (see e.g., Ogasawara, 2016, Corollary 2).

8. Types of restrictions with examples in maximum likelihood estimation
Denote parameters in a statistical model by 0=1(6,,6,,...,6,)" and

restrictions by h=h(0)=0 where hisan rx1 vector with its elements

h; =h,(0)(i=1,...,7) being functions of @.The gxr matrix H=0h"00

is also used. Let L(0|X) be the likelihood of 0 in a statistical model when

n independent observations denoted generically by X are given. Let 0" and

0® with 0 #0® be in the neighborhood of . If

L0 |X) = L(0® | X), the statistical model is said to be unidentified. A
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typical model without model identification is that of exploratory factor analysis.
Two rotated solutions e.g., varimax and promax, give the same value of the
Wishart likelihood, where different rotation criteria to be optimized are used for
identification (see e.g., Ogasawara, 2004). These cases without model
identification typically give singular information matrices (Silvey, 1959,
Section 6; Silvey, 1975, Subsection 4.7.5; Lee, 1979, Property 2B).

Assume that L(0% |X) = L(0® | X) for arbitrary 0% 0 in the
neighborhood with the restriction(s) h(0)=0 on 0.Let 7 be the minimum
number of restrictions selected from #;, =0 (i =1,...,7) to satisfy the above
inequality. Define the 7 restrictions as

b = h® () = (A (®),..., h(0))' =0

Definition S1. /1] The restriction(s) for model identification are defined

as W' =0 to remove the model unidentification in statistical models. [2] The
restriction(s) for genuine constraint(s) are defined as those that impose added
constraints on parameters, when the model can be specified as an identified
statistical model without the genuine restriction(s). For the model with the

restrictions h=0 including W'Y =0, the r—7 genuine restrictions are
denoted by h® = h®(0) = (h¥)(0),...,h*(0))' =0 with
h=(h"", ") yhere the elements of W® are functionally independent

of the elements of W'Y . When a model is identified without h"® =0, h=h®.
Consider the example of testing the equality of the binomial proportions
in two independent groups, which was used by Silvey (1959, pp. 405-407).

Assume that the sample sizes for the two groups, denoted by 7, and 7, with

n = n, +n,, are non-stochastic. The situation is summarized in the following
table.

1 0 Total
Group 1: X my, m, n,
Group2: X, m, m,, n,
Total m, m, n

In the table, X, and X, are dichotomous variables taking values of 1 and 0
for the two groups, respectively, while stochastic 72,; and m,, are observed
frequencies in Group 1 for the cases of 1 and 0 respectively, with
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my, +my, =n,. Stochastic m,; and 7, in Group 2 are similarly defined,
which gives stochastic m, =m,; +m,; and m,=m;, +m,y,.

Next, parametrizations with equal proportions in this example are given in
two ways to illustrate the definitions of the different types of restrictions on

parameters. For illustration, we use the ML estimators (MLEs) rather than the
WS estimators (WSEs) (the WSEs will be illustrated in the next section).

Example 1.1 (Silvey, 1959) Define 6,/ (6, +6,) = Pr(X, =1),
0,/(6,+6,)=Pr(X,=0),6,/(6,+6,)=Pr(X, =1) and
6,/(6,+86,)=Pr(X, =0) . Three restrictions &, +6,=1,6,+6, =1 and
0, =0, are summarizedas h=(6,+6, -1, 0,+6,-1,6,-6,)' =0 Note
that the unit value in 01 + 92 =1 and 93 + 94 =1 canbe replaced by other

nonzero values with equal signs for &, and &, ; and similarly for &, and 6.

It is also to be noted that h=0 can be replaced by Ch =0, where C is an
rxr fixed nonsingular matrix whose order can be other than O(1), if necessary,

e.g., O(n).For simplicity, weuse C=1,, asusual, where I, isthe rxr
identity matrix.
We find that the first two restrictions & +6, =1 and 6,+6,=1 are for

model identification, and the third restriction 91 = 93 is a genuine constraint

as defined earlier. Let l,; be the log likelihood with the vector M of Lagrange
multipliers. Then,
I, =m, 1og6 +my,logh, —n log(6, +6,)

+m,, log @, +m,, log, —n,log(6,+6,)+h'n, (S8.1)

which gives

o (my m my  m omy  ny my o H
00 91 91 + 02 ’ 92 91 + 92 ’ 93 93 + 94 ’ 94 03 + 94 (S8.2)
= 0,
1 01
H=|1 0 0
where |0 1 —1 |. Subtracting the second element on the right-hand side
01 0

of (S8.2) from the first element and similarly for the third and fourth elements,
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we have

