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Abstract

We introduce the zeta Mahler measure with a complex parameter, whose derivative
is a generalization of the classical Mahler measure. We study a fundamental theory of
the zeta Mahler measure, including holomorphic regions and transformation formulas.
We also express some specific examples of zeta Mahler measures in terms of hyperge-
ometric functions.
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1 Introduction

For a nonzero Laurent polynomial f(X;,...,X,) € C[X;", ..., X*!] the associated (loga-

rithmic) Mahler measure m(f) is defined to be

1 1
m(f):/ / log |f(e*™, ..., e*™)|dt, - - - dt,.
0 0

It is known that the Mahler measure has interesting connections with zeta/L values, (mul-
tiple) polylogarithms and multiple sine functions, see [B, D, L1, L2, O, RV, S, V] and the

references therein.

*The author was supported by JSPS Research Fellowships for Young Scientists (PD).



In this paper we introduce the following zeta Mahler measure. For a nonzero Laurent
polynomial f(X1,...,X,) € C[X{, ..., X*!], the associated zeta Mahler measure is defined
by

1 1 ‘
Zisiyi= [ o [ U@t (L1)
0 0

The integral converges absolutely in Re(s) > oo(f) for some oo(f) < 0, as explained in §2

below. Since

0.5 =mlh) (12)

% can be regarded as a generalization of the Mahler measure.

! The first purpose of this

paper is to investigate fundamental properties of the zeta Mahler measure, including conver-
gent domains of the integral (1.1) and transformation formulas. The second purpose is to
express some specific examples of zeta Mahler measures in terms of (generalized) hypergeo-
metric functions. We will explain the fundamental properties in §2. In this section we state
our results on specific examples of zeta Mahler measures. From Jensen’s formula, Mahler

measures for one variable polynomials f(X) = a H?Zl(X —a;) € C[X]\ {0} is evaluated as

d

m(f) =logla| + ) log" |ay], (1.3)

j=1
where log™ z := max{logz,0} for x > 0. Since m(X"f) = m(f) for any n € Z, Mahler
measures for one variable Laurent polynomials can be evaluated in terms of their zeros lying
in {o € C: |a| > 1}. On the other hand, it is difficult to calculate zeta Mahler measures
for general one variable Laurent polynomials. But we can calculate two examples of zeta

Mabhler measures for one variable Laurent polynomials as explained below.

Theorem 1. Let a € C and put f(X) = X + a. Then,
(1) when |a| =1, for Re(s) > —1 we have

)

L T
__os_—1/2 ~\ 2 /
Z(s, f) =2 F(%—I—l)

"'When we interchange differentiation and integration in (1.2), we have to pay attention to singularities

of the integrand. See §2 for a rigorous treatment.



(2) when |a| # 1, for s € C we have

5 s s 1 2a| \?
Zis, ) = (la? + )°F (‘Zy ot () ) ,

where F(a, B;7; z) = o F1 (v, B;7; 2) is the hypergeometric function given by

Flo,Biyi2) =3 2 ; (12 < 1), (1.4)
n=0 n '

and (a)o :=1, (@), :=a(a+1)---(a+n—1) (n € Z>1) is the Pochhammer symbol.

In the case |a| # 1 it is not easy to see that Theorem 1 is compatible with (1.3). For
la| # 1, Z(s, X + a) also has the following expression, from which we easily understand the

compatibility.
Theorem 2. Suppose that a € C satisfies |a| # 1. Then we have

lal*F(=3,—5: 1 lal™?) if o] > 1,
Z(s,X +a)= 22

F(=3,—5:1;a?) if fa] < 1.

Remark 1.1. From Theorem 1 (1) and Theorem 2 together with (1.4), we easily recover
(1.3) for f(X) = X +a, that is, m(f) = Z'(0, f) = log™ |al.

In the case |a| # 1, Z(s,X + a) has the following functional equation between s and

—5—2
Theorem 3. For f(X) = X + a with |a| # 1 we have the functional equation
Z(=s=2,f) = |la* = 17" Z(s, f).
We also treat zeta Mahler measures for f(X) =X + X!+ k with k € R.

Theorem 4. Let k € R and put f(X) =X + X' + k. Then
(1) when |k| > 2, for any s € C we have

Z(s, f) = (W)SF (—s,—SS I (wy) .
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(2) when |k| =2, for Re(s) > —1/2 we have
I'(s+3)

— AS.—1/
Z(s, f) =4°r 12F(s+1)'

(3) when |k| < 2, for Re(s) > —1 we have

1 T(s+1) s (11 32—k
Z(s, f) = Wm(@ k) 2F(§’§’S+§’T)

! 11 3 2+k
s+5 - . _.
+ (24 k) 2F(2,2,s+2, 1 ))

Remark 1.2. When £ € R satisfies |k| > 2, from Theorem 4 together with (1.4) we recover
(1.3) for f(X) = X + X4k, that is, m(f) = Z/(0, f) = log(EE—2 2k274) On the other hand,
it is difficult to recover (1.3) in the case —2 < k < 2. But (1.3) and Theorem 4 (3) produce

the following nontrivial formula for £ € R, |k| < 2:

12 (5)n 2+ k\"
2+K)" Z n!(n+%)(m+%)( 4 )

m,neE”L
0<m<n
(3)n 2—k\"
+ (2- k)2 2
m;Z n!(n—l—%) m+%) 4
0<m<n

V2 —k

= 4rlog?2 + 4 arcsin ( ) log(2 + k) + 4 arcsin ( > log(2 — k), (1.5)
where arcsin takes a value in (—7/2,7/2). See §3.2 for the proof of (1.5).
In the case k € R, |k| > 2, Z(s,X + X! + k) has the following functional equation:

Theorem 5. Suppose that k € R satisfies |k| > 2 and put f(X) = X + X' + k. Then
Z(s, f) satisfies the following functional equation:

Z(—s—1,f) = (K —4) "2 Z(s, f).
We also treat the 2-variable Laurent polynomials as follows:

Theorem 6. Suppose that k € R satisfies |k| > 4 and put f(X,Y) = X+ X' +YV+Y 1 +k.

