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Supplement to the paper "Asymptotic expansions of the distributions
of the chi-square statistic based on the asymptotically

distribution-free theory in covariance structures"

Haruhiko Ogasawara

This note gives asymptotic moments as applications of Ogasawara (2009,
Lemma 2) required for the Bartlett correction of Ogasawara (2009, Theorem 2).
The results in Subsections 1.2 and 1.3 of this note are not required for the

Bartlett correction but shown here for completeness. In this note, O'Oabcd is

denoted by O'abcd for simplicity of notation with other similar expressions.
k

The notation L is synonymous with Lk (the sum of k terms with similar
patterns). In the following, subscripts a, b, c, d, e,f, g, h, i,j, k, I, w, x, y and z
=I, ... ,p.

Errata will be given at the end of this note.

1. Higher-order asymptotic variances

I.l E{(sab -O'ab)(scd -O'cd)} (see e.g., Kaplan, 1952, Equation (3))

1 1
= N K abcd + N -1 (O'acO'bd + O'adO'bc)

1 1
=-(O'abcd -O'abO'cd -O'acO'bd -O'adO'bc)+--(O'acO'bd +O'adO'bJ

N N-1

1 1 -3
= N (O'abcd -O'abO'cJ+ N2 (O'acO'bd + O'adO'bJ+ O(N )

1 1 -3
=-(O'abcd -O'abO'cd)--2 (O'abcd -O'abO'cd -O'acO'bd -O'adO'bJ+O(n )

n n
1 1_3

= -(O'abcd -O'abO'cd)--2 Kabcd +O(n ),
n n

where K abcd denotes the fourth-order multivariate cumulant for variables

Xa,Xb,Xc and X d .

CI87J
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1.2 E{(mabcd -O'abcd)(sej -O'ej)}

Recall
1 1 4 1 6 3

mabed = N Sabed - N 2 ISaSbed + N3 ISaSbScd - N4 SaSbSeSd'

-(1- ~+ :2 )O'abedO'ej -(~ - :2 )( fO'abO'Cd )O'ej +O(N-
3

)

1 4

= N (O'abedej - O'abedO'ej - L O'aejO'bed)

1 4

= - (O'abedej - O'abedO'ej - L O'aejO'bed)
n
1 6 8

+2 {-SO'abedej + SO'abedO'ej + 2L O'abejO'ed +L O'bcdeO'aj
n
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1.3 E{(m abed - CFabeJ(m ~rgh - CFejgh )}

In the following the subscripts [.]__ are used to identify terms for

confirmation of correspondence in equations.
1 N -1 1

E(mabedmejgh) =[1] }jCFabcdejgh +[2ABJ NCFabedCFejgh - N 3 {[3J 8NCFabedejgh

4

+[4AB]8(N
2

- N)CFabcdCFejgh +[5AB] (N
2

- N) l:)CFabcdeCFjgh + CFejghaCFbed)}

4

X~)CFabedeCFjgh + CFejghaCFbed) +[8] 12(N
2

- N)CFabedCFejgh

3

+[9AB] N(N -l)(N - 2)2~)CFabedCFejCFgh + CFejghCFabCFed)}

4

+[12] N(N -1)16CFabcdCFejgh +[13] N(N -1)4~)CFabedeCFjgh + CFejghaCFbed)

16

+[14AB] N(N -I)(N -2)LCFbcdCFjghCFae}

48 16

+[16] L (CFbedeCFqfCFgh +CFjghaCFebCFed) +[17] 6L CFbcdCFjghCFae

24

+[18] 2L (CFaejCFbcdCFgh +CFeabCFjghCFed)}
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1 9 72

+ N6 N(N -l)(N - 2)(N -3) (rl914LO"abO"cdO"ejO"gh +[201 LO"aPbjO"cdO"gh)

+O(N-3
)

1 4

=[2Aj O"abcdO"ejgh + N {[IIO"abcdejgh -[5A] L(O"abcdeO"jgh +O"ejghaO"bcd)

3 16

-[2B,4AI90"abcd O"ejgh +[9A] 2L(O"abcdO"ejO"gh + O"ejghO"abO"cd) +[14Aj L O"bcdO"jghO"ae}

