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In this papey we consider social p?efeyences over intergenerational

consumption paths for a continuum of genepations. We prove that equal

treatment of a}1 generations is lncompat!ble with Mackey cont!nuity of

social preferences under mild axioms such as Bontpiviality and asymmetry.

We also show that this imposslbility result is tight in the sense that

foy each of the foup axioms there exists a social prefereRce relation

vSolatlng it but satisfying the other.
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1.Introduction

    In evaluating pesource allocat2ons over tkme, a central planner needs
                                     '
to employ a social wel£are function or, more generally, a social

preference relation defined on the set of possible resource allocations.

Zn his seminal paper on optlmal sav!ng in a contlnuous time model, Ramsey

(1928) suggested to constrttct a particular soc2al we}£are function by

integrat2ng undiscounted utility streams over t2me. Ramsey was aga2nst

discounting future utilities since it £ails to treat all generations

equally, i.e. vlolation o£ lntergenerational equity arises. While

intergenerationa} equity may be qulte appeallRg from an ethical point of

vfeew, the resulting social prefereRce relation does not satisfy

upper-semi-continulty in any sensible topologies. This could cause a

technical problem for the existence of optimal capita} accumulation.

(See, for example, Romer (2986).) Thus we face a tpade-of£ between

lntergenerat2onal equity and continuity.

    This trade-off attracted the atteRtion of researcheps. Diamond (1965)

showed in a discrete time setting that continuity in the pyoduct topology

lmposes a ceytaiB form of irnpatience on social preference ordeplngs,

which vlolates intergenerational equity. Thls impossibility result of

Diamond's lead Svensson (1980) to find a certaSn largep topology

compatible with equity. Campbell (1985) critlca}ly ye-examined the

Svensson topology to propose another topology for generaiizing Diamond's

                                                     'impossib!lity theorem. Lauwers(lg97) and Shinotsuka (1998) ape the

latest addXions to the liteyature. The former discusses relative merits

o£ prominent liRear topologies while the lattep focuses on the Mackey
     '
topology to obtain a yet anothep generalization o£ Diaraond's
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         '

impossibl}ity theorem.

  '
    So £ar, contributioRs to this equity-continuity tpade-off theory have

been conflned to discrete time models. And yet, we believe the

continuous setting mepits study. For one thing, lt offers a direct

account for the equlty-contlnuity trade-off observed in the continuous

time growth models. Discrete time models exhibit special features.

First , iB l. space, the strict topology and the Mackey topology T(1.,

li) coincides(See Conway(1966).). Shinotsuka(1998) used this £act ' to show

that a Mackey continuous preference relation '`in general" violates

equlty. Second, in Rco space, product convergenve is equivalent to order

coRveygence(see Becker and Boyd(1997,Chapter 2, Theopern 9), for example).

This fact allows us to develop an alterRatlve appyoach to a

geneyalization of Diamond's impossibi}lty theorem(Shinotsuka(1998)).

Thus, lt is oniy Ratural to investigate to what extent one could

geneya}ize arguments developped 2n a discpete time setting to the

continuous case. The purpose of thls papep ls to formulate the

equity-continulty trade-off from an axiomatic perspective in the presence

of a continuum of generatioRs. We formu}ate equity iR ppetty mtich the

same way Kaneko (1981, 1984) did for the axiomatlc theovy of the Nash

social welfare function foy a continuum of individuals. The intuitive

content of equ2ty is simp}y this: sociai preferences shouid be
                                         1
lndepeRdent of the names o£ gexxeratioRs.

1

  If we followed Kaneko (-2981, 1984), then we should call

anonymKy instead. We chose to stick to the noraenclature in
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the foregoing
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    We also discuss the crucial role of asymmetry on the part of social

preferences. !f we do not insist on asymmetry, then we can construct a

social preference' relation satisfying non-triviality, equity, and Mackey

continulty. Together with the foregolng lmposskblllty theorem, this

tells the following: Equity and Mackey continuity are compatible but only

in the case of Rnreasonable preferences admitting i'two-term cycles". A･

corol!ary: There is no non-constant Bergson-Sarnuelson social wdlfare

funct!on satisfying equity and Mackey continuity.

    We now bpieNy review the use of Mackey topo}ogy in economic theory.

