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Abst,/ ac{;:

In a siipple game, coal",ions be}ongjng to a given c}ass are supposecl t,o be "absolut,ely

power{'ul" while others have no power. We attempt {io make t,his distinction operational.

tE"oward this en(l, we propose two axioms, Exclusion ai}d Strong Non-Discrimination.

Strong Non-Discrimination clescribes circu}nstiances uncler which ce℃tain coa]ieions, the

           '
losing coaliLions, can have no intluence over social choice. Exclusion re(luires t,hat theere

are situations in which certain coalit',iofis, t}}e winning coalits'ons, can exercise (,hej.r

power, We show that the weak coye correspondence is the minimal corresponcleRce

satisfying MaskiR Monotonicity and S{',rong Non-Discrimination. We also show t,hat; {,he

weak core is Lhe unique corresponclence sa{;isfying Nash implementability, SLr.ong

Non-Discyi.mination and Exclusion.
                ,
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O.Iiit.roducLion

Thi$ paper stuclies Nash-implementation of social choice correspondences (SCC {'or

shorO on the class of simp]e games wit,h ordillal preferences. In a simple game,

coalitions belonging to a given class are supposed t,o be 'tabsolutely powerful" wl)ile

others have no decision power. In t}}is paper, we attempt to make t,his di$t)inction

operati}'onal by pMoposing two axioms, St;yong Non-Discriminat;ioR and Excki$ion,

Strong Non-Disc.rimination describes circumstances under which certain coa]jLions, the

"losing" coalitions, have no inlluence over social choice: tbr any such coalition an(1 any

t,wo alteynatives, i{' all the iBdividuals outsicle the coalit;ion are irtdi{'ferent; bet;ween

t,hese all)ernatives, then the SCC should not cliscriminat,e between 1,hem, in {,he sense

that one akernative is chosen, Le. contained ii} the image oib t,he SCC, if and on}y if t,he

other alternative is chosen. Strong Non-DiscriminaLion is a strengthening of a

concl";ion usecl in cli£t'erent contexts (Thomson (l987), Gevers (l986), and Nagahisa

                                '
(1991, 199<l)). Exclusion requiires thaC; there are si{;ua(]ions jll which ce.vt;ain coalit;ions,

t,he "winning" eoa}itions, can exercise their power: {br any such coalition, il' all the

meinl)ers ot' t;he coalitjon have iclent,ica}, non-£rivial pre{'eyeRces (in the sense that at)

least two alter.natives aere notjuclgecl inditl'erent), and, £-urthermore, all the members of

the complementary coalit,ion have trivial preferences (for them all the alternaLives are

inditX'erent,), then t,he coalition has the power of excluding at least one ai{,ernatiive. We

call t},iis axiom Exclusion.

    Some remarks are in order on Strong Non-Discrimination and Exclusion. The

former cannot be interpret;ecl as saying that losing coaiitions have no powe}r. I,n i'act, it

t,ells us nothing il' $ome member of the complementary coal")ioR fincls oi}e alternal;ive

pret'erable to another. Simi]arly, Exc],tision demands Lhat a SCC shoulcl gran{) a winning
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coalit;ion a "right" to exclucle some akernat)ive on]y in the very special case when al} ot'

it,s members have common pre{'erences and ali the members of the complementary

coal",ions trregard all alt,ernatLives indi{Teirent. '1]1}eret'o.re, Exclusion does not give

xmlimitecl power to the winning coalitions, I{owever, we will see that Strong

Non-Di.scrimina{]ion ancl Exclu$ioR beceme consklerably stronger when the impor.tant

axiom o{' Maskin Moixotonicity is imposecl as well.

            '
   Recal",hat a SCC satis{'ies Maskin Monotonicity il' iL preserves t,he desi}rabi}i{,y o{'

an allocat,ion uncler t;ran$t'ormations of pre{'exences that raise t)he relat',ive rankjng o{'

the a.llocation. Maskin Monotonic",y aRd Strong NoB-Discr.imination imply that; losing

coalitjons have no veto power (Lemma 3-IO), .Furthermore, t}}ese t)hree axioms t.ogetber.

impiy that; winning coalitions are "a}l-power{k}" and }osing coalitions are "completely

powerless" (Coro}lary 3-6).