. 1 s —s+1 4\?
Z(Saf)_|k| 3F2 <§a_§a 9 717]-’(E) )a

Then we have




where 3Fy is the generalized hypergeometric function defined by

Fafar,az, 00, i) i= 3 RS () <), (1.6)

Remark 1.3. The Mahler measure for f(X,Y) := X + X' +Y +Y~! 4+ k was studied by
Rodriguez-Villegas [RV, §15]. His method [RV, §11] is extendable to our cases, see [KLO,

n=0

§6.1] for the proof of Theorem 6 along with his method. But in the case —4 < k < 4, in
which f has zeros on T?, his method is not applicable. Our proof has potentialities to treat

such a case.

We end the introduction by mentioning j-higher Mahler measure

1 1
mo(p)i= [ [ oml e

recently introduced and studied by Kurokawa-Lalin-Ochiai [KLO]. According to [KLO],
m;(f) are related to (multiple) zeta values for some polynomials f. For example, they

obtained

m(X 1) = (PN o S )

h>1 b1,...,bp>2
by++++by=j

where the (b1, ...,by) are multiple zeta values defined by

C(blw"abh): Z ﬁ

0<ny <---<np, Ny ooy

As was pointed out in [KLOJ, m;(f) are the Taylor coefficients of Z(s, f) as follows:

Z(s, f) = Z m;('f)sj

From Theorems 2 and 4 together with results on generating functions for sums of multiple
polylogarithms obtained by Ohno-Zagier [OZ] (see (3.14)), we can express m;(X + a) and
m;(X + X'+ k) with |k| > 2 in terms of multiple polylogarithms. For example, we have

Theorem 7. For j > 2 and a € C satisfying |a| < 1 we have

- 1
m;(X +a) = (—1)']! Z 20G-n-1) Z L., an,2)(|a’2)7
I_1<n<j-2 (€15sen)€{L,2}"
#{i:e;=2}=j—n—2



where
t"h

Lpy,..on)(t) = 0<n;<nh W
This paper is organized as follows. In §2 we develop a fundamental theory for the zeta
Mahler measure, including absolutely convergent and holomorphic regions, transformation
formulas and the validity of (1.2). In §3 we prove Theorems 1-5, (1.5) and Theorem 7. In
§4 we treat zeta Mahler measures for (X; +X; ') +---+ (X, + X 1) +k, including the proof

of Theorem 6.

Notation For convenience we collect the notation frequently used in this paper.

F = 5F;: the hypergeometric function given by the analytic continuation of (1.4) to z €
C\ [1, 00).

3Fy: the generalized hypergeometric function given by the analytic continuation of (1.6) to
z€ C\[1,00).

S,: the symmetric group on {1,...,r}.

1-: the Lebesgue measure on R”.

T": the r-dimensional torus given by {(z1,...,2,) € C" : |z| = -+ = |z,| = 1}.

2 Fundamental properties of the zeta Mahler measure

In this section we will give fundamental properties of the zeta Mahler measure. In some
parts of this section we refer to [EW, Chapter 3], which establishes fundamental properties
of the classical Mahler measure.

First we consider absolutely convergent and holomorphic regions of (1.1) and the validity

of (1.2). For Laurent polynomials f € C[Xlﬂ, ., XA\ {0} we define ao(f) by
1 1 ' '
oo(f) := inf {a eR: / / |f(e2™ e dt, - dty < oo} € RU{—o0}.
0 0

We remark that oo(f) < 0 because fol e fol |f(e?mit . 2™t |0dt, .. dt, = 1 < oo.



Proposition 2.1. Let f € C[X{!', ..., X ']\ {0}. Then the integral in (1.1) converges
absolutely and locally uniformly in Re(s) > oo(f). In particular, in Re(s) > oo(f), Z(s, f)

18 holomorphic and we have
d"Z ! ! 2mi 2mi 2mi 2mit,\ |\ k
s ) :/ / F(e2mit 2ty (log | F(e2™h 2Tt \Vrdt, - - dty.
0 0

Proof. Let ¢ > 0, R > max{10, oo(f) + ¢} and oo(f) + ¢ < Re(s) < R. Then, by the
definition of oo(f), there exists § = 0(f,¢) € [0, ) such that

1 1
/ / ‘f(ezmtl,---,€2mtr)|00(f)+6dtr"-dtl < 00, (21)
0 0
We divide [0, 1]" into

XI(f) = {(ty,....t,) €[0,1] | f(e*™ ... ¥ > 1}, (2.2)
X (f) = {(t,...,t,) €0, 1] : |f(e*™™, ... *™r)| < 1} (2.3)

If (t1,...,t.) € X,;7(f), then we have

Hf(627rit1, o ,627ritT)|5’ S \f(e%itl, o 7627ritr)‘Re(s)
S |f(62mt1, o 76271'1'15,-) R S ]\413!7
where M := max(, . .)er |f(21,...,%)|. Note that the maximal value M exists because

T" is compact. On the other hand, if (¢1,...,t.) € X (f), then we have
Hf(e27rz‘1517 o ,627rit“">|s’ < |f<€2mt1, o ’€2m'tr)|ao(f)+6.