Bewley (1972) iRtroduced the Mackey topology into general equilibrium

theory aRd argued that the Mackey ℃opology ls an appropriate for dated or

state-contingent commodities. Byown-Lewis(1981) formalized Bewley's

IRtuitlon by characterizlng the Mackey topo}ogy on l by means of the
                                                       co

notioRs of myopic topologies. Araujo(lg85) showed that Mackey continuity

of preferences are necessary for the existence of competitive equilibrium

in l. Raut (1986) extended the results of Brown-Lewis and Araujo £rom    co

l. to ve.. In the context of efficiency prices, Majumdar(1972) used the

Mackey topology to obtain a pyice vector in gi whlch supports a plan in

se maximizing quasi-coRcave, increasing, and Mackey continuous social
 oo

welfare function. Kobayashi(1980) made an extensive use of the Mackey

topology to prove the existence of a constralned equlilbrium contract fop

syndicates with diffeyential infopmation.

literatupe.
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    The next sect2on provides pyeliminaries and the axioms. Section three

glves the statements o£ a lemma and two theorems. Sectlon four collects

the proo£s of them. The !ast section includes an open problem.

2.Concepts and axioms

    We consider a measupe space of generations (T, 2(T), ii), where T is

the set of all nonnegatlve real Rumbers, 2(T) is the Boyel o'-£ield o£ T, ･

and si ls the Lebesgue measure on T. Each mernber of T signifles a

partlcular generation. L ls the set of al} essentlally bounded,
                          oo

real-valued, rneasurabie £uRctions on (T, 2(T), pt) and Li ls the set of

all integrable real-vaiued functions on (T, B(T), Ii). We call each

member o£ L a consumption path. 2
           co

    A social preference relatlon >- is a blnary yelatSon oR L.. The

intended lnterpretation is that a consttrnption path x is soc2aily

preferred to another y if and only if x >- y holds. With the

measure-theoretlc structure placed on the set T of generations, lt seems

natural to require a social ppeference relation be invariant with respect

to any change in consumption path on any subset of pt-measure zero. We

claim that thls is not only a matter of mathematlcal cenvenience but also

a sopt of consistency pequirement: It would be puzzling if the

evaiuation of resource allocations by the centpal p}aRner depended on how

to assign consumption to generations which, as a group, have no influence

2
 We could incorporate constraints on consumption such as nonnegativity

wlthout any dif£lculty.
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                                                               t

whatsoever to the whole economy,.

    For two consumption paths × and ×' we write × x ×'

if i2({t G T I x(t) s ×,(t)}) = O.

U is an equivalence relatlon. Let :e.(resp.2? be the set of qll

                                    tt
equivalence classes o£ L.(resp.Li) under the relation g.

We assume:

Equiva2ence: Let x, ×', y, y' be consumption paths such that × X- ×' and

 y =- y'. Then x >- y holds if and only if ×' > y'.

    From equivalence, we may regard al as the set of consumption paths
                                       co

and a binary relation on se as a social ppeference relation. . Generic
                           co

elements in 2 are denoted by bold face letters x, y, z, e.t.c.. A
              co

representative elernent of x is denoted by ×, and so on.

    When we refer to a measure-ppeserving automorphism on T, it always

mean a bijective measuyable function ft fyom (T, B(T), ii) onto itself such

that the inverse £unctlon of it ls also measurable and p(S) = p(K(S)) for

all S E B(T). A measure-preseyvlng automorphism on T represents a rule

of how to rearpange hypothetically the chronologlcal opder of

geneyations. A measure-preserving automorphism n ls finlte lf there

exists t such that n(t) = t for all t ) t. Tl>at is, in a'finite

measure-presepvlng automorphism, the pearrangement of generations occitrs

only IR an i'initial segment" of generatlon interval T. A soclal

pyeference >- is equitable if foy any consttrnption paths x and y, and for

any finite, measure-preserviRg automorphism rr on T, x " y implies xorr >-
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automorphism, we say that the social preference relation is strongly

equitable. Strong equity requires the social preference relation treats

all generations equally. A}though strong equity appears more appealing

as an axlom, we £ocus on equity: Since our maiR goal is to establish an
imposslbility theorem, a weaker axlom should suffice. 4

    We use the }(ackey topology T(g., 2i) to descyibe continuity of socia}

preference relations. RecaU that the Mackey topology T(se., 2?

is generated by a family of semi-Rorms of the following form:

pc(x) = sup{lf x'y diil : yE C} £op xe 2.,

where x･y denotes the product of x and y de£ined by (x･y)(t) = x(t)'y(t)

£or t e T , and C is an arbttrary cr(22, se.)-compact, convex, circled

subSet of tei. When we say the Mackey topology ln the sttbsequent

discusslons, it always means T(se , se ).
                                co 1

    We 11st our axiorns.

Nontriviality: There exist consumption paths x and y with x >- y.

Asymmetry: For all x and y in L" ,x >- y implies not y >- x.
                               co

Equity: > is equltable.

