Euler Product Expression of Triple Zeta Functions

Hirotaka Akatsuka

Abstract

We construct multiple zeta functions considered as absolute tensor products of
usual zeta functions. We establish Euler product expressions for triple zeta functions
¢(s,Fp) ® ((s,Fy) @ ((s,F,) with p, ¢, distinct primes, via multiple sine functions by
using the signatured Poisson summation formula. We also establish Euler product
expressions for triple zeta functions ((s,Fp) ® ((s,Fp) ® ((s,F,) with a prime p, via

the theory of multiple sine functions.
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1 Introduction and Main Theorem

Let

Z(s) =T (s = oy

peC

be “zeta functions” expressed as regularized products in the notation of Deninger [2], [3],
where m; : C — Z denotes the multiplicity function for j = 1,...,r. (Later we will specify

“zeta functions” to be treated.) Then, as in [4] we define the absolute tensor product

Z1(s) ® -+ ® Z.(s) as

Z1(8)®@ - ® Z.(s) = H (s — (pr+ -« + py ) ereer)

plv'"vprec



where

(

1 if Im(py), ..., Im(p,) >0,
m(py, ..., pr) ==ma(p1) - me(pr) X § (=1)"=1if Im(py), ..., Im(p,) < 0,

0 otherwise.
\

We refer to [8] for an excellent survey on the absolute tensor product written by Manin.

We define Hasse zeta functions (s, A) for commutative rings A as

Cls.A) = (1 = N(m)y™) ",

m

where m runs over maximal ideals of A, and N(m) := #(A/m).
To simplify the description, for two functions F'(s), G(s) we write F'(s) = G(s) if there
exists a polynomial Q(s) satisfying F(s) = G(s)e?®). The following result about the absolute

tensor product of Hasse zeta functions is known:

Theorem KK . (/5, Theorem 1, Theorem 4]) The following expressions hold in Re(s) > 0:
(1) When p # q, it holds that

C(s,Fp) ®((s,F,) = (1—p)2(1—q )
< cot (wkler % cot (rniosd
log q 1 logp qins

1
2 k P 24 n
k=1 n=1

X

exp

(2) When p = q, it holds that

__islogp

C(s,Fp) @ C(s,Fp) = (1—p )" 20 exp (_M)’

21

where
0 n

Liy(z) i= Z%.

n=1
In this paper we treat ((s,F,) ® ((s,F,) ® ((s,F,) when p, ¢, are distinct primes and
when p = ¢ = r. In Section 2 - Section 4 we prove the following theorem, which is similar to

Theorem KK (1):



Theorem 1. Suppose that p,q,r are distinct primes and Re(s) > 0. Then, we have

C(s,Fp) @ ((s,Fy) @ (s, Fy)

To prove Theorem 1, we show a corresponding expression for the triple sine function. We

recall the multiple sine function in [6]. We define the multiple Hurwitz zeta function due to

Barnes as
Gr(s,2z,w) := Z (nwy + -+ +npw, + 2)°
N1 yeeeypr >0
for w = (wq,...,w;) € (Rsg)", the multiple gamma and the multiple sine as

0s S_0> ’

Sr(Zag) = FT(,Z,£>*1FT(W1 + o tw, — Z,g)(*l)r'

[ (z,w) :=exp (QQ(S, Z,w)

We say that a € R is generic if
: 1
lim ||mal= =1,
m—0o0

where we put ||z|| := min{|z —n| : n € Z} for x € R. For example:

(1) Let a and 3 be in Q N R+,. If izgg ¢ Q, then }gig is generic (Baker, [1, Theorem 3.1]).

(2) If a € Q, then « is not generic (Lemma 2.1 below).
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Theorem 2. Let w = (wy,wq,ws) be in (Rxg)? such that wj/wy, are generic (j,k =1,2,3;5 #

k). Then the triple sine function has the following expression in Im(z) > 0:
S 1 i 1 uCy ¢ (s ) 2w
z,w) =exp| — — cot | 7 e w1
BT W nq w1 w1
1 < n2w1> < n2w3> 2ming 2
— cot (7 e w2
Mo w2 w2

1l
i i ni < 1> cot <7Tn3w2> 23 5
w3
>

w3
1 1 n niw ing 2
+ — —(cot (7? 1W2>+cot (7? ! 3))62 Loy
41 ny w1 w1
ni=1
1 1 TNoWw w S
+ — E —(cot(ﬁ 2 1>+cot(7r 2 3))62 2w
41 ' o Wo Wo
ng=
- 1 EOO 1 cot {7391 ) 4ot [ £ BX2 ) ) g2rinecy
49 1 ns w3 w3
nz=

1 mi= 1 i
+ 7 log(1— e"o0) + —log(1 — ¢™2)

1 9mi 2 iz i 1 1 1 )
+-log(l—€"%) = —— 4+ — + + z
4 Owiwows 4 \wiwy wows  wWswq

™ 3 3 3 w1 W2 w3
s s - + 2

12 w1 5) W3 Waols Wawiq Wiwsa

T (W w w w w w
=+ 2+ 2+ 24+ 2243 ).
24 \w2 w1 w3 w2 w w3

Since

-1
(5, F,) @ C(5,F,) @ ((5,F,) = Sy (( 2n_ 2m  Im ))

logp  logq logr
by Lemma 4.1 below, Theorem 2 implies Theorem 1 directly. The key point to prove Theorem

2 is to establish the signatured triple Poisson summation formula as follows:

Theorem 3. For some R > 0 let H(t) be an even regular function on {z = v +iy : © €
R,y € (=R, R)}, which satisfies (i) and (ii):

(i) There exists § > 0 such that H(t) = O(t=37°%) (]t| — 00).

