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~ Pickens, D. H., Electronic Analog Computer Fundamentals, Review of Scientific Instruments, Dec. 1951,
o« Kuhn, H W. and” Tucker, A. W.; Nonlinear Programming. ¢ Proceedings of the Second Berkeley Symposium on

Mathematical Statiatics »um.munov»c,m:@. Univ. of California Press. 1951, pp. 481—492.)
. | (FRPLYEm Em)
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SOLUTIONS OF PROGRAMMINGS BY DIFFERNTIAL EQUATIONS

(English summary of “Programming and Decentralization”, Chapter 1,

writtén in Japanese in this issue.)
Tairoku Kose

SUMMARY

Linear programmings are possible to be mo?n..u. perfectly by mm:%w,ow method, but there can be
other methods of solution using many kinds of systems of ‘differential equations. Hso.mwmamdﬁ
of differential equations suggested by Prof. Samuelson (1] .éo.am, Bpgmgpﬁo::w incomplete.
Afterwards, Messrs. Brown and Neumann (2] gave a complete Bmﬁvom of golution for a zero-sum
two-person game, 2?0& was S.p:mSemm :i..o solutions of linear programmings by the author me
The defects of this Bowrom are poor cornvergence and violent Sg....foz.

Hro purpose o» this note is to give new m._mm...m:?i equations that are free from these defects
and can be pm%ro& +.o 15 mES:L convex wuom?BESmm: and to explain economic ﬁEw—Evﬂosm
of them. ) , |

1., SAMUELSON’S DIFFERENTIAL EQUATIONS.
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Linear .ww.o‘w.uwgmbm is a problem to find a vector x9, that maximizes a linear function ¢’x of
non-negative | variables x mﬁE..,m,o_a_ to & system of linear inequalities Ax<b. The well-known duality
theorem pmmzu.mm the equality of this maximal solution ¢’x0 to the minimal moH:ﬂo: b/u® of its dual
problem, ;ﬂu is, a wmoEmB to find a vector u® _e.rve.E.,w:BmNmm., ba of non-negative variables u
mpv._,moa to a mwwﬁ_mE of A,mbo_.pn go&ﬁ&#mm &.\S.Wm._ |

Samuelson’s first equations are as follows:

s

.P.r HSAHMMEMS —Dby) (=1, m)eeeeereeene (1)

+ u.C =f; (cj — me&ﬂwu Q”H“..J n) .:....“:.‘hwu

i=1

x,u20 , a, 3>0 S B S s

[ lim x=x°, lim u=u®
t—oo t—oo

Because the characteristic roots of the above equations are all purely imaginary, u and NOmE go
@mquzmi@?#woﬁ damping. Hence we cannot determine the definite values of u®, x©. _.E:m

is also the case with the remaining variables-even when some-of u and x beeome zeros at some

points of time.
He v.mB,#m these defects himself and suggests the second mw.m;wogu

EHHVREE RN
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ﬁ u = Qa ﬂuMu?CNu I.Unv + MNSAOu — M9—uﬂw VNu .va
A Wu "mu nau Mﬁwhﬁwu . MgquMJ:Nu |~vw VH: ....... seee hPV

i=}
xuz20, a, >0 . .
L -lim u=u® , lim. x=x°
t—oo t—-o0
It is difficult to say anything in general about their convergence. - When u® and x° are

v/u

all womﬁ.:o and M aom gow satisfy the above equations, because nMn&xolFu and (c¢; — Mm:ﬁou

are all zero. uw&.. if u° and x© contain zeros, it is possible mon. these terms to 9.._8 some
negative values, which do not mﬁ_mma the above equations. Hence, u and x do not always converge

to 25 u_mrn mo?ﬁoﬁ. u® p:@ x%, even Sbob constants a B, K, M are adjusted-suitably.

9. BROWN AND NEUMANN'S EPUATIONS
- Messrs. Brown and Zmﬁzs.::. proved that an optimal mixed strategy v© of a maximizer for a
Zero-sum *_ﬂo-wonmon game, having vb?-mwgoeﬁo game matrix B, is equal to-the stationary
mo_zfozm of the momosEm mwmﬁoE of differential equations :

4

SISAMF::VIA: MSAMF?: . Qn,.r:.__.G ~ (B)

v - . - . .
¥

o M byyv;.) =Max(0, M byyvs )

Jj=1 ) j=1

. lim v=v©
t—o0
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‘Consider the special .type of anti-symmetric game matrix B,.

