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Abstract

Berndt and Levinson-Montgomery investigated the distribution of nonreal
zeros of derivatives of the Riemann zeta function, including the number of
zeros up to a height T" and the distribution of the real part of nonreal zeros. In
this paper we obtain sharper estimates for the error terms of their results in
the case of the first derivative of the Riemann zeta function, under the truth

of the Riemann hypothesis.
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1 Introduction

Zeros of the first derivative (’(s) of the Riemann zeta function ((s) have been in-
vestigated for a long time. For example, Speiser [Spe|] showed that the Riemann
hypothesis (RH) is equivalent to (’(s) having no nonreal zeros in Re(s) < 1/2. In
1970s the distribution of zeros of (’(s) was investigated statistically by Berndt [B]
and Levinson-Montgomery [LM]. Here we recall a part of their results. Let N1(T') be
the number of zeros of ('(s) with 0 < Im(s) < T, counted with multiplicity. Berndt
[B, Theorem| proved

T T T
Ny(T) = —log— — — 4+ O(logT). 1.1
(T) = o-log 1~ — o~ + Olog ) (11)



Later, Levinson and Montgomery [LM, Theorem 10] showed

1 T T 1 (1
'~ 2) = loglog— +— [ =log2 —loglog2 | T
Z, (ﬂ 2) o BB T or (2 o8 Ogog)
p'=p'+iy,
0<y'<T

~li (%) +0(logT), (1.2)

where p/ = [/ 4+ ¢y runs over the zeros of ('(s) with 0 < o' < T, counted with
multiplicity, and li(z) := [} %. We remark that (1.1) and (1.2) hold without any
hypothesis. We also note that Berndt and Levinson-Montgomery treated higher
derivatives of the Riemann zeta function as well as (’(s). After [B, LM], zeros of
¢'(s) near the critical line Re(s) = 1/2 were studied by many specialists, for example
in [CG, So.

The aim of this paper is to improve the error terms of (1.1) and (1.2) under RH.
Assuming RH, we improve the error term for (1.2) as follows:

Theorem 1. Assume RH. Then we have
1 T T 1 /1
/ —_ — - - - p— R
E (ﬁ 2) 5 log log o + o (2 log 2 loglogQ) T

p'=B'+iy,
0<~'<T

(T
—li (%) + O ((loglog T)?) .
This immediately gives

Corollary 2. (cf. [LM, Theorem 3]) Assume RH. Then for 0 < U < T we have

1 U T 1 /1
2 = Pioelos — 4+ Zloe2 —logloe2 ) U
Z, <5 2) o Ogog2w+2w(2 o8 Ogog>
p'=p"+iv,
T<~'<T+U

U? 9
+0 (TlogT) + O ((loglog T)?) .

It may be interesting to compare Theorem 1 with the following two formulas

expressing the distribution of zeros of ((s). The first formula is

> (ﬁ - %) =0, (1.3)

p=PB+i7,
0<~y<T



where p = [ + iy runs over zeros of ((s) in 0 < v < T. This is an immediate

consequence of the functional equation for {(s) and ((5) = ((s). The second formula
is on the number N(7') of zeros of {(s) with 0 < Im(s) <7T. That is, we know

Tog L - L L sy + o), (1.4)

:% 2r 2w

where S(T') = 7~ arg ((3-+iT) with a standard branch (see [T2, §9.3]). The following
bounds are well-known (see [T2, Theorems 9.4 and 14.13]):

N(T)

( O(logT) unconditional,
lo ( log T > under RH.

loglog T

(1.5)

It is not expected that for >y (8"~ 1) there exists a formula without error terms
such as (1.3). On the other hand, the error term O((loglog T)?) for 37, (6 = 3)
is much smaller than (1.5). Furthermore, we keep in mind that

Oy (%) unconditional [S, Theorem 9],

Q4 (M) under RH [M, Theorem 2.

log log T)1/2

S(T) =

In particular, S(T') cannot be estimated above by O((loglogT)?).