(ii) There exists pn € (0,1) such that H(z) = O(u*) (z — o), where we denote by H the



Fourier transform of H :

= / H(t)e"™ dt.

Let a,b,c € R be positive real numbers such that a/b,b/c,c/a and their inverses are

generic. Then we have

n U ns
> el (2 (T4 51+ 2))
n1,n2,n3>0
b ngb ~

H( n20 nb\ &
n1a Z (c> (Wa> (n2)

1

b?

a n1
= —— cot <7r—> cot (
8
>0

™
—8%n cot (5 cot (x5 Hi(mye) + abc(i?

3>0

3273

—) 71(0) — 2% (o),

where €, =Ep, X - X &y, and

.....

—_

if n#0,
if n=0.

N

First we prove Theorem 3 in Section 2. Then we prove Theorem 2 in Section 3 by applying
the signatured double Poisson summation formula, the expression of double sine functions
in [5], and Theorem 3. We show Theorem 1 from Theorem 2 in Section 4.

We remark that Kurokawa and Wakayama calculated the Euler product of ((s,F,,) ®

-+ ®((s,F,,) for distinct primes py,...,p, by an entirely different method in [7] after this
paper was written.

In Section 5 we treat the case p = g = r. We obtain the following results.

Theorem 4. For Re(s) > 0 and a prime p we have

C(S7]FP> ® C(SaFP> ® C(S7]FP>
N . slogp+ 3mi slogp + 27i)(slogp + 4mi
~ exp <_HLI3@ ) slog (slog )(slog )

A2 Liz(p™*) — Q2 Lil(ps>> '
Theorem 5. For Im(z) > 0 S5(z) := S3(z,(1,1,1)) has a following expression:

Sy(2) = exp (i Lig(e2™%) 4 - (—2z 4+ 3) Lig(e2mis) — G DEZ2) 5 omiey

472 4 2
: i i
—%z?’—i—%f—m,z%—%) . (1.1)



Remark 1.1. It turns out that the polynomial part

—W—iz3+3 z2—mz+ﬂ
6 4 8

is identified with mi3(0, z, (1,1, 1)).
In the proof we use the theory of multiple sine functions [6].

Remark 1.2. We can treat the case ((s,F,) ® ((s,F,) @ ((s,F,) for p # q also. Then we

obtain the following result:

C(Sv FP) ® C(Sv FP) ® C(‘S? FQ)

o) Orin o8P

- log p e oz s 1S logp 1 s
= &P _10 2minlosp 2p T 2minloap p

g4q 1 n(e logg — 1) n—1 n(e Togq — 1)

o0 (S)
. L 1 E : p—ns
. 2rin o8P 2 logp
27'(-7/ o nQ( ﬂ-lnlogq n—=1 n 7”nlogq —_ 1)

Since the needed calculation is rather long, we will publish the detailed proof in another

opportunity.

2 Signatured Triple Poisson Summation Formula

In this section we prove Theorem 3.
Lemma 2.1. If o € Q, then « is not generic.

Proof. Let a = a/b with a € Z and b € Z~o. Then ||(bm)a|| = 0 for all m € Z. Hence « is

not generic. O

Lemma 2.2. Let a and 3 be generic. Then

Z cot(mna) cot(mng)x" (2.1)

n=1

converges absolutely in |z| < 1.



Proof. Since a, 3 are generic, ||nal|™!, [[ng]|~t = O(e*) as n — oo for any € > 0. Since
cot(mx) ~ 1/(mx) (x — 0), cot(mna)cot(mnB) = O(e*") (n — oo). Hence the radius of

convergence of (2.1), say R, satisfies

1 n
R — 1 > —2e
lin_i}ip cot(mna) cot(mnf)| — ‘

Since € > 0 is arbitary, R > 1. ]

Until the end of this section, suppose that H(t), a, b, ¢ satisfy the assumptions of Theorem
3. h(t) and H,(t) denote h(t) := H(t/i), Hu(t) := h(a + it), respectively.

Lemma 2.3. Let a« € (—R, R) and x € R. Then,
(1)Hq(z) = e °*H(x).

—_—

(2)tH,(t)(0) = iaH(0).

Proof. (1) By Cauchy’s theorem we have

H(t)e"dt = 0,
Cr

where
Cr:=0{z€C:-T <Re(z) <T, min{—a,0} <Im(z) < max{—a,0}}.

Considering the limit 7" — oo, (1) follows.

(2) Considering the same as (1), we have

/ T H()dt - / (= i) ()t (2.2)

Since tH (t) is an odd function, the left hand side of (2.2) is equal to 0. Therefore we have

[Ho (1)(0) = icHy (0).
Applying (1) with z = 0, (2) follows. O

We prepare some lemmas (Lemma 2.4 -Lemma 2.6) for interchanging the limit and the

sum. We will apply Lemma 2.6 to (2.16) below.
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Lemma 2.4. Let n,m be positive integers and a,b be positive real numbers such that a/b is

generic. Then, for any € > 0 we have

Ina —mb| ™t <gpe m e

Here A <, ... B means that there exists a constant C depending only on ci,...,c, such

.....

that A < CB.

Proof. Considering that n,a,b are fixed and that m is a positive integer variable, m = [5?]

or m = [5*] + 1 is a minimum for |2 — 1|. Here [z] := max{l € Z : | < x}. Therefore we
have
L A N I
mb - ESR. b [E+11b b
> win{ g |5 v [0
- [Zap o 17 B+ 110 b
- il
ISR
Hence we have
B+ 1 nayt
—mb 1<b—”_
na—mbl™ = =0 =113

Since a/b is generic, we have ||%¢| 7! <, ;. 7" for any € > 0. This completes the proof. [

Lemma 2.5. (1) If x1 > x4, then we have
e — e < (1 — xg)e™.