ﬂ_ﬂL__ﬂ my My -
6, 1-6, 3 and 1-0, 3, (S8.3)

3

where 6, =1-6, and 6,=1-6, are used. Summing the two equations of
(S8.3) and using 6, =0, , the MLEs are given as
él =é3 =m, [ (m+m,)=m,/n,

92:é4=m2/n,

N m m m m m m
hy=—"L 4 A12=_n( u 12J=n( 2 22)’
1 0, mm, m, m,
m nm (S8.4)
a_ 12 _ 1 12
m=n _T_"(___]’
0, n m,

P _@z,{"_z__mﬁJ
2 2 A N
0, n  m,

From (S8.4), it is seen that when 7, —> +% and 7, —> + | the limiting

values of ”l_lﬁi (i=1,2,3)are zero. Since N can be redefinedas n'm as

addressed earlier, the probability limit of 1, denoted by ,, which is defined
when infinitely many observations are available both for Groups 1 and 2, is
n,=0.

Example 1.2 When 6,=1-6, and 6, =1-6, are used in the
likelihood,

I, =m,log +my,log(1-6,)+m, logf; +m,,log(1-6;)+hn, (S8.5)
where /= 491 - 93 =0 and n are scalars with H=(1,—1)". From (S8.5),

1

%z mll_nlgl,mZI_n203 +Hpy=0 (58.6)
0 \601-6) 6,1-6,) ’ :
giving
m;, —n,6, _ my, —ny0,
A lip=0 =223 _p=0
6,1-6) wdga-6) " (8.7

~ A

From (S8.7), we find that &, =6; =m, /n is unchanged from that in Example
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1.1 and
h=- ", ——nl,\él - n(nmy, — mm,)
6(1-6) m,m,
_my —n0,  n(nmy, —nm,) (S8.8)
) él(l _é1) B mm,

is different from 75 in Example 1.1. The only restriction in Example 1.2 is
thus a genuine one as defined earlier. Assume that

¢,=nm/n=0(l) and c,=n,/n=0(1) (S8.9)
are fixed even when 7, —> + and #, —> 1% Note that the limiting value of

n'f when m —>+© and 1, —>+% under (S8.9) is 0.

When ¢, and ¢, areused, =6,=0; and 7 in Example 1.2 are
rewritten as
H=Th _mytmy, _mmy 1, m

—Z=cp +ec,p
n n nn non Wb, (58.10)

where p; and P, are the usual sample proportions in Groups 1 and 2,
respectively, and

_n{(my [ n)—(n  n)(m, [ n)} _ n(e,p,—c6)

7= (m, I m)(m, | ) 6(1-0)
__hg 02 — clﬁlA_ ,P,) —n clca(ﬁz -b)
6(1-0) 0(1-6) (S8.11)

n 6% (ﬁz — ﬁl) .
(e, +e,p,) 1= py—¢,D,)
The limiting value of #™'7 is clearly seen from (S8.11).

For another type of restrictions with an example, see Section 11 of this
supplement.

9. Examples by the weighted score method

In this section, the estimators by the weighted score method are illustrated,
where the weights are given by the derivatives of typical log priors. An example
using the weight to remove the asymptotic biases of the estimators of restricted
parameters and a Lagrange multiplier is given in Ogasawara (2016) using
penalized logistic regression.
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Example 2.1 This example has the same model specification as in

Example 1.2. The two parameters 91 and & in Example 1.2 are redefined as

6, and 0,. Using the independent beta priors for &, and 6, with the same

fixed parameter k +1, the posterior or the weighted likelihood of @ using the
single Lagrange multiplier 77 is written as

L, =constantx {[ [ 6™ (1-6) }{[ | &> 1-6,)" ™}
x {6,(1-6)}"{6,(1-6,)}" exp(hn),

where X;(i=L...,m) and X,;(i=L,...,n,) are the observed values of X,

and X, in Groups 1 and 2 shown in the previous section, respectively; and
h=6,-6,=0 asbefore. Then, using /; =logL,,

(89.1)

51_,,k= my, +k—(n +2k)0, my, +k—(n,+2k)6, YHp=0 <07
2 60-6)  6,0-6) - (892
where H=(1,—1)" is as before.

