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Supplement to the paper “Asymptotic expansions of the distributions
of the chi-square statistic based on the asymptotically
distribution-free theory in covariance structures”

Haruhiko Ogasawara

This note gives asymptotic moments as applications of Ogasawara (2009,
Lemma 2) required for the Bartlett correction of Ogasawara (2009, Theorem 2).
The results in Subsections 1.2 and 1.3 of this note are not required for the

Bartlett correction but shown here for completeness. In this note, Coupca is

denoted by Oy for simplicity of notation with other similar expressions.
k
The notation X is synonymous with b (the sum of k terms with similar
patterns). In the following, subscripts a, b, ¢, d, e, f, g, h, i, j, k, I, w, x, y and z
=1,...,p.
Errata will be given at the end of this note.
1. Higher-order asymptotic variances
1.1 E{(s,, —0,)(5.0 —0.,)} (see e.g., Kaplan, 1952, Equation (3))
1

Kapea T N_1 —(0,04,+0,,0,.)

a

N
1 |
N —(Osred ~OusCed ~ 0 aeOpa ~ O i) +— (O' Opa T 04404.)
N -
1 1 »
—(C ey =0 0.y)+—(0,.0,,+0,,0,)+ON)
N N
3

= ; (Cabed =CusCed) — ( abed ~ OOt ~ 00y — 0 ,q0,.) +O(n™)

| _
= ; (O st = O asOoa) = —5 Kupea + O ? )

where K., denotes the fourth-order multivariate cumulant for variables

XastsXc and Xd .
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1.2 E{(mabcd - Uabcd )(Sef - O-ef )}

Recall
mbd:isbd—ii Zss 35558
abe: N abe Nz bcd N4 a~“b=cd>
1 1
Sef=

S, - S.S,.
N-17 NWN-1) 7
Using Ogasawara (2008, Lemmas 1 and 2),
E{(mabcd - O-abcd )(Sef - O-ef)} = E(mabcdsf)_ E(mabcd) ef

1 4 5 10
= W_F O speas + 1_N+7V7 abed, Z O tpef O

1 4\
zo’bcdeo- +( N +szaaefo-bcd (N Nz )(Z )
1
- F z (0, Oy 7040, )O.

4 6 : g
_[]_N+F]G““’G€f (N Nz)(z JGNO(N})
l

(O' abedef ~ OabcdOef Z aefo-bcd)

{ A6 peder 40 peaOr + 22 O abef Oca +zo-bcde epm

3
+4ZO'H€/O'bEd—4[ZO'abO'C) o, Z(O' o, +0, o*be)acd}+O(N'3)
1
n(o- abedef — OabcdCef ~ Z aefo-bcd)

1 8
n — {56 seier 50 14040, +2Z O abes O +Zo-bcdeo-af

4 3 6
+520‘ado'bcd —4(Zaab0'cd]aef —Z(O'aeobf +0'af0'be)0'd} +0(n™).
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1.3 E{(mabcd - O-abcd )(mefgh - o-efgh )}

In the following the subscripts [] are used to identify terms for

confirmation of correspondence in equations.
N-1 N
E(mabcdmefgh) = N O abedefeh T12aB] — 7 N O abedOefen — F {[3 199V 0 whcdesan

+[4AB]8(N -N)O .4 Oen TisaB) (N* =N )Z( O avede fgh T OefenaCbea )}

1 6
* F Lol (N - N)ZZ (Gabcdefagh * O tehas O.) i (N*=N)3

2.
XZ( O isedeC s + O ginaOhea) Ty 12N = N)O 1410

3
+oap) NV =N =2)2) (0 ,40s0y O + OO0 )}

3 3
_UOJ’AF N(N-1)(N- 2)2 (O-abcdo-ej Ot Open 0, $0ea)

{[I 1 N(N - l)z (O-bcdfgho- + Ohee O-fgha)

iy N(N _1)160-abcdo—ejfgh RATE) N(N - 1)42( O ueae fn + efghao-bcd)

16
+[14AB] N(N —1)(N _2)2 O-bcdo-fgho.ae}

1 3
_FN(N_I)(N_Z) {[15]82 (O-abcd efo-gh + O-efgh o-cd)

16
Tue) Z( CpedeO. fghao-ebo-cd) o 62 Ocd 0 fghO ae

Fus) 22( OerObcaOgh T0eab O g4 O )}
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1 9 72
+F N(N -1)(N=2)(N-3) ([19]4Zaabacd0'efagh +120) Zaaeabfacdcgh)

+O(N™)
=241 OabedCefen T {[l] abedefeh [5A] Z( O abeaeC fn T ejghao_bcd)
3
_[213,4A]9o-abcdo-efgh toa; 2z(o-abcdo-efo- o T OerenOa O.) Han ZG bcdC fehOa o)

