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   Since Racy (1987) posed a question of representing nonpaternaiistic func-

tions (namely aggregators) in patemalistic foxm, Bergstrom (1999) identified

suMcient conditions for a given list of lineair aggregators to possess a umique list

of utility functions (over consumptioR allocations) as the representations of tke

aggregators. Hori (2001) considered the representation problern for the case of

a finite number of agents with possibly nonlinear aggregators. The mode} in
this paper is a natural extension of Hori's (2001) to the case of countably many

generations. As in Hori (2001), the aggregators in this paper inay differ across

generations and depend possibly on the utility levels of ail other generations.

We discuss two approaches to deal with infinite horizon. The first one explores

monotonicity structures inherent iB noRpaternalistic altruism. By means of
lattice-theoretic a guments alone, we establish the existence ef representations

of nellpatemalistic functions in paternalistic form. A somewhat surprising fear

ture of the lattice-theoretic approach is that the existeRce result is obtained

without requiring that the degree of altruism is "small". The secend appToach

uses the requiremeirt of smalI degree of altruisme in terms of "uniformly small

l]beeche derivative"(with respe¢t to the utility level of other generations). We re-
gard this approach as a natural extension of Hori's (2001) as we see later. Along

the wacy, we dlscuss the ¢ase of linear aggregators. Our treatment in this paper
is a litt}e differeni from Bergstrom (1999) in that we view the infinite matrix

as a representation of a continuous linear operator on 1... JEL CIassification

Numbers: Dll, D64
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1. Int)roduction

   r[b analyze intertemperal resource allocation problems, the notions of inter-

generational altruisxn have been playing a centTal role, especiaily Sn the recent

literature. 2 Researchers in this field identified two models te make intergen-

erationa} altrulsm operational. Tb borrow terminologies from Ray (l987), the

paterna}istic model, on the one hand, incorporates intergenerationa} altruism

into the utility function of eadh generation as a fuRction of consumption alio--

cations among al} generations. On the other hand, the Ronpaternalistic mode}

captures intergenerational altruism by means of aggregators which relate the

utility level of each generation to the utility levels of other generatiolts as weli

as one's own consumption. The idea of nonpaterna}istic altruism was formulated

by Becker (1974) in the context of akruism among family meembers. In inteT-

generational contexts, £he same idea was ernp}oyed by Barro (1974), Kimball
(1987), Ral}r (1987), Kori aitd Kanabra (1989), Hori (1992), and Hori (2000).

   Ray (1987, 113-114) addressed the following questien concerning the two

approaches.

The represeRtatlon of Bonpatema[Listic functions in paternalistic form

has also been the object of limited attention;.... But a systematic

analysis of the relationship betweeR these two frameworks is yet to

be written, and appears to be quite a challenge, especially for models

vsrith an infinite horizon.

   Several interesting results hatre been delivered ever since. Bergstrom (1999)

identified sufficient conditions for a giveR list of linear aggregators to possess a

unique list of utiliti functions (over consumption agocations) as the represen-

tations of the aggregators. Hori (2001) considered the representation problem

for the case of a finite number of agents with possibly nonliRear aggregators.

The model in this paper is a natural extension of Hori's (2001) to the case of

countably many generations. As in Hori (2001), the aggregators in this paper

meacy differ across generations and depend possibly on the utility Ievels of a}1

otheur generations.

   VKla discuss two approaches to deal with infinite horizon. The first one exlr

plores iar}onotonicity structures inherent iR nonpaternalistic altruism. By meaRs

of lattice-theoretic arguments alone, we estab}ish the existence of representa.

tions of nonpaternallstic functions (namely aggregators) in patema}istic fbrm.

A someinrhat surpurising feature of the lattice-theoretic approach is that the exis-

tence result is obtained "rithout requiring that the degree of altruism is "small".

