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                                 Summary

  In this paper, we consider the budget distribuftion problems defined by Herrero et al.

[1999]. "7e provide axiomatic characterizations of the rights-weight,ed solutiolt, introduced

by Bergantifios and MeRdez-Na>ra [19991, and pseudo rights-"reighted sohigioR botk of

which are generalizations of the ri.crht,-egalitarian solution due t,o Herreyo et al.. The

functional equation approach produces sharper results with simpler proofs.
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1. Introduction

  Herrero, Masch}er, and Villar l1999, HMV] formulated a general notion of bud-
get] distribution pyoblems.2 A buda.'et distribution prob}em deals with a situatioit

that there is a budget to be distributed among a group of agents, ea.ch of whom

has monetary claims. A distinguishing feature ofthe problem is this. The budget

can be positive or negative, a claim can be negative, and the budget may be }ayger

or smaller than £he sum of the claims. Hence, the whole c}ass of budget; distribu-
tion problems is large enough to include the class of baRkruptcy problems (O'Neill

[198Z and Aumann and Maschler I19851) and that ofsurplus sharin.cr (Moulin l1987]

and Chun [1988]). HMV proposed a solution, the rig'hts-egaiitarian solution, which

determines the solution outcome of each budget distribution problem in two steps.

First, give eac}i agent what she claims. Second, split the net surplus (the budget

minus the sum ofthe claims) equally among the agents. gMV provided axiomatlc

characterizations of the rights-egalitarian solution on the c]ass of all budg'et dist}'i-

bntion prob}ems.

  As the terminology suggests, the rights-egalitarian solution sa£isfies syi'nmetiry,
the requirement that two agents with the equal claims should receive equal amount.

Hence, the so]utioR ir}ay be appropriate in contexts where no a priori discrimiiiation
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discuss5ons and suggestions. The usual disclaSmer applSes. Correspondence: [fomoichi Shinotsuka,
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  ?In the terminology･ eoined by HMV, a distributGon problem diefined here is called an allocation

problem. We have changed the terminelogy since resource allocation problems in economies
typically involve the dSstrabution of many goods and services "Thile the preblems here dea} with

the distribution of a sing}e good.
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allowed . On the other hand, there are situatioBs in which discrimina£ion among
agents ma}r be Becessary (Moulin [2000, p.645]). HeBce, axiomatic studies of budget

dis£ribution problems without requiriRg symmetry are of some importaiice. From

this perspective, a. generalization of the rights-egalitarian solu£ioB by Berg'antii"}-os
ai}d Mendez･-Naya I1999, BM] is intere$ting. BM proposed tke rights-weighted

solution by i}]troducing agents' exogenous shares of Bet surplns. BM showed £}iat
the rights-vLrelglited solutioB on the class of all budget distribution pro})leii}s is t}}}e

unique solution sartlsfying full additivity and maximum and minlmum aspi}"at;ion

(MMA). Full additivity says that agents receive the same amount whether the

solution is applied to two budget distribution problems sepa.rately, or whether the

solution is applied to £he sum of tl}e prob}ems. MMA is composed of two parts.
First, each agerk should receive at least as much as she claims vgrheB theye is more

than eno"gh, i. e. the budget is (weal<ly) larger thaB the sum ofthe claims. We call

this requlremei}t claim lower bound (CLB). Second, every agent should not receive

more than his claim when there is not enough, i.e. the budg'et is (weakly) sina}ler

than the sum ofthe claims. "le call this requirement claim upper bound (CUB).

  In this note, we provlde further results on the rights-egalitarian solution arid

tss weighted gelleralizatiolts.. Firs£, we show that the rights-weighted so}ution oll
the class of all budget distribut!on problems ls the unlque solution satisfying full

additivity and either one of CLB and CUB. Clearly, this yesult is sharper than

that of BM. SecoBd, vLre investigate how tight this axiomatization is by replacing

the bounds axiom with compatibility, a slig-htly wea･ker axiom used extensively by

HMV. "le find out that this weakening leads to a failure of the characterization

result. Third, we a}so show that replacingthe bounds axiom with continurty de}ivers

an axiorriatization of the pseudo rights--xxreighted solution, a further generalization

ofthe rig'hts--weighted solution. ]Fburth, we also consider sinaller domains such as

the class of surplus shariBg prdb}eins and that of bankruptcy problerns.