(2) If y > 0, then we have

eV <y Y2

Proof. (1) follows from the mean value theorem. (2) follows from the following estimate:

(2y)°
2

(e¥)? =e® =142y + +ee > 2y >,



Lemma 2.6. Suppose that a,b,c > 0 and the function H satisfy the assumptions of Theorem

3. Then we have

— 2,2 .2
; —(nabtnse) (e + e7™) nia -
(1) lal?ol( Z)ergnl’nwge o (n%aQ—ngbz)(n%aQ—ng,cQ)H(nla)
ni,n2,n3

4n2a? ~
- Z Enina, H(nya)
(n1,n2,n3)€T TS (n2a2 — n3b?)(n2a? — n3c?) ;
62n1aa . 672n1ao¢)nln2ab _
2 1i Z —(n2b+nsc)a ( 77 _
( ) olégjl Eni,na,n3€ (n%GQ _ n%b?)(n%ag _ 71%02) (nla) 07

(n1,n2,n3)€l’
- 2
. (nabinge)a (MY — 7™M ngngbe ~ _
3) lal?ol( 2 Jer P (n}a? — n3b?)(nia? — n?),cQ)H(nla) -
ni,n2,n3

where
[ = {(n1,n9,n3) € (Z>0)* : #{j = 1,2,3 :n; = 0} < 1}. (2.3)
Proof. Let 3 := —logpand 0 < a < [3/6, where p appears in the assumption (ii) of Theorem
3.
(1) We have

(enlaa + 67n1aa)2n%a2 -

—(n2b+nsc)a
Z € 312, € H(nla/)
(n1,n2,n3)€el’ e (H%CLQ — n%b2)(n%a2 _ rn%CQ)

4n2a’
B Z Enunzng (n2a? — n2b?)(n2a?® — n3c?) H(ma)

(n1,n2,n3)€l
niax —niaa\2,,2 2
—(n2b+nszc)a (6 —€ ) nia 7

= E € e H(nia

(i — (s — ey

(n1,n2,n3)€T

4e—n2ba(e—n30a o 1)71,%012 "

ni,na,n H
+ Z € 1,12,Nn3 (n%GQ . n%bg)(n%GQ _ 77%62) (nla)
(n1,n2,n3)el
4(e7m2b — 1)n2a? B
+ Z €ninams 7 3 5 219 2 5 73 H(nla)
(n1,n2,n3)el’ (nla - n2b )(nla — ns3c )
= Al + AZ + Ag.

It is sufficient to prove that Ay, A, A3 tend to 0 as o | 0. First we deal with A;. By Lemma

2.5 (1), the assumption (ii) of Theorem 3 and 0 < a < (3/6 we have

Z (n%CYeinaa)Q i

A <
i In2a? — nob?||nta? — n%cQ\'u

(n1,m2,n3)€T



4.2

njo Zn1a
< E 3™
In2a? — nob?||nfa? — nic?| a

(n1,n2,n3)€T
4 2nla
g

= o > >
@ ( In2a? — n2b?||nla? — n3c?| + a?|n?a? — n3c?

ni,n2,n3>1

2
s nipsme
a?|n3a? — n3b?|

ni,ng>1

= OéQ(AH + Alg + A13>.

We prove A;; < co. By Lemma 2.4 with ¢ = %aﬁ we get

1 1 Iu—%nla
———5757 2.4
In2a? —n3b?| —  mablnia — nobd < ng ’ (24)
1 M—%nla
— K 2.5
In3a? — n3c?| n3 (25)

for nq1,n9,n3 > 1. Hence it holds that

4 lnla
niu3
A K Z L < 00,

2,2
nsn
ni,nz,nz>1 23
2 lnla
Z nipe
A12 < — s < 00,
n
n1,na>1 3
2 lnla
niu2
1
A13 < E — 5 < 00,
n
n1,na>1 2

Consequently A; tends to 0 as o | 0.

Next we deal with A;. Estimating Ay similarly, we have

Z (1 o efngca)n%unla

A
o] < |n2a? — n2b?||nta? — n3c?|

(n1,n2,n3)€l

1 — g Msco TL2 nia 1 — e—M3ca) ma
_ Z ( Jnip 4 Z ( T

|n2a? — n3b?||n?a? — nic?| a?|n?a? — n3c?|

ni,n2,n3>1 ni,n3>1

=: Ay + Ap.

We prove Ay; tends to 0 as a | 0. By (2.4) and (2.5) we get

Z (1 . efngca)n%l/b%nla

2,2

Ay <
NaNg

ni,nz,n3>1
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— <§: nfug’““) (Z ) (i iz_ » nw)
ni=1 no=1 nz=1 n3 ny=1

— 0 as « | 0,
1— e naca %nla
Ay < Z ( — )L
ni,n2>1 3
e naca
() ()
ni=1 nz=1 nz=1

— 0 as a | 0.

Hence we obtain Ay — 0 as a | 0. Dealing with A3 in the same manner as Ay, A3 tends to

0 as a | 0. Hence we obtain (1).

(2) By Lemma 2.5 (1) and 0 < a < (3/6 we have

(62n1aa _ 6—2n1aa)nln2ab

(n2a? — n3b?)(n2a? — nic?)

