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 Summary

   In this paper, we consider the budget distribution problems defined by Her-

rero et al. (l999). We provide axioma,tic characterizations of £he rights--weighted

solution, introduced by Bergantifios and Mendez-Naya (l999), and pseudo rights-

weighted solution both of which are generalizations of the right-egalitarian solution

d"e to Herrero et al.. The functioma1 equatioll approach produces sharper results

wkh simpler proofs.
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1. Introduction

   Herreyo, Maschler, and Villar (1999, ffMV) formvtlated a general notion

of budget distributlon problems. A budget distribution problem deals with

a situatlon that there is a budget to be distributed among a group of agents,

each of whom has monetary clairns. A distlnguishing feature ofthe problem is

this. The budget can be posltive or negative, a claim can be negative, and the

budget may be 1arger or smaller than the sum ofthe claims. Hence, the whole
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class of budget distribution problems ls laJrge enough to include the class of

bankruptcy problems (O'Nei}1(1982) aBd AumaBR and Maschler (1985)) and

that of surp}us shaxing (Moulin (1987) and Chun (1988)). HMV provided

axiomatic characterlzations of the yights-egalitarian solution on the class of

all budget dlstributlon problems. As the terminology suggests, the rights-

egalitarian solution satlsfies symmetry, the requirement that two agents with

the equal claims should receive equal amount. Hence, the solution may be

appropriate in contexts where no apriori discrimination allowed . OB the

otheur hand, there are situations in wh!ch d!scriminatlon among agents may

be necessary (Mo"lin (2000, p.645)). Hence, axiomatic studies of budget

distribution problems without requiring symmetry axe of some importance,

and this is what we do in thls paper.

   Additivity axioms play central roles in this paper. Full additivity says

that agents receive the same amount psrhether the solution is applied to two

budget distrib"tion problems separately, or whether the solution is applied to

the sum of the problems. Full additivky was introdviced by Bergantifios and

Mendez-Naya (1999, BM). BM proposed the ''rights-weighted''solution by

IRtroducing agents'exogeneous shares of net surplus. [I)he rights-weighted

solution is the unique solution satisfying full additivity and either one of

two bouBds axioms. We also show that replacing the bounds ai><iom w!th

con£inuity gives a further generallzation of the rights-weighted solution. In
the context of surplus sharing, Moulin (1987) and Chun (1988) explored

implications of additivity vyTith respect to budget given an arbitrary claim

vector. We propose a weakening of this axiom (when applied to surplus

sharing), partia} additivity, that requires additivity with respect to buget

only when the claims vector is zero. VKFThile full additivity is poweTful, pa2rtlal

additivity is a!so useful when combined with other axioms.

   Ifor axiomatic characterizations, we employ the functional equation ap-

proach. The merits of this approach are the following. First of all, the

approach produces a simpler proof than BM's. Second, we can replace a

certain bounds axiom used by BM by a vtTeaker one and yet a><iomatize the

rights-vLreighted solution. Third, the functional equation approach allows us

to handle interesting smaller domains such as the class of surplus sharing

problems and that of bankruptcy problems.

   Relevant mathematical facts are gathered in Appendix.
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2. Notation and definitions

  Let N be a finite set of agents. The set N is fixed thToughout this note.

IFbur simplicity, let N == {1,...,n}. we call a pair (B, c) a budget distributiolt

problem if (B, c) G R × RN . We call B and c the budget and claims
vector, respectively. Hencefbrth, we use bo}dface to denote vectors in RN.

A budget describes a given amount of money to be allocated among the

agents. Let v4 be the set of all budget distrib"tion problems. If a budget

distribution prob}em (B, c) satlsfies (B, c) E R+ × Ror and B S Z)i,N ci) we

call it a bankruptcy problerr}. Let B be the set of al! baRkruptcy problems.

If a budget distribution problem (B, c) satisfies (B, c)E R+ × Re and B
}ll XiEN ci, we call it a surplus-shai'iRg problem. Let S be the set of all

svirplus sha3ring problems. Let 7) c A. A solution on Z) ls a rnap F:1) - RN

such that for all (B,c) G Z>,budget balaRcedness holds, i.e. B ==Xi,N Fi(B

, c) , where F(B, c) : (Fi(B , c),..., F.,(B , c)). The rights-egalitarian

solution selects for all (B , c) ( Z) and for allj EN, (B -£iEN ci) /n + c 2' ･

'I"his solution was iBtroduced by HMV.