Define 6W =(Oy1,0y,)" as the vector of the WSEs for 0, . Then, from
(89.2),
my, +ék - inl ;-Zk)HWI $hy =0 4 m,, +1€ —(n, J:Zk)ﬁw2 i, =0 (593)

w1( - w1) ng(l_ewz)

where 7y is the WSE of 7,(=0). Summing (S9.3) and using Oy, = Oy,
give

Gy =0 =00y = 42: (89.4)
and
fy -t k= (1206,
0W (1 - gw)
_ (4 41y ARy + K) — (o +20)m, +2K)
(m, +2k)(m, +2k) ($9.5)

(n+4k)(m,, +k)—(n, +2k)(m, +2k)
(m, +2k)(m, +2k) '
From (S9.5), we find that £ is an added pseudocount in each cell of the

=(n+4k)
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associated 2x2 contingency table in the previous section.

Define
. m,+k .  m,+k
= , =—,n En+4k,
Pwi n + 2k Pw, n, +2k w (S9.6)
_m+2k  n+2k _n,+2k  n,+2k
CW1=n+4k~ 1y and cW2=n+4k_ 1y with Cy, +cy, =1,

Then,
6 _ml+2k_nl+2kmn+k+n2+2km21+k_c 5 e B
VI i ak ntdkom 42k nedk m+2k Pt onPu (89.7)

and
A =n ty (o, + k) = (1, +2k)(my +2k) _ 1y CynPyy — Ny Con
v (m, +2k)(m, +2k) 0, (1-6,)
_ wCw, (IA’sz_ Cw1iiw1 —CypPw») = MwCwiCw (ﬁwg — Pw1)
Oy (1-6y) Oy (1-6y) (89.8)
— My Cyi Sy (Pwz = Pwn)
(Cy1Pwn + Py (1 = Cyyy Py + Cyn Py

follow.

Example 2.2 So far, the examples are for two-group cases. In this example,
a single group is used, where the categorical distribution (a generalization of
the Bernoulli distribution to more than two categories) with three categories is
shown. A restriction of equal probabilities of occurrences of the first two

categories is imposed. For the three original parameters 0, 0,,and 0,
corresponding to the three probabilities for the categories, the Dirichlet prior
. k.
proportional to (6,6, 6,)" is used.
Define

L, =constantx{[ | 6;"6;6;}(6,6,6,)" exp(hn)

7

= constant x {H:’zl glh/gzyzf (1- 01 -6, )1—)’3,- {9192 (1- 01 _ 02)}1; exp(hn), (59.9)

where V1> Vai,and ¥;,(i=1,...,n) are observed values of the dichotomous

variables Y, Y,,and 1, , respectively, which take values of 1 and 0 with
Y, +Y,+Y, =1, h=6,-6,=0,and H=(1,~1)". Define /,, =logL, and
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0= (‘91: 92)'. Then,
Oly (m+k__m+k m+k _m+k
0 6 1-6-6," 6, 1-6-6,
where stochastic 7, M, and M5 are frequencies for the three categories

with m,+m,+m; =n_From (S9.10),
m+k  m+k

] +H7 =0 (59.10)

~—+7y =0 and - ——1y =0 (89.11)

‘9w1 1- 9w1 - ewz W 1
In a similar manner as before with Oy = éw, = éwz ,
ml+m2+2k_2 m,+k _ .
6, 1-26, &V
s om+my+2k  (m+m)n” +2kn™
Vo 2m+3k) 2(1+3kn )

A

Define the MLE @ as ‘9w when k= 0. Then,
A -1
6, = O +kn _
1+ 3kn™ -
Using the usual sample proportions p; =m; /n (i=1,2,3),
G - D+ P, +2kn™
. m+k LMt k

On the other hand, ($9.11) gives W — 6,  1-28, -ad

(89.12)

(89.13)

consequently,
-1 A -1
PR L0 (R 0 JRRET
b, + D, +2kn
p - NP, - p,) (S9.15
— 3k 1o APt | A3k )= p) (919)
D+ D, +2kn Dy + Dy +2kn

Define My =n(l1+3kn"")=n+3k . Then, (S9.15) becomes
Ay = ny (D, — )

w ﬁl +ﬁ2 +2%kn - (S9.16)
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n n o, . 4
Define Pwi n n n n (B, +hn™). Then, (89.16) is
w w w .

rewritten as

A _nw(ﬁwz_ﬁm) _n(p,—py) <017
W= A - = ~ . 9.
Pwi T Pwa Dwi t Pwa ( )

10. The restrictions for model specification
The third type of restrictions is for model specification. The restrictions are
defined as those to specify a part or whole of the associated model so that

S(X]0) (=(L(0]|X)) is writtenas a probability density or mass of X,

which is seen as a set of random variables when 0 is given. This type is
different from the two types of restrictions in Definition S1. Note that the
model becomes meaningless unless the restrictions for model specification are
imposed. Recall that the model without the restrictions for model identification
is still of interest since the likelihood in unchanged. Recall also that the models
without the genuine restrictions are regular ones by definition.