We also give a modest improvement of (1.1) under RH as follows:

Theorem 3. Assume RH. Then we have

T T T ( logT )

Ny(T) = —log — — — ___o8f
o) on Sdn  2r (loglog T')'/2

It is desirable to replace O(log T'/(loglog T)'/?) by O(log T'/ loglog T') similarly to
the conditional estimate (1.5) of S(7"). However, we do not reach O(logT'/loglogT)
at present and Theorem 3 is the best conditional estimate that we know.

We outline the proofs of our results. To prove Theorem 1, we treat
> (-
0<y'<T

uniformly for 0 < b < 1/2, using zero-free regions of (’(s). Note that Levinson and

Montgomery [LM, §3] deal with it for b away from 1/2 in the proof of (1.2). As a

result of the uniform estimate we obtain (2.15). After taking the limit b T 1/2, we

see that the error term for >y, (8" — 1) is nearly given by

o 2J+iT /
arg ( ¢

— — = 1) ) d
2w Ji)2 log 2 ((U+Z )) ’
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(see Proposition 2.2). Next we give bounds for the integrand by two ways. When
o is away from 1/2, we estimate the integrand, using a bound (2.19) for (¢'/¢)(s)
(see Lemma 2.3). On the other hand, when o is near 1/2, we divide the integrand
into arg ((s) and arg(’(s). We know a well-known bound (2.23) for arg((s). We
estimate arg(’(s), using a bound for (’(s) (see Lemmas 2.4 and 2.6). Combining
these, we reach Theorem 1. To show Theorem 3, roughly speaking, we differentiate
(2.1), which follows from Littlewood’s lemma, with respect to b at b = 1/2. Then
we see that the error term for N;(T") is given in terms of arg ((s) and arg(’(s) on
Re(s) = 1/2 (see Proposition 3.1). Standard bounds for arg ((s) and arg(’(s) (see
(2.23) and Lemma 2.4) give Theorem 3.

Throughout this paper we assume RH and use the following notation. We denote
a complex variable by s = o +1it. p = % + 17y denotes the nontrivial zeros of ((s) and

p' = '+ 17 denotes the zeros of '(s), counted according to multiplicity.

2 Proof of Theorem 1

In this section we prove Theorem 1. First of all, we prepare a lemma, which is
essentially a collection of well-known facts related to zero-free regions for (’(s). Put
28

F(s) :=2°1%"'sin <%S> I'(1—s), G(s) = —IOgQC'(S).

Then we have

Lemma 2.1. Assume RH. Then there exist g < —1, tg > 10 and a > 10 such that
they satisfy the following conditions:

1. |G(s) = 1] < £(2)7/2 for any o > a.

2. |%,1(s)%(1 —38)| <27 for any 0 < 0g and t > 2.

3. |(F'/F)(s)| > 1 and (57)/6 < arg(F'/F)(s) < (7Tm)/6 mod 27Z hold for any
s =0+ it with og <o < 1/2 andt >ty — 1, where « < z <  mod 27Z
means x € |, e [o + 27n, B 4 27n).

Re(("/¢)(s) <0 foro <1/2 and t >ty — 1.

('(o +itg) #0 for any o € R.

((o +ity) # 0 for any o € R.

7. tg > —o0y.

SRR

Proof. First of all, we look for a constant a satisfying the first condition. Since
('(s) = =>7~ n*logn for Re(s) > 1, we have G(s) = 1+ O((2/3)7) as 0 — o0
uniformly on ¢ € R. Hence there exists a > 10 such that the first condition holds.
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Next we seek oy satisfying the second condition. Let s = o 4 it with ¢ < —1 and

t > 2. Then from Stirling’s formula we have

F’ I’

—(s) = log(2m) + gcot (%) — S (1—s) = —log|1 s + O(1).
Since |1 — s| > 1 — o, there exists A < —1 satisfying |(F'/F)(s)| > 1log(1 — o) for
any 0 < A and t > 2. Together with (¢'/¢)(1 —s) = —> .22 A(n)n~(=) where
A(n) is the von Mangoldt function, we have Fj(g)%(l —3)=0(27(log(1 — 0))™!) as
o — —oo uniformly on ¢ > 2. Therefore therg exists g < —1 such that the second

condition holds.

