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ASYMPTOTIC CUMULANTS OF FUNCTIONS OF MULTINOMIAL
SAMPLE PROPORTIONS WITH ADJUSTMENT FOR EMPTY CELLS

Haruhiko Ogasawara*

Asymptotic cumulants of functions of multinomial sample proportions with and
without studentization up to the fourth order are derived, where observed propor-
tions are possibly added by some quantities. Some of the asymptotic cumulants of
non-studentized estimators are invariant with respect to the added quantities used. On
the other hand, most of the asymptotic cumulants for studentized estimators are the
same as those for the estimators without the added quantities when the estimator of the
asymptotic variance of the non-studentized estimator is appropriately constructed to
avoid the problem of sampling zeroes or empty cells. Especially, when the quantities of
order O(1/n) are used, all the asymptotic cumulants of the studentized estimators up to
the fourth order are the same as those for the estimators without the added quantities.
A numerical example using the log odds-ratio and Yule’s coefficients is illustrated.

1. Introduction

Among various statistical applications of the multinomial distribution, one of the
simplest problems is the inference of a binomial proportion 7. The standard Wald
confidence interval (CI) for the binomial proportion based on the studentized sample
proportion is easily constructed and widespread in introductory textbooks of statistics.
For instance, the endpoints of the two-sided Wald CI with the asymptotic confidence
level 0.95 based on the normal approximation are p41.96{p(1—p)/n}'/2, where p is
the sample proportion with E(p) =, and n is the sample size. On the other hand,
it is known that the CI has poor properties with comparison to e.g, the score test
given by Wilson (1927) (see Ghosh, 1979; Agresti & Coull, 1998; Agresti & Caffo,
2000; Brown, Cai & DasGupta, 2001, 2002; Cai, 2005). While the so-called exact test
by Clopper and Pearson (1934) is available, it is only “exact” in the sense that the
corresponding CI has at least the nominal coverage with poor average length of the
CI (see Agresti & Coull, 1998).

For the problems of estimating general functions of multinomial proportions, the
corresponding exact test may be constructed at least in principle. However, we ex-
pect the similar poor behavior not to say the excessive computation possibly required
especially when the number of multinomial categories is large. In these general cases,
one of the natural methods of estimation more accurate than the usual normal ap-
proximation may be to use the asymptotic expansions of the studentized estimator
i.e., the Wald statistic.

Note that the normal approximation uses only the estimator n !p(1—p) of the
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variance n~1m(1—7) of p. On the other hand, the asymptotic expansions for the dis-
tributions of p, its functions, and their studentized versions (the Wald statistics) e.g.,
n'2(p—m)/{p(1—p)}'/? use the asymptotic cumulants as well as the asymptotic vari-
ances. When the asymptotic bias and skewness are used in addition to the asymptotic
variance, a typical approximation to the distributions is the single-term Edgeworth
expansion. Further, the two-term Edgeworth expansion using the asymptotic kurtosis
and the higher-order asymptotic variance is also used. For the review of the asymp-
totic expansions for the estimators associated with the multinomial distribution, see
Subsection A.1 of the appendix.

While the probabilities in the binomial and multinomial distributions are of direct
interest in many cases, their ratios frequently with logarithmic transformation have
been used in various fields. However, the log odds or logit is undefined when a popu-
lation/sample proportion is zero, which yields the non-existence of finite moments of
e.g., In{p/(1—p)}. On the other hand, their asymptotic moments are well defined.

The above problem in samples corresponds to the case of an empty cell in the
binomial distribution. Instead of using the unbiased sample proportion p, Haldane
(1956) and Anscombe (1956) independently proposed that 0.5 is added to each cell
frequency, which gives the modified estimator In{(p+0.5n"1)/(1—p-+0.5n"1)}. The
constant 0.5 is employed to remove the asymptotic bias of the sample logit. Hitchcock
(1962) proposed 0.25 for the added constant in the case of logistic regression. Recently,
Bonett and Price (2007) proposed the constant 0.1 in order to give more accurate in-
terval estimation of a function of the multinomial proportions with 4 categories in the
2 x 2 table based on simulations.

The similar problem also occurs for the variance estimators of sample proportions.
For instance, the usual Wald statistic n'/?(p—)/{p(1—p)}'/? is undefined in the case
of an empty cell. Similarly, the variance estimator {np(1—p)}~! of the sample logit is
undefined in the case of an empty cell as well as the estimator In{p/(1—p)}. However,
the reciprocal of the variance estimator is always defined giving a well defined Wald
statistic {np(1—p)}?[n{(p+cn1)/(1—p+cn 1)} —In{r/(1—7)}] with c=0(1) >
0. Haldane (1956) proposed (np-+1)"'+{n(1—p)+1}~! instead of {np(1—p)} 1,
which gives relatively unbiased variance estimator when ¢=0.5 is used. For various
variance estimators in the case of the binomial distribution, see Gart and Zweifel
(1967).

In this paper, the two-term local Edgeworth expansions up to O(n~!) for the stu-
dentized estimators of functions of multinomial proportions are given as well as those
for the non-studentized estimators, where the sample proportions are possibly added
some quantities of orders O(n~"1/2), O(n~1) or O(n3/?). Note that the case of O(n!)
is frequently used in practice as explained above. This paper is organized as follows.
In Section 2, the vector of sample and population proportions with added constants
of different orders with respect to n are defined. The Bayes estimators of multinomial
proportions using the Dirichlet prior are addressed. Section 3 gives the asymptotic
cumulants for a non-studentized function of sample proportions up to the fourth or-
der with the higher-order asymptotic variance. These results can be used to see the
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asymptotic properties of the point estimators. In Section 4, the similar results of
the corresponding studentized estimators are derived, which are required for interval
estimation asymptotically more accurate than that given by the usual normal approx-
imation. In Section 5, an example will be given using the log odds-ratio, Yule’s (1900,
1912) coefficients, and their variations. Section 6 gives some remarks associated with
the numerical example.

2. Estimators using added constants

As mentioned in Section 1, the difficulties associated with sampling zeroes or empty
cells guide us to define estimators of functions of multinomial proportions such that
the sample proportions are added by some quantities possibly different from cell to
cell with different orders in terms of n. Let

p=(p1,....p;) and w=(m,...,7) (2.1)

be the vectors of sample and population proportions for a multinomial distribution,
respectively, where E(p) = and r is the number of the multinomial categories. Let

po=p+n ?b+ntc+n?d and w,=m+n b+n tc+n ¥?d, (2.2)

where b, ¢ and d are r x 1 known constant vectors of order O(1). Then, p,, is the vec-
tor of modified sample proportions with 7, being its population counterpart. When
the adjustment to obtain the unit sum of the modified proportions, yielding say p}, is
employed, p! —p becomes stochastic rather than fixed. However, in this paper, (2.2)
is adopted, which can be used in the cases of the odds and its functions irrespective
of the adjustment.

Note that p,, and 7, with the constant terms of different orders are introduced
for generality and comparison. In practice, mostly the constant term n~'c seems
to have been used. For instance, the case of Haldane (1956) and Anscombe (1956)
mentioned earlier gives p,=p+n_'c and m,=m+n 'c with c=(0.5,0.5)". Agresti
(2007, p.154) stated that “adding a very small constant (such as 107%) is adequate for
ensuring convergence” when we have the problem of non-convergence due to infinite
estimates in computation (for a similar treatment, see also Clogg & Eliason, 1987,
p.13). This can be seen as adding n~3/2d or a higher-order constant term rather than
n~'c. Although the introduction of the term n~/2b is primarily for comparison, some
of the simulated results using n~'/?b in Section 5 are reasonable.

When some prior information is available for the multinomial proportions, the
Bayesian method of inference is also used. It is known that a conjugate prior of
the multinomial distribution is the Dirichlet distribution with the density propor-
tional to Hleﬂf i1 where 3;>0 (¢=1,...,r) are the concentration parameters (for
the distribution, see e.g., Agresti, 2002, Section 15.2.2; Press, 2005, Section 6.3). Af-
ter n counts are observed, the prior parameters are updated as the posterior ones
Bi+np; (i=1,...,7). The §;’s used by the Bayesian method can be seen as pseudo-
counts added to observed np;’s. When no information is available, the non-informative



214 H. Ogasawara

uniform prior with 3;=1 (i=1,...,r) is used, which gives the updated parameters or
counts 14+np; (i=1,...,r). The non-informative Jeffreys prior with the square root
of the determinant of the Fisher information matrix giving 5;=0.5 (i=1,...,r) for
the proportions is also often used, and shows good results in many cases (Gart, 1966;
Brown et al., 2001). It is known that if we use the maximum a posterior (MAP)
estimator or Bayes modal estimator with the Jeffreys prior for a parameter in a
distribution of the exponential family with canonical form, the asymptotic bias of
the MAP estimator becomes zero (Firth, 1993; recall the case of Haldane, 1956 and
Anscombe, 1956).