  A solution F on IE) is called a rights-weighted solution lf there exists

,>t = (Ai)iEN ff R4f xr"rith E,,N Ai== 1 such that for al} (B, c) E Z), F(B, c)

=: (B -2i,N ci)A+ c. This solution was introduced by BM. The number

Ai is agent i 's share of net surplus. If we do llot iBsist on nonnegativity

of weights, we obtain the foliowing solution. A solution F on CZ) ls called a

pseudo rights-weighted solutioii if there ercists A = (Ai)iEN ff RN with

£,,N Ai = 1 such that for all (B, c) E CI), F(B, c) = (B -£,,.ci).)L+ c.
Clearly, a rlghts-weighted solutioR is a pseudo Tights-weighted solution but

the converse does not always hold.

  In this paper, vtre discuss the foIIowing axioms.

  Full Additivity (FAD); IFbr a}I (B, c) ,(B', c') G Z>, if (B + B', c +

c' ) E CE), then

  F(B + B', c + c') = F(B,c)+ F(B ', c').
  Partial Additivity (PAD): [R)r all B, B'E R, if (B, O) ff [Z), (B', O)

E D, aRd (B + B', O) E Z), then

  F(B +B', e) :F(B,O)+ F(B', e).
  Respomsibility (RES): Fbr all (B, c)E Z>, and alli GN,

  F(B, c) =: (O,.･･,O, c,, O,･･･,O )+ F(B -- c,, (c-,,O)).
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   Compatibility (COM): IFbr all (B, c) E D,

   B = Xi,N c"mplies F(B, c) =: c.

   CIaim Iower bound (CLD): Ifor all (B, c) E D,

   B2:i,NciimpliesF(B,c)2c. '

   Claim upper bound (CUB): Ifor all (B, ck Z>,
   B S Z)i,Nci implies F(B, c) :f{c.

   Maximum and minimum aspiratien (MMA):
hold.

Both CLD and CUB

   Continuity (CONT): ]for all cE RN with (B', ck CZ) fbr some B',

   B HF(B, c) is contlnuous at some Bo E R.

   Symmetry (SYM): Ifor all (B, c) g D, and all i,j E N,
   ci : c,- implies Fi(B, c) = F ,･(B, c).

   Net Surplus (NS): [Fbr all (B, c), (B', c') G D,

   B -£iEN ci =: B '-t2i,N ci' implies F(B, c) - c : F(B', c')- c'.

   If a solution satisfies FAD, then ageBts are indifferent between solving tvgTo

prob}ems separately and solving the sum of the prob!ems. BM introduced

this axiom in discussing budget distribution problems. Clearly, a similar

interpretation is applicable to PAD. Moyt}in (1987) and Chun (l988) intro-

duced addltivity wkh respect to b"dget given an arbitrary claim vector in

discussing surplus sharing problems. The axioms RES says that each agent is

indfferent between solving a problem diurectly, and receiving her claims and

then solving the pToblem with her claims deleted. The axiom COM requires

that all agents should receive their claims if the sum ofthe claims is equal

to the budget. HMV introduced these two axioms. It is easy to see that

IFIAD and COM together irnply RES. In aR earlier draft, these authors also

discussed MMA. But, BM used this axiom for the a)ciomatizations of the

rights-weighted solutioxx and the rights-egaliaritan solution. Clearly, MMA

implies CLD and CUB. Either CLD or CUB impiies COM The coRverse
does not hold. IFbr this point, see example 1 in the next section. NS says

that the net payment F(B, c) - c depends only on net surplus B -XiEN ei･
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3. Results

BM proved the fbllowing result.

  Proposition 1(BM): A solation on A satisfi
only if lt is a rights-viTeighted solution.

es EAD and MMA if and

  We prove a sharper result. Our proof is based on the

approach and simpler thaR that of BM's.

functional equation

  ]Propesition 2: A solutlon F on v4 satisfies EAD and at least one of CLB

and CUB if and only lf it is a rights-vgreighted solution.

  Proof: It ls easy to prove that a rights-weighted solution on A satisfies

FAD and both CLB aitd ouB. Conversely, let F be a solutioB on A satisfying

EAD and at least one of CLB and CUB. First, by EAD, F(B, c) = F(B -

XiEN Ci 7 e) + Bi(£iEN ci7 c)･ Iljet ¢i(x) : Fi (x, O), wheye i (glN. Clearly,
the function ipi inherits EAD frorn F. If CLB hoids, ipi(x) )O for a}1 x )O. If

CUB ho}ds, ¢i(x)-<O for all x g O. Therefore, by Ilact 5 in Appelldix ,there
exises Ai such that ip,(x) =: Aix for all x E R. If CIIJB holds, Ai =q5,(l)}il O. If

CUB holds, Ai =-ipi(-1)}lr O. Thus, Ai }) O.