    }t is important to recall t}}e dist,inctlon between Lhe strong core ancl the weak cor,e

ol' simple games. Aii alternal}ive is in the $trong core o£ a simple game if there exist; Ao

winning coalition and another a]ternative thatis at least as good lhr a}l me}nbers ol' i,he

winning coalition and strictly prel'errecl by some member of t,}}e winning coalition. An

alteernative is in £he wea}< core it' £here exist no winning coalit,ion ancl anoLher

akernata've £hat; is stric{ily pstet'eirred by ali members of t,}ae w.inning ()oal",lon. The

sl,rong core satist'ies Strong Non-discrimination ancl Exc}usjon btit violates Maskin

Monot;onicity (see Remark 3-7). Hence, the distincti'on bel;ween the weak core and the

shrong core is cx'it;ical.

    We show t,hat the weak core cor.responclence is the minimai correspondence

sal]isl'ying Maskin Monotonicity and Strong Non-Discrimination. This is t,he most basic

result in thi.s papeir but, st,i;ict}y speal<ing, it is noL a l'u]l characterization of l,he weak
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core. ']rowar{k;his end, we work with a domain en which the weak core is non-empty,

rl]hen, we show t,hat the weak core is the unique corre$ponclence sat,is{' ying Maskjn

MonotonicjtM Sts'ong Non-discx'imination, and Exclusion. Itjs well-knowR that Maskin

Mlonot,onicity is necessary lbr Nash i.mplementability. It turns out that the weak core is

the unique correspondence satis{b ying Nash implementability Strong

Non-Discr.imination and Exclusion.
                '

   Implementability of t,he core has been invest)iga{;ed in clif{'ereitt contexts.i I. ara

and S6nmez (1996) studied i,he strong core of two-sidecl matching problen}s. They

proved £}}at the core correspondence is Nash-implement,able, ancl that j{' a SCC is

          '
Nash-imp]ementable, individuajly rat)ional and Pare{;o e{Ib'eient, t,hen "; is a

supercorre$ponclence of t,he co)re correspondence. Sdnmez (1996) ext,encled this result te

generalized matching problems. Anot,}}er shrancl of the l";erature deals w,ith

mechanisms in}plement,ing the core in economic environments. Focuses are not

necessari}y on Nash-implementation or even mechanisms. For example, Wilson (1978)

proposed a two-stage (thus extensive {brm) game one of whose subgame perfect

equi}lbrium outcomes is always in the weak core ot' the unclerlying exchange economy.

Kalai et al. (1979) studied (strat',egic i'orin) a clii'1'erent kind of` imp}ementat]ion ol' the

weak core of exchange economies in strong equilibrium. Recent,IM Serx'ano ancl Vbhra

(1997) constrLicted an extensive lbrm mecl}anism that imp}ements {,he weak cere of

priva{)e ownership economies in subgame pre{bect equiiibrium. They also preposed a

strategic l'orm mechanism which implements l,he weak core o£ NTU games in Nash

equillbriu]n.

i Foac excellent surveys on ivaplemeRtation problevast see Maskin (1985)

and Moore (1992), and Jackson (2000). ･



7

   The plan of t,}}e paper is as .{'ollows: 'I]he next; sect,ion provides pre]iminary

clel'i,n"Aoi'}s. Section 2 introcluces t･he ax.ioms l'or SCC's, Sects'on 3 states t,he main result}s.

Ancl Sect,ion 4 gives concluding remayks.

1. Nu{;a{,/i,ons and Del'ini{,ions

   We fix the set X of social alt}ernat]'ves (oy outcomes, and t,he 11'nite set N ot`

indivi(lua}s. Denote by i71 the set] of complete and transitive binary relations on X. Let

iGN, ancl RiEM. We clenote by Ri indiviclua} i's R/xts!l,getgi!Ire{ere i(e relat;ion. For ×, yEX, xRiy

mea]ns l,hat; to inclividual i, × is at; lea$t as goocl as y We denot/,e ttil)e asyminet;ric pai't ol'