From p,.(XF(f)) <1 and (2.1) we have

// MRdtr---dt1+/---/ |f(e¥mit o e2mitr)| oDt L dty < oo
X (f) X7 ()

This completes the proof. O

We give an estimate of oo(f). First, we easily see that

oo( X7 - X f) = oo(f) for any (mq,...,m,) € Z", (2.4)
ou(f7) = ou(f) for amy 7 € 6, (2.5
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where for f(Xi,...,X;) == 3 ez C()X]" - X0 we define f7(Xy, ..., X,) =

Le=\Itlyeery

D n=(n1,.n)ET" c(@)Xf(ll) - X7, From (2.4) it is sufficient to consider oo(f) for polyno-

.....

mials only. In order to state the results, we introduce some more notations. As usual,

for f(X1,...,X;) = >, asocny,...,n) X X € CIXy, ..., X,] \ {0} we denote

deg(f), degy, (f) by deg(f) := max{ni+---+n, : c(n,...,n,) # 0}, degy (f) = max{n) :

c(ny,...,n,) # 0 and n; = n) for some (ny,...,n,) € (Zzo)"}, respectively.

Definition 2.2. For f(X,...,X,) € C[X,..., X,]\ {0} we define d,(f) inductively by
di(f) = des(f) ifr—1,
dr(f) = degx, (f) + dr-a(g) ifr>2,

where g(X1,...,X,_1) € C[Xq,..., X, 1] \ {0} is the coefficient of xpesxe ! go f. We also
define d™"(f) by

d;""(f) = min d(f7).
We note that d™*(f) < d.(f) < deg(f). Estimates of oo(f) are given as follows:

Theorem 8. Let f(Xi,...,X,) € C[Xy,..., X, \{0}. Then

(1) oo(f) = —1/d™(f).
(2) If f does not vanish on T", then oo(f) = —o0.

Remark 2.3. Theorem 8 (1) is a crude bound because oo(f) should be determined not by

the degree of f but on the behavior of f near its zeros on T".
Combining Proposition 2.1 and Theorem 8 (1), we obtain
Corollary 2.4. Equation (1.1) is valid for any f(X,,...,X,) € C[X{!, ..., X\ {0}.
For the proof of Theorem 8, the following lemma is crucial.
Lemma 2.5. Let f € C[X{, ..., X*]\ {0}. Then there exists C = C,(f) > 0 such that
pr({(te, ... ) € [0, 1]« | f(e2™h, ... ¥ <e}) < Cel/am () (2.6)

for any £ > 0.



Remark 2.6. This lemma is essentially due to Everest-Ward [EW, p.58, Lemma 3.8]. But
they did not give an explicit exponent for e. We will give the exponent 1/d™"( f) using their
method.

Remark 2.7. For one variable (Laurent) polynomials, there is a stronger bound due to

Lawton [Law, Theorem 1] than (2.6).

Proof of Lemma 2.5. From (2.5), it is sufficient to show that the left hand side of (2.6) is
bounded above by Ce'/% (/) for some C' = C,(f) > 0. We prove this by induction on 7. We
consider the case r = 1. Let f(X) € C[X] be nonzero polynomials with degree d = d;(f).

We factorize f(X) as
d

FX)=a][(X —g))

=1
with @ € C* and ¢; € C. Take z € C with |f(z)| < e. Then, since ]szl(z —g;)| < lal™ e,

there exists j € {1,...,d} such that |z — g;| < (Ja|~'e)¥/4. Hence, we have

pa({t €10,1] - [f(e™)] < e})

< (U{t € [0,1] £ [ — gy < <|a|-1e>1/d}>

j=1

< > mte 0.1 e — gl < (o] o))

= Zm({t € 0,1 : [e*™ — |g;I| < (Ja"'e)"/}). (2.7)

In the last equality we used the periodicity of e*™®. We assume that ¢ € [0,1] satisfies
€2 — |g,]| < (Ja|"te)¥4. Then we get ||g;| — 1| < (la|~*e)'/? by the triangle inequality. By
the triangle inequality again, we obtain [e2™ — 1| < [e™* — |g;|| + ||g;] — 1| < 2(|a|te)¥/4.

Hence, (2.7) is estimated above as

< Y om(teD.1]: e 1] < 2(a| o))

d

_ Z”l({t € [0,1] : sin(mt) < (|a|_15)1/d})

j=1



d

= 23 ju({t € [0,1/2) s sin(nt) < (|a| ')/}

j=1
d

< 2y m{te0.1/2]:t < (ja]"e)?/2})

j=1
< d’arl/dé‘l/d.

Here, in the fourth line we used sin(nt) > 2t for any ¢ € [0,1/2]. Hence we obtain the lemma
in the case r = 1.
Let » > 2 and suppose that the lemma is true for » — 1. Let f be r-variable nonzero

polynomials. For (z1,...,2,_1) € C"™! we factorize f as

—:

flzr, oz, Xy) = alz, oy zemn) | (X — 95(21, -0 2021)

<
Il
—

where m = degy (f), a(X1,...,X,1) € C[X4,..., X, 4]\ {0} is the coeflicient of X" for f

and g; are suitable branches of algebraic functions. Let £’ > 0. We divide the left hand side

2mity 27ty 1 )
N

of (2.6) into two parts according as |a(e e | <& or > ¢'. From the assumption

of the induction we estimate the former part as follows:

i ({(t o 8) € [0,1)7 1 (€20, e2in)| <o, Ja(e®™, .., e2mit1)| < &})