E 5n17n2,n36_(n2b+n36)a H(nla)

(n1,n2,n3)€l’

aniemaon,

< Z e—ngba
In2a? — n3b?||n?a? — §c2|'u

(n1,m2,n3)€T

nia

3
Infa® — n3b?||nta® — nic?|
(n1,m2,n3)€T
2 —naba —naba
_ Z aninage nla_'_ Z ange Iu%nla
In2a? — n2b%||n?a? —n c2| a?|n?a? — n3b?|
ni,nz,ng>1 ni,n2>1
= A4 + A5.
First we deal with A4. By (2.4) and (2.5) we get
2 —noba ,lnla
ninge 3
1702 %
Ay €« § : nZn2
ni,nz,n3>1 23
o0 o0 _ o0
< 5 lnia e noba 1
AP EDS >3
2
n n
ni1=1 no=1 2 nay=1 3
0 e—nzba
< « E
n2
no=1

By Lemma 2.5 (2) we have

1 1
A4<<ang nQ(ngb )1/2<<oz —0 asal0.
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Dealing with A5 in the same manner as Ay, A; tends to 0 as o | 0. Hence (2) holds.
(3) Estimating the left hand side in the same manner as (2), we obtain the desired

result. O

Proof of Theorem 3. Put Zi(s) = sinh (ZS) (k=a,b,c). Let Dr be the region defined by

Dy :={seC:|s| >a, |Re(s)] <a, 0 <Im(s) <T},

a’ b ¢
By Cauchy’s theorem we have

2r 2w 2
WhereO<a<m1n{ 7T, " W}.

> 1(pa + oo + pe)

0<Im(p1),Im(p2),Im(p3)<T

zZ" Z} A
- dsidsod 2.
27‘(‘2 /8DT/3DT/8DT S$1+ 82+ 83)Z (81)Zb( )ZC(S3) s1dsadss, (2.6)

where py denotes the zeros of Zi(s)(k = a,b,c), and the contour 0Dy is taken counterclock-

wise. Considering 7" — oo in (2.6), we have

Z h(pa + Pb + pc)
0<Im(pq),Im(pp),Im(pc)
zZ" z. 7
dsydsyd 2.7
(2mi)? /8D/8D/8D Sl+52+83)Z (Sl)Zb( )ZC(S?’) 51052083, (2.7)

where

D :={seC:|Re(s)| <a, |s| >a, Im(s)>0}.
We decompose 0D = C7 U Cy U C5 with
Cy:={s € 0D : Re(s) = —a},
Cy:={s€dD:|s| =a},
C3:={s € 0D : Re(s) = a}.

We compute each triple integral I ;,;, = w Jo Joo Jo in (2.7).
21 12 3

First we calculate [, with (i1, 4s,13) € {1,3}3.

zZ Zy zZ!
h(3a + i(ty + to + t3)) == 2 o+ ity) = 7 b+ ity) =5 7 (o + itg)dty dtadts.

12



Since
Z/
—(s) == + k § —hns (2.9)

for k = a,b,c and Re(s) > 0, (2.8) turns to

1 00 00 00 ] ) )
1333 = @ Z En1,na,n3 / / / Hga(tl + tg + t3)6—n1a(a+zt1)6—n2b(o¢+zt2)€—n3c(a+zt3)dtldthtg‘
0 Jo Jo

ni,n2,n3>0

We replace t3 with ¢t =t + to + t3 to get

1
1333 - 8_ €ni,n2,n3 / H3a
ni,n2 n3>0
( —n1a(a+it1)€—n2b(a+it2)e—ngc(a—f—i(t—tl _t2))dt1dt2> dt. (210)
t1,t2>0
t1+t2<t
B
Y t pt—t1
/%1 150 - dtidty = /0/0 - dtadty (t > 0)
b ta<t
and

nia = nab < (ny,ng) = (0,0), nab = ngc < (ng,n3) = (0,0),

nia = nzc < (ny,n3) = (0,0), (2.11)
which follows from Lemma 2.1, we calculate that

abc
—(nia+n2b+nsc)a
I333 = TR E €n1n2,nz € (matnabinzeja oo

(n1,n2,n3)€l’
00 H —njait 00 H t —nabit
(/ sa(t)e dt+/ salb)e dt
o (nia —mngb)(nia — nzc) o (n2b—mnia)(ngb — nsc)

(
o] H —nscit
+ / sa(t)e dt)
o (nsc—mnya)(nzc —nyb)

be * tHza(t) Hag (t)e ™ot > Ha,(t
4+ E N prmae / & / —3 e dt+/ ()
3 2 2,2
327 " 0 niat 1a? 0 nija
ni=
abe = > tH. Hag (t)e 20t > Ha,(t)
—noba 3a 3a B8\E 3a dt
+ 323 e~ c </0 ngbz / 2b2 + /0 n3b?
nog=

13



abc < —n3co tH3C¥ H3o¢ —mscit o Hs, (t)
+ 3273 ¢ (/ nsct d _/ n 02 dt+/ n2c? dt
n3=1 0 3 3 0 3

abc [ 5
2 H,,, (t)dt, 2.12
12873 /0 sa(t) (2.12)

where I is defined as (2.3).

Similarly
b
Illl N _% Z <C:n1,nz,nsei(TLlaJrnQIPHlSC)OL X
(n1,n2,n3)€T
0 —njait 0 —nabit
H. ! H. 2
(/ sa(t)e dt +/ salt)e dt
(n1a — neb)(nia — nsc) oo (M2b — nya)(nayb — nge)
+/0 H3a() —ngcit i@t
— oo (n3c —mnya)(nzc — ngb)
abe Can 0 tH3a Hio (t)e it 0 Hio (1)
+ 3273 ¢ (/ niai / n?a? aé + n2a? dt
n1=1 —0o0 1 1 —0o0 1
abc = O tH. Hag (t)e 20 O Ha,(t)
—naba 3a 3a dt 3a dt
i 3273 = ‘ (/_Oo n2b@ / n3b? * o NEb?
abc > neca 0 tHga H3a ) —n3cit 0 Hga(t)
+ 3 e " / / —2 5 dt + 55 dt
32T — oo M3CL nsc o MN3C
abc 0
553 / t2Hs (1) dL. (2.13)

By (2.12) and (2.13) we have

L1y + I333
_ abc c 6—(n1a+n2b+ngc)a %
- 871—3 ni,n2,n3
(n1,m2,n3)€T

( Hyo(—n10) . Hio(—nsb) . Hao(—nsc) )
(

nia — n9b)(n1a — nge)  (n2b — nya)(nab — nge)  (nzc — nya)(nzc — nab)

Lo SN tH3a(t)(O)_l£I\g;(—n1a)+f/{\9;(O)
323 nyai n3a? n2a?
Labe S ((tHse(D)(0)  Haa(—nob) | Hio(0)
323 = nabi n3b? n3b?
na
N abe e tH3,(t)(0) B j{\;;(—ngc) N HNM(O)
32m8 nsci nic? n3c?