When we use the expected a posteriori (EAP) estimator (8;+np;)/ (> i—1Bi+n)
for the probability of the i-th category, a formal correspondence of the numerators
of these Bayes estimators and (2.2) with p,=p+n~'c and c=(f4,...,3,) is found.
However, it is to be noted that the constant terms in (2.2) are assumed to be given
empirically or theoretically by considering e.g., the reduction of the asymptotic bias
(recall the case of ¢=(0.5,0.5)") without using the Bayesian estimation. An advan-
tage of using the non-informative priors as well as informative ones by the Bayes
method is that the difficulties due to empty cells can be avoided (see e.g., Galindo-
Garre, Vermunt & Bergsma, 2004; Galindo-Garre & Vermunt, 2006) as long as the
EAP estimators for proportions are used. On the other hand, if we use the MAP es-
timator (3;+np;,—1)/(>;_, Bi+n—r), this estimator with (8,—1)/(>_;Bi+n—r)
for an empty cell remains to be zero when ;<1 (including the Jeffreys prior with
B:;=0.5) is adopted. Since this looks contradictory and gives an unpleasant feeling,
some explanation is required. First, note that the binomial distribution with the usual
parameter 7 is not in canonical form. So, the MAP estimator of m with the Jeffreys
prior does not retain the unbiasedness of the usual sample proportion. On the other
hand, the MAP estimator of the logit or log{n/(1—m)}, which is of canonical form,
has the Fisher information 7(1— 7). In this case, the Jeffreys prior{m(1 —m)}'/? gives
B;=3/2 and the positive pseudocount of §; —1=0.5 for an empty cell (compare the
Fisher information {m(1—7)} ! and 8; —1=—0.5 for the empty cell in the case of the
usual proportion parameter 7). For the review of the Bayes methods for categorical
data, see Leonard and Hsu (1994) and Agresti (2002, Section 15.2.3).

Let 6=6(-) be a parameter of interest, which is a function of multinomial propor-
tions. Define

0=0(p), 0,=0(p,), Op=0(x) and 6,=0(m,), (2.3)
where 6 is a special case of 6, when the constants are null. The function 0(-) is as-
sumed to be differentiable any number of times required with respect to the argument
in a domain including 7 and 7r,,. Since there is a linear dependency among the ele-
ments of p, 0(-) is seen also as a function of r —1 elements when necessary. In this
case, r is interpreted as the number of the categories minus 1 with some adjustment
for associated expressions in the remaining part of this paper.
Let
u=n'"?(p—=n), v=n"?0,—0;) and w=n'?0,-0,), (2.4)
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where v=w-+n'?(0, —6). Since 6, —fy is obtained from (2.2) and (2.3) using the
Taylor series expansion when necessary, w with u is mainly used rather than v in the
following. Assume that w is expanded as

00, nV2 9%, . w7l 9%,

w=-—u+——-—F—>5-u —l—% u® +0,(n"%?), (2.5)

o’ u 2 (0m)<2> W

where
00, _ ae(pn) _ 80<pn) apn _ ae(pn) (2 6)
on' 0P |pen  OPh g, OP lpen  OP lp—r, '

for simplicity of notation with other expressions of partial derivatives defined similarly,
and u“*> =u®---®@u (k times of u) is the k-fold Kronecker product of u.
Expand the non-stochastic 96,,/0m by

0y _ 90 ajp 00 OB
or o 877,4 871'3 8770

+0(n3/?%), (2.7)

where 80/0m = 080(p)/Op|p—r i.., the partial derivative of § (recall (2.3)) with re-
spect to p evaluated at p=; n~Y/200/0m 3 and n~100 /0w are the vectors collected
according to the orders in terms of n in the residual of 06,/0m after eliminating
00/0m 4. The notations using partial derivatives with subscripts A, B and C are
employed for convenience and discrimination.

Using similar notations, the remaining partial derivatives in (2.5) are expanded by

9% 9%0 s 00
no_ -12 YV -1
(37r)<2> (§7TA)<2> n (87FB)<2> +O(n )7
3 3
00, ___0%6 +0(n1?). (2.8)

(0m)<3> ~ (9mq)<3>
From (2.5) through (2.8), w becomes
00 _1ya [ 00 1 0% .
R b S Tr A=l
00 1 0% 1 0%
—1 - <2> -
G T

u<3>} +0,(n7%?%). (2.9)

As addressed earlier, 6, is expanded about 6y using the above notations:

00 -1/2 -1 —3/2 90 -1/2 -1 2
1 9% _ -
MCCAE A

00 00 1 0%
_ -1/2 -1 - <2>
Oo+n 87rf4b+n {871"AC+2 (67T’A)<2>b }
1 0%0

00 0%6
—3/2 77
o {am“ G2 PO TG Gy

<3 } +OMn?)
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= 0y +n71/260x+n*1901/+n73/2902+0(n72), (2.10)

where 0yx,00y and 6pz can be used to restore 6y from 6, when necessary, depending
on the orders desired.

3. Asymptotic cumulants for non-studentized estimators

In this section, the asymptotic cumulants of w are derived up to the fourth order,
which are denoted by «; (i=1,...,4), aq4, 24,2, and as,, where o, and «ay stand
for the higher-order terms for the i-th asymptotic cumulant with a;, more higher than
ajq. Note that a;,a;, and oy, are the terms of order O(1) in the asymptotic cumulants
obtained after multiplication of appropriate powers of n.

As addressed earlier, the definition of p, in (2.2) was adopted for generality and
comparison. In practice, however, mostly p,=p+n"'c seems to be used. Define
Methods A through D depending on the constants in p,, used as follows:

Method A: p,=p, Method B: pn:p+n71/2b, Method C: p,=p+n_‘c,
and Method D: p,,,:p+n_3/2d. (3.1)

Note that Methods A and D give the same asymptotic expansions of the estimators
up to O(n™1).

Let k;(-) denote the i-th cumulant of the variable in parentheses. Then, the first
cumulant of w is given from (2.9) as

1 020 1 020
— Bw)=n""tr( =2 S ) 4n it S ~3/2
K1 (w) (w)=n 5 r(aﬂ_Aaﬂ_i4 )+n 5t Frno, +0(n=>"%)
= n"Y2a;4+n a,+0(n%?) :nfl/zong) +n ta+0(n%?), (3.2)
where (2);; =E(wju;)=06;m—mm; (i,j=1,...,r), (-);; is the (i,7)th element of the

matrix in parentheses, d;; denotes the Kronecker delta, and a(lA) is a1 given by Method
A with no adjustment of counts for cells. For v in (2.4),

k1(v) = E(v) =k1(w) +n1/2(9n —0o)

= Oox +n Y2 (o1 +0oy) +n"Haia+00z)+O(n~/?)
= Oox +n " Pan +n*1av1a+0(n73/2). (3.3)

The remaining cumulants up to the fourth order are as follows:

ko (v) =ko(w) = ag +n71/2042a+7’l71a2b+0(7’l73/2)
= aéA)+n71/2a2a+n*1a2b+0(n*3/2),
k3(v) =rz(w) = n a3 +n " taz, +0(n3/?)
= n_1/2agA)—I—n_lozga,—l-O(n_?’/Q),

ka(v) =ka(w) = n tay+0(n%?)
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= nflozé(lA) +0(n=3/?), (3.4)
(4)

where ;" (i=2,3,4) (and similar expressions given later) are defined similarly to

ong). The results of (3.4) are given from (2.9) and the cumulants of u. The actual
expressions of the results will be shown in Subsection A.2 of the appendix. From the
results,

Theorem 1 The asymptotic cumulants of w and v defined by (2.4) up to the
fourth order are given from (3.2), (3.3), and (3.4) with (2.10), (A.1), (A.2) and
(A.3). Among the cumulants, o; (i=1,...,4) are the same over Methods A to D, and
Q1q =g, =3, =0 by Methods A, C and D. Generally, a14,00, and as, by Method B
are not zero. The higher-order asymptotic variance ag, by Method C' is generally
different from ao, common to Methods A and D, and oo, by Method B.

Note that asg, by Method C depends on the quantity n~'c used and that the com-
mon awy, by Methods A and D does not depend on the quantity n~3/2d. The results
of Theorem 1 are new in that so far only those of Method A without added constant
terms are known (Ogasawara, 2009, Section 3). The asymptotic cumulants of The-
orem 1 gives the asymptotic properties of the point estimators and will be used in
Theorems 2 and 3. The new results of the higher-order asymptotic standard errors,
which are different among Methods A (D), B and C, will be numerically illustrated
in Section 5 with comparison to the usual asymptotic standard errors common to
Methods A to D.

Next, the two-term local Edgeworth expansion of w and v up to order O(n™1) are
derived. Let i=+/—1. Then, from the definition of the cumulants, the characteristic
function for w is

o0

expq Y (it) kj(w)/j!

j=1

1 ~1/2 ~1/2
= exp <—2a2t2> exp {n1/2a11t+ " 5 ozga(it)2 + n ag(it)3

-1

it " () 4 " g ()% 4 " (i) )2
+n aglit+ 5 aoy (i) + 5 age(it)” + o ay(it)®  +0(n"7%)

1 1 1
= exp <—2a2t2> {1+n_1/2 {aliH— §a2a(it)2 + 6a3(it)3}

. 1 . leY oo .
+n—1{alalt+5(agb+a§)(1t)2+( 2 222 (it)?