< Cr—l (CL) (éJ)l/d,«((l) )
On the other hand, the latter part is estimated by

pr({(ty, .. t,) €10,1]7 : [f(e2™, ... ™) < g, Ja(e™, ... e*r=1)| > €'})
r = Tt wit1 ity — €
< M ({(th...,tr) € [0,1] :jl;[l|62 b — g€ i) < g}) - (2.8)
In the same manner as the case 7 = 1, (2.8) is bounded above by m(e/e’)'/™. Hence the left
hand side of (2.6) is
< G (@)(&) /51 e/

dy_1(a)
Taking &’ = ¢ -1+ " we obtain the desired result. O

10



Proof of Theorem 8. (2) Since T" is compact, there exist m and M such that 0 < m <
|f(z1,...,2)| <M for any (21,...,2) € T". This implies o¢(f) = —o0.

(1) It is sufficient to prove

1 1
/ / |f(e*™ . e*™ ) |7dt, - - - dt; < 0o
0 0

for any o € (—1/d™®(f),0). We divide [0,1]" into X,7(f) and X, (f), which are given by
(2.2) and (2.3), respectively. We first consider the integral on X (f). Since f is bounded on

T", we have
/+ |f(e*™ P dt, - - - dty < oo.
X7 (f)

On the other hand, from Lemma 2.5, the integral on X, (f) is estimated as follows:

/X_(f) ’f<€2m't17“" 2Mtr)‘adt d

_ 2mity 27rztr o
_ Z/ e ME e,

n=0 2— (n+1)<|f( 27itq 27mt’,»)‘<2—n

.....

< 22 o) ({(ty, .. 1) € 0,17 ¢ [ f(e2mh ... €2t < 27
S 22 o(n+1) n/dmm( ) < 0.

Hence we obtain Theorem 8 (1). O

Next we give transformation formulas for zeta Mahler measures. Let A € M,.(Z)NGL,(Q)
and f(X) = Zn:(nl .....
X% = X" - X" and ¢(n) € C such that ¢(n) = 0 except for at most finitely many n € Z".
Then f(X) € C[X{!, ..., X! is defined by

nyeze €(n)X™ be Laurent polynomials, where X := (Xi,...,X,),

X = ) )X
where nA is the usual product of matrices. Then zeta Mahler measures have the following
properties:

Theorem 9. (c¢f. [EW, Ezercise 3.1.]) Let f(X,,...,X,) € CIX{™, ..., X'\ {0}. Then
(1) Z(s,1) =1 for any s € C.

11



(2) Z(s,af) = |a|*Z(s, f) for any a € C* and Re(s) > ao(f).
(3) Z(s, f*) = Z(ks, f) for any k € Z>, and Re(s) > oo(f)/k.
(4) Z(s, f\V) = Z(s, f) for any A € M,(Z) N GL,(Q) and Re(s) > max{oy(f), oo(f)}.

Remark 2.8. A property corresponding to m(fg) = m(f) + m(g) seems absent for zeta

Mahler measures.

Proof. 1t is easy to show (1)-(3). We prove (4). We restrict s to Re(s) > 0 and finally we
relax this restriction by analytic continuation (see Proposition 2.1). First, we easily see that

for any A, B € M,(Z) N GL,(Q) we have fAB) = (fA)B) in particular,
Z(s, f) = Z(s, (F9)D).

We also note that any nonsingular matrices A € M,.(Z) N GL,.(Q) can be expressed as the
product of some matrices of the following three types (i), (ii), (iii): (i) = x r lower triangle
nonsingular matrices with integer entries, (ii) r X r upper triangle nonsingular matrices
with integer entries, (iii) (0;r(j))1<ij<r for transpositions 7 = (k [) € &,, where d;; is the
Kronecker’s delta. This fact follows from elementary row operations of matrices combined
with the Euclidean algorithm; see [M, p.33, Theorem 22.3]. From the above facts, it is
sufficient to show (4) for type (i)-(iii) matrices. We easily see that (4) holds when A are type
(iii) matrices. We treat type (i) matrices. Suppose that A = (a;;)1<ij<r € M, (Z) N GL,(Q)
satisfies a;; = 0 for any i < j and put f(X) := > s c(n)X™ Then we prove Z(s, fA)Y =
Z(s, f) by induction on r. When r = 1, we have A = (a) € M,(Z) with a € Z\ {0}. Then
we have fW(X) =3, c(n)X. If a > 0, then we have

S S

Z(s, fA) = /0 Zc(n)e(nat) dt = é/oa Zc(n)e(nu) du
1271 k4l s 1 1 5
= - c(n)e(nu)| du = —a c(n)e(nu)| du= Z(s, f),

where e(z) := €™, If ¢ < 0, changing the variable ¢’ = 1 — t reduces to the case a > 0.

Hence, we obtain the desired result in the case r = 1. Let 7 € Zs,. Then we have f4)(X) =

12



S ez ) XM (XX (X1 X2 ). Hence we have

s

1 1 T
Z(S, f(A)) = /0 o \/0 Z c(@)e (Z 7’Lj<aj1t1 R o Cijfj)) dtr R dtl
j=1

nezr

Changing the variable ¢, by u, = a,1t; + - - - + a,,t, together with the same argument as the

case r = 1, we have

Z(s,f(A)):/Ol---/Ol/Ol

r—1
Z <Z c(n, nr)e(nTur)) e (Z nj(ajits + -+ ajjtj)> du,dt,_1 - dt;
j=1

'=(n1,....,npr_1)EZ"~1 \n,€Z

N / | Z(s, (fu)™))du,,
0

I3

[
where A" .= (aij)lgid‘gr_l and

ﬁh- (Xh s 7X7”—1) = Z (Z C(ﬂl, nr)e(nrur)> X{Zl T X:L:Il

n'=(n1,....,nr—1)€Z"~1 \nr€Z

Applying the assumption of the induction to Z(s, (ﬁr)(A')), we obtain the desired result.