Finally for the above a and oy we look for t; satisfying the third to seventh
conditions. From Stirling’s formula we have (F'/F)(s) = —logt + O(1) as t — oo
uniformly for oy < o < 1/2. Hence there exists t; such that [(F'/F)(s)| > 1 and
(5m)/6 < arg(F'/F)(s) < (7m)/6 mod 27Z hold for any oy < o < 1/2, t > ;.
Concerning the fourth condition Spira [Spi2, p.149] showed that Re(¢'/{)(s) < 0
holds for o < 1/2, t > 164. Put t5 := max{|og|, t1, 164}. We take ty € [ta + 1,3 + 2]
such that ('(o + ity) # 0 for any o € [0g,a] and ((o + ity) # 0 for any o € [0, 1].
Then the third to seventh conditions hold for the above t.

When we choose a, g9 and ¢, as above, all the conditions in Lemma 2.1 are

satisfied. This completes the proof of Lemma 2.1. O

Proposition 2.2. Assume RH. Take ty and a which satisfy all the conditions of
Lemma 2.1. Then for T > to, which satisfies ('(o +iT) # 0 and (o +1iT) # 0 for

any o € R, we have

1 T T 1 /1 T
') = Zloglog — + — [ ~log2 —loglog2 | T —1i [ —
> (ﬁ 2) on 08108t o (2 0= 08 Og) 1(%)

0<y'<T
1 a

+— (—arg((o +iT) + arg G(o +iT))do + O(1),
27 1/2
where the implied constant depends only on ty and a. Here we take the logarithmic
branches so that log ((s) and log G(s) tend to 0 as 0 — oo and are holomorphic in
C\{p+A:C(p) =0 0oroo, A <0}, C\{p+X:(p)) =0 or oo, A <0}, respectively.

Proof. We take o¢, to and a as Lemma 2.1 and fix them. Take T" > t; which satisfies
('(c +iT) # 0 and ((0 +4T) # 0 for 0 € R. Let 6 € (0,1/2] and put b := 1 — 4.
We consider the rectangle with vertices at a + itg, a + ¢1', b+ ¢T" and b + ity. Then



applying Littlewood’s lemma (see [T1, §3.8]) to G(s) on the rectangle, we have

T T
o 3 (@ -b) = /log|G(b+it)|dt—/ log |G(a + it)|dt
t0<'YIST tO tO

—/ argG(a+it0)da+/ arg G(o +T)do
b b
= 11+IQ+]3+I4. (21)

Here we remark that, assuming RH, {’(s) has no nonreal zeros for Re(s) < 1/2 (see
[Spe, p.520] or [LM, §2]). We estimate I; uniformly for § as well as for T'. Since

| arg G(o + ity)| is continuous on the interval [0, a], we see that

Next we treat ;. From the functional equation ((s) = F(s)((1 — s) we have

('(s) = Fl(s)¢(1=5) = F(s)C'(1 =)
= F(5) ()01~ 5) (1 - ;(S)%a - s)) .

Therefore we have

T 2b T
L = / log dt+/ log |¢'(b + it)|dt
to 10g2 to

T
= (b10g2—10g10g2)(T—t0)+/ log |F'(b+ it)|dt

to

/Tl F,(b )| d Tl ! C,( b )| d
+ [ log|—=(b+it t+/ og |l — ———2(1—b—it)|dt
to F to %<b+lt)c
T
+/ log |((1 — b —it)]|dt. (2.2)
to
Stirling’s formula gives
log|F(b+it) = (~—b)log-t +0 (= (2.3)
& Y2 & or ) '
F t 3 1
—(b+it) = —log— + 2 O|l=).
F T Bor T T (t2)



Hence we obtain

/t;)T log |F(b + it)|dt (% - b) (T log % - T) +0(1), (2.4)