6 2
2 2
% 13 Qg .nd, 42003 . 15 % 6 _3/2
+ <24+ A + < )(115) +—0 (it) +72(1t) }]—i—O(n ). (3.5)

Inverting (3.5) formally, the following is obtained

Theorem 2 The approzimate density of w/ oé/ atx using the local Edgeworth ex-
pansion is given by
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/(=) -

_ a1 Qg a3
Tgp /2 82 D202 gy B8 (33,
R )

2

1) a1 g r—1 Qg Q1Q2.\ TS —3z
+n {a1/2+2(a2b+a1) - +( o ) 7
2 2

2 4 2
o4 ooz ag,\ T —62°+3 a3, 5 3
+(—+ ) 5 =75 (27 —102° +157)
24 6 8 a3 1205/
2
+ 7;“33(x6—15x4+45x2—15)H d(x)+0(n3?). (3.6)
@

where ¢(x) is the standard normal density at x. The distribution function is

w _ a1 Qg as o
Pr| ——=<z| =®@)—n1?{ — + x4+ ——=(x"—1) p p(x)
( /2 > a;p 200 60[3/2

1
Qy
2
-1 A1 l 2 i Qas3q Q1Q2q\ T -1
n {a;/2+2(a2b+a1)a2+(6 +—5 ) ag/Z
2 3
o4 o3 Q5 \ TP 3T Qa3 , 4 9
— —6 3
+(24+ 6 8) a2 12&3/2(3” 7" +3)
2
+ 23 (2®— 102 +152) b p(x) +O(n /%), (3.7)
2005

where ®(x)= [*_$(z*)dz*. The corresponding results for v are given by replacing
w,a1 and a1, 0 (3.6) and (3.7) with v—=0px, a1 and a4, Tespectively.

Theorem 2 gives the approximate distribution of the estimator, which is asymp-
totically more accurate than that given by the normal approximation using only the
first terms O(1) on the right-hand sides of (3.6) and (3.7). The approximations using
the terms up to O(n~2) and O(n~!) in (3.6) and (3.7) are the single- and two-term
Edgeworth expansions, respectively. The results are new since so far only those by
Method A are available (Ogasawara, 2009, Section 3).

4. Asymptotic cumulants for studentized estimators

The studentized estimator ¢ using 0, is given from w/ aé/ 2, where as is replaced
by its sample counterpart. Recall ap=(00/07")300/0m 4. A natural estimator of
Y in ay is given by 3 =diag(p)—pp’, where diag(p) is the diagonal matrix whose
diagonal elements are the same as those of p. However, =0 occurs, which yields
the non-existence of finite moments of ¢. A similar difficulty occurs for the estimator
of 89/0m , when 80(p*)/0p*|p—p (e.g., 0=In{p/(1—p)}) is used. Let

pi=(p+n 1) /(1+n " 2r)=p+0,(n*?), (4.1)

where 1¢,y=(1,...,1)" (r times of 1). Then, in order to avoid the difficulties, the
following estimator &ag, of as is used in this paper:
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{ding(p)) —pip 2P| (4.2)

P*=pPn ap P*=Pn

The vector p; rather than p, is used in 3 because of its simplicity requiring no ad-
ditional expansion and its similarity to the natural estimator p of . Using (4.2),
define

t=n'2(0,—0,)/a3%. (4.3)

Recalling (2.6) and (2.7), the population counterpart of do), is defined as

96, 06, a2
@2 = on’  on’ (n )
00 | i 00 09 ) ( 90 | i, 00 08 )

- ) — ——
(87r’/1+n 671"B+n omy, 871',4+n 81rB+n o
+O(n73/2)

00 00 89 00 00 00 o0 00

= S 4n Y22 -1 = 2— %

o 2w " o 2 am, (871"3 onp | om, am)
+O(n73/2)

= az+n_1/2a2X+n_1a2y+0(n_3/2), (4.4)

where we find that asxy = ag,. From the above definitions, ¢ is expressed as

t= g'(u)u+n*1/2{g'(21)u+g222)u<2>}
+n {51y Ut 830 U™ + 855 u" } 0, (n /), (4.5)

where the vectors g.y are of order O(1) and will be given in (A.5) of the appendix.
From (A.5), we find that 00/0m¢ and asy for Methods B and C are included in g1
of (4.5) and the other g()’s do not include the quantities specific to Method C.

The asymptotic cumulants o} (i=1,...,4), o},,abh,, 0k, and af, of t are given from
(4.5) and (A.5) as

—1/2, —-3/2 / A’ —-1/2 a;3/2 90 , Oz
ﬁl(t)_ 1+n a111+0( )7 Q=01 " =0y a1 — 9 87‘-{4 87’?,4,

2 -3/2
;. —1)2 1 3/2 _ (&) 00 8&2 3 ,5/2 00 80&2
o =% Mo 20‘2 aaxon (%;) 2 om, omp 4" o Zomy
Hg(t)zl—i-n’lo/gb—l—O(n* /2), a'zzaéA)lzl, Qg —agf =0, a2b—aéf)/,
_ _ 00 _ 0
H3(t) 1/2 I+n a3a+0<n73/2)7 aé:aéfl)/:a23/2a3_3 23/2871_ 2%’
A
r 3/ —3/2 O —5/2 ( 00 )< ~ <3>
a3z, =Q +a Q2x§ —35 o
3 2 (g)&u omp 2 { or',
_9 00 026 00 9 00 28a2}+0(n_3/2>
207y Oma0m!y Omy 20w, 0wy ’
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ra(t)=n"ta +O(n3?), aﬁlzaffl)/. (4.6)

The remaining actual expressions of the asymptotic cumulants and the derivations will
be given in (A.6) to (A.9) of the appendix. From the above results with associated
derivations in the appendix,

Theorem 3 The asymptotic cumulants of t up to the fourth order are given by (4.6)
with (A.6) through (A.9). The asymptotic cumulants o), (i=1,...,4), o, (=0) and
as, are the same over those by Methods A to D, and are invariant with respect to the
added quantities in (2.2). Generally, o), and o, given by Method B are not zero,
while those by Methods A, C and D are zero.

It is of interest to see that o, is the same over the four methods while ag’s
were partially different from method to method, and that o, =0 over the four
methods while generally as,#0 by Method B. These properties come from the use
of 90(p*)/0p*
06(p*)/0p*|p-=p instead, the equality does not generally hold. The local Edgeworth
expansions of the distributions of the studentized estimators are given from Theo-
rem 2 by replacing w, a; (i=1,...,4), 14,204,009, and ag, with ¢, o) (i=1,...,4),

p=p, i the estimator of oy (see (4.2)). If we use the usual one

Ay, Oy, and af,, respectively.

The results of Theorem 3 are new in that so far only those by Method A are known
(Ogasawara, 2009, 2010). For interval estimation of the parameter more accurate than
that given by the normal approximation, the asymptotic cumulants derived by The-
orem 3 are required. The accuracy of the asymptotic cumulants and the asymptotic
expansions of the distribution of the estimator will be illustrated using simulations in
the following section.

5. A numerical example

In this section, the results of the previous sections are illustrated using the log odds-
ratio, Yule’s coefficients and their generalization. For two possibly correlated variables
with dichotomous realizations, a 2 X 2 contingency table is obtained, where the unbi-
ased sample proportions in the four cells are denoted by pi11,p12,p21 and pag whose
population counterparts or probabilities are 711,712,721 and me2. The subscripts 1
and 2 indicate two categories for each dichotomous variable. This situation is also de-
scribed by the multinomial distribution with four categories i.e., p=(p11,p12,p21,022)"
and 7 = (711,712,721, Te2) using the notations used earlier with some adjustment for
subscripts.

Let @ =p11p22/(p12p21) be the sample odds ratio whose population counterpart is
w=m11ma2/(m12m21). Yule (1900, 1912) developed the following coefficients with the
range [—1,1]:

A he @-1 ne  @/2-1
Q:tanhT:w—_H, Y:tanhT:Fl/Q—f—l' (5.1)

Coefficient Q was used as an approximation to the tetrachoric correlation while Y was
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Table 1: Quantities added uniformly to all cell proportions

Methods B C1 C2 D
Quantities 0.1n~"1/2 0.5n71 0.1n7?! n=3/2

n =25 0.02 = 0.02 > 0.004 < 0.008

n = 100 0.01 > 0.005 > 0.001 = 0.001

n = 400 0.005 > 0.00125 > 0.00025 > 0.000125

used as an approximation to ¢ coefficient or a sample product-moment correlation for
dichotomous variables (Bonett & Price, 2007, p.444). Digby’s (1983) H is defined by

w3/t —1

s >2)

which was developed in order to improve the approximation to the tetrachoric correla-
tion. It is obvious that Yule’s coefficients can be generalized to G* = (&% —1) /(0% +
1), where ¢* is usually a fixed constant while there are some cases of stochastic ¢*
(Bonett & Price, 2005, 2007). Digby’s constant ¢* = 0.75 is close to Edwards’
(1957) ¢*=m/4, where m=3.14159, which was derived by Fisher’s transformation
tanh ™! p=(1/2)In{(1+p)/(1—p)} of the tetrachoric correlation p and Sheppard’s
Theorem (Stuart & Ort, 1994, Section 15.10). Note that Fisher’s transformation
of G* yields (¢ /2)In®. That is, when ¢* is a fixed constant, the distributions of
Fisher’s transformations of Q,Y,H and G* are the same except for the known scale
and that their studentized versions are exactly the same. So, in this section, we deal
with only In® in addition to Q,Y and H.