In the same manner, we obtain Theorem 9 (4) for (ii) type matrices A. O

3 Examples of zeta Mahler measures for one variable

In this section we show Theorems 1-5, (1.5) and Theorem 7.

3.1 Zeta Mahler measures of X + a for a € C

Proof of Theorem 1. When a = 0, by definition we have Z(s, f) = 1 = 1%/2F(1/2,0;1;0),
that is, Theorem 1 holds. We consider the case a € C\ {0}. For t € [0, 1] we have

€™ +al* = (cos(27t) + Re(a))® + (sin(27t) + Im(a))?

= |a|* + 1+ 2(Re(a) cos(27t) + Im(a) sin(27t)).

13



Here, there exists 6 = 0(a) € [0, 1] such that cos(276) = Re(a)/|a| and sin(270) = Im(a)/|al.
Hence we have

|e*™ 4 a|? = |a* + 1 + 2|a| cos(2n(t — 0)).

Therefore, we have
1
Z(s, f) = / (Ja|? + 1 + 2|a| cos(2n(t — 0)))*/2dt
0

2 ) [ 2|al is
= (|a +1)S//0 <1+|a|2+1c08(27rt)) dt. (3.1)

When |a| = 1, for Re(s) > —1, (3.1) becomes

Z@j)zzQ”{A%l+am@ﬂD”%t

1 1/2
= 28/ |cos(7rt)|sdt:2s+1/ (cos(mt))*dt
0 0

s 1 s
_ W21 = )2y = 2—B (s +1 1)

T Jo s 2 72
TN/, T
™ ITG+1 LG+1)

Here, in the fourth equality we put u = cos?(nt). Hence we obtain Theorem 1 (1).
We turn to the remaining case |a| # 0, 1. From the binomial expansion, (3.1) is calculated

as follows:

Z(s, f) = (ya|2+1)s/2i (‘97/1 2) <|a|22|ﬂ1>n /0 ' cos™ (2mt)dt. (3.2)

n=0
Here, the interchange between the sum and the integral is justified from 2|a|/(|a|* + 1) < 1.
Recall that

1 . 0 n: odd,
/ cos” (2mt)dt = (n— 1)l
0 T n: even,
which follows from integration by parts. Here (2k)!! := 2k(2k — 2)---2, (2k — D!l :=

(2k —1)(2k —3)---1 and 0! = (—1)!! := 1. Applying this to (3.2), we obtain

Z(s, f) = (Ja* + 1) ﬂii(;ﬂ) "‘fﬁ'(maﬂl)%. (3.3)

n=0

14



For any n € Z>, we have

(3/2) (2n — )N
2n (2n)!!
36-1)- (%—2n+ 1) (2n —1)N
) (2n)!!
1) (o34 20— 1)
2n))?
(35 12) (542 - D5+ (=3 +8) - (-5 +20-1))
227(1),n!
2" (=D (=1 3)n) _ EDn(=i+

227(1),,n! (1),n!

Applying this to (3.3), we obtain Theorem 1 (2). O

Proof of Theorem 2. According to [Le, p.251, (9.6.5)], we have

—2a
1 1+vV1— 1—-+v1—
Floa+z;v2) = s F 2a72a—7+1;7;—z
2 2 1+vV1-2

(larg(l = 2)| < 7).

Put = —s/4,y=1and z = (|a2||2‘11)2 and use /1 — 2z = ||a]? — 1]/(|a* + 1). O

Proof of Theorem 3. Applying

Fla,B;7;2) = (1= 2" PF(y—a,y = B;7;2)  (larg(1—2z)| <) (3.4)

[Le, p.248, (9.5.3)] with a = 8 = —s/2, v =1 and 2z = min{|a|?, |a| "%} to Theorem 2. [

3.2 Zeta Mahler measures of X + X '+ k for ke R

Proof of Theorem /. Let k € R and put f(X)= X + X! + k. Then we have
1
Z(s, f) = / |2 cos(27t) + k|*dt.
0

From this, we easily see Z(s, X + X' + k) = Z(s,X + X' — k). Hence, it is sufficient to

prove Theorem 4 for £ > 0. We continue to calculate Z(s, f) as follows:
1 1/2
Z(s, f) = / 12(2 cos®(mt) — 1) + k|*dt = 2/ |4 cos®(mt) + k — 2|°dt.
0 0

15



We replace the variable ¢ by u = cos?(wt). Then, since dt = —du/(2ru'/?(1 —u)"/?), we have

1 1
Z(s, f) = —/ w2 (1 — u) V2 |4u + k — 2)°du. (3.5)
0

™

First we treat the case k > 2. Since in this case 4u + k — 2 > 0 holds for any u € [0, 1],

we have
2.5 = & ;2)8 /0 w21 — )12 (1 + : 2u> du. (3.6)
Applying
Fla,B;7;2) = %/0 P71 = )P — )t (3.7)

v —
(Re(y) > Re(B) > 0, |arg(1l — 2)| <)
[Le, p.240, (9.1.6)] with « = —s, =1/2, v =1, 2 = —4/(k — 2) to (3.6), we get

s I 4
Z(S,f) = (k—Q) F (—575,1,—m) .