The requirement is well-known since Becker (1974) discussed the problem of

"infinite regress". The second approach uses the requirement of small degree

of altruism in terms of"uniformly small I]kreche derivative"(with respect to the

  2For prominet examp}es, the reader is referred to the references in Ray (l987) and Hori

and Kanaya (1989).
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uti}ity level of other generations). VKla regard this approach as a natural extei}r

sion of Hori's (2001) as we see later. Along the way, we discuss the case of lineaT

aggregators. As Bergstrom (1999) showed, a certain infinite matrix with a dom-

inant diagoxxal expresses the idea of small degree of altruism in this cetse and

it offers a powerfu1 toel to represent nonpaternalistic functions in paternalistic

fbrm (linearly and uniquely). Our treatment in this paper is a litt}e differeRt

from Bergstrom (1999) in that we view the infinite matrix as a representation

of a continuous !inear operator on lco(the set of bounded utility allocations of

all generations) into itself whi!e Bergstrom viewed it as a ceTtain limit of finite

dimensional squaure matrices.

   The rest of this paper i$ organized as follows. In the next section, we present

the mQdel. In section 3, we discuss the }attice-theoretic approach to the rep-

resentation problem. In section 4, we discuss linear aggregators. In the last

section, we prove the existence and uniqueness of representation.

   2. The Model
   ]for simplic2ty, we assume that there is one consumer for each generation.
The integers t==1, 2, ...denote generations. R)r each t, Xt = R4 denotes the

consumption set of generation t. 3 Let X =I Ige,.iXt. ]for each t, let Ut be a

nonempty subset of Roo. A generic element u-t : (ui,..., ut-i, ut+i, ･･･) E Ut

signifies a profile of utilities other tha[n generation t.

   Fbr each t, a real-xralued function Gt on XtxUt is given. We call it the

aggregator fbr generation t. Let G =(Gi, G2, ...) be the proflle of the

aggregators.

   Representae!on Problem (RP): Given the profile G of aggTegators, find
a profile u :(ui, u2, ...) of real-valued functions on X such tkat for each x eX

and t, ut(x) = Gt(x, umt(x)), where u-t(･) denotes the profile with the t-th

component ut(･) deleted, ut(x) is strictly increasing ln xt and weakly increasing

in ×-t = (xi,..., xtmi, xt+i, ...). If RP has a solution u = (ui, u2,...), we call
it a representatioR of G : (Gi, G2,...).We caiI the t-th component ut(･)

of the representatlon u the ut!lity function of generation t Two questions

immediately arise.

   Question re: Does G have a representation?

   Question 2: Is the representation unique?

3This specification of Xt is not essential. Technically,
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   3. rl['he Lattice-Theoretic Approach to the Represen-
tatioR Pyoblem

  In this section, we assume the following on the aggregaters.

  Pointwise Boundedness (PB): For each t and xt EXt, {Gt(xt, urmt):
uwt GUt} is bounded.

  Monotonicity(MON): IJbr each t, Gt(xt, u-t) is strictly increasing in xt

and vtreakly increasSng in xmt and u-t.

Now, we present the first main result.

  'lrheoTem 1: Under PB and MON, there exists a representation of a given
profile of aggregators.

   Proo.fl By PB, we can define the foliowing real-valued functions. Ifor each

t and x == (xi, x2, ...)GX, }et at(x) :inf{Gt(xt, u-t): u-t EUt}, Pt(x) :

sup{Gt(xt, umt): u-t GUt}. zz;e consider the fol}owing function spaces. Ut

={ut(t)l ut(･)is weal<}y increasing axxd for each xGX, dvt(x)S tt(x)g P,(x)}. 'li'he

set Ltt is non-empty siRce at(･) and rst(･) belong to it. For example, the funct!on

u(･) defined by u(x) = at(x) belongs to Z/(t. Let Lf == fi2.9.ib{t. We equip L( with

the natural order ), i. e.u ) v if ut(×) ) vt(x) for every x and t. for u =
(ub u2, ･-･), v == (vl, v2, ･..)e U, let uAv = inf {u, v} aBd u v v = sup{u, v}.

Then, for each xGX, (u A v)(x) = (min{ui(x), vi(x)}, min{u2(x), v2(x)},･･･)

a[nd (uVv)(x) =(max{ui(×), vi(x)}, max{u2(x), v2(x)},...). These operations,
A and V, make U a complete lattice, i. e. fbr every Ron-empty subset 7- of b(,

infT and supT exist and belong to U.
   For each u(･) :(ui(･), u2(･),...)E Lf and t, let F(u(･))t(x)= Gt(x, u-t(x)).