I 16

+ N 2 {l31-S O"abcdejgh +[111 L(O"bCdjghO"ae +O"bcdeO"jghJ

4

+,4B,8,12] 360"abcd O"ejgh +[5B,7,131SL(O"abcdeO"jgh +O"ejghaO"bcd)

6 "

+[61 2L (O"abcdejO"gh + O"ejghabO"cd) -[16] L (O"bcdeO"ajO"gh + O"rghaO"ebO"cd)

3 16

-,9B.10,15j 17L (O"abcdO"ejO"gh + O"ejghO"abO"Cd) -[14B,17J 9L O"bcdO"jghO"ae

M 9

-[181 2L «Jaejo"/x.·dO"gh + O"eabO"jghO"cd) +[19] 4L O"abO"cdO"ejO"gh

72

+120]L O"aeO"bjO"cdO"gh} + O(N-
3

)

3 16

-90"abcd O"ejgh + 2L (O"abcdO"ejO"gh + O"ejghO"abO"cd) + L 0"bcdO"jghO"ae}
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4

+ 450"abcd O"ejgh +9~:CO"abcdeO"jgh + O"ejghaO"bcd)

6 "
+ 2I (O"abcdejO"gh + O"ejghabO"cd) - I (O"bcdeO"ajO"gh +O"jghaO"ebO"cd)

3 16

-19I (O"abcdO"ejO"gh + O"ejghO"abO"cd) -1 0I O"bcdO"jghO"ae

24 9 72

-2I(O"aejO"bcdO"gh + O"eabO"jghO"cd)+4IO"abO"cdO"ejO"gh + IO"aeO"bjO"cdO"gh}

+O(n-3
).

On the other hand, from Ogasawara (2008, Lemma 1),

-E(mabcd)O"ejgh - E(mejgh)O"abcd = -2(1-~ + :2 )O"abCdO"ejgh

-(~ - ~2 Ji:(O"abO"CdO"ejgh + O"ejO"ghO"abcd) + O(N-
3

)

=-2(1-1+ ~nO"abcdO"ejgh-(~- :2 )I(O"abO"cPejgh +O"ejO"ghO"abcd)

+O(n-3
).

From the above results,

E{(mabcd -O"abcd)(mejgh -O"ejgh)}

1 4 16

= N {O"abcdejgh - I (O"abcdeO"jgh +O"ejghaO"bcd)-O"abcdO"ejgh + IO"bcdO"jghO"ael

1 16

+ N 2 {-SO"abcdifgh +I (O"bcdfghO"ae +O"bcdeO"jgha)

4

+ 240"abcdO"ejgh +SI(O"abcdeO"jgh +O"ejghaO"bcd)

6 "
+2I (O"abcdejO"gh + O"ejghabO"cd) - I (O"bcdeO"ajO"gh + O"jghaO"ebO"cd)



192

3 16

-12L «(J'abed(J'ej(J'gh + (J'ejgh(J'ab(J'ed) - 9L (J'bed(J'jgh(J'ae

~ 9 n
-2L«(J'aej(J'bcd(J'gh + (J'eab(J'jgh(J'cd) +4L(J'ab(J'cd(J'ej(J'gh +L(J'ae(J'bj(J'ed(J'gh}

+O(N-3
)

1 4 16

= - {(J'abedejgh - L «(J'abede(J'jgh + (J'ejgha(J'bed) - (J'abed(J'ejgh +L (J'bed(J'jgh(J'ae}
n
1 16

+2 {-9(J'abedejgh +L((J'bcdjgh (J'ae + (J'bede (J'jgha )
n

4

+2S(J'abed(J'ejgh +9L «(J'abede(J'jgh + (J'ejgha(J'bed)

6 "
+ 2L «(J'abedej(J'gh + (J'ejghab(J'ed) - L «(J'bede(J'aj(J'gh + (J'jgha(J'eb(J'ed)

3 16

-12L «(J'abed(J'ej(J'gh + (J'ejgh(J'ab(J'cd) -1 0L (J'bcd(J'jgh(J'ae

~ 9 n
-2L«(J'aej(J'bcd(J'gh + (J'eab (J'jgh (J'cd ) +4L(J'ab(J'cd(J'ej(J'gh +L(J'ae(J'bj(J'cd(J'gh}