The problem of sampling zeroes or empty cells also occur for the coefficients and
Inw. Note that when p11p22 =0 or p1op21 =0, G* can be reasonably defined as —1 or
1, respectively while when e.g., p11 =p12 =0, G* is undefined. In order to avoid the
problem, Method B with b=0.1x14), Method C with ¢=0.5x 1(4) and ¢=0.1 x 14
(named as Methods C1 and C2, respectively) and Method D with d=1(4) are used
for illustration with sample sizes, n=25, 100 and 400. The relative sizes of the added
quantities among Methods B, C and D vary with n, which are summarized in Ta-
ble 1. When n = 25, the added quantities for Methods B and C1 are the same and
the smallest is given by Method C2. When n = 100, the added quantities for C2 and
D are the same. When n = 400, the added quantities are all different. That is, when
n = 25 the true distribution of the estimators are the same over Methods B and C1
while their asymptotic ones may be different.

Four cases of  or population proportions were constructed as

Case 1: w=(0.1,0.1,0.1,0.7)", Case 2: w=(0.1,0.2,0.3,0.4)’,
Case 3: w=(0.3,0.1,0.2,0.4) and Case 4: w=(0.4,0.1,0.1,0.4)".

The population values of Inw, @, Y and H are shown in the last column under 6y
in Table 2. Tables 2, 3A, 4 and 5 give the asymptotic cumulants (see Theorem 3)
and the corresponding accurate values, derived by the multinomial distributions, for
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Table 2: Asymptotic biases (o)) and the corresponding accurate ones for studentized estimators

n'/?x accurate biases
Case n=25 n =100 n =400
No oy B=C1 >C2 <D B >C1 >C2=D B >C1 >C2 >D o
Inw .49 .49 .21 .34 46 47 A7 A7 48 48 48 1.946
1 Q@ 2.59 451 820 6.49 276 2.94 3.11 2.55 2.66 2.69 2.70 .750
H

1.80 2,52 3.09 299 1.83 1.93 2.02 175 182 1.84 185 .623
112 1.34 120 135 1.10 1.15 1.19 1.08 1.12 1.14 1.14 .451

Inw —.09 —-.18 18 .03 —-.11 —-.09 -.06 —-.10 —.09 —.08 —.08 —.405
2 Q@ —-54 —-97 —-1.14 -1.11 —.60 —.63 —.65 —.54 —.56 —.56 —.57 —.200
H -3 =57 -39 -50 -—-.38 —.38 -38 —-35 —-35 —.35 —.35 —.151
Yy -20 -3 -03 -18 -—-.23 —.22 -20 —-.21 -.21 —-.20 —.20 —.101
Inw .44 .50 .08 .25 44 43 41 44 43 43 43 1.792

3 @ 207 338 432 4.03 220 229 237 206 212 213 213 .714
H 144 200 196 207 148 1.53 1.57 142 146 147 147 .586
Y 92 1.14 .81 .99 93 94 .95 91 92 93 93 420

Inw .75 .82 15 44 73072 .70 73074 T4 T4 2,773
4 @ 29 537 904 730 322 3.38 3.53 294 3.04 3.07 3.07 .882
H 221 324 358 359 229 239 247 217 224 226 227 778
Y 150 1838 142 171 150 1.54 1.57 146 151 152 1.52 .600

Note. By Methods B (0.1n"%/2), C1 (0.5n71), C2 (0.1n71) or D (n~%/2), the quantity in
parentheses is added uniformly to all cell proportions. The equality/inequality signs indicate
the relative sizes of these values when n is given.

Table 3A: Asymptotic and accurate standard errors for studentized estimators

n=25 n=100 n=400
Case SE* SE* SE*
No HASE* B=Cl1 >C2 <D HASE* B >Cl >C2=D HASE* B >C1 >C2 >D
Inw 977 1.048 775 876 994 1.002 .994 .986 2999 999 998 .998 .998

1 Q 1.666 3.264 9.948 5.779 1.202 1.277 1.313 1.348 1.054 1.055 1.058 1.059 1.060
H 1.389 1.890 2.504 2.198 1.110 1.136 1.144 1.148 1.029 1.029 1.030 1.030 1.030
Y 1.168 1.323 1.088 1.210 1.044 1.055 1.052 1.047 1.011 1.012 1.011 1.011 1.011

Inw 972 1.023 .884 .928 993 999  .994 .989 998 999 998 .998 .998
2 Q 1.347 1.788 1.958 1.922 1.097 1.119 1.125 1.130 1.025 1.026 1.026 1.026 1.026
H 1.196 1.369 1.259 1.321 1.052 1.063 1.062 1.060 1.013 1.014 1.014 1.014 1.014
Y 1.076 1.155 1.008 1.066 1.020 1.026 1.023 1.019 1.005 1.005 1.005 1.005 1.005

Inw 982 1.026 .895 .937 995 1.001  .996 991 999 1.000 .999 .999 .999
3 Q 1.483 2.483 4.997 3.448 1.140 1.182 1.196  1.207 1.037 1.038 1.039 1.039 1.039
H 1.276 1.595 1.630 1.634 1.076 1.091 1.093  1.093 1.019 1.020 1.020 1.020 1.020
Y 1.116 1.219 1.056 1.130 1.030 1.037 1.035 1.031 1.008 1.008 1.008 1.008 1.008

Inw 989 1.041 .848 915 997 1.003 .997 991 999 1.000 .999 .999 .999
4 Q 1.662 3.318 9.819 5.741 1.200 1.285 1.320  1.351 1.054 1.055 1.058 1.059 1.059
H 1.405 1.950 2.601 2.268 1.115 1.145 1.153  1.156 1.030 1.030 1.031 1.032 1.032
Y 1.186 1.346 1.145 1.252 1.050 1.059 1.058  1.054 1.013 1.013 1.013 1.013 1.013

Note. B, C1, C2 and D: as before. HASE*:(l-I—nflo/Qb)ln; SE*: accurate standard error.
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Table 3B: Asymptotic and accurate ratios of standard errors for non-studentized estimators

n=100

B C1 C2 D C2D

Case HASE SE HASE SE HASE HASE SE
No ASE ASE ASE ASE ASE ASE ASE
Inw .985 .969 1.019 1.023 1.056 1.065 1.074
1 Q 1.077 1.058 1.090 1.092 1.101 1.104 1.124
H 1.006  .993 1.028 1.030 1.050 1.055 1.064
Y 979  .967 1.008 1.011 1.038 1.046 1.050
Inw .986 977 1.012 1.015 1.039 1.045 1.049
2 Q .936 .936 961 .964 .985 .992 987
H .956 951 .981 .982 1.007 1.013 1.009

Y 972 .964 .998 .999 1.024 1.031 1.029
Inw .986 977 1.012 1.015 1.039 1.045 1.049

3 Q 1.026 1.021 1.029 1.025 1.030 1.030 1.029
H 988 .985 1.000 1.000 1.011 1.014 1.012

Y 977 972 997 1998 1.017 1.022 1.020
Inw .985 972 1.016 1.020 1.049 1.057 1.065

4 Q 1.098 1.096 1.079 1.078 1.061 1.057 1.062
H 1.021 1.018 1.022 1.021 1.021 1.021 1.022

Y 983 979 1.001 1.001 1.016 1.020 1.020
Note. B, Cl1, C2 and D: as before. HASE = (n71a2 +n73/2a2a+

n"2ag)Y?; ASE = (n"'an)/?; SE: accurate standard error.