Clearly, F(u(･))t(x) is strictly increasing in xt arid weak}y increasing in x-t. It

is also trivial that F(u(･))t(･) E LIi. Kence, the operator F rnaps Zi( into itsel£
Clearly, F(u) is weal<ly increasing in u. Hence, by 'Ihrski's ftxed point theoTem

(l955), there exists u(-)=(ui(･), u2(･),...)G U such that fbr every x and t, ut(x)

 = Gt(x, u-t(×)). By MON, ut satisfies the desired monotonicity properties. N

      Example d
   'Ib see how crucia} PB is, let us consider the fo}lowing system of aggregators

G =: (Gl, G2, G3, ...): Gl(xl, uml) =: p･xl + dvu2, G2(x2, u-2) =: p･x2 +5 ul,

Gt(xt, uint) =: xt (t = 3, 4, ...), where p is an l-dimensional vector with strictly

positive components, and or amd 5 are positive constaats satisfying orrs>1.

Clearly G satisfies MON but violates PB. Suppose G possesses a system of
utility functions u == (ui, u2, u3, ...). Then, ui(x) =: p･xi + au2(x) and u2(x)

==
 p-x2 +P ui(x) fbr all x. Hence, ui(x) == 'Xi--i-.as'Xe.Since 1- afi <e, ui(x)

cannot be strictly increasing in own consumptiou xi (or weak}y increasing in

x2 for that matter). A coneradiction obtains. Therefore, there ls ne system of

utility functions for the aggregators.
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4. The Contraction Approach to RP

  We would like to be more ambitious in this section. OuT goal here is to obtain

a profile of product continuous utility fvtnctions as a unique representation

of a given profile of aggregators.

  'Ib this end, we add a few more assumptions on the aggregators. Ifor sim-

pliciey, vLre put a restriction on the domains of the aggregators: Ifor each t, Ut

is equal to 1... Ebr uG l., lluEl.. denotes the sup norm ef u. 1 cleltotes the

constant sequence (1, 1,...). Note that the domain ofthe aggregator, Xt xUt is a

subset of ROO. We equip XtxUt with the relative prodRct topo}ogy. &om
now on, we refer it as the product topology.

   Continuity(CONT): R>r each k, the aggregasior Gt is product continuous.

   Uniform Boundedness(UB): Ifor every a E R, supxEx supt IGt(xt,
.Il.)I<oo-

   Lipschitz Condition(LC): [['here exists 6 e (O, l) such that for every t,

x, umt and u-t' , IGt(x, u-t) - Gt(x, u-t')IS 61iu-t - u-t3Ioo･

   CONT is standard. UB ma6r be weakened at the cost of elaborating the
choice of relevant function spaces (Boyd (1990)), which we do not pursue in this

paper. LC expresses the idea that the utility level of each generation does not

depend too much on those of others.

  '])heorem 2: Under CONT, UB, and LC, there uniquely exists a represen-

tation of a given proMe of aggregators.

   Proo,f zzig set up different function spaces from those in the prexrlous sec-

tion. Let b{= {u =(ui, u2,...)l IFbr each t, ut is a product continuous, real-

valued function oll X, and sup.Gxsuptlut(x)l<oo}. Fbr u==(ui, u2,...)e L(, let

IIu][oo =supxEysuptlut(x)]. By the staRdard argument, Zy( is a Ballach space

under the norm llu]Ioo･

   Let l,fi"C= {u =(ui, u2,...)E LfllJbr each t, ut is weakly increasing.}. Clearly,

or'"C is a closed subset of U so that it is a complete metric space.

   Now, we define a operator 'I" on UMC. Ybr u =:(ui, u2,...)E b{MC and
xEX, let ']](u)(x)=(Gi(x!, u-i(x)), G2(x2, u-2(x)),...), where u-t(x) =(ui(x),

u2(x)}･･･)ut-i(x),ut÷i(x),...) for every t. 7ib see that T maps UMC into itself, for
every xEX, u :(ui, u2,...)E UMC,and t,Gt(xt, -llulll)SGt(xt, u-t(x)) SGt(xt,

Uull!) by MON
   [['hus,foreveryt,IGt(xt,u-t(x))lSlmax{supxExsuprIGr(x7}liull1)I,supxexsup7[Gr(xr,