14



abe
12873

n 12Ha (1)(0).

By Lemma 2.3 and H(—z) = H(z), we have

L1y + I333
_ abc c e—(n1a+n2b+n30)a %
= § n1,n2,n
871—3 1,n2,n3

(n1,n2,n3)€T

( ( €3n1aaj_v](nlal) N 63n2baﬁ(n2b) N 63ngcaﬁ(n36) )

nia — n9b)(nia — nge)  (neb — nya)(nab — nge)  (nzc — nya)(nzc — nab)

v 3‘;5:3 3a.H (0) mf:l ntaa B nil 2m‘1ﬁ2n1a + Hr(o)g;1 en;—a:>
+ 2 (sl i;l e;:;a - i;l W +HO i ié—b?)
+ 325:3 3aH(0) ; ;:Cca B g’:l 2n3c;[7£2n30 ; ejij)
* 1;;);3’525;@)(0)- o

Slmllarly we compute [113 + [331, 1131 + 1313 and [311 + [133:

Lz + Is51 = A(asa,b,c),  Ligy+ Isis = A(asb,c,a),  Isi + Liss = A(a; ¢, a,b),

where
A(a;a,b, )
b
- _% Z E"lvnz,n:a6_(n1a+n2b+n3c)a X
(n1,n2,n3)€T
€M% [ (n,q) "2 [ (nyb) "3 F (nsc)
(n1a + ngb)(n1a + nzc)  (n2b+ nia)(neb —nze) — (nge + nya)(nge — nab)
abc ~ =\ e e 2 [ (nya) |~ o= €00
—aH(0 — H(0
g (IO Y > g HHO Y e
n1=1 ni=1 ni=1
N abc F(0) i g n2be i H (nyb) + H(0) i g n2be
O{ —_—
3273 — ngb = mdb? = m3b?
oo e () S0 Ly ) gy g e
3273 | = omse A—=ng 02 —~ n3c?

15



abe

+ 12873

£2H,(1)(0),

Considering the limit « | 0 except for the sum through I', we have

lim Z Li iyis — B(asa,b,¢) — B(a; b, ¢,a) — B(as ¢, a,b)

al0
(11,i2,i3)€{1,3}3

abe [ H(nja) ~= H(nob) = H(nsc)
- (R

2
1=1 na=1 2 nz=1 nsc
abe (1 1 1 ~ abc —/——
— =+ =+ = 2)H t2H 2.15
b (L 3 ) SR - SEEHD), (215)
where
B(a;a,b,c) = Z €n17n27n3e_(”2b+”3c)a X
(n1,m2,n3)€T
(enlaa + efnlaa)Zn%GQ (€2n1aa - 672n1aa)n1n2ab
(n2a? — n3b?)(n?a® — nic?)  (n3a? — ndb?)(nla® — n3c?)
(62n1aa _ 672n1aa>n1n3ac (enlaa _ einlaa)QngTLgbC -
+ 2. 2 2 2 _ 229 2.2 2 2 _ 229 H(nla)
(nla n2b )(nla nsc ) (nla n2b )(nla’ nsc )
(2.16)

and ((s) is the Riemann zeta function. By Lemma 2.6 we have

li?&(B(oz; a,b,c) + B(a;b,c,a) + B(a;c,a,b)) = B(0;a,b,¢) + B(0;b,¢,a) + B(0; ¢, a,b)

Hence we have

101{% Z Iiligig

(41,i2,i3)€{1,3}3

abc
= = E €nynamg X

(n1,n2,n3)€l

4n3a? ~ 4n3b? ~
H H(n-b
(m&%—@wxﬁﬁ—n%% (ma) + o ey g — ey 1 ("2?)

4n3c?

i
+0@?—ﬁﬂﬂ@@— ) mwﬁ

be (= H b)
- Z (e S He, S 1

ni=1 =1

16



% (_ - 512 * l) H(0) - 3a2bc t2H (1) (0). (2.17)

By

Z 1 —Tr(j()t k:u
k‘2u2—nv ku_v 7TU ’

n>0
(2.17) turns to

Next we calculate I;,;,;, with i1 = 2, 19 = 2 or i3 = 2. Put

3 3 3
Vo= Y D, 19 =) Lo, 19:= ) L,

jk=1 j k=1 j k=1

21223, A —ZIQJQ, 109 Z

Then we have

zZ" Z} Z!
T —
27rz /Cg/anaD S1+ 82+ Ss)Z (Sl)Zb( )ZC(S3)dsldS2d53

Z!
tha+pb+33)z(

c

% paspp

2 6
27”/ tha+pb+ae )Z( e aie?do,

Pa;sPb

d
27m 83) %3

where p,, pp run through the zeros of Z,(s), Zy(s) with Im(p,) > 0,Im(p,) > 0, respectively.
As a | 0, we have

o_ L 1
lim 1 —QM/thaerb@d@— > hipa + ps).