Ri by IPi, an(l the symmetric part by Ii. We say t,hat IiliG:7il is trivial if individual i is

inditl'erent!tiulu,gngon a}t,EI alternatives, thatis, tbr ail x, yEX, xliy. I)enot,e by Rei individual

i's t;rivial preference re}ation. We call R=(Ili)iENEMN a l;tts:e,!k}reuggle e ce l;/(!;s;!!ISigtl . The l;rivial

prel'erence proi'ile Ro consists ol' Lhe {,rivia} pre{'erence relat,ion ol' each indivi(lual, i,e, Ro

= (Roi)ieNt

1-j.. Simp}e Garaes

1"et; w be a nonempty subset; o£' 2N. We call a subseto{' N a coa}ition.Acoalition in wis a

pannncolt andacoalitionnotinwisallQsk}gmgQa!io oalton.Let;Rbeapret'erei}ce

prot']'le. For si.m )ljcit; , we 1'ix w t'rom now on. Hence. we ident;it- a sim )le rame w.ith a

pm/el eie {l. Let×,yEXancl.letScN.Wesaythat2smsltxgl}gtyl clominatesyva/aS

i.fSiswinningandI'oraM,ES,xPiy,Wesaythatwttlloni{ }Si{'Sis

wjnni,ng, x is at; ]east as good as y fbr every indlvidual in S, and x is prefexred by some
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imlividual in S. The weak core gf -a sig}pllge g{ax!psitne R, denoted by C(R), is the set; of all

alternatives that are noLstrongly clominatecl by any othe]r alternative. The fity!Q!}g.eqIgstyon (ore

pm/ l R,denotedbySC(R),isthesetol'allalt;ernat)ivesthatarenot}wealdy

dominated by any other akernative.

1-2. hnp}ementat)ion

   I?or each iEN, let Di be a nonempt,y subset ot' i71, interpre ted as the seto{' admiss.ible

l}2!:e!/b!:gug{en es ol'inclividual i. Ilor a coalk,ion S, DS cleno{)es the Cartesian product fiiGsDi. A

socialchoicepml (}}encel'orth,SCC)i,sanonempty-valuedcorrespondenceq):

DN---,･--÷･X. We call gN the domain of cp. For RieE7il and xEX, let L(Ri, x) = {yGiXI xRiy}.

For pr.e,{'erence protl'}es IRL ancl R', call R' a monotenic l)ransl'ormati'on ot' R at x if l'or all

iEN: L(Ri, x)c L(R'i, x). Denote by MT(R, x) t,he setot' al] mono{,onic t)raRsfomiah'ons o{'

R at x. Let cp be a SCC. In order to t'reely perfbirm monotonic t,rans{brmations, the

domain DN should satisfy a cextain "richness condition", [}rhat; is, we say that DN is

closed unde}: monot,onic trans{tormations (or simplM c}osed) if {br a]l RGDN and x(!i><,

IVI.T(ll, x) cDN, Un(ler this assumption, the doniain DN contains (,he trivial profiie Ro

because g) js nonempt,y-valued, and Ro is a monot,on2c t;rax}st'ormation o{' lu}y R at; au x.

A ggg},c} t'orm is a list (S, g) with S=lrliGNSi, where each Si is a Qt!ggLkg}gyt wwt)a e lbr

inclividual i, ancl g: S--i}X is an oul;come l'unction, A gatlg}s}e is a list (S, g, R), where (S, g)

is a game tbrm, and RGsiZN. A st',rategy pro{'ile sES is a Nash e( uilibrium of the rame S

sL!B?£t it' t,here is no iEN such that thr some tiESi: g(s-i, ti)I'ig(s). Denote by NE((S, g, R))

the setot' Nash eqti.ilibria o£ the srame (S, g, R). Let (p be a SCC. Theil Lhe game {'o.r.m <El.,

 T Nash-in})]ememet,s ) i{' 1'or all Rff DN: g)(R)=g(NE((S, g, ].'L))). Say that ('{) i$
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Nash-lltEm:!!!en)lementable H' there exists a game form whicl} Nash-implements (p,

   Necessary ancl sulTJcient condiLions for Nas}i-implementation have been

invesl,jgated in detail. A fundamental propert,y is as tbllows. Le {i g) be a SCC.

ItLlt}etslg:[YLgu!tw;!jst1lla rkskRMon}ton t (MMON):

 For all IR aRd R'GDN, i£xap(R) and R'ffMll](R, x), then xeig)(R').