T F
log
J, el

T F/
—(b+ it)‘ dt = / Re (10g—(b+ it)) dt
to F

T T
t dt
loglog —dt + O
/to 08 208 2w + </to 12 logt)

T (T
= Tloglog o 27li (2—) + O(1). (2.5)

™

Next we treat the fourth term in (2.2). To do this, we consider 1 — f@%(l —s). It
follows from the second condition in Lemma 2.1 that it is hOlomorf;hic and has no

zeros in the region including o < 0o, t > 2. We note that the functional equation
((s) = F(s)C(1 — ) gives
!/ !
—%%u—s) — %%(s). (2.6)
By RH and the third and fourth conditions in Lemma 2.1, (2.6) is holomorphic and
has no zeros in 0p < 0 < 1/2, ¢t >ty — 1. Thus we determine log(1 — %,1(5)%(1 —9))
so that it tends to 0 as ¢ — —oo uniformly for ¢ > t; — 1 and is holomorphic in

o <1/2,t>ty— 1. Cauchy’s theorem gives

1 ¢ B
/Clog <1 - %Z(l - s)> ds =0, (2.7)

where C' is the trapezoid joining b + itg, b + i1, =T 4 ¢T and —ty + itg. From the
second condition in Lemma 2.1 we have
00
<</ 279do < 1, (2.8)

—T+iT 1 g/
/UO—HT lOg (]. — %E(l — S)) dS .

(/t0+it0 /0’0+it0) 1 1 CI ( ) d
+ og|l——=(1-s s
—T+iT —to+ito % (s) ¢

Applying (2.8) and (2.9) to (2.7), estimating the integral from o + ity to b + ity

trivially and taking the imaginary part, we obtain

< 1. (2.9)

T 1 C/ -
/;0 lOg 1—mz(1—b—ﬂf) dt
B b 1 CI .
= /UO arg (Wz(a —+ ZT)) do -+ O(l) (210)
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Here we used (2.6). From the third and fourth conditions in Lemma 2.1 we get

2 < ! CI( +14T) | < 2 d 27Z

——rn<arg| 5———=(c+1i < -7 mod 27
3" ="\ B +in) ¢ 3

for oy < 0 < 1/2. It follows from the choice of the logarithmic branch, the second

condition in Lemma 2.1 and (2.6) that arg(ﬁ%(aojLiT)) € (—n/2,7/2). Since
F(oo+i

[00,1/2) is connected and o — arg( iy 1+,T)%/(a+iT)) is continuous in ¢ € [0y, 1/2),
F o1

the image of this map is also connected. The connected component of UneZ[—§7T +
21n, 27+ 2mn] which arg(ﬁ%(ag—l—iT)) belongs to is [—(27)/3, (27)/3]. Hence
F(oo+i

for 09 < 0 < 1/2 we have

2 1o P

Applying this to (2.10), we obtain

T
/ log
to

Finally we treat the fifth term of (2.2). We note that |((1 — b —it)| = |(1 — b+ it)]

L S S S

TG dt = O(1). (2.12)

because ((3) = ((s). Since 1 — b > 1/2, Cauchy’s theorem gives

/, log ¢(s)ds =0, (2.13)

where C” is the rectangle joining 1 — b + itg, a + itg, a + i1, 1 — b+ iT. Here the
logarithmic branch is determined so that log ¢(s) = S°°, -~ 10lds for Re(s) > 1,

n=2 nslogn

and it is holomorphic in C\ {p+ A : ((p) =0 or oo, A < 0}. We have

a+itg
| tescps=oq),
1

—b+ito

/ " log ((s)ds =) AW Ty Z o),

2
tito ‘= n*log”n

Applying these to (2.13) and taking the imaginary part, we obtain

/ log|C(1 —b—it)|dt = — /a arg (o + iT)do + O(1). (2.14)

to 1-b



Applying (2.4), (2.5), (2.12) and (2.14) to (2.2), we have

21 ), (8= b)