2. Notation and defiRitions

  Let N be a finite set of agents. T}}e set N is fixed £hroughout this note. geor
simplicity, let N = {1,...,n}. We ca}}apair (B,c) a budget distributioB problem

if (B, c) E re × RN . NK7e call B and c the budget and claims vector, respectively.
}Ienceforth, we use boldface to denote vectors ln RN. A budget describes a given

amount of money to be allocated amoBg the agents. Let A be the set of all budg'et

distribution problems. If a budget distributlon problem (B, c) satisfies (B, c)

E R÷ × R{Y, and B :f{ £iEN ci, we call it a bankruptcy problem. I,et B be the

set of all bankruptcy problems. If a budget dis£ribution problem (B, c) satisfies (B,

c)G RA. × Rpt and B l) XiEN ci, we call it a surplus-sharing prob}em. Let S
be the set of all surplus sharing problerns. Let] CZ) C .4. A solntion on 1) is a map F

:cZ) . RN such that for .all (B ,c) E CD ,budget balancedness holds, i･e･ B =:£iEN

Fi(B , c) , where F(B, c) == (Fi(B , c),...,. F.(B , c)). [lrhe rights--egalitarian

so}ution selects fo}' all (B ,c) G Z) aBd for allj GN, (B - £iEAr ci) /n + c j' ･ [lr}')is

solution was introduced by }IMV.

  A so}ution F on IP is called a rights-weighted se}ution if there exists A =
(Ai,)iEN G uett xxrlth X,,A, Ai= 1 such that for al} (B, c) E tZ), F(B, c) == (B

in £iEN ci))t+ c･ This solution was introduced by BM. The number At ls agent i
's share of net surplus. If we do not insist on nom3egativity of weights, we obtain

the following solution. A solutio}} F on 1) is called a pseudo rights-weighted
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selutlon ifthere exists A = (Ai)iEN E RA' vLTitk £iEN Ai= I such that for all (B,

c) G CZI), F(B, c) : (B - £iEN ci).)t-l- c . Clearly, a rigl}£s-weighted solution is a

pseudo rights-weighted solution but the converse does not always hold.

  Iri this paper, we discuss the following axioms.

  ]iXu{}l Additivity (FAD): foz' all (B, c) , (B ', c') E CZ), if (B + B', c + c')

E Z). then
   }  F(B + B'', c+ c'') = F(B ,c)+ F(B',c' ).
  Partial Additivity (PAD): For all B, B'G ft, if (B, O) E D, (B ', O) G P, and

(B + B', e) E 1]>, then

  F(B -l- B', e) :F(B,O)+ F(B',O).
  Responsib}}ity (RES): IE?or all (B, c)E D), and a}1 1 GN,

  F(B, c) =: (O,.･･,O ,ci, O,-･-,O )+ F(B - ci, (eei,O)).

  Compatibility (COM): for all (B, c) e D,

  B = £iEN ci i}nplies F(B, c) = c.

  C}aim lower bound (CLB): For al} (B, c) E T),
  B l}i: Xi,E2v ci implies IF(B, c) >-c.

  Claim upper bound (CUB): For all (B, c) E IZ),
  B E{l X,N ci imp}ies F(B, c) fi{c.

  Maxlmum and minimum aspiration (MMA): Bo£h CLB aBd CUB hold.

  Continu}ty (CONE['): For all cG RN with (B', c) G D for some B',

  B HF(B, c) is continuolls at some Bo G ue.

  Symmetry (SYM): For all (B, c) E D, and all i,j E N,
  ci :c)･ implies Fi(B, c) = Fj(B, c).

  If a solution satisfies EAD, then agents are indifferent betwee!i solving two prob-

lems separately and so}vlng the sum of the prob}eiy}s. Clearly, a similar lnterpre-

tatio}i is applicable to PAD. BM lntroduced YIAD in discussing budget distribation

prob}ems. MouliB (1987) and Chmi (1988) introduced additivity with respect to

budget givei} an arbitrary claim vector in discussin.ff surplus sharing problems. PAD

is an adaptation ofthat axiom in the context of budget distribution problems. The

axiom RES says that each ageiit is indiff'erent between solxriitg a problem direct',}y,

and receiving her claims and then solving the problem with her claims de}eted. The

axiom COM requires thai) a}1 agents shou}d recelve their c}aims lf the sum of the

claims is equal to the bndget. HMV introduced RES and COM (along with other

axioms). As HMV put it, COM is a fundamental propert>r ofsocialjustice. In fact,

HMV llsecl COM to deliver axiomatlc characterizations ofthe rights-egalitarian so-t

lution. It is easy to see that FAD and COM together imply RES. Ii} an earlier

draft. HMV discussed MMA. BM used this axiom for the axioma£izations of t･he
rights--wei.crhted solutioB and tlie rig'hts-eg'a}itarian so}ution. Clearly, MMA implies

CLB and C'UB. Either CLB or CUB implies COM. The converse does r}ot ho}d.
Ifor this point, see examp}e 1 in the next section.
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3. Results

BIX4 proxred the following ;'esult.