2. The third moments

2.1 E{(mabed -CTabcd)(Sej -(J'ej)(Sgh -CTgh )}

Ogasawara (2008, Lemma 5) gave
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E{(mabcd - (J"abcd XSej - (J"ej XSgh - (J"gh)}

=~2 [ (J"abcdejgh - ( (J"abedej (J"gh + (J"abcdgh (J"ej )

4

-L «(J"bcdej(J"agh + (J"bcdgh(J"aej + (J"aejgh(J"bcd)

4 4

-L(J"abede(J"jgh - 5(J"abcd(J"ejgh + 6(J"abcd(J"ej(J"gh - L«(J"aej(J"gh + (J"agh(J"ej )(J"bed

4

+L«(J"ag(J"e./h +CYah(J"ejg + (J"ae(J"g/if + (J"aj(J"ghe)(J"bcd

.C2;6

+ L {( (J"aej(J"bgh + (J"agh(J"bej )(J"ed + «(J"aed(J"bgh + (J"agh(J"bed )(J"ej

+ «(J"aed(J"bej + (J"aej(J"bed )(J"gh} +2t (J"ab(J"eA (J"ejgh - (J"ej(J"gh)] +O(N-
3

),

where N can be replaced by n.

2.2 E{(mabcd -aabcd)(mejgh -aejgh)(sij -aij)}

Write,
1 I 4 1 6 3

m abcd = N Sabcd - N2 ISaSbcd + N3 ISaSbScd - N4 SaSbScSd'

I
s .. =--S

If N-l If

1
---SS.
N(N -1) I J

Then, first we have

E(mabcdmejghsij )

1 1 2

= N(N -1) aabcdejghij + N ([2-I]aabcdejgh a ij +[2-2] Iaabcdijaejgh)
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1 [ 2 4 ]- N 2 8CJabcdejghCJij + L {8CJabedCJejghij + L (CJaejghCJbcdij + CJaijCJbedejgh + CJaejghijCJbed)}

N-2 2 4

-[5AB]~ {8CJabcdCJejghCJij + L L (CJaejghCJbcdCJij +CJaijCJbcdCJejgh)}

2

+ CJcdijCJejgh + CJCdCJejghij) + L { CJacd (CJbejghCJij + CJejghCJbij)
(ab)

+ CJaejgh (CJbcdCJij + CJbijCJcd ) + CJaij (CJbedCJejgh + CJbejghCJcd) } ] ]

(N-2)(N-3) 2 3

+[7AB] 3 L L 2CJabCJcdCJejghCJij
N (abed)

N-2 16

+~ { L CJae ( CJbcdjghCJij + CJbcdijCJjgh + CJjghijCJbcd) + 16CJabcdCJejghCJij

2 4 16

+ 4L CJabcd L CJeijCJjgh + L (CJajghCJebcdCJij + CJajghCJeijCJbcd + CJebcdCJaijCJjgh)

2 4 16

+4LLCJabcdeCJjghCJij + LCJaeijCJbcdCJjgh }

2

+ L {CJacdCJbeCJjghCJij + CJae (CJbedCJjghCJij + CJbjghCJcdCJij + CJbijCJcdCJjgh)
(ab)
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(N -2)(N -3)(N -4) 36

+ N 5 I «(Jab(Jej +aae(Jbj + (Jaj(Jbe)(Jed(Jgh(Jij

1 2 N-2

- N2 «(Jabedejgh(Jij +I (Jabedi(Jejghj) -[14AB]~ (Jabed(Jejgh(Jij

N -2 2 4 2

+~II{ «(Jabed(Jejgh +aaejgh(Jbed)(Jij + I (Jai«(Jbed(Jejghj + (Jbedj(Jejgh)

+ (Jaij(Jbed(Jejgh }

(N-2)(N-3) 2 6

N 4 I I «(Jab(Jij +aai(Jbj + (Jaj(Jbi )(Jed(Jejgh

(N -2)(N -3) 16 -3

N 4 I «(Jae(Jij +aaPej + (Jaj(JeJ(Jbcd(Jjgh +O(N )

