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                      1. Zntreduction

    We introduce consumption externsiity into a Ramsey equilibrium model

studied by Becker (198e), Becker and Foias <i987), and Becker, Boyd, and

Foias(199i). Weprove the existence of a Ramsey equilibrium with

consumption external±ty by modi£yi"g the arguments employed in Beeker,

Boyd, and Foias (1991) ,

           2. The Ramsey Econosny with Consumption Externaiity

    We start with a deseription of a sRsagxEg!!$e s2s2goagaMn rc with S!g!IEt!EII}3;lllELgllt

g2!gt!gscggJLj,j2Me n l t (ut,,.,,uH, kl,...,kH,f).

    Timeisdealtwithasadiscretevariabie and is denoted t, We

assume that there is a $ingie commodity which serves both as capital and

as con6umptSon good, There are H househoids indexed by h = 1,,,., H.

Each household gets utility from consumption in each period, But the

utility level also depends oR consumption of other households, Let ch

= {e℃}t[.e, be a consumption stream of household h and let 6-h = (Ei,.,,,

eh-i,Eh"i,..,,EH) be an array of consumption stream of other households･

                                                   hh -MhThen the utility of household h is denoted by u(C, C ). At
time zero each household is endowed with capital stocks koh > e, Also,

each household supplies one unit of labor in eaeh period, Each household

receives capital and labor incomae in each period. !f wt is the wage rate

in period t, then the labor income of hou$ehold h in perSod t equai to

wt, lf h rents x℃-i untts of eapital at the rental rate equal to 1+ rt,

                                                --
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                                                            h
then the capttal income of h in period t will be U + rt>xt.-±.                                                                    The

household faces a budget constraint in each period:

(2･1) ct+x℃=wt+(1+rt)x?,x:=k:,c℃>-O,x?)O

                                              (t = 1, 2,,,.)

That is, each household is aUowEd to eonsume up to its income in each

period, but not beyond that level. Unspent part of income will be carried

over to the nextperiod as capital stocks, We assume that coRsumers

perfectly foresee the sequence of factor returns {1 + rt, wt}t[?, aRd they

are competitive, The househo2d's objective is to maximize its utUity

subject to a sequence of budget constraints, given the anticipated prices

{1 + rt, wt}t:.]i and the consumption streams of other households trh:

                 co ･--h hh -h    P({1 + rt, Wt}t.,, C ): maximize u (C , C ) subject to (2.1).

    Let us state the properties of the utility funetions of all

households. Let s. be the set of aU sequences of nonnegative real

numbers. The domain of uh is assumed to be H -fold eoptes of s., which

isdenotedby s.. The first component in u                                                   signifies lifetime

eonsumption stream of h, and other components represent lifetime

consumption of other households, The set s. i$ endowed with the topology

of coordinatewise convergenee and sf is given the product topology. We

                                   hassume the following properties of u :

       h. .(U 1): u is eont:nuous,

(u 2): uh(', Ei-h) is concave for each E-h.

By (U 2), the left･- and right-hand directional derivatives of uh(･, E'h)

                                                 --
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exist'. Let Et ur{O, D,...,O, 1, O,...) where 1 is in the t th piace and

define u:"(c, E-h) by

               xh                           h --hh                                                 ---h         h+                                                    )]/s.(2.2) ut(C,C)=Zim[u(C+sEt,C)-u(C,C
                     s-e+
                                     --h                                h--The left-hand partial derivative ut (C, C ) is defiRed by letting s . e-

in the iimit. we say that t th partial dGrivative of uh (･, Zi'"h) at c

                -h                       h-          5+                                                      h                             .--h                                                           --hexists if ut (C, C )= ut (C, C ), which is denoted by ut(C, C ). The

following assumption is of a purely technical nature:

      h           ---h                                   --h(U,3) ut(C, C ) exists for every (C, C ) and for every t

    The production technology is represented by a constant returns to

$caleproductionfuBctionF, GivenHunit$ of labor and x units of

capital, F(x, H) + (1 - ?i)x is the total output available in a single

period, where ?- Ei (O, 1) is the depreciation rate of capital. Under the

assumption of inelastic labor supply, it is convenient to deal with the

total output as a fuRction of capltal alone aRd it is denoted by f(x) =

F(x,H) + (1 - ?i)x. Call f the total output function. The

followiRg properties of the output £unctioR will be assumed:

    (Fl) The total output funetion f: R. - R. satisfies f(O) = O, Xt is

of c2 on R.. with f' > o, f'' > o, and i< f'(o.)S co･

    The firm's objective is to maxSmize profit in each period, given the

eompetitive rental priee (1 ÷ rt):

   P(1 + rt): maximize f(kt-? - (1 + rt)kt-, ･

    Since point-input point-output production ls assumed here,

maximization of each period profit is equivalent to that of discounted

profit, This completes the description of the Ramsey economy with
                                               "
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consumption externality (uS,...,uH, kt,.,.,kg,f).