0 A -b p
] B=|- A 0 ¢
b -¢ 0

then we can derive the solutionsu®, x© of linear programming from the m&pﬂos_ﬁw moyﬁﬂosm(o of
(5), by the following simple transformations : -

vO

_ i . . . . - T N
w=_ % (i=le,m) o o
V¥m+n+1
. 40=~+u . . *
xp =gt G=lomm) e
V¥m+n+1 :

The set set of differential equations of games(5)can be converted through these transformations
into those of linear programmings .

r m

W He.AuMp:ﬁ ~bi)-wme(Tbhw —Fejxy)  d=1,m) e (6)
=1 - i .

=1 =1 v Coo e T

Shiw - Fexn)  G=lim)
¢{f(x, W) =Max(0, f(x, u)}

L _.nB..HH.ﬁO., ‘..SB HHN,O

t—=do. t—sco ‘ o

Xy =e (e = Tau)-x ¢ (Thiw - Tan) (G=L-n) " (T

These variables u, x, starting from arbitrary non-negative values, converge necessarily to-the

ERBEIRRE XN
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L1

Za

7 2 3

sﬁ-s.\. 7

Hr,nnmnwwv shows the approximate solution for the linear programmig problem:
“maximize xj 4 2x; under the conditions, 3x; +4xg £10ySxX1 +2x3 £Z10; x20.”

‘programming = solutions u®. ,x%Ne.

vertheless, their vibration is too

violent for these equations to be

used as a method of practical

design of programming computer

or an economic model of market

mechanism (see Fig. 1).

3. NEW EQUATIONS

Messrs. Kuhn and Tucker [4)
proved the following theorem of
covex programmings.

Theorem : Let the equations g(x),
f CO&:. f.(x) be concave as well
as differentiable for x=0. Then,
necessary and sufficient conditions
for xOto maximize g (x) subject to

the conditions, f; (x)=0, -, fu(x)=

0, x=0, are that some x° and u®
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pﬂmm% the mo:os::o. conditions for the equation’ ¢(x, u)= mGO+ME fi (x):

L $ (X0,u0) - : ¢ (xO ou

(1) ® WNMC L u <0, m %Mu 1 x9 =0, x0=>0
L 84 (x°u) 8¢ (x0u0) _

(i1) 2 %M“ = Wo‘ : . mdr X = =0, §OWO

The new equations of programmings that I am going to reduce to this

P(x)=Max(0, %), ¢(u)=Max(0, w

lim u=uf, lim x=x0
t>oo . t—oo B o
U e(uB)=uC, s?uleo |

Hrm Hﬁ.oom is divided into four cases:

w=—a 2 sAMva ﬁy = h msAMmMu.ﬁv (i=1,---,m) °
| %=1 ,m.&wmn@,v +?M.wiwh,=¥ G=1 1) -

-theorem are:

e (8)

AO:.mm C dﬁﬁb some of ub, xUtake positive E?:Qm 4@5@? we can ormbmm 55 values OH constants

«, B, §, 0 so as to evade such phenonema.
(Case 2) When all of uf, xU take non-negative m:pi..m values, uf=¢ (ud), x0=

3 ¢{o(xD), sutms, mixu“ pu)}/ mx vanish.  Then,
from (8) and (9) we get:

e WM VR E XY

¢ (x5, and all of =. M.

A7
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8d{e(x%ut}°_ dd{exBu} _ oo

— —
—

|

du Leu
8¢ (x5 pCu) _ m&s@u u} -
ox

Hence, ¢(u0f, xB) satisfies the whole oosmgmozm (i)aud (ii) and are equal to the convex programming

solutions u°, x°.

(Case 3) Sqme of uf, xH ?HS. negative finite values, others being non-negative finite. In this case,
¢P)=0 and ¢(x7)=0 for the negative uf, x and all of u, x5, & #{(x0),ud}/9u, § #{x8, p(ud)}/Hx
vanish. Then from (8) and Awu we get :

C 8#{eGMut) _ 94{eGxmu)

Qd. 54 =0 ... (10)
{xO oyl - .
3¢ ?m.we B} _ 0 . (11)

¢{x, p(ul)} is a concave function 0m X, because g and f; are all concave, and its derivative g¢{x, ¢
(u0)}/ 9 x decreases Eo:O¢o:—o:HHw as X increases in the region x=x7. Therefore the equation (11)

means for the negative xJ that

m&s%M_ %V#Ao miemom sauv vauc

baaon.&smuw,.smﬂﬁwnq " satisfies both conditions (i) and (ii®, even when uf x9 include some
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negative finite values,

(Case 4) Some of ub, xU take negative infinite 4;?9? others being finite.