1
+-{

N

2

[2-lj(Jabedejgh(Jij -[3B,5A,14A] 11(Jabed(Jejgh(Jij +[2-2] I (Jabcdij(Jejgh

2 4

-[5A] II«(Jaejgh(Jbed(Jij + (Jaij(Jbed(Jejgh)

2 3 16

+[7Aj I I 2(Jab(Jcd(Jejgh(Jij +[IOA] I (Jae(Jbcd (Jjgh (Jij }
(abed)

2 4

+ (Jaejghij(Jbcd)} } + 16(Jabed(Jejgh(Jij + 2II«(Jaejgh(Jbed(Jij + (Jaij(Jbcd(Jejgh)

2 6

+ 12(Jabed(Jejgh(Jij +I I {«(Jabejgh(Jij + (Jabij(Jejgh)(Jed + (Jab «(Jcdejgh(Jij
(abed)

2

+ (Jedij(Jejgh + (Jed(Jejghij) +I {(Jaed((Jbejgh(Jij + (Jejgh(Jbij) + (Jaejgh((Jbed(Jij + (Jbij(Jed)
(ab)

2 3

+ (Jaij «(Jbed(Jejgh + (Jbejgh(Jed)} } -13I I (Jab(Jed(Jejgh(Jij
(abed)
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16 2 4

+ LO"ae(O"be<!fghO"ij + O"bedijO"jgh + O"jghijO"bcd) +160"abcdO"ejghO"ij +4LO"abcd LO"eijO"jgh

16

+ L (O"ajghO"ebedO"ij + O"ajghO"eijO"bed + O"ebedO"aijO"jgh)

2 4 16 16

+4LLO"abCdeO"jghO"ij + LO"aeijO"bedO"jgh -5LO"aeO"bedO"jghO"ij

264

-LLL{ O"ab(O"cdeO"fghO"ij + O"cdO"ejghO"ij + O"cdO"eijO"jgh)

2

+ L {O"acdO"beO"jghO"ij +O"ae(O"bedO"jghO"ij +O"bjghO"cdO"ij +O"bijO"cdO"jgh)
(ab)

36

+ L(O"abO"ej +aaeO"bj +O"ajO"be)O"cdO"ghO"ij

2

-(O"abedejghO"ij + L O"abediO"ejghj) +20"abedO"e/ghO"ij

2 4 2

+ LL{(O"abedO"ejgh +aaejghO"bcd)O"ij + LO"ai(O"bedO"ejghj +O"bccijO"ejgh)

2 6

- LL(O"abO"ij +aaiO"bj +O"ajO"bi)O"cdO"ejgh

-I (O"aPij +aaiO"ej +O"ajO"e)O"bcdO"jgh ]+O(N-
3

).

The final results are given from the above ones and the known ones
(Subsection 1.3 of this supplement; Ogasawara, 2008, Lemma 2).

2.3 E{(mabcd -O"abcd)(me/gh -O"e/gh)(mijkJ -O"ijkJ)}

Write,
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1 1 4 1 6 3
m ejgh =-Sejgh --2 ISeSjgh +-3 ISeSjSgh --4 SeSjSgSh'

N N N N

1 1 4 1 6 3
m'kJ =-Skl--"SS'kJ +-"SSSkJ --SSSkSI'

lj N lj N 2 LJ I J N3 LJ I J N4 I J

Then,

E(mabedmejghmijkJ )

+ClabciClejghClijkl + CleijkJCljgh) + Clajgh (ClbedeClijkl +ClbcdCleijkJ)

2

+ ClaijkJ ( ClbcdeCljgh +ClbcdClejgh) + ClaeijkJCIbcdCljgh +I ClaebcdCljghClijkJ }
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2

+I { CTaedCTbeCTjghCTijld +CTae(CTbcdCTjghCTijld +CTbjghCTcdCTijld +CTbijldCTcdCTjgh)
(ab)

+ CTajghCTbeCTcdCTijld + CTaijldCTbeCTcdCTjgh } + CTabeCTedCTjghCTijld

(N -l)(N-2)(N -3)(N -4) 3 36

+ 6 I I(CTabCTej +CTaeCTbj +CTqfCTbe)CTedCTghCTijld
N

(N -l)(N -2)(N -3) ~{ ~
N 5 L." CTaeiCTbcdCTjghCTjld + L."CTabedCTeiCTjghCTjld

3

+I (CTajghCTjld +CTajldCTjgh)CTbedCTei }

(N-1)(N-2)(N-3)(N-4) 3 96

+ N 6 I I(CTabCTei +CTaeCTbi +CTaiCTbe)CTcdCTjghCTjld

+O(N-
3

)