Example 1.3 When the restrictions 0,+60,=1 and 6,+6,=1 in
Example 1.1 are used in the likelihood as
0,/(6,+6,)=6,6,/(6,+6,)=0,,0,/(6,+6,)=0; and
0,/(6;+6,) =06, we have

[, =my, log6, +m,logf, + m, log6; + m,,logfd, +h'n,  (s10.1)

n=(816-1]  m- L0 0
where © 30+ 49_ and =~ |0 1 =11 areas before. Equation
1Y 01 0

(510.1) gives

'

aly _ (m_m_m_ mJ 4 Hn=0
0 (66,06 6, :
Consequently, (S8.3) also holds, which gives

A m, mp, m, My
= ———|=n| ———
L { mm, ] ( mm, ) (510.3)

On the other hand,

(S10.2)
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A m, m, A My my,
n=——=—=—n——-— n,=——m-=—n—>=
=T ) m, (S10.4)

Assume that (S8.9) holds. Then, while ('lo )3 , Where (); is the i-th element

of a vector, is the same as in Example 1.1, the limiting values of n41ﬁ1 and
1A

n 7], when 1, —>+% and %, —> +% under (S8.9), are

-1 -1
n"(Me),=—¢ and 1 (M), =—¢, , (S10.5)
respectively. The results of (S10.5) are not equal to those in Example 1.1.
The difference stems from the differences of the types of restrictions

h=0 and h, =0 from those in Example 1.1. In Example 1.1, the restrictions
are for model identification whereas in Example 1.3, they are for model
specification in order that &;(i =1,...,4) are probabilities. Note that the unit

valuein & +6, =1 and 6;+6, =1 cannot be replaced by other ones,

which was possible in Example 1.1
Note also that in Example 1.3 unless the restrictions for model
specification are imposed, the likelihood becomes infinitely large when

91 seees 94 go to infinity.

11. Some additional numerical results
Tables S1 to S3 give additional numerical results for Ogasawara (2016,
Section 5).

12. Errata
The expression (—|I; )
should be (I [)"*as in (3.13).

1/2

after (3.18) on page 24 of Ogasawara (2016)
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Table S1. Accurate and higher-order asymptotic standard errors (SEs and
HASEs) of the studentized estimators and their transformations (c¢; = .4 and
Cy = 6)

(n) ML (n) WS (k=.5)
Ac. (25) (100) (400) (25) (100) (400)
order SE HASE SE HASE SE HASE SE HASE SE HASE SE HASE
p=_.1, studentized sample proportion
1 w 115 127 111 1.07 1.021 1.019 .84 94 99 .99 .997 .997
2 tqy 74 77 1.03 95 985 987 91 .83 .96 96 990 .990
2 ta 76 81 1.09 96 988 989 93 87 97 .97 992 .992
3 f» .84 1.00 731 1.00 1.27 1.000 1.19 1.00 5.9 1.00 1.009 1.000
p=_.1, studentized sample Lagrange multiplier
1 tw 98 1.02 1.005 1.005 1.001 1.001 .86 .87 .967 .968 .992 .992
2 tgy 97 1.01 1.003 1.003 1.001 1.001 .85 .85 .963 .964 .991 .991
2 tma 97 1.01 1.003 1.004 1.001 1.001 .85 .85 964 .965 .991 .991
3 tp 92 1.00 998 1.000 1.000 1.000 .97 1.00 1.002 1.000 1.000 1.000
p=.3, studentized sample proportion
1 t 1.13 1.08 1.023 1.021 1.006 1.005 .98 .98 994 .994 .999 .999
2ty 1.03 95 984 987 997 997 95 95 988 988 .997 .997
2 tga 1.00 95 986 988 997 997 96 96 989 .989 .997 .997
3 tp 202 1.00 3.42 1.000 1.000 1.000 1.67 1.00 1.006 1.000 1.001 1.000
p =3, studentized sample Lagrange multiplier
1 tw 1.021 1.020 1.005 1.005 1.001 1.001 .998 1.001 1.000 1.000 1.000 1.000
2ty 1.019 1.019 1.005 1.005 1.001 1.001 .995 1.000 1.000 1.000 1.000 1.000
2 tga 1.019 1.019 1.005 1.005 1.001 1.001 .996 1.000 1.000 1.000 1.000 1.000
3 1z 998 1.000 1.000 1.000 1.000 1.000 1.001 1.000 1.000 1.000 1.000 1.000
Note. Ac. order = accuracy order, ML = maximum likelihood, WS = weighted score, SE =
accurate standard error, HASE = (1+717'a{0)"? (&) is Oiazs Xousrs af,;},LAz or

(1)
Gz )-
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Table S2. Accurate and asymptotic third cumulants (

0}

(1)

Comiz> Xows»

(1)

@
s and

a,y,) of the studentized estimators and their transformations (¢; = .4 and ¢,

45

=.6)
(n) Acc.