Maskin (1977) proved t,l}at "' a SCC is Nash-imp]ementable, then it satis{"ies MA(l.ON.

[I"he conveyse ot' this claim does not hold true. Danilov (1992) and Yamato (1992)

(leveloped a shar})er condition2. Let idiN and let YcX. ])et us clenot,e

Ess(i; (p; Y) :{yeY U"here exi$t,s RffDN $uch that yap(R) and L(.Ri, y)cY)}.

                                           '

Essent,ia] ,MMs}I!xntsmot )n ct (EMON):

.For all IR and .R'ffDN, i{' xeg)(R) and {'or all iGN, Ess(i; g); L(Ri, x)) c L(R'i, x)), theR

xGg)(R').

Yamato (1992) provecl t,hat (i) if' iNl23, any SCC satisfying EIVtON is

Nasl}-inipleniexxtable, and, (ii) ullcler a certain mi}cl conclition imposed on admissib]e

pirel'e.rences, any Nash-jmp}ementable SCC satisi'ies EMON,

2 For othex refined conditions oE monotonicity, see e.g. Maskin (1985),

WUIiams <1986), Repullo (1987), Saijo <1988'), McXeivey (1989), Moore and

Repullo (1990>, SjdstrOi(i(1991) and Ziad (1998).
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2. New Ax.ioms for Social Choice CorrespoRdences

ln t)}}is section, we propose new axioms t,}}at describe how SCC's depend on t;he c}ass of

wiiming coalit,ions. Be!'ore we get t,o those, we s£art with a discus$ion ot' a stLaRdarcl

ax]o.m.

   The tlirst axiom says that if al.i inclivicluals are inclitl'erent between Lwo alternatives,

t,hen t,he SCC should noL treat the akernatives ditTerent]y.

Non-Discrimination (ND):

                              '
For all REDN, x and ydiX, iU'or all iEN, xliy, t,hen xEw(R) i{' and only i{` yEcl)(R).

The axiom appear,s in axiomat,ic characterizations ot` the Walrasian correspondence (see

rVhomson (1987), Gevers (1986) and Nagahisa (l991, 1994)). We will see that; ND is also

usel'ulin the cont,ext ot' axiomatic studies o£ the weak core of simple games (see Lemma

3-4). We al$o consider a s(;rengt}}ening ot` ND to obtain further resull)s.

   rVhe next; axiom says that if a}l the individuals outside a Iosing coalition {'ind t]wo

alternat,ives incli.{1'erenti, £hen t,he SCC should no{; tr,eat the al.ternatives different;ly.

pm"t o} Non Dis(r}ll}mation (SND)

'For all REDN, x, yGX and ScN, iH'or ali ieN- S: xlSy and S¢w, then xecf)al) if and only

jf yEg)(R)･

ln o(,her words, the SCC t.reat,s two alternatives $ymmetrically, independently ol' the

prel'erences of {,he members of the losk]g coalition, as long as all the members o.f t;he

 .
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complementary coalition are indill'eirent be(;ween the a]te}rnatives. Hence, losing

coalit,ions ha. ve no power then. However, SND is i'ar from saying Lhat losing coalil,ions

are absolu£ely powerless, This is because SND is not; applicab]e if t,wo people outsicle a

los.ing coalit,ion have clifferentprel'erences over the t',wo a]t,ernatives.

   The coimect,ion between ND ancl SND is straightforward, Sjnce w does no{; contain

the empt,y set, SND imp]ies ND. The converse does not hold (foy example, t,he ?areto

corr.espondence vioiat,es SND but does satisi' y ND).

   The next axiom says t,hat a winning coalition can exclucle at least; one alternative if'

a.ll l,he member ef the coa}kion have i(lentical nontrivial prel'erences ancl all t)he

members ol' the complementary coalit･ion a}re inclit'l'erentamong all t,he a]l,ernatives,

Exc.lusioi} (EX):

For all SEw and 'RSEDS, i£ for a}} i and jeS, Ri = Ri, and for all iGS, RiiRei, t,hen g)(Ro"S,

RS)#X.