Table 4: Asymptotic third cumulants (a3) and the corresponding accurate ones for studentized

estimators
n'/?x accurate third cumulants

Case n=25 n=100 n =400

No as B=Cl1 >C2 <D B >C1 >C2=D B >C1 >C2 >D
Inw —-.56 —.14 —-.76 —.69 —.34 —.A47 —.60 —.47 —54 —-56 —.56

1 @ 12.06 1.2e3 8.led 1.2e4 43.28 63.78 161 14.67 1548 15.72 15.75
H 7.30 109 700 295 14.43 16.47 16.59 8.03 841 8.51 8.53
Y 3.24 13.18 R8.99 11.44 4.57  4.69 4.51 3.35  3.47 3.50 3.50
Inw 74 —.01 1.13 1.00 .39 .67 .93 .59 .73 78 .78

2 @ —2.00 —-34 =21 —43 —-6.34 —-7.78 —8.68 —2.38 —2.43 —2.44 —2.44
H —-81 —-7.22 —153 —4.23 —-2.16 —2.07 —1.64 -99 —-94 -—-93 -.93
Y .05 —1.63 1.20 42 —-.50 —.23 .09 —.09 .02 .05 .05
Inw —-1.13 —-.25 —-1.81 —1.63 —.74 —1.06 —1.34 -.95 —-1.12 —-1.17 —-1.18

3 Q 8.65 612 3.1led 4.7e3  23.83 29.25 33.43 10.13 10.42 10.51 10.52
H 4.89 57 183 99 891 9.26 8.71 5.38 547 549 5.49
Y 1.74 805 204 4.26 2.77 2.53 2.19 1.92 18 1.85 1.85
Inw —1.50 —.36 —2.42 —2.16 —.95 —1.38 —1.78 —1.26 —1.48 —1.55 —1.55

4 @ 11.74 1.1e3 6.5e4 9.8e3  47.53 68.75 170  14.60 15.17 15.33 15.35
H 7.25 121 719 306 16.33 18.13 17.44 8.25 8.47 854 8.54
Y 3.00 15.80 9.27 12.19 5.07  4.89 4.34 3.29 3.28 3.27 3.27

Note. B, C1, C2 and D: as before. zey=x x 10Y.
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Table 5: Asymptotic fourth cumulants (o) and the corresponding accurate ones for studentized

estimators
n'/?x accurate fourth cumulants
Case n=25 n=100 n =400
No oy B=Cl1 >C2 <D B >C1 >C2=D B >Cl1 >C2 >D

Inw -164 —-5.1 —49 -108 —48 —-13.0 -—-199 -12.8 -16.2 —17.2 —17.3

1 Q 307 2.2e5 8.0e7 5.8e6 5.4e3 2.0e4 2.4e6 426 467 479 481
H 128 6.8e3 1.2e5 3.4e4 621 921 1.0e3 152 163 166 166
30.0 272 242 254 89.1 85.8 53.9 34.7 344 343 343

Inw -13.0 -43 -56 -88 —-49 -103 —-140 -10.3 —12.6 —13.3 —134
2 Q 76.3 8.4e3 1.5e6 1.1leb 564 953 1.2e3 924 953 96.0 96.1
H

34.8 435 580 422 120 123 78 40.0 39.6 395 394

74 479 42 10.6 274 188 8.2 9.9 8.2 7.7 7.6

Inw -86 -33 -1.7 =51 -23 -6.7 -9.5 —-6.9 -84 -89 -89

3 Q 180 1.7e5 5.4e7 3.9e6 2.1e3 4.0e3 5.9e3 234 246 249 249
H 73.0 3.8e3 4.7e4 1.4ed 322 367 238 85.7 87.7 88.2 883

Y 16.8 147 60.1 86.6 53.5 424 23.2 19.9 18.6 182 181
Inw —-60 =35 32 -—-1.7 7T —44 7.7 -49 —-6.1 —-64 —-64

4 Q@ 288 1.7e5 4.8¢7 3.7e6 6.Te3 2.2e4 2.5e6 412 443 452 453
H 126 6.9e3 1.1e5 3.led 807 1.1e3 1.2e3 156 164 166 167
Y 32.5 306 282 286 115 106 61 378 375 374 374

Note. B, C1, C2 and D: as before. zey=x x 10".

studentized estimators of Inw, @, H and Y. Table 3B is for the non-studentized esti-
mators corresponding to Table 3A (see Theorem 1). The partial derivatives required
for computation (see (2.7) and (2.8)) will be given in Subsection A.4 of the appendix.

Table 2 shows the results of bias. Note that the accurate bias for a studentized esti-
mator is its expectation. When n=25, the accurate absolute bias for @) by Method C2
is much larger than the corresponding asymptotic value. But, this is not necessarily
so for other coefficients. The tendency of the true values approaching the correspond-
ing asymptotic ones as monotonic functions of an added quantity is observed in the
table. The effect of Fisher’s transformation is well seen for Inw in the reduction of
the biases.

Table 3A gives the common higher-order asymptotic standard errors (HASE* =
(1+n"tak,)/?) and the corresponding accurate standard errors (SE*). Note that the
usual asymptotic standard error (ASE*) is 1. When n = 25, the results show that
many of the SE*s are far from their unit ASE*s while they are partially explained by
the HASE*s. The decreasing tendency of the discrepancies by increasing the added
quantity is observed. Method B was employed mainly for comparison. However, in
Table 3A, Method B seems to give reasonable results in that many of the associated
SE*s are relatively closer to the corresponding HASE*s. Of course, exactly the same
results can also be obtained by increasing the constant for Method C.

While the values of HASE* in Table 3A are common to all the methods and are
invariant with respect to the constants used, they are different for non-studentized
estimators. Table 3B shows the HASEs (= (n 'as+n"32ag, ++n 2ag)"?) (see
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Table 6: 10°x root mean square errors of approximate distribution functions for studentized
estimators (n = 100)

Case B C1 C2=D
No N* E1l E2 N* El E2 N* El E2
Inw 952 218 162 984 206 157 1013 227 175
1 @ 3849 1553 1316 4057 1606 770 4237 1672 756
H 2685 932 947 2826 943 355 2946 966 364
Y 1709 491 274 1780 465 188 1841 445 190
Inw 312 129 91 331 118 77 362 143 92
2 @ 1173 861 191 1215 885 193 1249 905 197
H 746 509 254 753 505 107 758 499 99
Y 457 261 813 451 233 84 442 208 74
Inw 974 157 98 1003 134 97 1032 149 111
3 Q@ 3157 1124 437 3273 1158 465 3370 1196 465
H 2226 679 250 2296 686 223 2356 697 222
Y 148 360 878 1520 339 118 1545 322 104
Inw 1595 474 427 1651 440 423 1695 435 419
4 @ 4481 1671 1032 4668 1736 882 4833 1811 883
H 3377 1103 565 3512 1124 575 3626 1157 574
Y 2395 706 1497 2474 684 457 2541 671 439

Note. B, C1, C2 and D: as before. N*: normal approximation; E1:
the single-term Edgeworth expansion; E2: the two-term Edgeworth
expansion.

Theorem 1) and the actual standard errors (SEs) as the ratios to the corresponding
ASEs (= (n'a)?) when n = 100. It is found that the HASEs well explain the dif-
ferences of the ratios SE/ASE from 1, and that the ratios HASE/ASE and SE/ASE
by Method B tend to be smaller than the remaining ones but are not necessarily closer
to 1.

Table 4 shows the results of skewness, whose relative sizes seem to parallel those of
biases in Table 2. That is, when the added quantity is larger, the absolute skewness
tends to be smaller and closer to the corresponding asymptotic value. The normal-
izing effect in the reduction of skewness for Inw is also observed. Table 5 gives the
results of kurtosis. The monotone tendency with respect to the added quantity is also
found.

As an application of the asymptotic cumulants of the studentized estimator, the
approximate cumulative distribution functions are constructed by three methods: the
usual normal approximation (N*), the single-term Edgeworth expansion up to order
O(n~'/?) (E1), and the two-term Edgeworth expansion up to order O(n~') (E2) (for
El and E2, see Theorem 2 and the associated description). Table 6 shows the 10°x
root mean square errors of the approximations. An error is defined by the difference
of an approximate value minus the corresponding accurate one. They are evaluated
at the equally spaced values from —3.99 to 4.00 by steps 0.01. The square roots of
the means of the squared errors are given in the table. From the table, it is seen that
the errors by E1 are much smaller than N*. While the errors by E2 are smaller than
those by E1 using Methods C1, C2 and D, some of the errors by E2 are larger than
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those by E1 when Method B is used indicating over correction by E2. Among the
four parameters, overall the errors for ) are largest while those for Inw are smallest.

6. Some remarks

As mentioned after Theorem 3 for studentized estimators, the equalities of all the
asymptotic cumulants considered in this paper by Methods A, C and D are due to the
use of p,, in the estimator &s,. The equalities give tractable results in that we can use
the same asymptotic expansion as that using p rather than p,, and that the sizes of
the added quantities are irrelevant to the asymptotic results. The results by Method
B in Tables 1 though 5 look promising. However, as explained earlier, the seemingly
reasonable results come mainly from the relatively large constants used. When we
look at Table 1 again, we see that when n=25, the values of the added quantities by
Methods B and C1 are equal, and that when n = 100, 0.01 = 0.1n~'/2 by Method B
is two times of 0.005 = 0.5n! by Method C1. The value 0.01 by Method B is also
obtained by increasing the constant as 1.0n~! by Method C, which is equivalent to a
single additional count to all cell frequencies.

Though Bonett and Price (2007) recommended Method C2 with the constant 0.1,
the results of the numerical example are not consistent with their proposal though
the numerical results in this paper are limited. Agresti and Coull (1998) proposed
the formula of two successes and two failures added in the cell frequencies for infer-
ence of the binomial probability. Their formula corresponds to 2n~! by Method C in
our notation when the odds ratio is used. Though the formula was developed when
the asymptotic coverage is 95% with the normal deviate zgg25 = 1.96 whose rounded
value is 2, the formula may be used in other situations. As illustrated above, 2n~! by
Method C is equal to 0.1n~'/2 by Method B when n = 400.