{13 ] So-abcdefgh [11] Z(O-bcdfgho-ae + O-bcdeo-fgha)

+148.8121 300 w40aO g Hism.7,131 82( O sede fen + O opiaCea)

*e) 22( O abcdef O gh +Uefghabo'cd) [IG]Z(O-bcde Oy O T 0 10O )

[931015]172( O abcdCefOgn + OoenO cd)_[l4B.17J 9zo-bcdo—/gho-ae

||x]2Z( OaerOscdOCgh T OeavO n 0. cd)+[19|4zaabo-m Oy Oy

72
3
+[20]Zaae0'bf0'cd0'gh} +O(N™)
= O pedOpen T— { O abedefch Z (GaMdergh + O-efghao-bcd)

- 9o-abcdo-eﬁgh + 22( O apcdCefOgh t O o0, 3Cea) + Z Opea. fgho-ae}
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1 16
+ -;1_2_ {_9o-abcdefgh + z (O-bcdfgh O-ae + O—bcde Gfgha )
4
+450 404 Oen 92 (G abeae O i t OenaChea )
6 48
+ 22 (O-abca’efo-gh + 0 onas O, i)~ Z (6440, o Oah T O 13O0, wd)

3 16

~1 92 (O'abcdo'ef Oon t OO c,)-1 OZ OO 1O e

24 9 72
_2 Z (o-aef O-bcd O-gh + O-eab O-fgho-cd) + 42 Gabo-cd O-ef O-gh + Z O-ae O-bf O-cd Ggh }

+0(n_3 ).
On the other hand, from Ogasawara (2008, Lemma 1),

4 6
_E(mabcd )O-efgh - E(mefgh )Gabcd == (1 - ﬁ + Fj O abed O-effgh

2 5 ]
_( )Z(Uabo'cdo'efgh +0,,04,0 ea) + O(N %)

N N?
4 10 2 7))
=-2 (1 - ; + ?) O ubedOefon — (; - ?) Z (O-abo-cdo-efgh + o-efo-gho-abcd)
+0(n™).

From the above results,
E{(M g = O spea )(mefgh ~ O oion )}

1 4 16
= N {O-abcdefgh - Z (Gabcde O-fgh + O-efgha o-bcd ) = O-abcd O.efgh + z O-bcd o fgho-ae }
1 16
+ N2 {_SO-abcdefgh + Z (O-bcdfgho-ae + o-bcde o-fgha)
4
+ 24o-abcd O-efgh + 82 (O-abcde o-fgh + O-efghao-bcd)

6 48
+ 22 (O abeder O + CogghatOca) — Z (Cheae OyOoh T 0 1O C.4)
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_122( O abcdFef O gn +J_efgh0abad) 92 O4ca® 10

_22( OefOpciOgn T O, bo-fgho-cd) + 42 Cp0.qT oy O + Z O-bfo-cu’o-gh}
+O(N™)

1
= O spedefih Z(O-abcdeo-fgh efghaabcd) O abcd Oefeh +z O a0 10,

{ 9o, abedefgh + Z (O-bcdfgh * Oy fgha)
4
+250,,,0., oeh T 92 (Csbeac® en T O-efghao-bcd)
+ 22( O abedef Ogh t Oponas Oca )= Z (Cpede OyOoh T 0 11Ot C.4)

16
_122( OubcdOefOgn + OO, $0ea) 1 OZ a0 1 Oe

72
_22 (O-agfo-bcdo- + OO 110 g+ 42 Ou0cqOofOgi + Z 020400 gh}

+O(n™).

2. The third moments
2.1 E{(mabcd ~ O abed )(ng — Oy )(Sgh - O-gh)}
Ogasawara (2008, Lemma 5) gave
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E{( abed ubchSef _O-efxsgh _Ggh)}

1
= N2 O abcdefgh (O stedes Tgh + O abedigh f)
4
z(o-bcdef agh ot O'bcdgho-aef + O-aef ho-bcd )

Z O iscae® 1eh IO aped O oo T 00 i O, Z( Oy Oeh + O uenOr )0y

4
+Z(0'ag0'efh 10,40, + 0,04 +0, ghe)abcd

4G=6
+ Z {(o, OoerOhgn + OugnOer )04 (0 0O + 01O )O-ef

(04O + fo'bcd) h}+220'ab O efgh_a'efo'gh):|+0(N_3),

where N can be replaced by #.