The formula [Le, p.253, (9.6.12)]

—2a 2
Flagi2si) = (220 F(a,a—m%;m%; = Vi:j))

(|arg(l — 2)| <m, 26 # —1,-3,-5,...)

with a = —s, 8 =1/2, z = —4/(k — 2) leads to Theorem 4 (1).
Next we deal with the case k = 2. Since Z(s, f) = Z(s, X2 +2X +1) = Z(25, X + 1), we
immediately obtain Theorem 4 (2) from Theorem 1 (1). Finally we treat the case 0 < k < 2.

From (3.5) we have

2—k
|
Z(s, f) = ;/0 ' w21 —w) V(2 — k — du)idu
1

™

+ = / wY2(1—w) Y2 (4u + k — 2)*du (3.8)

4

We calculate the first integral. Replacing u by %u, we have

2—k

/ ' w V21— u) V(2 — k — du)idu
0

16



1

- st+35 1 - -1/2
= &/ uw?(1—w)® (1 2 ku) du
0

2 1
B 7r1/2(2—k;)5+%1“(3+1)F 11 +3.2—k: (3.9)
- 2 T(s+3) \22°" 271 ) '

Here, in the last equality we used (3.7). Next we calculate the second integral in (3.8).

k+2

U, we have

Replacing u by 1 —

1
/ u V21— u) V2 (du + k — 2)%du

—k

4

s+1 1 -1/2
M/ u—l/?(l_u)s (1_ 2+ku) du
0

2 4
R4kt D(s+1) (11 324k
= F=,2s+2, 2200, 1
> (s +2) <2’2’8+2’ 1 ) (3.10)

Here, we used (3.7) in the last equality. Applying (3.9) and (3.10) to (3.8), we obtain
Theorem 4 (3). O

Proof of Theorem 5. Suppose that k € R satisfies |k| > 2. Then, applying (3.4) with o =
B=-s,v=1,2={(|k| — VK% —4)/2}* to Theorem 4, we obtain the desired result. O

Proof of (1.5). Let f(X) = X+X"'+kwith —2 < k < 2. Then, from (1.3) and |=EEYE=1] =
1 we have

Z'(0, f) = m(f) = 0. (3.11)

We calculate the derivative of Theorem 4 (3) at s = 0. For this purpose, for 0 < z < 1 we

evaluate I'(s + 2)7'F(1, 4;s 4 2; x) and its derivative at s = 0. We casily see that

3\7" /11 3 2 113
r e Fl=Z = <. - _~ pFlZ Z.Z
(5+2) (272’S+2’x)‘ L, P (2’2’2"%)
2

= COEE arcsin(z1/?). (3.12)

Here, in the last equality we used the formula arcsin(z) = zF(%, %; %; 2%) (see [Le, p.259,

(9.8.5)]). From (1.4) we have



i 1 (o3, ) G
= - — = s+ =+n| =——a".
D(s+3+n)T 2 n!

Using the formulas I'(n + 3) = (1), 72 and S(n+ 2) = 37" L — 4 —2log2 (for the

m=0 m—i—%

latter formula see [Le, p.6, (1.3.9)]), where ~ is the Euler constant, we have

5, 3\"'" /11 3
%(F(S‘i‘g) F(§7§75+§,1’>>

s=0

1
2(y+2log2) (11 3 1 3)n
- 2 T )F(§’§;§’x> 7D (12 el
T g 0<m<n <n+ 5) m+ 5)
2(y + 2log 2 1 1
= w+—$g)arcsin(xl/2) -~ ' (12) " (3.13)
(mz) w2 L= nl(n+3)(m+ 3)

Hence, applying (3.12), (3.13) and Z(0, f) = 1 to Theorem 4 (3), together with routine

calculations, we have

2 2 V2 —k
Z'0,f) = 2log2+ - <arcsin ( 2+ ) log(2 + k) + arcsin ( 5 ) log(2 — k))

1 1/2
- %((24-1’&)/ Z n!(n+%
(

=N

0<m<n

(2 k) O;S nl(n + S;m +D) (2 r k))

This together with (3.11) completes the proof. ]

3.3 Higher Mahler measures —Proof of Theorem 7

Proof of Theorem 7. According to [OZ, p.485, eighth formula] with suitable specializations
(taking @ = (§ and x = 0 in [OZ]), for [t| < 1 we have

F(a,o;15t) =1+ a? E 2" E Ly, enoy(t) | 72 (3.14)
n,5>0 (e1,...en)€{1,2}"
n>s #{i:e;=2}=s

18



From this and Theorem 2, we reach the desired result. Il

Remark 3.1. In the same manner we can evaluate m;(X + a) for a € C satistying |a| > 1

and m;(X + X'+ k) for k € R, |k| > 2 in terms of multiple polylogarithms.

4 Examples of zeta Mahler measures for multivariable

f

In this section we treat zeta Mahler measures for
(X, X)) =X+ XD+ (XX ke
with k£ € C.

Proposition 4.1. For k € C and Re(s) > —1 we have

s

228 [T k—2r
Z(s, ) = _/ - g (),
™ Jo 4
where
1
—— f0<t <1,
g(t) — t1/2(1 _ t)1/2
0 otherwise,

the symbol x 1s the usual convolution given by

(F*xG)(t) := / F(u)G(t — u)du
R
and g*"(t) is inductively defined by g*'(t) := g(t), g*"(t) := (g * g*""V)(t) for v € L.