                                                Ht    AIRKE}gsevggut;tLGLI2xlLsEg}b fortheeconomy(ui,...,u, ko,...,kg,f) is a

zist g + -rt, -wt, 'k- t-,,(-cht, 'xmehpHhew-,}:?., satisfyiRg the fouowittg conditions:

                 -h co -- - co                                                 --h            -h                                                             -" -h
    (2.2) C ={ct}t.±solvesP(U+rt,wt}t.i,C ),wkereC =
       -h--:mah+t -H -1   ,.,.,C ,C ,,,,,C) (h=1,2,...,H).(c

    (2.3) kt-.,solvesP(1+rt} (t=1,2,..,).
    (2.4) Hwt=f(kt-,)-(1+rt)kt-.,,and

    (2.s) :-xh,"E,,E,"Ek:･

            hh                                                        h                                                          , If there is a    Three more assumptions need to be $tated. Let k=2 ko
                                                     h

maximum sustainable stock b, and b < k, then let a = b. Otherwise, let a

be a real number such that a> k. Let ft be the t th iterate of f. The

following assumptions are adapted from Beeker, Boyd, and Foias [1991]:

some

M{-h
c

(U

 t'

4): Zf

 tken

 (U 5)

): CG

  n    } is a sequeRcG {c

       ---hfor any           we have       C

: There

n.2.?,[o

is a 6h e (O,

  T, f (a)), Ct+i

1
)

in nt:.Pt[O, ft(a)] with lim..c,c: = O for

       h            --hlim  ..cout(C, c               ) = CD,

 such that 1/6h

   --h          H -i          + },Ct,C Gs

= sup {u?(c, 6'"h)/uh   (c,
t+1

    Theassumptions(U4)and(V5)arerespectiveiyealled Znada and

Bounded Norm of rCarginaZ Zmpatience Conditions by Beckgr, Boyd, and Foias

[1991] when thEre is no consumption exterRality. We shall provSde a few

examples of utility functions satisfying (U 1), (U 2), (U 3), (U 4), (U

5). Let U; R. - ge be a continuou$, concave function which is

differentiabie on R.. and satisfies v'(o.) x co, Let v:sH.-i . R.. be an

                                                 "
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arbitrary eontinuous £unctiolt. Then, Zt2.?: 6XU(ct) + V(Zi"-h> aRd :tg.]i

6Xu(ct)v(Zi-h) $atisfy azl of the assumptions.

    Thelast as$umption is eoncerned w±th tke relationship between

the household seetor and the productioR sector:

    (vF i): f'(O.) > maxh(1/6h)

                3. An Existence Theorern

    The main re$ult of this paper is stated below,

    ExistenceTheorem:Let(u2,,..,uH,kt,...,kK,f)beaewR ges2ggggurco

withgtQgg2iguggs2I}umt uatt 1t satisfyingassumptions(U1),(V2),(U 3),

(U 4), (U 5), (F 1), and (UF 1), Then a Ramsey equUibyium exists,

    Theidea of our existence proof is to incorporate consumption

                       Aexternality iRto the tatonnemeRt map used by Beeker, Boyd, and Foias

[1991], The intuition is that households would behave continuously with

the changes in consumption externality if households' preferences are

continuous with respeet to coRsumption externality, The point of thi$

paper is to verify this intuitioR, Toward this eRd, lgt us make a

                 itemporary assumption:

                     '            h --S'                                                  --h    (U 2'): u (', C ) is strictly concave for each C .

Our fixed point argument will be made based on this assumption first,

                                                 A
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ln the la$t stage, we will remove this a$sumption.

    Let s be a real number such that O<s <k and f'(s) > maxh(116h),

By (VF i), such an s exists. Define sets va and D by

                          co(3.1) za={K={kt}t:.?,G"[s,fe(a)]:k,:k},
                         t=i
and

             co(3.2) ID=n[o,A(k,s)ft(s)t],
            tsui
whereA(k,s)=k+(f(s)-sf'(ic))(f'(s) - 1)-:. By Tychonoff's

theorem, * and D are eompaet in the product topology. Clearly, they

are convex,

    Given K giE X, define Bh(K) by

(3,3) Bh(K)={c={ct}t:.P, IBx={xt},f.', !i, ct+ xt = wt + (1 +

rt)xt.-i, ctlr O, xt ) o (t = 1, 2,,,,)},

where 1 + rt = f'(k,-,), and w, = [f(kt-,) -" f'(k,.-Pktk,]!H･

Then Bh (K) c [D for all X Ei X ($ee Becker, Boyd, and Foias (199i, pg

4s2)), Hence, Bh<K) is compact since it ±s a closed subset of D.