2.2 E{(mabcd O shed )(mefgh - O'efgh )(Sij - O-ij )}

Write,
1 1 3
mabcd N Sabcd N2 ZS bed F ZSaSbScd _WSaSbS ch ’
1
Meen = NSefgh e ZS St 75 ZSe 7O~ SeSngS

1 1
& = S, — S.S
Y N-1"7 NWN-1) "'
Then, first we have
E(mabcdmefgh lj)

1
= NN=1) O abedereni + N (12-110 abederenCj Fia-21 Z O abeiC o)
N-2

+[3AB] N O-abcd O-efgho-
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1
- N 8o, abedefghCyj Z{so-abcd O enj z( O aesghObedii + OijOedesn T Caeteni Chea)}

N-=-2
[5AB] N2 —— {80,440, oehC +ZZ( 0 esenC5cdCij T Oy O-bcdo-efgh)}

N-=-2
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(abed)
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N-2)(N-3) ¢ %
+[7AB]—Z Z 2o-abo-cdo-efgho-y'
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(O'baygh i T ObeaiiO fon T O fon Oeq) +160,,.,0, hOi
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+4zzo.ab6de fgh Z aeyo-bcd feh }

N-2)(N=3) &
_4( [E ZZZ[ 0ut(0e0 1510y + OeaC o0y + 000 )
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(ab)

0 421050 caT + 0040, do-fgh}+o. ¢OcdO 1O ]
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(N 2)(N 3)(N 4)2 (

¢ Y004 +0,0,,)0,,6,0;

N=-2
( O abederah O +Z O abedi efgl'y T[14AB] N O abed O eenC

abedOefigh T aefenOea ) O z i(C4aC iy + e o)

+O—"o.bcdo-fgh }
_(N-2)(N-3) <
N*

(N 2)(N 3)2( .0 10,0, +0,0, )0 dO‘fgh+0(N‘3)

ZZ(O-ZI ; 10, O-bj +0, O-bl)o-cd efgh

~3A1 Oabcd CefenCi
1

+N{ 12110 abedeh O [3BSA14A]llo-abcd efgh o 2]2 O abedijC efgh

[5AJZZ( O aeehC5cd ¥ + OujOheaOrups)

2 3
+[7A]Z z 20,4040 40 [10/\]20' T30 0y}

(abed)

1 4
+F [O-abcdefghy {80, O abeaeren Oy + Z o O e + Z (O-aefgho-bcd 7 OO bcdefgh
+ O-aefgh ij o-bcd )} } + 1 6 abca’ efgh + 22 Z( aefgh bcd O-ij + O-ay O-bcd efgh)

+120-0de OO +Z Z (o O abefgh O +Uaby O-Efgh)o-cd t0, ( O een©
(abed)

2
+ OO + OO o)+ Z {Orca (Chen O + OO ) + O, O (T3a 0 + 010,y
(ab)

2 3
o-aij (O-bcd O-efgh + O-befgho-cd )} } - 132 z O-abo-cdo-efgho- i

(abcd)
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+ZO' (O'bcdfgho' +04eqiO pen T O fghyo-bcd)+16 abed O efenOij "'42 bcdz O.iiO son

+Z (o-afgho-ebcd O- + O-afgho.ey o-bcd + O-ebcd aij O-fgh)

4‘422 abcde fgh + z aeyo-bcd feh 52 o-bcdo.fgho-z
_ZZZ{ 0.0 O-ij +O— efgho- +O' O-eijo-fgh)

+z{0 4040 403 T O, (O-bcdo-fgh i T Csen0ea 0y + C4;0eqC i)
(ab)
01050405 + O, O'beacdafgh}+0' 02iC 110 }

36
+Z (o‘abaef 10,04 + O'chrbe)acdaghaij
(o O abedefgh O z O sbedi efg/'y') + 2o-abcdo-ej3gh o

+ZZ{ (G apea O ofen aejfgho.bcd) Z 0,:(04qC, efchi +O—bcaﬁo-gfgh)

+04ii0cdC oo }
2 6
_Z z (O-abo'ij + O- O-bl )O-cd efgh

16
-3
—Z (O'an'y +0,0, + aqaei)obcdafgh}+ O(N™).

The final results are given from the above ones and the known ones
(Subsection 1.3 of this supplement; Ogasawara, 2008, Lemma 2).

2.3 E{(m,, — 0,4 )(mefgh O on )(mijkl Oy )}
Write,
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1 1 3
Mapea = N o P N2 ZS bed FZSaSbScd _—]FSaSbSch’

mefgh efgh Nz ZS ngh +— ZS S S S S S S

1 1 ¢
mwzﬁsyk,—FZs,.sjk, Zsssk, SSSS

Then,

E(mabcdmefghmijkl )
1 N-1 (N-1)(N-2)
= N O avcdefghijis + N zo'abcdefgho':ju N? O e O eenOijua
N-1¢
Ea— abedefgh Ok + Z(o-aefgho—bcdijk/ + O ikt Obedesen T O aefionijia O, bed )}

(N-1)(N-2)
- N3 (12 abcd efgh yk/ + ZZZ aefgho-bcd O-ijkl )