  PrepositSon 1(BM); A solution on A sat3$fies FAD alld MMA if and only if
it is a rights-weighted soletioR.

  We prove a sharper result. Our proof is based on the functiona} equatioB ap-

proach and shorter than that of BM 's.

  Proposltlon2: A solutlon F on A satisfies :EAD aBd at least one of CLB and

CUB if and only if k is a rights--weighte{3 solution.

  Proof: It is easy to prove that a rig})ts-xKreighted solutioB on A sa£isfies EAD
and both CLB and CUB. Converse}y, let F be a so]ution on v4 satisfying IEAD and

at least one of CLB and CUB. First, by ]IAD, F(B, c) = F(B -Xi,EN Ci ;O) +
F(XiEN ci,, c). Let ipi(x) == Fi (x, e), where i EN. Clearly, ipi(x + y) : ipi(x) +

ipf.(y) for all x, yG R. If CLB holds, ipi(x) 20 for all x )O. If CUB holds, ipi(x)SO

fbr all x E{ O. [l]herefbre, by a well-lmown result in functional equation (see Eichorn

[1978, Corollary 1.2.10], for example), there exists Ai such that ipi(x) =: Ai,x for all

x G R. If C]LB holds, Ai =¢i(1)>h O. If CUB holds, Ai =-ipi(-1)}) O. Thus, Ai }}i:
o.

  Let )t : (Ai,...,A..) and let 5(c) =: (6i(c),...,P.(c)) =: F(£iEN ci, c) - c. Then
F(B, c) == (B ->[l)i,N ci,)A + c +rs(c) for all (B, c) E A. Note that if CLB holds, Ai

l) O, X3(c) }IO, and Xi,N Ai :£i,Na(1,O) :L If CUB holds, Ai }) O, 6(c) :E{O,

and:iEN Ai = £iEiv -ipi(-i) = £i,EN -a(-i,O) =: i･

  Finally, £iEN 6i(c) = £iEN -Fk(£iEN Ci,C) - £iEN Ci- == £iEN Ci - XiEN Ci- ==
O. Nence 5(c) -- O lf at least one of CLB aiid CUB holds. ll

  What happens lf we replace either one of CLB an(l CUB by a strictly weaker,

still fundamental axiom, COM, in Proposition 2? '[[b answer this question, we start

wkh the following example.

  Example: By a classical resu}t due to Hamel P905], there exists a dlscontlnuous

fimction f:R --" ge satisf>ring f(x + y) == f(x) + f(y) for a}l x, y G ge. Thei}, by a

wel}-known result (see Eichorn P978, Theorem 1.2.9], for example),the gr'aph {(x,

y) (x G R, y == f(x)} is dense iR R2. Define the function F on v`t by Fj(B, c) ==

f(B - £iEN ci) -l- cJ･, for everyj = 1,..., n -- 1, F.(B, c) == -(n - 1)f(B - £i,N ci)

+ cn +B - 2dEN ci･ It is easy to check £hat I} satisfies FAD. Since f (O) = O, F
sat,i$fies COM. We show that F vio}ates bQth CLB and CUB.Since the grapk off
is dense ii} R2, there exist x > O and y < O such tkat f(x) < O and f(y) > O. Let

(B, c) and (B ', c') be such that B- £iEA, ei = x and B" - £iEAr ci ': y. rl[ihen,

B --- £iEAr ci > Obut IF'j(B, c) :f(B - :iEN ci) + cj< cj･ Also B' - 2iEiv ci '
< O but ]F'j( B, c) =: f(B' - £iEN ci ')-l- cJ･> ci･. [['hus, there exists a non-linear

solu£lon that satisfies IAD and COM.

  There are distinct feaLures of t}ie solution in Example 1. Firs£, the solution is
discontinuous everywhere. Second, it violates SYM. [['hese observations naturally

lead us to the following guestions. VYXhat happens if we require CONT in addition to
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EAD and COM? VL7hat happens if we require SYM in addition to EAD and COM?
"Jk) ans"rer these questions in the followk]g t,wo propositlons.

  Proposition 3: A solntio}i on A satisfies twXD , COM, and CONT if and only

if lt is a pseudo rights-weighted solution.