Considering the smallest errors for Inw among the four parameters in Table 6, In®
(or Inw,) is to be used for estimation of @, H or Y, which is recommended by e.g.,
Bonett and Price (2007). For instance, the two-sided CI for Inw by Methods C and D
(and Inw, by Methods B, C and D) with the asymptotic confidence level 0.95 using
the Cornish-Fisher expansion (see Hall, 1992b; Ogasawara, 2012) with the estimated
cumulants &) and &4 is given by

InG, + [F20.025 — 1 2{@&, + (64/6) (22 ggs — 1) Hn V248> =0k dox (6.1)
The corresponding intervals for @, H and Y are given by tanh{(c* /2)(w*£2%)} with
c¢* =1, 0.75 and 0.5, respectively.
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Appendix
A.1 A review of the asymptotic expansions associated with the multinomial distribution

In the simple case of the binomial proportion, Hall (1982) used the asymptotic
expansion of the studentized proportion up to O(n~'/2) or up to the term next be-
yond the normal approximation. Zhou, Tsao and Qin (2004) obtained a similar but
extended result for estimating the difference of the probabilities of two independent
binomial distributions. Zhou and Qin (2005) gave the corresponding results when
the two binomial distributions are correlated. This problem reduces to that of esti-
mating the contrast w11 + 712 — (711 +721) =712 — 71 in the multinomial distribution
with four categories, where 7;; is the probability corresponding to the (7, j)th cell in
a 2 x 2 contingency table. Further, Zhou, Li and Yang (2008) derived the asymptotic
expansion of the distribution of the sample logit or log odds in a binomial distribu-
tion. Zhou et al. (2004, 2005, 2008) used the cubic transformation by Hall (1992a).
It is to be noted that Hall’s expansion is asymptotically equal to the single-term local
Edgeworth expansion up to O(n~'/2) i.e., the expansion when the sample propor-
tions are regarded as continuous variables or when the oscillatory part of the discrete
distribution is neglected. For the total expansion, see Esséen (1945, Theorem 3),
Ranga Rao (1961, Theorem 4), Bikyalis (1961, Theorem 1), Yarnold (1972, Section
1), Siotani and Fujikoshi (1984, Lemma 2.1). Bhattacharya and Ranga Rao (1986,
Theorem 23.1), Brown et al. (2002, Lemma 1), G6tze and Ulyanov (2003, Section 1)
and Staicu (2009, Appendix A).

The two-term local Edgeworth expansion up to O(n™!) for the distribution of ex-
plicit/implicit functions of sample multinomial proportions without studentization
and the corresponding single-term expansion up to O(n~'/?) for studentized estima-
tors are given by Ogasawara (2009). Partial justification of using the local asymptotic
expansion or using only the continuous part is the relatively small property of the dis-
crete part in the sense that the part becomes O(n~%/2) in the case of the binomial
proportion when the discrete term is integrated over its domain (see Brown et al, 2002,
Theorem 6; see also Hall, 1982 for the smallness of the discrete part). The author
conjectures that this property more or less conveys to the general cases of functions
of multinomial proportions.

It is known that the local Edgeworth expansion becomes asymptotically equiva-
lent to the corresponding total one when the continuity correction is employed with
Sheppard’s correction for cumulants (Feller, 1971, Theorem 2, p.540; Kolassa & Mec-
Cullagh, 1990; Kolassa, 2006, Section 3.15). In the case of the single-term Edgeworth
expansion, Sheppard’s correction for associated cumulants gives unchanged ones. For
the two-term Edgeworth expansion, only the variances are influenced by the correction
with unchanged covariances and other cumulants (Wold, 1934, Equation (5); Kolassa,
1989, Chapter 3; Stuart & Ort, 1994, Section 3.25). It is to be noted that the correc-
tion of variances is to decrease it by the quantity —1/(12n?) rather than to increase it
in the case of the binomial distribution (see e.g., Kolassa & McCullagh, 1990, p.982;
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Stuart & Ort, 1994, Section 3.18). So, it is expected that using estimated variances
without using Sheppard’s correction typically give conservative results in e.g., interval
estimation of parameters.

A.2 The asymptotic cumulants for non-studentized estimators

The second cumulants are

k2(v) = ra(w) =E(w?) —{E(w)}?
00 ., 00 00 ., 0 1{{ 00 020

= =X 4n V"
o', “oms | o, omp on', "~ (') <2

90 00 1( 0% 177 e
o oy T 1\ @y P

} n1/2E(u<3>)

_|_

- 259(2:9;1 Za?rec é { 8(19;1 ’ (87?;)9<3> }E(udﬂ +O()
= 88:;1 Eaawi +”_1/22ai9;1 28873; e H 8?79;1 (37?j)9<2> } :
5 2
o, Zom 2 (B, 2 )
= as+n 2ag, +ntag +0(n?), A

where o(?) =vec(X), vec(-) is a vectorizing operator stacking the columns of a matrix,
o®) =n!/?E(u<?>) with
() gy = n*E{ (s =) (pj — 7)) (o — 1)}
= 5ij5ik(7777 — 37‘(’22) — {5@‘(1 — 57‘,k)7ri77k +5¢]€(1 — 5¢j)ﬂ'iﬂ'j +5jk<1 — 5ji)77j7ri}
+2mmimy (i,5,k=1,...,r),
and (-)(Z-jk) denotes an element of the vector in parentheses corresponding to ;,7; and

7, (see e.g., Stuart & Ort, 1994, Equation (7.18)).
The third cumulants are

k3(v) = h3(w) =Elfw - B(w)}*| =E(w?) - 3E(w?)E(w) + O(n*?)

90 \ <> 3 90 \ <% 020
— L2 (3) 4 ,-1/2°2 o7 <a>
() o 2{(8@) ®<aw;><2>}E(“ )

20 \ <> 9%0 e
() e e
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00 00 0%0
—1 <4>
+n 3{87r//1®877/3®<87r:4)<2>}}3(u )

- 3(0&2 + n_1/2a2a) (n_1/2a1 + n_lala) + O(n_3/2>

90 \ <> o0 920 o0
— -1/2 (3) b b
" {(871'21) 7 +387r£4 0w 0T, OWA}

00 \<*> 90 90 00 00
-1 I P )
o 3{<87rf4> ®87r’3}a +3('97rf4237r387r’32877,4
00 %0 00
b b -3/2
* 6('971'14 Om 0T, 371'3} +Or™)
=n a3+ n taz, +0(n%?). (A.2)

The fourth cumulants become
ka(v) = ka(w) =E[{w —E(w)}"] -3 (w)?
= BE(w?) —4E(w*)E(w) + 6E(w?)E(w)? — 3k2(w)? + O(n~?)
= E(w*)—4{n 2oz +ntas,
+3(a2+n71/2a2a)(n71/20¢1 +n71a1a)}n71/2a1
+6(aa+ n_l/zag(,,)n_laf —3(ag+ n Y200, + n_lagb)2 + O(n_3/2)

= E(w*) =302 —n"26a500, —n " (o as + 60202 + 60 4 302,

+0(n??),
where
89 <4> 80 <3> 80
4y _ <4> -1/2 <4>
E(w®) <87rf4> E(u™7)+n 4{(8#2) ®87r93 E(us*)

B 89 <3> 620
+n 12{((971{4) ®W}HI/QE(U<5>)
o0 <2> 90 <2>
-l-n*l < [{ (37‘-14> ® <87T’B) } E(u<4>)
1 0 <2> 920 <2> 6=
1 {(aw') o(wges) [P
<3>
+n"14 H( 89/ ) ®a—e,}E(u<4>)
'y oy,

[NCRIEN
Q ~—m—
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A
(2)y<2> —1 (2) (3)
x (o) +n 2{(8ﬂ_l > ®(37‘./A)<2>}ZU ®o

A

+n! [GaQ % 5, 90 12( 9 5 00 )

onr " omy o\ ow, T omy
15

3(/7 00 \* 220 e
_ 7 v (2)\<3>
*2{(8@) (o) (20
00 00 2/ 90 \> 930 15
Z —_ - (2)\<3>
+n [12 F s +3{< ) ®(a7r'A)<3>}Z(" )

871'0 871'A
+0(n*?),

where Zk denotes the sum of k similar terms considering the permutation and com-
bination of the multivariate moments concerned, and (¥ (p) is the n* x 1 vector of
the multivariate fourth cumulants of p, whose elements corresponding to p;,p;,pr and
p) are

4(pispi,pi,pi) =mi(1—m){1—6m;(1—m;)},
4(pz;piypz‘7p]) 7Ti7rj{1_67ri(1_7ri)}a
*ka(pi,pipjpj) = —mim{ (1= 2m) (1 — 2m;) + 2mim; },
( )=

n K
n®ka(pispipj.pr) = 2mimime(L=3m;),  n®ka(pi,pj.pr,pi) = —6mm;memy,

(6, g,k l=1,...,r; 0], i#k, i#l, j#£k, j#1, k#l; see e.g., Stuart & Ort, 1994,
Equation (7.18)). Noting ag=(80/07')<?>c? and ag, =2(80/07')X00/0mp, it
follows that

B 89 <4> 89 <3> 829 10
Ka(w) = n! [< 7 > n*k™ (p) +2{<87r’> ®W}ZU(2)®0‘(3)

or', "
90 _ 00 3 ([ 060 \<¥ 920 | &
7 4 7 v (2)y<3>
+6a2(97r326773+2{<8ﬂ"/1> ®<(671-f4)<2>) Z(U )
99 _ 90 2/ 06 \<* 930 L0
- = v (2)\<3>
+12a2a7",423770+3{<87rf4) ® (871-’A)<3>}Z<U )
— (4103 + 60902 4 6agagy) |+ O(n~%/?)
= n*1a4+0(n73/2):n*1a4(f4)+O(n73/2). (A.3)

The equality g = al" in (A.3) follows from the relationship 6a (9600 '5)200/0mp+
1202(06 /07" ) 200/ 07 0 — 6oy = —6a20zéb) (see (A.1)).