For the proof we need the following lemma:

Lemma 4.2. For m € Z>, andt € R we have

1
/. N ﬁul ~~~~~ um)e[ovl}ma u}/Q e u71n/2<t — U — - — um>1/2

t_1§u1+“‘+um§t
Ay, -+ - duyg

(1 —u)V2 o (1= )21 =t 4wy + -+ Uy ) /2

X
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Proof. We prove this lemma by induction on m. We first consider the case m = 1. Then the
left hand side equals

du

welod] ul2(1 — Y2 (f — w)/2(] — 1/2
t_fgulgltu (I —w)2(t —uw)V2(1 =t +u)

¢t
du ifo<t<1
o U1 —w)V2(t —u)V2(1 —t +u)l/? ! -

)
= ' du '
- /t—l ul/2(1 — u)V2(t — u)/2(1 — t + u)l/2 ifl<t<2,

otherwise.
\

On the other hand, since supp(g) = [0, 1], the right hand side equals

g2(t) = / g(wg(t — u)du
gt —u)du if0<t <1,

gt —u)du ifl<t<2,

|
\ \

O

otherwise.

From these equalities we obtain Lemma 4.2 in the case m = 1.
Let m > 2 and assume that the lemma holds for m — 1. Then, from the assumption of

the induction, the left hand side equals

1
/Oul 1 — 1/2(/ / (uQ ..... wm)EO 1t /2 1/2((t—u1)—uQ—---—um)1/2

(t—u1)—1<us++um<t—u1

Aty - - - dug
d
(1 - u2)1/2 ... (1 — um)l/Q(l _ (t _ Ul) F Uy -+ Um)1/2> U1

1
- / 9(u) g™ (t — wy)duy = g (¢).
0

X

Here, in the last equality we used supp(g) = [0, 1]. We obtain the desired result. [

Proof of Proposition 4.1. We have
1 1
Z(s, fr) = / . / |2 cos(2mty) + - - - 4+ 2 cos(2nt,) + k|*dt, - - - dt;
0 0
1 1
= / / |4 cos?(mty) + - - - 4 4 cos®(wt,) + k — 2r|*dt, - - - dt,
0 0
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k—2r|
cos®(mty) + + -+ + cos®(7t,) + TT dt, - --dt;.

, 1/2 1/2
_ 2s2r/ /
0 0

Here, we used the duplication formula for the cosine function in the second equality and

cos(m —t) = — cos(7t) in the third equality. Changing the variables u; = cos?(7t;), we get

2% up + -+ w4 B
EY 3 S
o uy (1 —u)2- - (1 —u,)t/?

When r = 1, this gives the desired result. We concentrate on the case r > 2 below. Changing

u, by t :=u; + --- + u,, we obtain

223 ul+-Fur—1+1 ’t + M‘s
/ / /u1+---+u,~_1 uiﬂ x 1/2 Lt —uy — = q)Y/?

dtdur_l cee dU1
(1-— u1)1/2 v (T = w21 =t 4wy + - A w2

—2r|® 1
(u1,...,ur—1)€[0,1]7 1, / .- 1/2 (t — U — - ur—1)1/2

t—1<ui+-+upr— 1<t

X

225 r

T
™ Jo

X du’l‘—l P dul dt
A—u) 2 (1—up ) PA =ttt )2 )

Applying Lemma 4.2 with m = r — 1 completes the proof. O
Below we show Theorem 6.

Lemma 4.3. Fort € R we have

" TF (13,5562 —-1) f0o<t<lorl<t<2,
ge(t) =
0 ift<0ort>2.
Proof. We have
g*Q(t): 0<u<l, ul/2(1 1/2(+ o 1/2(1 — ¢ 1/2°
5e5t, WL~ W)

When ¢ < 0 or ¢ > 2, this equals 0 because (0,1) N (t — 1,¢) = . We consider the case
0 <t<1. Since (0,1)N(t—1,t) = (0,t), we have

! d
2 u
g() / 1/2 1/2 1/2 1/2
o w21 —w)V2(t —u)/2(1 —t +u)V/
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' du
B /0 ul/2(1 — u)V2(1 — tu)V2(1 — t(1 — u))V/?

Here, in the second equality we replaced u by tu. Expanding (1—tu)~"/2 and (1—¢(1—wu))~ /2,

we have

ge(t) = i i (&) (%)nthr" 1 um_%(l — u)n_%du
m! n! 0

—_
L L P

where F3 is the Apell series of the third

Fiana 8.8 y) =33 (“)m(o(‘;);(@m”')" Y (o] < 1yl < 1).

mn m!n!

ind given by

m=0 n=0

Applying the formula [GR, p.1009, 9.182.4]
Fy(a,y —a, B,y = Bivsa,y) = (1= y) P F(a, By + y — 2y)

with « = =1/2, v =1, x = y = t, we obtain Lemma 4.3 in the case 0 < ¢ < 1. Finally
we deal with the case 1 < t < 2. Since g(u) = g(1 — u) for any u € R, we easily obtain
g**(2 — u) = g**(u). This together with Lemma 4.3 for 0 < ¢ < 1 implies the desired
result. O

Proof of Theorem 6. It is sufficient to prove Theorem 6 for k > 4 since Z(s, X + X1 4+Y +
Y 4 k)=Z(5, X+ X1+ Y +Y L —k) Let f(X,)Y):=X+X14+Y +Y !+ k with

k > 4. From Proposition 4.1 and Lemma 4.3 we have

925 2 k—4]° 11
Z(S,f) = 7 ; t+T F<§,§,1,t(2—t))dt
22 8 (3)2 [P E—4\°®
= — “ "2 —-)"t+ —— ) dt. 4.1
wn:0<n!>2/o G “1)

We calculate the integral in (4.1). Replacing t by 2t and applying (3.7) with a = —s,
B=n+1,v=2n+2, z=—-8/(k —4), we have

2 _4 S
/ "2 —t) (t+ k—) dt
0 4
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E—4\" [! 8
— 2n+1 n1 (1
2 <—4 ) /Ot( £) ( + 4t) dt

k—4\° (n!)? 8
= 2%ntl F|—- 1;2n+2, ———
( i > @2n + 1) ( st s T 4)

Applying

F(a,ﬂ;Zﬁ;Z):<1—§> F(gaa+1,ﬂ (2i )2>

(larg(l1 — 2)| <=, 28 # —1,-3,-5,...)