  .l)Tz}qf? It is easy to see t}}at a pseudo rights-weighted solution on v4 satisfies IFIAD

, COM, and CONT. ;I[b prove the converse, let F be a solution on .4 satisfying FAD,

COM, and CON'll]. Define the functions ipi(-) and 6(-) as in the proof of Proposi-

tion 2. By CON[I], the function ipi(･) is bouBded on some non-degenerate interval.

Thus, again by the well--known result that we cited in the proof of proposition 2,

there exists Ai such that ipi(x) =: Aix for all xE R. However, we can no longe;'

conclude that )t is nonRegative. But, thanks to COM, we still have £{,EN Pt(c) =

£iEN FIE(£iEN ci:c) - Z)iEN ci･ = Z)iEAr ci - £iEN ci･ == e-N

  Proposition 4: A solution oR .4 satisfies EAD, COM, and SYM if and on}y if

F is the rig}}ts-egalitarian solution.

  Proof: It is clear that the rights--egalitarian solution oii A satisfies FAD, COM,

and SYM. Conversely, let F be a solution on .4 satisfying FAD, COM, and SYM.

First, by EAD, iF(B, c) = F(B - £,,i, ci ,e) + F(X,,N ci, c)･ By SYM ,F'j(B
-XiEN Ci , O) =(B - £iEN ci )/n for a}lj G N.
  By COM, F(X,,N ci, c) = c. 1

  RemEu"k: Proposition 4 }ooks very similar to Proposit!on 2 in I{{MV. In Propo-

sitioR 4, FtAI) takes the p}ace of composition in Proposition 2 in }{{MV.

  Corollary(BM): A solution on v4 satisfies IEAD, MMA, and SYM if and only

if F is the rig}}ts-egali£arian solution.

  Proofi Since MMA implies COM,£he coRclusion immediately follows fi'om Propo-
sition 4. X

  The functioRa} equation approach easily handles restricted domains such

and B.
as S

  Proposition 5: A solution on S satisfies EAD and CLB (resp. FAD a}3d CONT)
if and only if it is a rights-weighted solution (resp. a pseudo rights--weight,ed solu-

tiOll).

  Proof? It is clear that a rig'hts-weigh£ed solutioi} (resp. a pseudo rlghts-weighted
solution) on S satisfies FAD and CLB (resp. IFIAD and CON'II)). [IIb prove the

converse, let F be a solution on S satisfying ]FIAD and CLB (resp. ]FIAD and CONT).

Defuie the functions ipi(･) aRd fi(･) as in the proof ofProposition 2. Then, ipi(× + y)
= ipi,(x) + ipKy) for all x, yllilO, If CLB holds, ip,(x) }IO for allx }l)e. IfCON[[] holds,

ipKx) is continuous at some x20. By a we}l-･l<nowii result i;} functional equations

(see Eichorn [1978, Corollary 1.3.71, for exan/ip}e),there exists Ai such that g}i(x) ==

Aix fbr all x ;}i:O. [I]he rest ofthe proof is almost identical to tha£ ofProposition 2

ar}d we omit it. M

  Proposition 6: A solutioR o}i ts satisfies IEAD and CUB (yesp. FAD and CON'I')

if and only if it is a rights-weight･ed solutlon (resp. a pseudo rights-weighted solu--

tiOll).
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Proo.ft Slnce the proof is very, similar to that of Proposition 5, we omit it. X

    Now we restate Propositions 2, 3,5, and 6 by replacing FIAD with PAD and

RES.
  Proposition 7: A solution on .4 satisfies PAD, IR.ES, and at least one ef CUB

and CLB (resp. PAD,RES,aBd CONT) ifaBd only if it is a rights-weighted solution

(resp. a pseudo rights-weighted solu£ion).
  Proof: lt is clear that a rights-weighted solution (resp. a pseudo rights-･weighted

so}utioii) on u`! satisfies PAD, IRES, C'UB and CLB (resp. PAD, IRES, aRd CONT).

[[b prove the converse, let F be a solution on .4 sa£lsfying PAD, RES, and at least
one of CUB and CLB (resp. PAD, RES, and CONT). By RES, F(B, c) = c + F(B

'-
 2tEN ci, O)･ For each i GN, let ipi(x) = Fi(x, O). [E'he rest of the proof is the

same as that of Proposition 2. X

  Proposition 8: A solution oB S (resp. a solution on ts) satisfies PAD, RES and

CLB (resp. PAD, RES and CUB) if and only if it is a rights-weighted solution.

  Proof Since the proof ls very simliar to that of IPropositloR 7, we omit it. ll
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