  Let X :(Ai,...,A.) and let 6(c) = (5i(c),･･･,5.(c)) = F(£iENCi) C) - C･
[l]ihen F(B, c) ur (B -2,,. ci)A + c +6(c) for all (B, c) E A. Note that if

CLB holds, A, }ll O, 5(c) })O, and X,,. Ai == £,,Na(1,e) == 1･

  If CUB holds, Ai ;}l O, g3(c) Se, and]2)i.N Ai == £iEN -gbi(ml) ==

  Xi,. -E(-1,O) = 1.
  IFina}}y, :iEN t(3i(c) == 2iEN a(II[)iGN ci)c) m 2iEN ci･ =

  £iEN ci - 2iEN ci･ == O.
  ffence 5(c) = O if at least one of CLB and CUB holds. M

  "lhat happens if we replace either
Proposition 2? 'I[b answer this question,

one of CLB aBd CUB by COM in
x?gre start with the fo11oxxring example.

  Example 1: Let f:R - tw be an additive function whose graph {(x, y) l
x e R, y = f(x)}, is dense in R2 (see Appendix). Define the function F on .it.

by F,･(B, c) = f(B -Xi,N ci) + c,r, for everyj = 1,..., n- 1, F.(B, c) = -(n --

1)f(B- £iGiv ci) + cn +B -- 2i,N ci- It is easy to check that F satisfies EAD.

Since f (O) = O, F satisfies COM. We show that F violates both CLB and

CUB. Since the graph offis dense in 'R2, there exist x > O and y < O such
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that f(x)

=x and
XieN ci)

.)+ cj>

COM.

< o and f(y) > O. Let (B, c) and (B', c') be such that B- £i,N ci

B'- £i,Nci '= y. Then, B- £,,Nci > O but Fj(B, c) =f(B-
+ .j< cj. Also B'- £i,N c, '< O but Fj( B, c) = f(B'- £i,Nci
cJ･. Thus, there exists a non-linear solution that satisfies FAD and

   There are distinct features of the solution in Example 1. First, the solu-

tion is discontin"ous everywhere. Second, it vlolates SYIyif. These observa-

tions naturally lead us to the following questioRs. What happens if we requiTe

CONT in additlon to IFIAD and COM? What ha,ppens if vLre require SYM in

addition to IesD and COM? X?Ve answer these questions in the fo11ovgring tvsTo

propositioks.

   PropositioR 3: A solution on v4 satisfies EAD,COM, and CONT if and

only if it is a pseudo rights-weighted solutioB.

   Proor Define the functions ipi(･) ,6(･) and the vector A as in the proof

of Propositlon 2. By CONT, the function ipi(･) is bounded on some non--

degenerate interval. Thus, by fact 5 in Appendix ipi(･) is lineay on R. How--

ever, we can no longer conc}ude that A is nonnegative. But, thanks to COM,

we still have £i,N,(9i(c) = XEN-F}(lll])iENci7c) pt EiENei･ == £iENCi -

£ieN ci･ :O.M

   Propesition 4: A solution on A satisfies IFAD, COM, and SYM if and
only if F is a rights-egalitarian solution.

   Proof: It is c!ear that a rights-egalitarlan solution satisfies EAD, COM,

and SYM. CoRversely, F be a solution on A satisfylng FAD, COM, and SYM.

First, by EAD, F(B, c) =F(B -E),,. ci,e) + F(£i,N ci, c)･ By SYM,Fj(B
-£ieN Ci 7 e) ==(B -£iEN ci )/n for ailj e N.

   By COMI, F(£,,. c,, c) =: c. eq

   Remark
ProposkioR 4

;

Proposkion 4 looks very similam to Proposltion 2 iR HMV. In

EAD takes the place of composition iR Proposition 2 in HMV.

   Corol}ary to Proposition 3(BM): A solution oB A satisfies EAD,
MMA, aRd SYM if and only if F is the rights-egalitariait solution.

   Proof Since MMA implies COM, the conclusion immediately ibllows
from Proposition 4. M
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  The functional equatioxx approach easily han

asSand B. '
dles restricted domains such

   Pyoposition 4: A solution on S satisfies FAD alld CLB(resp. CONT)
if aRd only if it is a (resp. pseudo) rights--weighted solvitioR.