Ac. ML WS (k=.5) WS (k=1)
order  (25) (100) (400) (25) (100) (400) (25) (100) (400) Asy.
p=.1, studentized sample proportion
1 w42 -125 -62 -5 58 54 -1 32 48 -53
2ty 1.0 117 7 5 2.5 4 -1 1 .1 0
2 tma 15 -322 5 2 4 2 -1 -1 1 0
3 fy 1.6 8ell 1lel0 -43  4e5  8e4 49 25 -4 0
p=.1, studentized sample Lagrange multiplier
1 tw -124 -1.18 -1.11 -63 -1.02 -1.08 -42 -90 -1.05 -1.09
2ty -60 -14 -03 -40  -20 -.05 -34 =23 -07 0
2 tya -60 -14 -03 -40  -20 -.05 -34 =24 -07 0
3 tp -64 -18 -03 -58  -18 -.05 =57  -19  -.06 0
p =3, studentized sample proportion
1 tw 55 21 -18 -9 -18 -1.8 -8 -1.5 0 -17 -1.7
2ty 35 31 9 2 .1 1 .1 .0 0
2 ta 25 3 1 3 1 .0 -0 .0 .0 0
3 tp  4e9 1.9 .0 431 1e5 -0 -1.3 -1 -1 0
p =3, studentized sample Lagrange multiplier
1 tw -4 -37 -36 -38  -37  -36 -34 -36  -36 -36
2 tgyy -07 -01 -.00 -10  -02 -.01 =12 -03  -01 0
2 twa -07 -01 -.00 -10  -02 -.01 -12 -03  -01 0
3 ty -10 -01 -.00 -10  -.02  -.01 -.10 -03  -01 0

Note. Ac. order = accuracy order, ML = maximum likelihood, WS = weighted score, Acc. =

accurate values multiplied by #2, Asy. = asymptotic values, xey = xx 10”.
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Table S3. Accurate and asymptotic fourth cumulants ( gy, @ows» @us and
aly,) of the studentized estimators and their transformations (c; = .4 and ¢,
=.6)

(n) Acc.
Ac. ML WS (k=.5) WS (k=1)
order  (25) (100) (400) (25) (100) (400) (25) (100) (400) Asy.
p=.1, studentized sample proportion

1 tw 11 457 106 2 116 87 -1 40 71 81
2 1y -5 7e4 48 -10 230 42 -6 -24 -37 -39
2 tm -2 3e5 -35 -9 1 -34 -6 -19 -30 -33
3 to 2e6 1lel8 3e20 11 4e9  3el3 21 16  le6 0

p=.1, studentized sample Lagrange multiplier
1 tw -158 -18.1 -15.9 -6.1 -14.6 -15.3 3.1 -11.9 -147 -15.4

2 tqy -170 -21.7 -19.2 -6.4 -17.2 -18.4 32 -139 -17.6 -18.5
2 tya -170 -21.5 -19.0 -6.4 -17.1 -18.2 32 -13.8 -174 -18.3
3 tp 79 65 -1.1  -189 -356 -414 -196 -515 -74.8 0
p=.3, studentized sample proportion

1 w111 24 19 24 19 18 7 15 17 18
2 tqyy 6e3 -12 -10 5 -11 -10 -6 9 -10 -10
2 tya  4e3 4 -9 -7 -9 -9 -5 -8 -9 -9
3 tp 2el5  3el9 -0 3e8  4el2 0 10 1e5 1 0
p =3, studentized sample Lagrange multiplier

1 tw -50 -40 -38 42 -39 38 3.5 3.8 37 -3.7
2ty -57 -44 41 46 43 41 39 42 41 -4.1
2 tma -56 44 41 -46 42 4.1 39 41 41 -4.0
3 1 -17 -2 42 61 -58 -5.6 -8.6  -10.6 -11.0 0

Note. Ac. order = accuracy order, ML = maximum likelihood, WS = weighted score, Acc. =
accurate values multiplied by n, Asy. = asymptotic values, xey =xx 10’.