Pa;sPb Pa Pb

We similarly deal with I (k =2,3,...,6) and Iy to get

1
lim 12 :——thaerc lim I = == % " h(py + pe),

al0
PasPc Pb;Pc

17



1 1
m 7@ — = mJ® = =
1 4Zp hpa). i 1 4Zp hpe).
a b

1 1
O - __2
lim I*® = 7 > hlpe), lim Ty = —2h(0),

where py runs over the zeros of Zi(s) with Im(pg) > 0. Therefore we obtain

lolzlf()l Z ]i1i2i3

(41,02,33)€{1,2,3}3\{1,3}3

= h{% IV 4713 £ 1® (1@ 1 1) 4 1O 4 I,y))

=5 (p ,, h(pa+ o) + D 1(pa + pe) +thb+pc))
asPb

PasPc PbvsPc

_i<2hpa +thb +thc>——h0)

We apply (2.18) and (2.19) to the limit a | 0 in (2.7). This completes the proof.

3 Expression of Triple Sine functions

In this section we prove Theorem 2 from Theorem 3.

Lemma 3.1.

d3

dz dz3 log( B =2 Z 27rn)
Proof. By

log(1 — %) = —% + %z + log (2 sin %)
and
az et az \?
2sin () =< [T (1- (5)
sin 5 az}:[1 ( 5

we have

18
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Lemma 3.2. (/5, Theorem 3]) Let I(t) be an odd function in L'(R) with satisfying following
(i), (i)

(i)I(t) = O(t7?) (|t| — o0)

(ii) There exists p € (0,1) such that I(z) = O(u®) (z — 00).

Let a,b be positive real numbers such that a/b and b/a are generic. Then we have

;a ka\ ~ b nb\ ~ 1ab ~,
=0 3 cot (Wf) I(ka) — yy Zcot (7‘(‘;) I(nb) — @I (0). (3.1)

Lemma 3.3. ([5, Theorem 2]) Assume wy/wy and wy/w; are generic, then the double sine

function has the following expression in Im(z) > 0:

k=1 w1
1 - 1 w1 2min =
— Z cot i
+ 2 nz::l o (WnWQ)
1 21 -2 1 271
+§log(1 e uJl)—i—ilog(l—e “2 )
+7m'z2 v 1+1 +7m' w2+w1+3
—— | —t+—)2z4+=|—+— :
2&)1&)2 2 w1 (0%)) 12 w1 W9
Lemma 3.4. (/6, Proposition 2.4]) For w = (w1, ...,w;) € (Rs)" we have an expression:
ST(Z7Q> = eQQ(Z)Z(Z J— wl T — wr)(_l)T71 X

/ z z (=pr
I {7 ) )1
o niwy + - -+ nw, (m+Dwy + -+ (0, + Dw,

where Q(2) is a polynomial with deg Q,(z) < r, the product runs through all (ny,...,n,) €
ooy \L(0,...,0)} and Po(u) i= (1 — ) exp(u+ 2+ + )

T

Lemma 3.5. (/6, Theorem 2.1 (a), (b)])

(1) For w = (w1,...,w,) € (Rsg)" we put w(j) = (w1, ..., wj—1,wWjt1,...,w,). Then we have

ez + wj,w) = S (2,w)Sr—1(2,w(5))

19



(2) For a positive integer N and w = (w1, ...,w,) € (Rsg)" we have

L ot ko,
Sr(Nz,w) = H S, (z—l— Wit w,g).

0<ky,....kr<N—1

Proof of Theorem 2. By Lemma 3.4 we have

2 3 ! z
53(z’£) _ eco+clz+02z +c32 p H P3 (_ )

niwy + NoWws + N3ws

ni,n2,n3>0

z
P. . 3.2
% H 3 (nlwl “+ Nowso + n3w3) ( )

ni,nz,ng>1

Hence we have

d3
e (log S3(z,w))
2

=Cut 5

1 1
+2 -
Z ((Z -+ (nlwl + NoWwo -+ TL3W3))3 (Z — (nlwl + Nowsy + ngwg))3)

ni,nz,n3>1

1 1
- ( Z (Z + (n1w1 + nng))?’ * Z (Z + (n2w2 + ngwg))?’

ni,ng>1 nz,n3>1

1
+ Z (z + (nqwy + ngwg))3)

ni,n3>1

1 1 1
2 (7;21 (2 + niwy)3 " Z (2 4 nows)? * Z (z+ n3w3)3)

ng>1 nz>1

= C, + 2F;5(z,w) + Fo(z, (w1, ws)) + Fo(z, (wa,ws)) + Fa(z, (ws, w1))

1 1 1
+§F1(z,w1) -+ §F1(Z,W2) + §F1(Z,UJ3)7 (33)

where C,, is a constant depending on w and

1 (=t
FT , g, Wp)) = N1 yeeesT
(2 (wl w )) Z Engyeny ((z+n1w1 + ... ‘|‘nrwr)3 + (z—nlwl — —nrQJr)g)

forr=1,2,3.

First we transform F5(z,w) by using Theorem 3. We put

H@%:@iwy+@jw3 (Im(2) > 0).