   Proof Vbry simi}ar to that of Proposition 1. To take Ronnegativity con-

sttraints into accovint, vkre need Fact 6 in Appendix. es

   Proposition 5: A so}ution on B satisfies FAD and CUB(resp. CON[[')
if and only if it ls a (resp. pseudo) ri.cthts-weighted solution.

   Proof VIDry similar to that of PropositioR 1. Use Facts 5 and 6 in Ap-

pendix. pa

    Now we replace IFIAD by PAD IB Propositions 2.

   Propositioit 6: A solutioR on .4 satisfies PAD, RES, and ae least one of

CUB and CLB if and only if lt is a rights-weighted solution.

   Proof: By 'RES, IE?(B, c) = c + F(B --Z),,. ci, e). Ibr eachieN, let ipi(x)

== Fi(x, O). The rest of the proof is the same as that of Proposition 2. M

   Proposition 7: A solution on A satisfies PAD, RES, and CONT if and

only if it is a pseudo rights-weighted solution.

   proof: By RES, F(B, c) =: c + IF(B -£iEN ci, e)･

   Proposition 8: A solution on S satisfies PAD, RES and CLB if and only

if it is a rights-weighted solution.

   Proof Vk)ry simi}ar to that of Proposition 6. 'Ib take nomiegativity coB-

straints into account, we need Fact 6 in Appendix. N

   Proposition 9: A solution on B satisfies

oitly if it is a ri.pthts-weighted solution.

   Proof VIDry similar to that of Proposition

pendix. N

PAD, RES and CUB if and

6. Use Facts5 and6 iR Ap-

   IR the foregoing argument, we pointed out that composition is a close

substitute for EAD. Is there any other? The answeris yes, as shown by the

next two proposltlons.
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   Preposition 10:
satisfies NS.

   Proof: Let (B, c),

By EAD and COM,
F(£i,N ci - 2i,N cit

c')-cl M

If a solution on A satisfies FAD and COM, then it

(B', c') E A be such that B-£i,Ar ci =B "'2iEN Ci '･
F(B, c) = F(B, c) + F(B - B', c- c') : F(B, c)+

,c-c' ) =F(B, c) + (c -c'). Thus, F(B, c)-c xe F(B,

   Proposition 11: A so!ution on A satlsfies NS and SY}yif if and only if it

is the rights--egalitarian solution.

   Proof: Let (B, c) E A. By NS, F(B, c) -c = F(B, e')-c'. By SYM,

Fj"(B '-2a,N ci ) O) =:(B -£i,N ci )/n libr allj E N. This completes the proo£

M

Appendix. Facts on Cauchy 's Equat .Ion

     In this Append
details, see Chapter 2

IX )
m
we collect useful facts on Cauchy's equation. for

Acze} and Dhombres (henceforth AD).

   Fact 1 (Hamel): There exists a subset H of R such that every real

number x can be represented ets x =rihi +... + rnhn ,where hi E H, ri E Q
(i xx 1,...,n).Also, the representation is uRique up to O coefficieRts.

   A subset of ue satisfying the condition in Fact 1 !s called a Hamel basis

and the form"la in Fact 1 is called the Hamel expansion of x. The existence

of a Hamel basis fo11ows from the axiom of choice.

   Fact 2 (Theorem 2.2.10 ln AD): Let g be a ]i[amel basis. Fbr each h e

H, choose an aJrbkraxy value of f(h). IFbr each real number x, define f(x) via

the Hamel expansion of x: f(x) = rif(hi) + ... + r.f(h.).Then, the funcion

f: R.R is additive.

   Fact 3 (Coyollary 2. 2. 13 ln AD): Any subset of R of positive Lebesgue

measure contains a Hamel basis. The Ca･ntor set (which has zero Lebesgue

measure) also contains a Uamel basis.

   Fact 4
linear on R

(Theorem 2.l.8 in AD): If an a

, its graph is dense in IR2 .

ddkive function f: R-R is not
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   Fact 5 (Theorem 2. 1. 8 in AD): An additive function f: Igg --. R is }inear

on ue if and only if it is bounded from above (or below) on a set of positive

Lebes.eee measure.

   The fo11owing fact is extremely important when we coRsider restricted

domains such as the class of surp}us sharing problems aRd that of bankruptcy

problems.

   Fact 6 (Theorem 2.1.1 in AD): An addlt!ve functlon f: IR+- IFg can be

uniqllely extended to al} of R , vLrith addltivity preserved.
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