The axjom cannot be interpretecl as saying t,hat win}}ing coa]itions are all-powerful tbr

the {bllowing reasons. 'First, exclucling at least one alternative is noL e(luivalent t)o

picking the best alternative uncler t,he l'oregoing circumstances. Secon(l, .i{' some

individual of the complementary coalit}ivn N-S has non-trivial pret'e,rences, EX eoes

not apply.
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3. Mlai'n Result;s

IR thls section, we assume that; every pxollle in t]he domain DN otb SCC's under

coiisideraeion has a non-einpty weak core and that DN is clo$ed under monot,onic

trans{'ormat,ions, We start wi£h the fo}}owing importaRt observal,ion,

Lemmt} 3-1: The weak core corresponclence satis{'ies MMON.

Proot': Let R, R' be two prol'iles and xEX be such that R' eMT(R, x) ancl xec(R'). T}}us

under R', x is dominal,ecl by some other yGX via some SEw. That; is, {br ail jffS, yP'ix.

Si.nce R' EMCI](R, x), t,his imp}ies tbr all iES, yPix. rl"}}us x is dominat,ed by y umler R.

But this says thaLx¢c(R). Therel'ore, C satisl'ies MMON. ({})

Theorem 3-2: li' a SCC g) satis{'ies MMON and SNI), theR g) is a supercorrespondence ot'

the weak core c, thatis, t'or any REDN, g)(R) )c(R).

I?roo£: Let xGX ancl ].IGDN be such {,hat xec(R), Suppose that xgEcp(R). Iuet y(iig)(.R), TM =

{ieNixRiy}, and [l]' = {iGNiyPix}, Let R' be the pret'i]e obtained by ra.ising y to t,he same

inditl'erence class as × ai}cl keeping the other indif{'erence classes intact f'or each

]i}e.inber ol' TM;

For ail ie Trm, xl'iy ancHhr all v, wGX-{y}: vRiw .i{' and on}y ifvR'iw and vliw it' and

only if vl'iw, and for all iGT+, R'i :Ri,

Note that; R'EMT(R, x). Since DN is closecl, R'GDN, By MIVION, yEg)(R'). Fur{,her, since

L(Ri, x) : IJ(R'i, x) lbr each iEN, we have REMT(R', x). Again, by MMON, xe(p(R'),

Thus cp Lreats x and y (lill'erent}y under R'. Supl.)ose t,hat; T' is losing. 'Vhen, by SND
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ei,ther x, yffg)(R') or x, y¢g)(R'), whach is a contradict,ion. I'Ience, T" is whming. Thus

under R', y dominat,es x via T'. "Vbis says that xg!c(R'). Not)e that R'EMT(R, ×) since

'L(Ri, x) = L(R'i, x) {'or all ieN. Lemma 3-1 telis us t,hat c satisfies MMON. Thus xqEc(R).

Th.i,si,sacoi'itraclict,ion. @

IRemark 3-3: In 1"heorem 3-2 above, {',he set inclusion may be strict. Consider th,e SCC

Lhat chooses the whole set) of alternat;ives X i'oir every prot'ile. ri]his SCC satis£ies both

MMON and SND.

IK)mma 3-4: If a SCC ce satistlies MMON, ND and EX, t]hen cp satisfies the t'ollowing

propeerty:

()A() 'For all ScN, RSEDS, ancl xGX, if Sdiw ancl tior a]l idiS, y an(1 zEiiX-{x}, x.Piy

and yliz, then w(Ro'S, RS)={x}.

Proof: Let; Sffw and xffX. LetR be a proMe such that {'or all iffS, y and zEX-{x}, xPiy

and yliz, and {br al.l iffN-S, Ri=Roi.

Let; R*. DN ai}d vG({)(R*). Since RoEM'Il](R*, v) an(1 DN is closecl, RoGDN. Then by MMON,

vap(Ro). Since x is inclitlherent to v l'or any iGN at 'Re, by ND xEic{)(Ro). Not,e that;

IL'eMT(Ro, x). Then since DN is closecl, RGDN. Then, by MMON xEg)(R). Oll the other

hand, by EX, cp(R)# X. [I)hatis, there is some alt,eernative t}}at cloes not; belong to c'p(R).

By const;ruction, Lmcler R, ai}y two alternatives other than × are inclM'erent {'or any

member ol' N. Thus ND implies that any alternative other than x is excluded from (p(li{).