20



As we have

H(z) = 2miRes,_. (H(1)e'™) = miz?e™™ (v > 0)
and H(t) = O(t™) as |t| — oo, H(t) satisfies the assumptions of Theorem 3. Putting

a=2 b=2C =2 by Theorem 3 we obtain
w1 wa w3

a
F3(z,w) = —3 2:1C0t <7T%) cot (7‘(‘%) i(nya)?e™ e
ni=
b b b
~3 Z cot (ﬂni) cot (ﬂni) i(ngb)2eim2b*
a
na=1
¢~ nsc c 9 inacs abc
= § 2 ot () ot (75 ) ilmae)e™ e = 1
n3=—
31X 1 niws N1W3 \  2ring =
=— = — cot cot Ty
dz? (87112:1”1 (W w1 ) ° <7T w1 ) 1
-1 i L cot <7rn2w1) cot ( n2w3> 2minz i
8 S Mo )] %)
. 1 i 1 ¢ N3w ; N3w2 \  2ring = e 3.4)
= —cot (7 ot | wg | — .
8 na—1 ns Ws Ws 2&)1(,()2(,03

Next we transform Fy(z, (wj,,w;,)) for 1 < ji, 752 < 3, j1 # j2 by using Lemma 3.2. We put

1 1

W=y o

Then I(t) is an odd, absolutely integrable function on R and satisties I(t) = O(t73) (|t| —

00). As we have

I(x) = 2mi Resy—. (1()e'™*) = —mwiz?e™ (x> 0).

Hence I(t) satisfies the assumptions of Lemma 3.2. Putting a = 34, b= 34, from Lemma
J1 J2

3.2 we get
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It follows from Lemma 3.1 that

& 1 3 (1 2mi =

n=—oo

no=1
— i f: i cot anwl + cot ﬂngwg 2" Tg
49 nam1 ng w3 w3
1 T2 1 T 1 T
~ 1 log(1 — e”™or) — 1 log(1 — " ™%z ) — 2 log(1 — e”™%5) (3.7)

is a polynomial of degree at most three. Thus we put Q(z) = a + 3z + v2? + §z3 and will

compute «, 3,7 and §. First we compute 3,~ and ¢ by considering
Q(z+wi) — Q(2) = (Bwr + Ywi + 6w}) + (2w + 30w?)z + 30w 2> (3.8)
By (3.7) we have

Qz+w) — Q(2)

S3(z+w,w) 1 1 Nawy NaW3 \  2rming = , 2ming 9L
— 1 ) = _ = . t t 2w 21.«) J— 1
og —Sg(z,g) 1 Z - cot | m n cot (o oy € 2 (e 2 )

1 o 1 NoWw Now i 2 imo “1
= L (COt (ﬂ' 2 1) + cot (7‘(’ 2 3)> 627rzn2 > (627”112 w; . 1)
44 = o wWa Wa

22



1 > 1 ( ( URT%]
—— — | cot | m
49 ng Ws

nz=1
]_ ﬂiﬂ 1 ﬂ-iz+“’
—log(1—¢7T) — Jlog(1 - )
1 - 1 —
+=log(1 — €¥™%2) + —log(1 — *™3).
4 4
Using the formula
627ri:1: + 1
t(rz) = i———
cot(mx) T
(3.9) turns to
Q(z +wi) — Q(2)
~log S3(z + wr,w)
53(27(’_‘))
1 = NoW1 2ming =, 2mwing —- 1 = 1
— — t w: wo 1 J— -
43 nQCO (7T wg)e (e )+22’Zn2
na=1 no=1
1 > 1 ( ngwl)
—— —cot |
43 n3 w3 n3
=1 nzy=1
2twy 1 o 1 i

By Lemma 3.5 (1) we get

S3(z + wi,w)Ss(z,w) ! = Sy(z, (wa,ws)) "

By Lemma 3.3 and (3.11), we have

oo
1 1 oW1\ 2ming = , 2ming“L
=—— —cot | 7 e e (7T e — 1)

41 N9 [0%))
no=1
o0
1 1 n3wq 2ming 2, 2ming 2L
—— —cot | 7 e e (7 P es — 1)

41 N3 w3

n3=1
1 zhwy 1 ety 1

4

miz? m [ 1 1 (W3  wa

- e+ =)o (242 43).
2&)20)3+2(WQ+M3)z 12 (CUQ+W3+)

By (3.10) we have

2

Qo) - Q) =g+ T (a2 )e - T (2

20)2(,(}3 2 %) w3 B E (0%))

23

nsw ina 2 ina &l
+cot 7 3W2 627rfm3 o (627rzn3w3 _ 1)
w3

(3.9)

(3.10)

i T —— i 1 i 2
——log(1—e™ 2 ) — Zlog(l — ™™ =5 ) — Zlog(l — ") — leog(l — ")

(3.12)

)
— . 1
o 3) (3.13)



Comparing the coefficients of (3.13), we have

m (3 3 3 w w w
<—+—+—+ — +—= 4 3)

p=-=
12 w1 w9 w3 Waols ws3w1 wWi1Wwso
g) 1 1 1
Y= + + )
4 \wjws wow3  wswq
m
0=— :
6W1W2W3

Next we will treat o by considering
1
k k k
o R FIS) (22) (3.14)

Z Qz + 5

k1,k2,k3=0

The constant term of (3.14) is
i 2 2 2 2 2 2
(Wiws + wiwy + wiws + waws + wiwy + wiwy + 3wiwaws). (3.15)

T4 — —
@ 24(4}1&)2&)3

On the other hand we will compute (3.14) by using (3.7). Putting

1
I s

( k1w1 + kgtdg + kgbdg )
z+ W

k1,k2,k3=0 2
1,k2,K3=
Ay :=log ,
83(22,C_U)
[ee]
1 1 Nniws ni1ws
A = —— E —cot | cot [ 7
4 1 w1 w1
ni=1
1 2win1(z+ﬁ7klwl+k2u2+k3w3) dming z
X E e w1 —e w1
k1,k2,ks=0
o0
1 1 ni1Ws ni1ws
A — |(cot | +cot (m
1 =1 nq w1 w1
1 27rin1(z+wlwl+k22w2+k © ) 4ming z
X E e w1 — e w1
k1,k2,k3=0

(=: G(z;w1,wa,ws)),
Ay = G(Z;W27w37w1)