[Le, p.255,(9.6.17)] with o = —s, f=n+1, z = =8/(k — 4), we have
2 k—4\°
/t”(Q—t)” (t+—) dt
O 4
k—4\° (n!)? E\° s —s+1 3 [4\?
— 22n+1 Fl == . . =
( 1 ) 2n + 1) (k—4) ( 2 2 ’"+2’(k)
k\° (n!)? s —s41 3 /4\?
— v 22n+1—F _ = . ~. = .
(4) (2n + 1) < 27 2 ’”+2’<k)
Applying this to (4.1), we get

%S (G s —s+1 3 [(4\?
(s, ) = T;n!@:wl)F(_ﬁ’ 2 ’"+§’(E))

[e.e]

. 2k° = (%)n <_§>m(%+l>m % am
oo OZ 2n+1) (n+32),m! (k)

_ Ei (=5)m SH) 4 Qmi (5)n
T k nl(n+ 3)me1

m=0 n=0

Here, in the last equality we used (n+2),,(n+3) = (n+ 3)m+1 and interchanged the sums.

Hence, to show Theorem 6, it is sufficient to prove

> - G _ (& (4.2)

Sl Hmea (M)

for any m € Z>o. First we remark that the sum in (4.2) converges for any m € Z>, since

($)n/n! ~ 1/(mn)*/? as n — oo from Stirling’s formula. To prove (4.2), we consider

1 Um ul 1
I, = / / . / duo tee dum_ldum- (43)
o Jo 0 ucl)/2(1 — ug)1/2
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Expanding (1 — ug)

~1/2 we have

up l)n ——+n
I, = / / / 2 2 "dug - - - dty—1dt,y,

_ Z (2)'n / / .. / ua§+ndu0 . dum,ldum
— n! 0 0 0

On the other hand, applying Fubini’s theorem to (4.3), we have

In, =

Comparing (4.4)

duy -+ - du,, | du
/0 UO/ 1—U 1/2 (/ /u1 ..... um)€[0,1]™ ! > 0

u0<u1 <’LL2< <um<1

.....

1 ~1/2
m!/o Uy / (1 —wug)™ 2 du

1 (1 1 1T(3)T (m+1 3)m
15 ma =) = — (3) I (m+3) :7r<2) ' (4.5)
m! \ 2’ 2 m!  T'(m+1) (m!)?
and (4.5), we obtain (4.2). This completes the proof of Theorem 6. [

References

[B] D. Boyd: Mahler’s measure and special values of L-functions, Experiment. Math. 7

(1998) 37-82.

[D] C. Deninger: Deligne periods of mixed motives, K-theory and the entropy of certain
Z™-actions, J. Amer. Math. Soc. 10 (1997) 259-281.

[EW] G. Everest and T. Ward: Heights of polynomials and entropy in algebraic dynamics,
Springer Verlag (1999) 211pp.

[GR] I. S. Gradshteyn and I. M. Ryzhik: Table of integrals, series, and products, sixth
edition, Academic Press (2000) 1163pp.

24



[KLO] N. Kurokawa, M. Lalin and H. Ochiai: Higher Mahler measures and zeta functions,
Acta Arith. 135 (2008) 269-297.

[L1] : M. Lalin: Some examples of Mahler measures as multiple polylogarithms, J. Number

Theory 103 (2003) 85-108.

[L2] M. Lalin: An algebraic integration for Mahler measure, Duke Math. J. 138 (2007)
391-422.

[Law| W. Lawton: A problem of Boyd concerning geometric means of polynomials, J. Num-

ber Theory 16 (1983) 356-362.

[Le] N. N. Lebedev: Special functions and their applications, Dover Publications (1972)
308pp.

[M] C. C. MacDuffee: The theory of matrices, Chelsea Publishing Company, Corrected
reprint of first edition (1946) 110pp.

[OZ] Y. Ohno and D. Zagier: Multiple zeta values of fixed weight, depth, and height, Indag.
Math. (N.S.) 12 (2001) 483-487.

[O] H. Oyanagi: Differential equations for Mahler measures, J. Ramanujan Math. Soc. 18
(2003) 181-194.

[RV] F. Rodriguez-Villegas: Modular Mahler measures. I, Topics in number theory (Univer-
sity Park, PA, 1997) 17-48, Math. Appl. 467, Kluwer Acad. Publ., Dordrecht 1999.

[S] C.J. Smyth : On measures of polynomials in several variables, Bull. Australian Math.

Soc. 23 (1981) 49-63; Corrigendum (with G, Myerson), 26 (1982) 317-319.

[V] S. Vandervelde : A formula for the Mahler measure of axy + bz + cy + d, J. Number
Theory 100 (2003) 184-202.

Department of Mathematics, Tokyo Institute of Technology,
2-12-1 Ookayama, Meguro-ku, Tokyo, 152-8551, Japan.

E-mail: akatsuka@math.titech.ac.jp

25