A.8 The asymptotic cumulants for studentized estimators

First, using the notations similar to (2.7) and (2.8), define the partial derivatives
for later use as follows:
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aaQn o adZn - aaQ ~1/2 aOéQ 1
or  Op p:ﬂ_GTrA tn 8773+O(n ),
8204271 82&27@ 82042 ~1/2
@m)<= "~ (Op)> |, _. (Oma)2 +O0(n" /7). (A4)

Let (-); be the k-th element of the vector in parentheses, Ej; be the r x r matrix
whose k-th diagonal element is 1 with remaining ones being 0, e(;) be the r x 1 vector
with unit norm whose k-th element is 1. Then, the terms on the right-hand sides of
(A.4) are

oay _ %0 > 00 00 0% 00
A1)k O(ma)0n'y " 0wy O’y Omy, Oy’
;)i _ a{dlag(a];l pp}‘p:ﬂ:Ekk_e(k)ﬂl_ﬂe,(k),
Paz %0 5. 00 +2Z2: 0% o8 99
(1) r0(ma); O(mA)kD(maydmy " Oma "~ st O(ma)sOn)y O(ma)s Oma
49 %0 > %0 09 9*x o0
A(ma)p0wy ~ O(mwa)0mwy Oy OmOm 0wy’
0’y , ,
pry e O OB ONOE
daz :aazxzi@ 96 zﬁ)
7Bk om,  Om, \ 0wy 0wy
_ 5 020 00 08 0% 06 00 020
O(mp)pOnly 0wy Oy Om, Oms  ~ Omly ™ O(mwa)pOma
(k,l=1,...,r),

where Z(Qk,yl)denotes the sum of two terms given by exchanging the subscripts k£ and

l.

Noting
_ _ 1 _ 3 _
a2nl/2 = a, 1/2—5042 3/2(n_1/2azx+n_1a2y)+§a2 5/2(n_1/2a2X)2—|-0(n_3/2)
_ n Y2 oy ? 3 _
:a21/2——2 0123/2(12)(4—7171 — 22 a2y+§a25/2agx +O(n*3/2)

and ag;?/z:a;?’/z—n’1/2(3/2)a;5/2agx—|—O(n’1), and using (4.4) and (A.4), t be-
comes

t = nl/Q(én_en)/éé{l?

17200, n-1/2 e 020, n-1/2 3200, Do,
= Q9 677’u+ 5 a5, (aﬂ'/)<2> u — 5 Oy, aﬂ-/u aﬂ_/
—+ Ea_l/2ﬂu<3> _ Ea—3/2 a2071, <2> 6042,,,
6 2n (87T/)<3> 4 2n (871")<2> o’
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3 5200, [z, ¥ nl 3500, 0%

-1° 5/2 n 2n <2> v 3/2 n 2n <2>
tn g9 ox <87‘r’> v 4 Yo 87r’u(87r’)<2>
+Op(n’3/2)

-3/2 ~1/2 2
-1/2 00 -1/2 -1/2 00 _ Qo 00 (&) 0“0 <2>
Qy —aﬂ_,Au—i-n {oz2 871_,Bu 5 OQXaﬂ_,Au+ 5 (871"/1)<2>u
ay 90 Joax | i f 00 a;? 90 .
— n o — (6]
2 o, or, 2 on, 2 om,

2 8 on' 2 (Omly)<?>
Lo 0%
1 "X (on )=t
20,7 90 a3 5 90 Doy
a Z 2 87&"Au87r’Bu T 67rf4u81r’Au

~3/2 ~1/2 2
@ 3 _ 00 0-0
+ <— 2oy +-ay 5/2agx> —u+ %2 u<?

<2>

(A,B)
—1/2 —-3/2
R AR S S i TN
6 (9= 4 ()= om
3 52 00 <8a2)<2> <2> a0 Pay . ~3/2
+8a2 87T£4u 87Tf4 u 4 87T£4u(877/A)<2>u +Op(n )

~3/2 ~1/2 2
a;l/Q 89/ u+n,1/2 [<a21/2 89/ GOy OCQXaaGI >u+{a2 0“0
™

on'

a;”? 00 o | oe
! ® / u
2 on'y ow,

-3/2
o 3 —5/2 89
+ (— 22 Oé2y+§042 / oz%X> 871"A u

a,'? 0% ay*? 520
+ 2 / 2 Qox s
2 (0my)<>> 4 (On'))<>>
2L 0,"? 90 dan 3 5 08 aag}u<2>

> o, Com, 12 “on, “on

o'y 2 2 (On))<%>

~3/2
-1 -1/2 89 . (&%) 80
o HQQ org 2 N on

A

B

Ty T4

®

6 (0n,)> 4 (o2 om, 8% om,

+{a21/2 %0 a;? 9% das 3 5 00 <8a2><2>
or'y

C o’ 0 Pay
4 only " (Omy)>

}u<3> + Op(n73/2)

= g’(u)u“‘ ”71/2{81(21)11"' g/(22)u<2>}

+ n‘l{g’(?)l)u+g232)u<2> + g’(gg)u<3> }40,(n3/?). (A.5)

The asymptotic cumulants of ¢ are derived from (A.5) and the moments of u. The
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first cumulant is

k1(t) = n12glyy 0P +n gl 0P +O(n )
— n—1/2 { a;1/2 829 0_(2) a;3/2 00 ) 80[2 }
2 (om))=*> 2 on, O,
—1/2 2 -3/2 9
o { E (8733)9<2> oo (87f21)9<2> o
B 22: —3/2 00 8 3 052, 00 _ Oas }+O(n3/2)
(A,B) 2 ony 3 172 8 Om 4

=n 20 +nta), +O(n 32 =n"1 20 (A) +n ok, +0(n %), (A.6)
!
where the alternative expression agA) of o/} was given as for (3.2).
The second cumulant of ¢ is

<2>

Ko(t) = 8(11) 0'(2)“‘”71/22(%211)@%'(21))0'(2)
+n{2(gl1) @8z ' B ) +gi o + 8055 B — ()’
+2(g’(11)®g/(31))0'(2)+2(g211)®g(33)) (u=*)}+0(n?/?)
= 1+n71/22(g/(11)®g/(21))0'(2)

3
+n1{2(g211)®g’<22>) )+ g% 0@ +g % "> " (@)

3
- (0/1)2 +2(g211) ®g/(31))0'(2) + 2(g/(11) ®g233)) Z (0'(2))<2>} +O(n73/2)

14020, +n tah, +0(n ) =140 taly) +0(n32), (A7)

where

3
> (@) = 0P @o® +E{ue 1)} FIOE{1;) @u} ]

+E{ue15} @ul] 0E[{1,) @u * @1},
® denotes the Hadamard or elementwise product, and

99, 9

-1 -1 -1
— —Q, Qox =0 gy — Qg oy =0.
2 om,Tomp 7 2o

0ia, = 2(8(11) ®g'(21))0'(2) =2

!
The equality of o, and aé‘s) is derived as follows. The part of o, given by Methods
B and C, different from those by Methods A and D is

g(<221§ ‘o +2(g'(11) ®g'(31))0'(2)
_ ! 00 00 020 00 00 ozLQaz
o2 87@ 671-3 2 2X8 871',4 4 2X
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oo oo 0y 2
@2 omy, 0my 2 @ o'y O A 2 a2Y+8a2 @2x

180280_£2+2{ ,169260 a?

e (67 T
2 871'/3 87‘(’3 2 aﬂ'c aﬂ'A 4 2X

—1
—ai( W 5 00 L5 00 5 0 )+§a22a§X}:0

+2<_1aezae a;? 00 _ 00 oyt 3 2)

2 \ony Orp om, 0wy 8
00 00 00 00 00 00
where agx = 28 Ea Aand oy = Ry 26773 +267‘r’0287r,4 are used.