As = G(Z;w37w17w2)
1 2mi(a4 K121 kowa Thyws )
1—e j

“j

1 E1,ko,k3=0
A3+] = _Z log 4dmiz




6
we write (3.14) as ZA]-. Lemma 3.5 (2) gives Ag = 0. Computing A; by (3.10), we have
=0

1 1

A=—13 —

4 — nq
4ﬂi(z+%) 47ri(z+w72) 47ri(z+%a)

:ilog{@_e S [ () ]

4ﬂin1(z+%) 47Tin1(z+w72) 47rin]_(z+%3)
e w1 +e w1 +e w1

Ay is easily computed as

1 4‘rri(z+ng1) 4‘rri(z+w72) 41ri(z+i23)

A4:—Zlog{(1—e w1 (1—e =1 )(1l—e =

Therefore A; + A4 = 0. Similarly computing we have Ay + A5 = A3 + Ag = 0. Hence
6

Z A; = 0. Therefore its constant term (3.15) vanishes, which leads to
=0

(W w w ws ws w
o= (—+—=+=+—F+ =4 —=+3].
24 \wy  w w3 w2 W)  ws

4 ((s,F,) ®((s,F,) @((s,F,) for distinct primes p,q,r

In this section we show Theorem 1 from Theorem 2.
Let Z;(j = 1,...,7) be meromorphic functions of order p;. We put the Hadamard
product as

Z

, s\
(5) =L@ ] B, (‘) |

peC P
where P,(u) := (1 — u)exp(u + “2—2 + - 4 “TT), m; denotes the multiplicity function for

Z;, k;j = m;(0) and @Q; is a polynomial with deg@;(s) < p;. The product H/ means
peC
lim . Then, we have

R—o0
0<|p|<R

kpk / s m(p1,-.,pr)
R A R | (e e



Lemma 4.1. The absolute tensor product of Hasse zeta function for finite fields is given as

follows:

2r 2w 2w o
F F Fr) =55 (1 '
C(5,Fp) ® C(5,Fg) @ (s, Fr) = 5 (w’ (logp’logQ’logT))

Proof. We compute that the Hadamard product for Hasse zeta function is given by
o -1
~ 1 TT S
Cs.F)=s [T Ao ]
n=—o0 logp'"

Thus by the definition of the absolute tensor product,

Mny,ng,ng
_ / S
C<3>Fp) ® C<S>FQ) ® C(Sawr) =s ! H P3 < 27i 271 274 3> )

n1,n2,N3E€ZL 105Pn1 + 1qun2 - 10g7°n
where
B 211 271 271
MMnnz.ng = 1M (logpnl’ log qnz’ log rn3>
—1 if ny,n9,n3 >0 or ny,ny,ng <0,
0 otherwise.
Hence

((s,Fp) @ ((s,Fy) @ ((s,F,)

-1 -1
/ s s
~1
= s H Py | 55 27 o7 H Py | —55 o7 o7 :
1 + T 12 + ng TN —|— T2 + ng

ni,n2,n3>0 log p log q logr ni,n2,mn3>1 logp log q logr
(4.1)

By (3.2) the result follows. O

2 2 2m )
logp? logq? logr/?

Theorem 1 follows. OJ

Proof of Theorem 1. Applying Theorem 2 with z = is and (wy,ws,w3) = (

3 C(Sa Fp) ® C(Sa ]Fp) ® C(Sa IFP)

In this section we deal with ((s,F,) ® ((s,F,) ® ((s,F,).
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From [6] we recall the primitive r-ple sine function .#,.(z) and the relation between S, (z)

and .7, (z). We define .7,(2) as

—1

) exp(r_1> H P< ) ifr=23 ...

yT(Z) = n=-—00
2sin(7z) if r =1.

Lemma 5.1. ([6, Theorem 2.8]) Let r = 2,3, .... Then it holds that

(r—1) < . 27rzz i i (r—1)!
_ mizy "V r 1
yr(z) exXp < 27TZ)T 1 s k(e ) r z + (—2772')"*1C(r) (5 )
for Im(z) > 0.
Lemma 5.2. (/6, Example 3.6]) The following formula holds:
S3(2) = e @ A (2)2.5(2) " 2.A(2). (5.2)
Lemma 5.3. (/6, Lemma 3.2]) Let a(r, k) € Q satisfy
r—1
X+r-2)(X+r-3)X _
(X +r—2)( +7‘" 3) a(r k) X"
(r—1)! p
Then we have
Sr(]-) =exp [ —2 Z CL(T, k)g,(_k)
2<k<r—1
k:even
Proof of Theorem 5. We have
A(z) = % = exp (— Li; (e*™*) — miz + %) : (5.3)

Applying (5.1) and (5.3) to (5.2) we get

53(2)2 = exp (L Lig(@Qﬂ-iz) + i(_2z +3) LiQ(GQﬂ-iz) —(z—1)(z—2) Lil<€2mz)

272 2
T 5 3 1 3m
By the fuctional equation for ((s) we get
¢(3)
"(—2) = — , 4
(2= (5.4)
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Hence we have S3(z) = R(z) or —R(z), where R(z) is the right hand side of (1.1). Next we
determine the sign. We consider the limit ¢ | 0 when z = 1 4 it. By Lemma 5.3 and (5.4)

we have
l}f{l)l S3(1 +it) = S3(1) = exp(—¢'(2)) = exp (ﬂ) :

On the other hand we easily calculate

i (i) = e ()

t10 472

Hence we get S5(2) = R(2). O

Proof of Theorem 4. By (3.2) and (4.1) we have

(5, F,) ® (5, F,) ® (s, F,) = 5 (—‘“"gp)_ . (5.5)

211

Applying Theorem 5 to (5.5), we reach the desired result. ]
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