-llulll)l}. Thus, by UB, supxGxsuptlGt(xt, u-t(x))l<oo. CIearly, for every t,

Gt(xt,umt(x)) is weakly increasing in x and product continuous in x. Hence, T

maps U`'ZC into itsel£

   By LC, T is a contraction. Hence, by the contraction mapping theorem,
there exists a unique u' = (uf, ui...)E UMC such that u* =: T(u'), i.e. fbr every

xGX and t, ut(x) : Gt(xt, u-t(x)). By MON, ut(x) is str!ct}y increasing in xt.
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   5. Linear Representa;tion Problem

   We call a real-valued, increasing function yt on Xt a felicity funceion

of generation t. v : (vi,v2,...) denotes a profile o£ fe}icity imictions. IJet
u == (ui, u2,...) be a profile of felicity functions and Iet {atj･}ge.,gep･=i be a double

sequence such that for each t andj, atj･ -> O and att==O, and {at3･}oO･O..,i is summable.

"le sac}r that the aggregator Gt(･, ･) is linear if it is of the form Gt(xt, U-t> =

ut(xt)+X,O･O.,,iatjUj.

    Linear Representation Problem (LRP): Given a prohle of linear ag-
gTegators, find a profile of utility fuiictlons.

   Two immediate questions arise.

   Question 3: Does LRP possess a solution?
   Question 4: Is a solution to LRP unique?

   'Ib give a positive answer to each question, we propose a conclition which

generalizes Hori's (2001). 7rb this end, }et B be the infinite matrix defined by

       1 -a12 -a13･･
     -a21 1 -a23･･
     -a31 -a32 l ･･

   Let bio･ be the (i, j)-element of the matTix B, i. e. bio･ = 1 ifi =j, and bie･

 = -aio･ otherwise. Let n be a positive integer and }et Ii = {1, 2, ..., n},..., Ih

= {n(k-1)+1, n(k-l)+2, ...,n(k-1)+n} (k = 2, 3, ...). Then, the set {Ik}E;9.,i

partitions the set N of al1 positive integers. Ifor every i andj eN, let Bij･ be the

sub-matrix [bim]iGk,mets'

   ])ominant Diagonal Blocks (DDB): The matrix B has a dominant di-
agonal blocks, i.e. there exists n G

   N and a norm II e I on R" such that for al} i, Bii satisfies the Hawkins-Simon

condition, and there exists a norm H+ll oR Ri such that supisup.GRu,}}.gm-iUBE･iix

and supisup.ERn,ll.if.,,iX3co･#iliB,:iiBi3･xll<1･

   DDB means that off-diagonai blocks are sma}l in terms of some norm. How-

ever, its irituitive content is somewhat obscure. Therefbre, it could be helpful to

consider a specia} case of DDB mrith n = 1; In this case,all the diagoRal blocks

Bi, degenerate into 1×1 matrix, 1.

   IDominant Diagonal (DID): supt £eco･4tatj <le

   The series Xjoo･pt.atd may be regarded as the degree of intergenerationai altru-

lsm. Then, DD clearly expresses the idea that the degree of intergellerakional

altruism is smal}.

   'ib see the relevance of DIDB, Iet us look at the system of simultaneous

equatlons:

   Ut == Gt(xt, U-t) =: ut(xt)+£,CX･,.',,attjU,･ (t=:1,2,...).

   We search for a bounded sequence U == (Ui, U2,...) that solves the simul-

taReous equation. This immediate}y ralses a question of invertibility of the

continuous linear operator T:l.. -+ l,., represented by the infiRite matrix B.

li<oo
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   Let I:l.. -, l.. be the identity operator. By DDB, R[Ir - Ill <1. Hence,

T is invertible and T-i = £3co･.,e(I - T)". See Lang(1969, Ch.5), for examp}e.

The last fbrmula shows the inverse operator T is represented by a non-negatEve

infinite matrix. See Araujo and Scheinkmari (1979, Lemma 4.1) for detail. Thus,

by DDB, LRP has the unique solution:

U =: T-iu(x)

Now , we discuss diagonal dominaatce introduced by Bergstrom (1999).

   Bergstrom
quence d == (di,

> o.