The third cumulant of tis
ra(t) = E[{t—E()}*] = E(£*) — 3E(2)E(t) + O(n /2)

3
- 1/2{g(<31> <3>+3<ga25®gm>>z<a@>><2>}
, 3
*”‘1{3@% & 8l)o D+ (& O ) D ()

3
+6(8(11) @8(21) @ 8(22)) Z (0'(2))<2>}
=3(14+n"2ab,)(n 2ol 0 al,) +O(n??)

3
- I/Q{gﬁf <3>+3<g<<fs®g<22>>2<0<”><2>‘3°‘3}

3
— !/ !
+n! {3(g(<125 D8(o1))0Y +3(817; ©8() D (e®) >
3
+6(g(11) ®8(a1) ®g222))z (0?)=*> =30/, —3ah,a) } +0(n*?)
=n"2ah+ntah, +0(n 73/2):n*1/2oz:(3A)/+n*1aéa+0(n*3/2), (A.8)

where

a2 00\ 3( 00 \**
Ozé = Oé23/2 (R) 0'(3)-1—5 (877;1)
3
3( 12 0% 32 00 0
2)\<2 1/2 2 3/2 2
XZ“’“)“‘z(% A S

-3/2 00 <3 (3) —3/2 00 829 00 _ -3/2 00 8042
= (871'14) T80 S o 0ma %2 B Com,

ay N ————a
2 (on)<> " om, T Oma

< -3/2 0?0 —5/2 o0 %)

—3/2

:a2

—-3/2 00 2(9052 _ (A)’

o3 — 30, 6 —87rA oy,

and

3
g, = 3(g(<125/®g/(21 )or ) 43 g(u) ®g(32) Z @)=z
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T X o,
[7] +seveeeenneensnnnennnennnstionnnnnnnes
2
_ a273/2a3a—6a275/2 00 00 00 » 80&2 —3&;3/2 00 ) 8&2

or'y OmpOw', Oma (A_’B)aw'A orp

s, [ 300N gy 900 o 0% 86 15 90 Zaaz}
ta O‘QX{ 2 (a@) o T 20, Oma0n, " 0ma | 2 O, Oma
2
~3/2 ~3/2 00 _ Oas
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s, [ 300N g 900 o %0 00 900 Eaag}
Ty OQX{ 2 (8#2) 7 20n!y 0w 0w, Omy 20w, 0wy ’

where the dotted underscores with numbers are for confirmation of correspondence.
In the derivation of of,, the term —3a%,0; (=0) was temporarily retained for conve-
nience to derive the last expression using as,.

The fourth cumulant of ¢ is

ka(t) = E[{t —E(t)}"] - 3ra(t)?
= BE(tY) —4E(t*)E(t) + 6E(t*)E(t)? — 3r2(t)2 +O(n?)
= B(t") —4{n Pah+n "y, +3(1+n Pab,) (n Pl 407 el )i Pl
+6(1+n " 2ah,)n " (a))? =3(14+n " ?ah, +n " ay,) +0(n*?)
= E(t*) =3 —n""?6ah, —n~{4a s +6(a1)” + 60y, + 3(ab,)*} + O (),
where
E(t') = gy Bu™) +n ' 24(glY @ gor) E(u™")
+n {4(gT @ glan) )0 PE(u)

4 / / 4 / /
+ <2> (85T ®e5, JEu™)+ <2> (85T ®e5y JEu=*)

/ —
+4(8 © 8l B™) + 4(87Y @ 8la )E™) } +O0(n )

-1 -2 00 <t 3, .(4) —1/2 / / (2)
=3+n ta, o n kY (p)+n712(g( 1) ®8(a1))0

10
+nt {4(g(<135/®g/(22)) 20(2) ®o® +6g(<225/a(2)
15
! !
+12{(g{11) @821 P} +6(877; @85 )Y (aP)*
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15
!/ _
+12(g{11)®g’(31))a(2)+4(g(<135 D8(z3)) D :(‘7(2))<3>}+0(n 8/2)

From aj, =2(g(,;) ®8(a1) Yo and g(<221§/a'(2) +2(g(11) ®8(31) )o?) =0 (see the deriva-
/
tion for o, :aé';) ), the following result is obtained.

10
ka(t) = nt a2 96\ (4) A< @ g (2) o —(3)
= A\ ) F (P)+4(8[}) @8a0) Y 0P @0

+6(87 ©85h /)i(d(”)<3>+4<g(<f’5 /®g233>)§:(0(2))<3>
— {4 oy +6(a})2 + 60k, }] +0(n3?)
= n*1a2+0(n73/2):nflozz(lA)/—FO(n*S/Q). (A.9)
Note that (A.9) was derived without using a4, =0. The last equation is given by

the expression of (A.9) which does not involve those for other than Methods A and
D.

A.4 Partial derivatives
A.4.1 The log odds-ratio

Let pui=pi+n 2bi+n " ci+n 2dy; and pui;=pij+n2bi+n ey +n 2
d;j, where b;;,bij,¢ii,¢ij,di; and d;; are constants, and i#j (i,j=1,2) is assumed in
Subsection A.4. Let a}nEpnllanQ/(pleanl) :p71iipnjj/(p7zijpnji)- Then7

olnw, Olw, 1 1 1, B nt ,
= = — = (n 1/2bii+n lcii)—i—jb%-\—()p(n 3/2)

Opii OPnii B DPnii B Dii p? Pii
1 b b2 iy
— ——n_1/2_;2+n_1 (%_C_g>+0p(n_3/2>7
Dii pi; Di; ii
Olnw, 1 bi; b2 e
Py (L S 0, (),
Ipij Dij Dij ii Pij
0?Inw, 1 172 2bii 0%Inw, 1 2b;;
- = ——+n /2—+O (’I”Lil), ,L:__n71/2#+0 ( 71)3
op2 P vi 7 oy Y py
3 nw, 2 03 no, 2
no_ 10 (n71/2), n,:__+O n71/2 '
oy vy ! ap;; P} p(n)
A.4.2 Yule’s coefficients
R R R o1
Let 8} and 6* be the estimated generalized Yule’s coeflicients defined by 6 = {ld? 1
w’fl,*
Aok
and 0* = — , respectively, where @, is expanded as
w*+1
ow ow 1 9%
N 71/2_b -1( Y% - b<2> o) -3/2
e eTn T (8p’c+2(5p’)<2> >+ pn )
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= O+ Y2ox+n oy + Op(n*S/Q)

with b= (bu,blg,bgl,bgg)/ and c= (011,612,621,622)/. Then, the partial derivatives of
w, with respect to p used in the asymptotic expansions are

&ﬂn o 8(2) ~1/2 &Z)X au}y ~3/2
ap ap " ap T gp TO T
82‘1}71 ool ~1/2 0? wx 1 (’93’@” OB _1/2
S N R S (BN L
ko~ k41~ ~ 2 A 3 A
6WX. _ 9w b (k=1,2), oy 07w c—l—l P <2
(Op)<k>  (Op)<F>0p’ op Opdp  20p(op/)<?>

where the non-zero derivatives of @ with respect to p are

0w pyj 0w pupjj P 1 0 py

% B M’ ﬁu B _p?jpji 7 apiiapjj B PijPji ’ apm:apij B _pzszji ’

O’ 2pipy; ’0  pupj; 3w B 1 o 2py

ap?j a pf}pﬂ " OpijOpji B p?jp.?j,’ OpiiOp;;0pi; B _p?jpji7 (9277:7:31?1-2]- B p?jpji7
P pij 90 Gpiapj Po 2pupj

OpildpiOpji  paps’ Opf  plpi OpEopi  piph

Using the results above,

930~
(n_l/QAx+n wy)+n7 wX}

o0:  00: o, [ 06° +a2é*
op 0w, Op | 00 = Ou? ow3
0w | _yp0ox 16WY) —3/2
X <8p +n p +n ap +0,(n"°"%)

_ 00000y (020700 +60*8wx
~ owop " 802 op X T 8% op

{ 1936 0 020 (6wa oG ) 00" aay}
+n -

2 90% op X T L ap Xt 3™ ) 55 ap
+0,(n~%?),

0%; 0 (&u) L0 2o [0 (&u) 5
(0p)<>> ~ 9% \9p oo (Op)=2> dw® \ dp *
a2é*< % +w®awx+awx®&a) 00" P
82 \ (ap)<="*"ap " ap ' op ~op) o (9p)<*
"‘Op(”il)v
0%, %0 (&D)<3>+829* 0% 0b 000 9%
(0p)<3> 03 \ Op ow? (0p)<?> ~Op 0w (Op)<3>
+Op(n_l/2)a

where
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aé* B 20*(:)0*71 aZé* B 2c* (C* _ 1)(:)0*72 4(6*)2(2)26*72

oo (@ +1)2 002 (@7 +1)? @ +1)°

930" B 20*(6*—1)(0*—2)L&C*_3 12(0*)2(6*—1)@26*_3 12(0*)3(2}3(:*—3

6&)3 N (@c* + 1)2 (d)(f* + 1)3 (d)c* + 1)4
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