Mackey Continuity: >- is T(se., 2i)xT(2., se?-open･

3 xoK stands for the set {xou I × e ×} which is indeed an equiva}ence

class since a is a measvtre-preserving isomorphisrn oR T.

4
 Fop an altepnative formulation o£ equity and iche logical relation

between the two, see ShiRotsuka(1998)
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3. Statement of Theorems

Lemrna 1: Let {x"} be a sequence in g converging to × in the Mackey
                                        co
topology, and let {y"} be a noyrn-bounded $equence in se. Let x", y" be
                                                       co
representatlve elements of xn and yn , ?espectively. Let z"(t) = x"(t) i£

t E [O, n) and z"(t) : yn(t - R), otherwise. Let z" be aB equlva}ence

class wlth a reppesentative e}ement z". TheB {z"} converges to x in the

Mackey topo}ogy.

Theorem 1: There is no socia} preference relation on se satisfyiRg
                                                             co

non-triv!ality, asymmetry, equity, and Mackey continuity.

Theorem 2: For each axiom ln theoyem 1, there exksts a social pnefepeRce

relation oR g violating it bttt satisfying the other.
             ce

4. Proo£s

Proof o£ lema 1: Let C be a cr(gli, se.)-compact, coRvex, circled subset

of 2i･ We have to show sup {lf(zn - x)･vdlil : v E C} converges to zero

as n goes to +oo. By Eberlein-Smulian Theorem (Dunford and Schwaytz

(1958,p.430 Theorem 1.)), C is sequentially cr(2i, se.)-compact. Clearly,
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  (z - x).vdpt s lf(×"(t) - ×(t)).vdptl +

                              lf[.,.)(yR(t-n) - xn (t)).v(t)ds.t(t)l

By assumption, the first term in the right hand side converges to zero

uni£ormly in v E C. Thepefore, 2t is sufflcient to show that the second

term converges to zero uniformly in v E C.

    The sequence {y"} is norm-bounded by assumption. The sequeAce

{×"} 2s also norm-bounded. In order to see this, Rote that Mackey

convergence implies o'(se., sei) convergence. Hence for each v E Li,

,f n   x k)'v(t)dpt(t)} coRverges to f x (t).v(t)dge(t). Hence £or each v ff

Li, {f ×" (t).v(t)dli(t)} is bounded. By the Uniform Boundedness

Ppinciple (Dun£ord and Schwartz, 1958, II.3.27, p.68), {xn} is

norm-bounded. With these norm-bouRded sequences in hand, let us evaluate

                                       '
the term:

lf[.,.)(y"(t-n) - ×" (t)).v(t)dp(t)l s f[.,.)lv(t)Idpt(t).llyn - xn#

                   S f[.,.)Iv(t)lds.t(t).(s}}p IIy"ll. + s:pll xnll.)

By Dunford and Schwartz[1958,p.293,Corollary 10, and p.292, Theorem 91,

the integral f[.,.}lv(t)ldpt(t) converges to zero as n -> +oo, uniforrnly in

vG C. This completes the proo£. -

Proof of theorem 1: Suppose there exists a social preference ?e}ation >-

on se.satis£ying the four axioms. By non-trivia12ty, there exist

consumption paths x and y such that x >- y. Let n G ov. Define two

sequences {xn}, {yn} o£ coRsumption paths as fo}lows. Let × and y be

representatlve elements of x and y, ?espectlvely. Let xn(t) = ×(O if t
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G [O, n) aRd let xn(t) = y(t - R) otherwlse. Let y"(t) = y(t) i£ t E [O,

n) and let yn(t) = x(t - n) otherwise. Let x" aRd y" be equivalence

classes with yepresentat±ve elements xn and yn , respectively. By Lemma

1, {x"} aRd {yn} converge to x and y, yespectively, ln the Mackey

topology. By Mackey continuity, there exists a posltive rea} number N

such that x" >- y" for all n at N. Let fix such aR N.

    For each m E ov, define a £inite measure-preserviRg automorphism ixM oR

T by the following. Let rrrn(t) = t + N if t e [(m - 1)N, mN), let Tti(t) =

t ww N if t E [mN, (m + 1)N), and ui(t) = t , othepwise. Consider two

sequences {vM} and {wM} defined by

        vrn = (...(xNQtti)...)eaM, wM = (...(yNeni)...)onM.

              Lmtimes j Lmtlmes j

Let vM and wM be equivalence classes with repyesentative elemeRts vM and

wM, respectively. By equity, we have vM > wM for aU m.