= CTabcdCTejghCTijld

1 3 3 4 2

+ N (ICTabedejghCTijld -lSCTabcdCTejghCTijld - IIICTaejgCTbcdCTijld

3 3 3 16

+2IICTabCTedCTejghCTijld + IICTaeCTbedCTjghCTijkl)

1 [ 3
+ N 2 CTabcdejghijld -13I CTabcdejghCTijkl + 104CTabcdCTejghCTijld

3 4 342

-I I (CTaejghCTbedijld + CTaijldCTbcdejgh + CTaejghijldCTbed) +3I I I CTaejghCTbedCTijld

36222

+I I {CTab(I CTcdejghCTijld + CTcdCTejghijld) +I CTaedI CTbejghCTijld
(ab)

2 2 2

+I I CTaejgh (CTbcdCTijld + CTbijldCTcd) +I CTabejghCTcdCTijld }
(ab)

3 3

-lSIICTabCTcdCTejghCTijld
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3 16

+II{(Jae((Jbectfgh(Jijkl + (Jbcdijkl(Jjgh + (Jbed(Jjghijkl) + (Jabcd(Jeijkl(Jjgh

+ (Jajgh ((Jbcde(Jijkl + (Jbed(Jeijkl) + (Jaijkl ((Jbede(Jjgh + (Jbed(Jejgh)

2 3 16

+ (Jaeijkl(Jbed(Jjgh +I (Jaebed (Jjgh(Jijkl }-6II(Jae(Jbed(Jjgh(Jijkl

6 6 4

-II I[ (Jab {(Jei(Jejgh(Jijkl + (Jeijkl(Jjgh) + (Jede(Jjgh(Jijk/}

2

+I { (Jaed(Jbe(Jjgh(Jijkl + (Jae((Jbed(Jjgh(Jijkl + (Jbjgh(Jed(Jijkl + (Jbijkl(Jed(Jjgh)
(ab)

3 36

+I I((Jab(Jej + (Jae(Jbj + (Jaj(Jbe)(Jed(Jgh(Jijkl

64 3

-I { (Jaei(Jbcd(Jjgh(Jjkl +I (Jabed (Jei (Jjgh(Jiki

3

+I ((Jajgh(Jjkl + (Jajkl(Jjgh)(Jbed(Jei }

3 % ]
+I I ((Jab(Jei + (Jae(Jbi + (Jai(Jbe ) (Jed (Jjgh (Jjkl +O(N-

3
).

Using the results of Subsection 2.2 of this supplement and Ogasawara (2008,
Lemma I), we have the final results.

3. The fourth moments
From Ogasawara (2009, Equation (2.12)),

E{(mabed -(Jabed)(Sej -(Jej )(Sgh -(Jgh)(Sij -(Jij))

3

=L acov(mabed , Sej )aCOV(Sgh' Sij) +O(N-3
)

4

with N acov(mabed,Sej) = (Jabedej -(Jabed(Jej - L(Jaej(Jbed and

N acov(sgh,Sij) = (Jghij - (Jgh(Jij;

and
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E{(mabcd -aabcd)(mejgh -aejgh)(Sij -aij)(Sk/-ak/)}
2

= acov(mabcd,mejgh)acov(sij,Sk/) + LacoV(mabCd ' Sij )acov(mejgh,sk/)

4

N acov(mabcd ' mejgh ) =aabcdejgh - L (aejghaabcd +aabCdeajgh) - aabcdaejgh

16

+LabCdajghaae'

where N can be replaced by n.
The results

E{(mabcd -aabcd)(mejgh -aejgh)(mijk/-aijk/)(swx -awx )} and

E{(mabcd - aabcd )(mejgh - aejgh)(mijk/ - aijk/ )(mwxyz - a wxyz )}

are similarly given.

Errata

The term -2mAB
(R')CD in Equations (4.6) and (4.7) should be

_mAB(R') _mCD(R')CD AB'
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