Dominant Diagonal (BDD):
d2,...) such that for all t, dt > O,

There exists a bounded
and inQ (dt - 2)eg･.., atd dj'

se-

)

   Suppose that the infinite matrix B satisfies BDD. Then, the continuous linear

operator T: loo --÷ 1oo represented by the infinite matrix B is irwertible. The
infinite matri)c representing the inrverse operator of T is of the followiRg form:
DC-iDrmi , where D = diag(di, d2, ...),C = (ctj), ctj -- (atdj･)/dt. Note that the

existence of the inverse matrix of C follows from llC - III <1, rKrhere I denotes

the identity matrix and U.H the sup-norm.
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6. Link between the Contraction Approach and DDB

   In this section, we eonsider the logical implications of differentiable aggre-

gators. 'Ib be more specific, we extend Hori's result (2001) by meaRs of the

 contraction approach.

   Smoothness(S):Sbr each t and xt , Gt(xt, u-t) is continuously Er6chet

 dlfferentiable with respect to u-t.

   Let D.m,Gt(xt, urmt) be the derivative of D.-,Gt(xt, u-t) with respect to

 umt. Note that D.m,Gt(xt, u-t) is a sup norm continuous, liRear functional on

1... By MeN, lt is nonnegative. By definition of the dual norm, IIDum,Gt(xt,

 u-t)II =suphetco:IIhtl..=ilDu-,Gt(xt, u-t)(h)I･ Since Du-,Gt(xt, u-t) is noRneg-

 ative, ID.-,Gt(xt, u-t)llcall be written as D.rm,Gt(xt, u-t)(1). [ib see the link

 between the contraction approach in the previous section alld the condition

 developed by Hori (2001), it is useful to consider the following condition.

   Limited Utility DepenLdence (ILU[D): sup.EuincsuptsupxExllDum,Gt(xt,
'uhat(x))II<1･

   By the mean vaiue theorem (see Larig (1969, Ch.5) for example), it is easy to

 see that LUD implies LC. LUD expresses the same intuitioR as LC by means
 of Iilrechet derivatives.

   In order to see the link between our results and Hori's(2001), we need to

 invoke the Ybsida-Hewitt decomposition theorem: Du-,Gt(xt, u-t) can be ex-

 pressed as
    Du-,Gt(xt, u-t)(h)== llill)9･4t ptJ･(xt, u-t)hj + At(xt, u-t)(h) fdr every heloo,

 where {pt3･ (xt, urmt)}ooo･J.t is an absolute}y summab}e, nonnegative sequence and

 At(xt, uint) is a purely finitely a(itditive, nonnegative linear functional, on l...

    Let jo iEt, and let ej'O = {e;JO}jO･Ost be the sequence defiBed by e;･g =1 and

 e;IO=:O forjSt, jo. Then, D.-,Gt(xt, u-t)(of'O) = ptj,(xt, umt). Since Dum,Gt(xt,

 u-t)(of'O) is the partial derivative of Gt(xt, urmt) with respect to uj,,denoted by

 Gt3',(xt, urmt), {Gto'(xt, u-t)}oO･O:t is absolutely surnmable and nonnegative.

    XJet at3' ur supuEz.tincsupxExGto･ (xt, u-t)(t X]). Clear}y, sup.Gt.(incsuptsup.ex{£oO･O#t

 Gtj' (xt, untt)}S supt Xgco･ijtatd . Now, let us consider the fbllowing two conditions.

    Representability(REP): lfor each t, xeX, and u-t, the iF}rechet derivative

 Du-tGt(xt, u-t) can be represented as a summable sequence.

    Unifbrmly Dominant Diagonal Blocks(UDDB): There exists a non-
 negative infinite matrix A =Iatj･]ge..geti--i such that for each t, j, a･nd (xt, ttntt),

 att = O, atg･ >- aGt(xt, u-t)/aue･ and that the infinite matrix I-A satisfies DDB.

    It follovLrs from the above discussions that UDDB, along with REP, imply

 LUI]). This exp}ains why UDDB, the analogue of Hori's conclltion ((4.1) in
 Hori(20el)), is useful in obtaining the unique solution to the utility aggregat!on

 problem in an intergeneratiollal set-up.
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