    It is easy to see vM(t) = y(O foy all t ff [O, mN) and

wM
(t) = x(t) £or all te [O, mN). We a}so have

   IIvMli. s max{llxll., IIyll.} and ilwMII. s max"lxll., llyll.} £or all m.

Hence, by Lemma 2, we caR conclude that {vrn} and {wM} converge to y and

x, respectively, in the Mackey topology. By Mackey coi}tlnuity, there

exists some positive real number M such that wrn F vrn for al} m it M.

Hence, £or m at M we have both vM >- wM aRd wM >- vrn. A contradiction to

asymmetry of F. This completes the proof. H
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Proof of theorem 2: We exhibit four examples some of which are

weli-knowR. Example 2 is new.

Example 1. Let > = x. TheB >- violates noRtriviality but satisfies the

other axioms.

Example 2. Define >- by x >- y if and only 2f there exists A E B(T) such

that O < ii(A) < co and fAxdii > fAydii. Clearly, >- vio}ates asymmetry. In

oydey to show Mackey continttlty, suppose O < ii(A) < eo aRci fAXdii > fAYdi2･

Let xA be the iRdicator £uRction of the set A and let C ={ctxA l ct E R,

lctl S 1}. C is trlvia}ly non-empty, cr(tei, se.)-compact, convex, and

circled subset o£ sei. Let c[c(x) =r sup{lfe'xdi.tl : p as C} = ljlAxdi-tl･

  By de£IRition of the Mackey topology T(2., g?, qc(.) is one of the

semi-norms generatlng lt. Let e be a poskive rea} numbey such that

fAXdit > fAydsi + s. Let V(x) = {z e ge,, l c[K(z - x) < s/2} = {z G :e.I

IfA(z - x)dsil < s/2}. I)eflne V(y) ln the same way. It foRows fpom the

£opegoing discussion that V(x) and V(y) are Mackey neighbophoods of x and

y, respectlvely. We show that x' G V(x) and y' E VCy) imply x'

M y'. By a simple computation, we obtain

    fAX'dpt - fAY'dp > (fAxdpt - e/2) - e/2 - fAydpt > O.

                                                                         '
Hence x' >- y'. Thepefore, > is Mackey coRtinuous. It is straightforward

to check that >- satisfy equity. '

Exaraple 3. Let u:R -) R be a continuous, strictly increasiRg functlon

wlth u(O) = O. Let U:L' -> R be a utility function defined by
                       co
U(×) = f x(t)e-tdg(t).
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By BeiArley [1972, Append2x !I], U Ss Mackey continuous. Define >- by

× >- y if and only i£ U(x) > U(y).

Clearly, >- violates equity but sat!sfies the other axioms.

Example 4. Define >- by the £ollowing.
                                                               '
x >- y i£ and only if theye exists a positlve real number tO such that

f[o,t,] X(t)dpt(t) > f[o,t,] y(t)dp(t) for al} t' ) tO.

Then, N violates Mackey continulty. To see this, let x(t) :2e-t and let

        -t                                                      Ry(t) :e           foy ail t. Cleayly, we have x> y. Let × = x'z[o,.> and let

 n                       for all ne pa. Fop each nG ew, aRd for each t'             +Zy = y'x        [O,n)                 [n,n+1]

)n+1 we have       ,
f[o,t,] xn(t)dp(t) = 2(1 - ."'n) < (2 - e"-n) + 1 = f[o,t,] yn(t)dpt(t).

Thus, we have yn >- xn £or all n. By Lemma 1, {x"} and {y"} convepge to

x aRd y, pespectively, in the Mackey topology. Kence >- violates Mackey

continuity. It is easy to show that >- satisfies the other axioms.

5. Coneluding remarks

   We conclude this paper by mentioning an open problem. The following

stateraent is tvue fop 1,,: Let T be .a Hausdorff, local}y convex, linear

topology styictly largep than the Mackey topology but strictly smaller

than the sup-Rorm topology. TheR one can find a social pre£epence

relation satisfying non-tplvia}ity, asymmetpy, T-continuity, and equity.

Indeed, there exists a pure}y fin2tely additive measure on the set of

natuyal numbeps such that the correspoRding linear functional is
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"continuous. Regard the £unctional as a utiXty function and conslder a

social preference relatlon induced by the utility function. The socia}

preference reiation satisfies the pequiyements. !R view of this result,

we can say the Mackey topology is a maximal (in the sense of

set-inclusion),Hausdoyff, locally convex, ilRear topology leading to the

imposslbRity type of resuXs discussed in this paper. Whether a sim±}ar

pesult holds £org remains open. ,                  oo
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