0<~'<T

1 T T 1
= (z—b)Tlog— +Tloglog— + ( blog2 —loglog2 — (= —b) | T
2 2m 2m 2

—2rli (%) - /:b arg ((o +17T")do + /ba arg G(o +iT)do + O(1). (2.15)

Taking the limit 6 | 0, we complete the proof of Proposition 2.2. O

In view of Proposition 2.2 we need bounds for
20+iT /

¢ .
Tog? E(a + ZT)) . (2.16)

Here the argument in the right-hand side is taken so that log(—%%(s)) tends to 0
as 0 — oo and is holomorphic in C\ {z+ A : (¢'/{)(z) = 0 or co, A < 0}. Below we
give two bounds for (2.16).

—arg((o +iT) + arg G(o +iT) = arg (—

Lemma 2.3. Assume RH. Then for 1/2 < o < a we have

Qo +HiT loglog T
_ > T ) =0 2525~
arg( logQC(U—H )) ( i )7

2
where the implied constant depends only on a.

Proof. Since G(s)/((s) = —102;2%(5) — 1 as ¢ — oo uniformly for ¢t € R, we
can take ¢ > a + 1 satisfying 1/2 < Re(G(s)/((s)) < 3/2 for Re(s) > ¢. Let
o € (1/2,a]. If Re(G(u+iT")/¢(u+1iT")) vanishes qg/c = qa/c(0,T) times on u € [0, ],
then |arg(G(o + 4T /(o +iT))| < (ga/c + 2)m. To estimate gg /¢, we put H(z) =
Hr(z) = (S50 + S5)/2 and nyg(r) = #{z € C : H(z) = 0,]z — | < r}.
Since H(x) = Re(G(x +iT)/((x +iT)) for x € R, we have qg/c < ng(c — o) for

1/2 < o0 < a. For each o € (1/2,a] we take € = €, satisfying 0 < & < o — 3. Then,

since 0 — e > 1/2, H(z) is holomorphic in a region including |z — ¢| < ¢ — 0 + &.
Thus Jensen’s theorem (see [T1, §3.61]) gives

c—o+e nH(r) 1 27 0
/ —=dr = —/ log |[H(c+ (¢ — o +¢€)e)|df — log |H(c)]. (2.17)
0 r 2m Jo

We estimate the left-hand side as follows:

c—o+€ c—o-+e
/ nH(T)dr > / nH(r)dr > ny(c—o)log <1 + c )
0 c C - 0-

r Y r

3

> np(c—o)log <1 + ) > Cienglc— o),  (2.18)

1
¢ 2
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where C; > 0 is a constant depending only on c. Next we treat the right-hand side
of (2.17). It follows from [T2, Theorems 9.2 and 9.6 (A)] that RH implies
! logT
%(m +it)| =0 (xof ;) (2.19)
2

for T/2 <t < 2T and 1/2 < 2 < 2¢. Thus we have

1 2m )
—/ log|H(c+ (c — o +¢)e')|do
2 Jo

2

logT
< — log ( C do
271 Jy og( 2C—|—(C—O’+6)COSH—%>
1 [ 1
= log(CglogT)—Q—/ log (c+(c—a—|—a)cos€—§) do.  (2.20)
T™Jo

We estimate the integral. From Jensen’s theorem again we have

2

log <c+(c—a+5)cos€—%> df

2r Jo
| C_U+€+ 1 2“1 0 i 4 o c—% "
= log———+ — ogle” +e —_—
& 2 2m J, s c—o+e¢
c—0+¢
= 108 =77 L log" Jal +log" |3
c—o0+e¢ c—a
> Jlog—— >1
= 10g 9 = 108 5
_1
where a and 3 are the solutions of X +X ! +20fgj€ = 0 and log" z := max{log z, 0}.
Applying this to (2.20), we obtain
1 21 )
Dy / log |H(c+ (c — o +¢)e?)|df < Czloglog T, (2.21)
T Jo

where C3 depends only on a and ¢. Applying (2.18), (2.21) and H(c) = Re(G(c +
iT)/C(c+4T)) € [1/2,3/2] to (2.17), we obtain ng(c— o) < Cye ' loglog T. Putting
e = (0 — 3)/2, we establish Lemma 2.3. O

Lemma 2.4. Assume RH. Then for 1/2 < o < 3/4 we have

. B (log T)2(1—a)
arg G(o +1iT) = O ((loglogT)VQ .