N

(N-1)(N-2)
| 805 i, H+ZZ{ b(z Oeasten Tt + OcaOegghins)
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2 2
Z acd Z bef[gho-ijkl + Z z O-aejgh (O-bcd O-Ijk/ + O-blj/JO- d) + Z abefgh "kl } j|

(@) (ab)

(N 1)(NN 2)(N - 3)222%% O O
3N =1V =2)(N=3) &3

_ N° DI

N-1)(N-=-2
Q—) 2 Z {0 (OOt + Oeait© en + Orea® i)

a cd( efgho- ijkl + O-eukl h) +0, a/gh(o-bcdeo-ljkl + O-bcd eyk/)

+ 0,1 (O30 o + T, efgh) O ikt CrcaO o + Z O sebea® en it §

(N=1)(N=2)(N-3) &
+ N4 Zzo-aeo-bcd fgh ykl
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(N-D(N-2)(N-3) & & ¢
- N )ZZ Z[ O 0. (O.efgho-ljkl + o-eyklo-fgh) + 0400 fon kl}

+ Z{ 0 acdO8e0 fenOju + 0,(0 1cdC fgh Okt T ObenCcd T + O-bijklo-cdo-fgh)
(ab)

+0, afgho-beo-cd it T Ouiiti050ea0 e 3+ 00O iy |
(N=1)(N=-2)(N-3)(N-4)

_(N- 1)(N 2)(N 3)2 {

s+ 0Oy 0, 0,,)0 ., O O

o-aeto-bcd o fgh + Z abcd o O-fgh

+ Z( afgho- + O-ajkl gh)o-hcd }

. (N—l)(N—2])\§6N—3)(N—4) 23: i(o_abo_ N

0,04 T 0,:04,)0,,0 1,0 i

+O(N7)

O—abcd efgh ljkl

(Z O abedefenO ijua -15 O ubed O efghO i Z Z Z O et Tca it
3 316
" 22 Z OarCedCefen it + Z Z 0O 1 ia)
1
e N abcdefgh,jk/ 132 abcdefgho-ykl + 1040'abcdo'efgho'yk[
_Z Z (O s Tocaits * Pt eaen O aefhihi Opea) +3 Z Z Z O aefgnCbca Ot
+Z Z {o b(z O e it + OeaOefgniua )+ Z MZ CbefenOijua

(ab)

+Z Z aefgh (O-bcd ijkl + O-bljkl a’) + Z abefgh yk] }

(ab)

_1522‘% O oenCijui
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3 16
+ZZ{ O o (CbeainOijta + Ceaija O fen T Cea© siniia) + Cated O it s

O ateh (Gbcdeo'ijk/ *+Oea ezjkl) + O (Chede O joh T Oea fgh)

2
+ O it Cbea fon + Zo-aebcd O nOiju }- 622 0 weOca® 1O
6 6 4
_ZZ Z[ 0. (O-efgho.ljkl +0,;,0 gh) + 040 o ijkl}

+ Z { 0wd0s0 Ot T O e (C4eaC 1eh ikt T CbenCeaCii + OO
(ab)
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gh)

0000 + CaitiO5:0eaO e 3+ 050 dO s |

3
+Z Z( 00,y +0,04 +0, o-be)o;d O
64
_Z{ 0 iCcd O 1gh0. +Z O abcd O ghOint
+Z( OCyehO i + 0y klo-fgh)o-bcd }

+z Z( 0,0, +0,0, +0,0,)0, a0 en +O(N‘3).

Using the results of Subsection 2.2 of this supplement and Ogasawara (2008,

Lemma 1), we have the final results.

3. The fourth moments
From Ogasawara (2009, Equation (2.12)),

E{(mabcd - O-abcd )(Sef - Gef )(sgh gh )(Sy lj )}

3
=Y acov(m,,,, s, Jacov(s,,,s,) + O(N )

with NV acov(m,,,, ef) abedef ~ Cabcd O of z OefOhed and

—-0_,0..-

Nacov(s,,,s;) =0 033

ghij
and
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E{(M et = O apea )(mefgh ~ O on )(Sij —0; sy —0oy)}
2
=acov(m, ,,m e )acov(sij ,Sy)+ Z acov(m,,,,, S; ) acov(mefgh 58yr)

+O(N™),
with

4
Nacov(m,,,, mefgh) = O sbedefeh — Z (O'efgha Opea T OupeaeC fgh) = O abed O efih

16
+Z o-bcd o fgh O-ae ’

where N can be replaced by n.
The results

E{(M 0t = O spea M, — Oy My — 03 (S, — 0, )} and

E{(Mpeq = O apea My = O ofon )(mzjkl ~Oiu X Mye ~ Oy )}

are similarly given.

Errata
The term —20"(R"),, in Equations (4.6) and (4.7) should be

_wAB (R* )(‘D _ C()CD (R* )AB ]
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