@
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r.l"hoerem 3-5: If a SCC ct) satisl']es MON, ND and EX, then (pts a subcorrespondence of

i,he weak core, thatis, tbr any REDN, g)(R)cc(R).

I'reol': Let xEX and REDN. Assume that xE(p(R), but x{;Ec(R). Then t}}ere exists SGw and

yffX such that, I'or all iES, yPix. Let R' be a l)rol'ile such tl]at {br all i(iiiS, v aixd wffX- {y},

yP'iv and vl'iw, tmd £or ali ieN-S, R'i=Roi.

Note t,hat R'GMTa'L, x). rrhen by MSvlON, we have xEcp(R'). By Lemma 3-4, {p(R')={y}.

rl)h.isimp}iesx:y,acontracliction, @

The tb}lowing resultis immediate from l)he lbregoing theorems.

sC.Ls}lrwmLa!asLsorolla 36:cistheuniqueSCCthatsatistk'esMMON,SNDandEX.

IIIemark 3-7: "l]}}e abeve Corollary 3-9 characterizes the wea}< core of simple games, This

resultis tigl}tin the sense that the three propertjes MMON, SND and EX aye }ogically

indepenclent. The example in Remark 3-3 establishes th.e inclepen{lence o{' EX. For the

independence ol' SND, tlix × . X and let <p(R)= {x} Sbr a}l R. Then, cp obvious]y saLis{-ies

MMON an(l EX but violates SND. To show tLhe indepenclence oi' MMON, note that SC

sai;isfies SND and EX butvio}ates MMON. To i.liustrate a vjolaLion o{' MMON, let; X= {x,

y}, N = {l., 2}, w=={N},x Piy, y P2x, x Ii' y, y P2' x. Then, x. g)(R), R' GMT(R, x), but x

. g)(IR).
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'l"heoerem 3-8: A$sume that 1Nl23. T}}en c is Nash-imp}ementiable.

'P.roo£': In view of Yamato (1992), it; su{1lices to show that c satisllies EMON, Suppose

otherwise.Then,

(*) There exist] R, R'ffDN such that xffc(.R) and {br all iffN, Ess(i; c; L(Ri, x))cL(R'i, x)

bu t; x¢c (R').

Since c satistles MMON (Lemma 3-1), [xEc(R) and x¢c(R')] in (*) above in}plies that 'R'

G MT(R, x). Hence, there exists iEN sucl} t]hat; L(Ri, x)-L(R'i, x) itE ab. Let zEL(Ri, ×)-

L(R'i, x). By (±), z¢ L(R'i, x) implies zg!Ess(i; c; L(Ri, x)). ThereS'ore, £br son}e iEN,

(**) ForallR"EDN,i{'l)(R"i,z)cL(Ri,x),thenz¢c(R").

Now leL Rk be a pro{'ile such that tbr alljGN, if xl*jz and {'or al.l v an(l wGX-{z}, vR±jw

il' and only it' vRi w.

Thus {br eachjGN, we have L(Ri, x)U{z}=L(R*j, x), This implies L(Ri, x)c L(R*j, x). Thus,

R*EMTGI, x). Since x6c(R) and c satisl'ies MMON, we have xGc(Rk), Since L(Ri, x)

cont;ains z by assumption, L(Ri, x) :L(R*i, x). Since xl*iz by construction, L(R*i, z)=L(R*i,

x). Therelbre L(R*i, z)= L(]I i, x). This equality and (**) t;ogether imp]y z¢c(R*). On t,he

ot,herhand,xffc(Rrk)andtbralljEN,xlftJz.Hence,zEc(R*).Thisisacontradiction, @

Now we conc]ude with the followinbcr.

The.ore.m 3-9: Assume that; IN123. Then c is t}ae unique SCC sain'st'ying Nash

implementabilitM SND alld EX.

    We d,iscuss the Iogical re]at,ions between MaskhVs 'Iiltgo veto R)s!ww:o er' condition ancl

SND and EX. Let g) clenot,e a SCC. Let S be a coalit.ion. Say that S h.as veto ww/o e if
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t)here are some REiDN and xEX such that x<Zl<p(R) and tbr all jGN-S, L(IV, x) : X.

Masl<in (l977) introcluced t,he fo}lowing eeiiinit,ion.