Remark 2.5. For % + (bglolt;—gTT)Q <o <1—¢ with any given § > 0 we can replace

Lemma 2.4 by

' B (log T)Q(l—a)
arg G(o +iT) =0 < loglog T (2.22)
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though an estimate for ¢ near 1/2 is important and (2.22) is not needed for our

purpose. To prove (2.22), we note that RH implies

(10g T)Q(l—a) )

2.23
loglog T ( )

arg (o +1iT) = O(

uniformly for 1/2 <o <1 —0 (see [T2, (14.14.3) and (14.14.5)]). Applying Lemma
2.3 and (2.23) to (2.16) gives (2.22).

To show Lemma 2.4, we prepare the following lemma.

Lemma 2.6. Assume RH. Let A > 2 be fixed. Then there exists C' > 0 such that

) ‘ loe T 2(1-0)
|’ (0 +it)| < exp (C’ (% + (logT)l/lo))

holdforTElO,T/QﬁtﬁQTand%——§a<A

logT

Proof. We first prove

2(1—o0)
|¢(0 +it)| < exp (05 (% + (log T)l/m)) (2.24)

for § — pioer <0 < A+ 1, T/3 <t <3T. According to [T2, (14.14.2), (14.14.5)
and the first equation in p.384], (2.24) holds for 1/2 <o < A+ 1, T/3 <t < 3T.
Hence it is sufficient to prove (2.24) in the case 3 — loglogT < 0 < 1/2. From the

functional equation ((s) = F(s)((1 —s), (2.3), (2.24) with 1/2 < 0 < A+ 1 and
IC(3)| = |¢(s)| we have

(o +it)] = |F(o+it)||¢(1—o+it)]

1 t  Cs (log T')%* .
< ——o0 ) log — 2 (logT)"/*
< exp(<2 a) 0go-+ 5 +05<loglogT+(Og )

log T
< Cr————
- exp< 7loglogT)

2(1—0)
< exp (Cg (% + (log T)l/lo)) :

loglog T’

Here in the third and last lines we used 0 < 2 — o < 2/loglogT. Thus (2.24) also

holds for 3 — TogieT logT <o<1/2,T/3<t< 3T

We prove the lemma. Cauchy’s integral formula says

= L ()

2mi |z—s|=¢ (Z - 8)2

dz

for € > 0. Taking e = 1/loglog T and applying (2.24), we obtain Lemma 2.6. ]

11



Proof of Lemma 2.4. Let o € [1/2,3/4]. If Re G(u+iT) vanishes g = qg (0, T) times
on u € [0, al, then we have |arg G(o +iT)| < (g + 2)m. To estimate ¢, put X (z) =
Xr(z) = (G(z+iT)+G(z—iT))/2 and nx(r) := #{z € C: X(2) =0,|z—a| <r}.

Since G(35) = G(s), we have X(x) = ReG(xz + iT) for any x € R. Hence we have

gc < nx(a— o). We estimate nx(a — o). Let 0 <e=¢,7 <0 — % + From

1
loglogT*
Jensen’s theorem we have

a—o+e TL)((T) 1 2 )
/ dr — _/ log |X(a + (a— o +&)e®)|dd — log |X(a).  (2.25)
0 r 2m Jo

In the same manner as (2.18) we have

a—o+te
/ nXT(r)dr > Coenx(a — o). (2.26)
0

On the other hand, from Lemma 2.6 and G(5) = G(s) we see that

1 2w )
—/ log | X (a+ (a — o +¢)e™)|dd
2m Jo

2w 2—2(a+(a—o+e¢) cosh)
(logT) 1/1
< C log T)/10 ) ag.
= 10/0 < log log T + (log T')