AIso, Bh (K) is convex,

    For a positivG integer n, let Dn be the n-foXd Cartesian product of

D, Given K GE x and E-h Gff [Dli-i, define ch(K, Zi-h) = {c:(K, c"-'"h)}t[.?,

by

(3,2) ch(K, li-h) = argmax {uh(ch, eh): eh E! B5(K)},

6



By virtue of {u 1) and compaetness of Bh<K), c5(K, E-h) is non-empty,

Further, ch (K, E-h) is a singleton by (u 2'). we call the resulting

fuRction the sglxsglza2atEsLgg demand function of h･ The stkg!U,pa:Lt 1 Es!Rp.ltM

         h ---h h                           ---h                                cofunction X (K, C ) = {xt(K, C )}t.--, is defined reeursively by

            --h                        --h                                           h      ci(K, C )+ xt(K, C )= wi + (1 " ri)ko, and

                                                  --h            ---h                       --h            C)+xt(K,C)mwt+(1+rt)xt..i(K, C) (t x 1,      Ct(K,

      2,,,,),

where1+rtmf'(kt.i), and wt = [f(kt-? - f'(kt-,)kt.-,]/H･ Let
ct(K, 6 ) n xhct(K , E-h) and let kt(K, 6) = xhx?(K, einh).

Define a map di :* x [DH . D coordlnatewise by

              = min {max{e, kt(K, C)}, f (a)} (t x 1, 2,..,),      e(K,           c)

Define r: x x DH - x x DH by

      r(K, 15) = (di(K, E), ci(K, 6-i),,,,, cH(K, Ei-"))

      for (K, E) e x x DH.

                                                     AThe first component map of r is a modificatioR of the tatonnement map

used by Becker, Boyd, and Foias(1991), The interpretation of the map is

                                                           -khthesamea$theirs 6xceptthatthe consumption externality C eRters

into the consumption decision problem of each h as a parameter, Other

component taaps are used as adjustments of consumption externalitites,

    Leimna 1: The map r has a fixed point (K, C),

    Proof: With a slight modification of the arguments in Appendix 2 of

Becker, Boyd, and Foias(1991), we can show that r is contlnuous. Also, r
                   i,
maps the non-empty compact, aonvex set x x DH into itself, slnce x x DH

is contained iR the (H + 1)-fold Cartesian produet of s, which is a

locaUy convex Hausdorff space, the map r has a fixed point (K, C) by the

                                 7



Shauder-Tychonoff Theorem(see Dunford and Schwartz (1957}}.

                                                                 Q,E.D.

                         '

    Leama 2: Let (i{, E) be thE fixed point in Lemma 1. Then, ilt = kt(ff,

E),

    Proof: The arguments in the proof of proposition 4.4 in Becker, Boyd,

and Folas "991) ean be easUy adapted to our model,

                                                                 Q,E,D,

    Now, we are ready to prove the main resui.t,

    proof of Existence Theorem: Let (ui,,,.,uH, kt,..,,kH,f) be a Ramsey

economy with consumption exterRality satisfying assumption$ (U 1), (U 2),

(U 3), (U 4), (U 5), (F 1), anclt (uF i), Let vh(ch, trh) . uh(ch, eh) +

                      congh (ch)wheregh(ch)=z 6X-a[-exp(-ct)÷1]. Then a Ramsey economh.y
                      t =i
(vt,...,vH, ki,...,kH,f) set.i.sfia..we assumptions (T.T !), (T.T 2'), (LT 3), (U

4), (V 5), (F 1), and (VF 1). rrhus we can apply Lemmata 1 and 2 to this

economy; There exists a fixed point (iZ7?, E77) ffE x x DH of the map r with

Ig? = kt(ffT?, E??), Let 7? = 1/n, n= 1, 2, .,, , sinceXxDH is compact,

{(ffT), E77)} has a converging subsequence, Let (ii, 6) be its limit point･

Then, it is easy to construct a Ramsey equii.dbrium for the original

economy from- (K, C),

                                                                 Q,E.D.
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