Nt V6to Power (NVP): For alliffN, REDN, and xEX, if t'or alljEN-{i}, L(Ri, x) :X, Lhen

xffq)(R).

It directly follows t-rom t,he clot'inition thatiS' a SCC sat)is{les EX, then every winning

coalition l}as vel]o power.

]lemma 3-le: If a SCC cp satisli'es MMON ancl SND, then no losing coalitjon has vel,o

power.

1'roof: Leli cp satis{'yI MON ancl SND, Let; S be a losing coalition. Sul)pose thaL S has

veto power. "rhen there are REDN and xEX such that {'or a]} jeN-S, Lav, x) =X and

x¢(l)(R). Since ({) satist'ies SND, Sffw iixtp}ies g)(RoMS, RS) = X. Since L(Ri, x) = X = L(Roi,

x),RGMT(x,(RomS,RS)),ThusMIVI.ONimpliesg)(R)=X.ThisconLradictsx¢g)(R). ({})

M.askln (1977) prove{khat; i{' a SCC satist'ies bot,h MMON and NV2 and iNI23, then jt

is Nash implementable. Combining Lemma 4-15 with Maskin's result, we obtain the

tbllowing.

[i"hoorem 3-ll: Ass"n}e lNl)3. Let (f) be a SCC. Assume t,hat the}'e does not exi.$t iEN

such that {i}EEiw. rVhen if g) satis{'ies MMON and SND, then (p is Nash-imp}ement;able.

.Remark 3-12: Theoxems 3-2 ancl 3-11 immedi.ate.ly imply the lbllowing: Let there be at
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least; three in(lividuals. As$ume there does noe ex.isi; a winning coalitioi} consisting of

only one individual. rrhen if' a SCC sati$fies MMON aRcl SND, {]hen i{n's Nash

implementable and it; is a supercorresponclence of the core.

4. Cenelu{}.ing Remarks

rl'hough we require SCC's to be nonempt)y-valued, this requirement p}ayed 1ittle role in

£he lbregoing argumeiits. Though the nonemptiness requirement has some conceptua}

appeal, there is a room tbr applying Occam's Razor. In fact, in axiomatic studies, so.me

aut,hors (see 1'ootnot,e 4, {br exa.mple) do not iBsist on this requirement but explore how

1'ar t;hey can go formally without it. In this sect,ion, we take t,his view.

                   i
   In this section, we assume that; tLhe domain DN contains at lest one simple game R

whose weak core is noix-empty,

   Let (p be a co.rrespondence froin DN to X, possibly empty valued for soine REDN, We

introduce the t-ollowing proper{,y:

IRest･rictiedINNs}l;l,mp.u.k21;[}gsin s)tness(]lNEM)3:VReDN:c(R)pts21Sog)(.R)pt/.

T}}eo.rem 4-].: 'l"he wea}< cex'e is the unique corresponclence satisfying MMON, SND, EX

and RNEM.

Proo.{': By l,he lbregoing arguments, {,he coye c satist'ies thes.e {'our properl,ies. We shall

3 SiirtUar properties can be iound, for exampie, in Noxde et a2. <1996), and

Peleg et a2. (I996). These papers study axiomatizations oi solutions to

stxategic iorm games.
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prove uniqueness. F.irst, it is easy to ver"' y that Theorem 3-2 still holds even i{' the

nonempty-va}ueclness ol' cp is weakenecl t,o t}}e assumpti,ion that; (p satis{'ies RNEM, This

e$tablishes g)Dc. Second, Theorem 3-5 is also tirue without nonempty-va].ue(lness or

RNEM. And in that case, nonempty-valuedness ot' the weak core c becomes supex{luous.

Recalhhat SND implies ND. Then a]l conditions for Theoren} 3-5 are met. This proves

q)cc. @

IReiBark 4-2: The properties appeaying in "Vheoerem 4-l. are logically anclependenl. By

adapeing l;he examv}es in Remark 3-7 in a st;raight{'orward manner, we can show that

each oth MMON, SND and EX is independent of the three ot,her properties. The

{'ollowing example shows RNEM is independent ot' the other three properties: Let q) be

the solutAon such t)hat q)(R) :sZ5 {'or ai}y REiiDN. Then g) satis{l'es MMON, SND, and EX but;

v.iolat;es RNEM.
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