Using
27
/ e reos0qh — 21 ly(x),
0

where [, is the Bessel function, and Iy(z) ~ e*/v/27mx as x — oo (see [GR, 8.431.3
and 8.451.5]), we obtain

2r (log T)Q(l—a—i—s)

(loglog T')3/2

log| X (a+ (a — o +¢)e)|do < Cy ( + (log T)l/lo) . (2.27)

27 Jo

Applying (2.26), (2.27) and 1/2 < X (a) = Re G(a+iT) < 3/2 (see the first condition
in Lemma 2.1) to (2.25), we have

1 (log T)2(170+5) .
— = log T)Y/10 ) .
nx(a—o) < 5 ( (log log 1772 + (log T

Taking e = 1/loglogT(< o — 1 +

— ). wer mma 2.4.
L e reach Le a24 O
loglogT /7

Proof of Theorem 1. Let 0 < e < 1/4. From Lemma 2.3 we have

a 2a+iT C/ 1
/ arg (— = (o + ZT)) do =0 (log log log T) .
B

. log2 ¢ €

12



It follows from Lemma 2.4 and (2.23) that

/2%(— C(o+1iT) + G(o +iT))do = O loi
o arg((o +1 argG(o +1 o= g(loglogT)l/g .

Applying these to Proposition 2.2 and taking ¢ = 1/log T', we obtain Theorem 1. [

Proof of Corollary 2. This is an immediate consequence of Theorem 1; see [LM,
Theorem 10]. O

3 Proof of Theorem 3

In this section we prove Theorem 3. We keep the notation in §2. Then,

Proposition 3.1. Assume RH. Then for T > 2, which satisfies ((o +iT) # 0 and
G(o +1iT) #0 for any 0 € R, we have

1 . 1 1
N{(T) = —log — — —7T+—7TargG (§+ZT) —i-%argC (§+ZT) + O(1),

where the arguments are determined in the same manner as Proposition 2.2.

Proof. We take oy, tg, a, d, T and b as in the beginning of the proof of Proposition
2.2. Replacing b by ¥’ = 1 — £ in (2.1), we have

T T
2m Z (B =v) = / log|G(b'+it)|dt—/ log |G(a + it)|dt

t0<"/,§T to to

— / arg G(o + itg)do + / arg G(o +i1")do.
v b

Subtracting this from (2.1), we have

TO(Ny(T) — Ni(to)) = /Tlog\G(b+it)|dt—/Tlog|G(b’+it)|dt

to to
b b
—/ arg G(a+it0)d0—|—/ arg G(o +iT)do
b b
= J1+ Jo+ J3+ J4. (31)

Clearly we have

Js = 0(5). (3.2)
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Next we treat J; + Jo. From (2.2) we have

J1+ Jy

= (b= )T —ty)log2+ (/Tlog\F(b—i—itﬂdt— /Tlog|F(b’+z't)|dt>

to to
+</T1 d
0g
to F

/ T
—(b+it)‘dt—/ log
to

F/
F(b’ + it)‘ dt)

' L Capa

+ / log |l — ————=(1—0—1t)|dt
to E(b+it) ¢

T 1 /
/to 8 %(b’+it)(< )

T T

+(/ 10g|§(1—b—z’t)|dt—/ 1ogyg(1—b/—it)|dt)
to to

0
= —§<T—t0)10g2—|—K1+K2—|—K3—|—K4, (33)

where K; denotes the j-th brace. We deal with K. We define a branch of log F'(s)
forO0<o<1landt>0by

log F(s) :== slog2+ (s — 1) logm + log (sin (%)) +logI'(1 — s), (3.4)

where

TINnS

TS TS e e
og [ sin 5 5 og 2+ 5 El n

and logI'(1 — s) is a holomorphic function in the strip 0 < o < 1 satisfying log I'(1 —
o) € R for any ¢ € (0,1). It follows from Cauchy’s theorem that