Tn this case, p(uf)=0, ¢(x7)=0 for the negative infinte ul, xj and w; <0, umu <0, m.iemxuv‘ uf}
/9w 20, @ﬂ?mu e(ud)}/ 9 x; 0.

Then from (8) and (9)

9He(x™), u} _ 9p{e(xT, ud}

mﬁu - mﬁa VO | .ﬁ..—.wv
2 ¢{x5, ¢(ul)} |
Sl 0 e (13Y
| ax; < | (15
We can derive from (13) the following relations because ¢{x, ¢(ul)} is concave :
o, g0y 040 ,
9 ¢{e(x .»ﬁ )} <0, 9 ¢{e(x“u)} o(x8)=0.
9%y Ix;

Hrmwmmonm both conditions (i) and (ii) are satisfied by ¢ x7, u?) even when x9, uf include some
negative infinite values. | |

Then  we can conclude that these new equations (8) and (9) give mor&&osm of covex
programmings except in the case of wOm;?m infinite values.
.memgmﬁrompmmsnmmgwmmoo,p<mnw.m=ompm s.m: mmmpw%oioipiobAmmmm.mm.wu. Qo,.ﬁwﬁam,

with the previous methods, this procedure can easily be mechanized for analogy methods using

vacuum-tube rectifires as a method of assuring nonnegativity, because they need no multiplication

EHMVREE RN
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Fig Z

The problem which is solved in this graph is identical to that of the Fig. 1.

of variables in the linear case.
We can get more rapid converg-
ence by replacing the above equa.

tions (9) with the following ones:

2 ¢{x, e(W)}
o%;

=0 A._.H.H,:.. Sv

This improvement is not able to
be applied to the linear program-
ming because (9Y does not contain

variables x in this case.

4, ECONOMIC IMPLICATIONS

We can deduce economic meaui-
ngs from the above equations by
the following interpretation of the
variables and constants:

g(x) ------sales that are realizable

from the products(xy,---, Xy ).

—h; (x) ---excess %Epsm for the

- 50
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fixed facility i.
1 PRCTERED calculating price of the fixed facility i.
Then ¢ (x©, u®) is equal to the maximum total profit of a firm under the limitations of
production technologies and fixed facilities. And 9¢/9x;is the marginal internal profit n; of
the x; manufacturing department and —9¢/9uiis the excess demand €; for the fixed facility i.

Accordingly, systems of equations of the preceeding sections are able to be rewritten as

follows :
(Wg =) G veeeerereene e UTUUTITRON e Ly
C I 3 x5=B575eeeeee e eeeberererreens RN ) 4
. L X, U205, f0 e ,
(s =ay €3 + S Kigmy x5 oo e e e (3Y
C IT 3! x5=P5m I.Mg,:mir ........ e (&Y
L x, u=0; a, >0 |
c1m Y | = =¢(€:)-me(~FTm € - Txymy) (6
: | x5 =0 )=x50(~Sw €1 —x5my) coevee = (TY
W o=ai 61 {@(R)}+Bi €1 {@LRD} wwevvrerrer wenne 8y
CIV 3§ x5=65m{x, @@)}+0; 15 {X, Q) }ererreereenon(9Y
a Py §,0>0

EHHEVREEXN
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.p.w» = €1 {p(X)}+H ®.~ .ASANUW. ................ (8Y’
Iv/ a¢ix, (W)} _ ... ST OORROr SO 9Yy”
C .. ] 5x; 0 (9)
a, >0

The first equation of each system repressents the behavior pattern of the custodian of the
fixed facility i and the second H.owum.moﬁm that of the head of the manufacturing department j. (9)”
means the profit-maximizing behavior of the manufacturing department If we compare s system ITI
with IV or IV/ from the view point of &_moo&ugzgm management, we can mmmﬂ% conclude the
superioriority of the latter systems, in which every decentralized decision-maker needs not know
the values €;and 7iof the other decision-makers. The second terms m.n ) n.., of the right side of
(8Y, (9Y are nothing but the decision-makers’ expectations that have stabilizing effects on this
pseudo-market-mechanism. |
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