/ log F(s)ds = 0,
c

where C'is a path joining O/ + itg, b’ +iT, b+ T and b + ity. Taking the imaginary

part, we have

b b
K, = —/ argF(a—i—iT)da+/ arg F'(o + itg)do.
b b
Applying Stirling’s formula to (3.4) and taking the imaginary part, we have

T
arg F'(o +iT") :—TloggjLT—l—O(l)

14



uniformly for 0 < o < 1. This, together with arg F'(o + ity) = O(1), gives

K, = g (Tlog - T) +00). (3.5)
Next we treat K. Since all the zeros and poles of F(s) lie on R, (F'/F)(s) has no
poles in t > 0. From the third condition in Lemma 2.1 we can define a branch of
log(F'/F)(s) for 0 < 0 < 1/2 and t >ty — 1 by arg(F'/F)(s) € [(57)/6, (Tr)/6].
Applying Cauchy’s theorem to log(F’/F)(s) on the path C' and taking the imaginary
part, we have

Ky = — /bb/ arg (%(0 + z’T)) do + /bb, arg (%/(a + z’to)) do = 0(5).  (3.6)

Here in the last equality we used the choice of the branch.
Next we deal with K3. We define a branch of log(1 — F,l( )%(1 — 5)) in the same
F S

manner as (2.7). Then it is holomorphic in the {o + it : 0 < 0 < 1/2,t > t; — 1}.
Applying Cauchy’s theorem and taking the imaginary part, we have

v 1 C/ .
K3 = —/b arg(l—wz(l—a—zT)> do

4 1 ¢ .
_|_/b arg (1 — mz(l —0— zto)) do.

Applying (2.6) and (2.11), we obtain
K3 = 0(0). (3.7)

Next we treat K4. We define a branch of log ((s) in the same manner as (2.13). We
note that 1 —b > 1 —0 > 1/2 and [((5)| = [((s)|. Applying Cauchy’s theorem to
log ((s) on the rectangle with vertices at 1 — b + itg, 1 — b+ 4T, 1 — ¥ + iT and
1 — b + ity and taking the imaginary part, we obtain

b
Ky = /1 arg ((o +iT")do + O(0). (3.8)
1-b/

Applying (3.5)—(3.8) to (3.3), we obtain

1-b
Ji+Jy = g (Tlog% —T) +/ arg ((o +iT")do 4+ O(9). (3.9)
1-v/
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Applying (3.2) and (3.9) to (3.1), we get

T T T 1 [
N(T) = o lgE——qL% arg G(o +T)do

1-b
+—/ arg (o +iT")do + O(1).
70 Sy
Taking the limit 6 | 0, we complete the proof of Proposition 3.1. O]

Proof of Theorem 3. Applying Lemma 2.4 and (2.23) to Proposition 3.1, we imme-
diately obtain the desired result. O]

Remark 3.2. From computational analysis Skorokhodov [SK, §7.6] conjectured

T log 2
27
which is a modification to a conjecture by Spira [Spil, §3]. From (1.4) and Proposition

3.1, RH implies

B Tlog2 1 Q%HT ¢ (1

for T > 2. Here we take a branch in the same manner as (2.16). Under RH, (3.10)

li;;T %( +4T")) is bounded. However, at present under RH

23T ¢ /1] log T
(G o) e

Liir ] ) . .
227 ¢ (L4+4T)) into arg (3 +4T) and arg(— 227 ¢/(§+iT))

and applying Lemma 2.4 and (2.23), we obtain (3.11).

N(T) £ N(T) + +0(1), (3.10)

is equivalent that arg(—

we only have

In fact, separating arg(—

With some more efforts, we might replace the error term in (3.11) (and in Theorem
3) by O(logT/loglog T') under RH. However, in view of (2.23), there is a barrier to
further improvement. To overcome this difficulty, we will need a new method of
giving a bound for arg(— Q;;T CC/( +4T")) by properties of ({'/()(s) instead of those
of {(s) and ('(s).
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