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A CRITICAL INVESTIGATION OF LONG-RUN PROPERTIES OF

             ENDOGENOUS GROWTH MODELS

MUTSUHIRO KATO

     This paper presents a critical iBvestigation of long-run l}roperties of endogeiious growth

models. A growth model is said to have desirable long--rLm properties when there is a uniqtEe steady

state with sustained growtla and when expressions of tlie steady state growtla rates are robttst for

changes in values of parameters. It is shown that endogenous gt'owth models never have the

desirabie long-run properties, whereas exogenous growth models do have them. These results

reiiaforce the argument of Solow's skepticism about new growth theory and establish that the Solow

model is sti]l the standard model ofeconomic growth.

I. INTRODUCTION

     Just halfa century ago Robe2t M, Solow presented a simple and highly influential model

of economic growtli-without doubt a monument in growth theory. The Solow model of

growth with exogenous technological change-old growth theory- is sometimes called the

exogenous grewth inodel at the present period. As is well known i'nany models of growth with

endogenous technological change- new growth theory-have appeared since then.

     I-listorically, endogeBous growth iTiodels emerged intensively two times in the past. The

first wave was appearance of pioneering worl< of Arrow[1962], Uzawa[l965], Shell[1966,

1967] and others, After two decades the second wave arose vigorously. P. Romer[l986, 1990],

Lucas[l988], Grossman and Helpman[l991], Aghion and Howitt[1992] and succeeding others

constructed the golden age o'f endogenous growtla theory. In the powerful stream of this new

theory many growth ,theorists seemed to believe that the theory was a dream theory of growth

and that lt overcame the Solow model of exogenous growth. At the present time they seem to

believe in the superiority of the new theory over the Solow model.

     Shot}ld we simply believe the victory ofendogenous growth theory or should we rely

upon the Solow model? The purpose of this paper is to answer this question-the greatest

question m macroeconomics- m a simple and general manner.

     A revolution causes a counterrevolution. In the entl}usiastic surge of endogenous growth

theory Solow[2000] describes skepticism about the new theory calmly. To put it briefly, his

countet'attack is done by showing that major models of endogenous growth lacl< robustness
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dangerously and, tlaerefore, they do not sticceed as growth moclels.

     Is the Solow model trtily obsolete? Is endogenotis growth theory a great advance 'fi'om the

Solow moclel, or a mare's nest? We now Beed to inake an appraisal ofthe new theory In this

paper l slaall support t'he Solow model resolutely, because endogenous growth nioclels do not

have desirable iong-run properties that are indispensable to successfui growth models. In other

wo;'ds, I shall argtte that endogeRogs growtli theory should be distnissed, because despite

seemingly rich content it is a 'fragile theory without robustness.

     Desirable propeities tl}at successfuI growth moclels shoulcl have are not necessarily

con'fined to only the robustness of the models (that is, insensitivity of results obtained to

changes ift values of parameters of the models). rl'hen wliat are desirable properties of a growth

mociel? Tlaey are as follows:

     I'1.(Existence of a Unique Steady State) There is a unique steady state.i

     P2. (Sustained Growth along the Steady State) The steady state growth rates of per

        capita cluantlties are positJive and finite.

     P3.(qlobal $tqbility of the System) A growtli patli starting from a glveti initiat poi!it

        approaches the steady state path.

     P4. (Robustness of the Steady State Growth Rates) Expressions of the steacly state

        growth rates are robust for changes in valties of parameters.

These are the main properties. We will refer to some other proper£ies later. (Besicles, it is

required that a model is simpie, clear and elegant.) Ifa growtli model iacks at least one ofthese

desirable properties, then the model is Rot desirable as a growth model. In the above properties

Pl, P2 and P4 are long-run properties, whereas P3 is a property ofa transition path. In this paper

         t
l shall focus iny attention only on iong-run properties o'f growtla models, because exaininliig

them su'fl'ices to show the desirability of exogenous growtlunodels and the undesirability of

enclogenous growth models.2

     Surely endogenizing technological change appears tlie aclmirable extension of tlie Solow

model. }-lowever, our examination demonstrates that endogenous growtlMnocleis fail to generate

the desirable long-run })roperties against expectatiofi. In contrast, exogenous growth

iaiodels-that is, the Solow'model ancl the Manl<iw-Romer-Weil model-succeed perfectly in

generating all the desirable properties. Thus, the ars,uinent o'f the present paper implies that the

Solow model (correctly, exogei3ogs growth theory kicluding tlie Manl<iw-Romer-Weil model) is

the standard model (or theory) ofeconomic growt)i, aRd in additlon, that the Solow model vvill

stM be tl}e standard mo(lel of growth in tlie ftiture.

     The paper ls organized as foIlo"is. Section 2 and 3 review the Solow model and the

Mankiw-Romer-Weil model respectively. Succeeding sections consider endogeRous growth

models critically. Section 4 cleals with tv,io l<inds of models of growth with endogegotis
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l<nowledge capital accumulation-learning by doing naoclel and endogenous R&D--based

models. Section 5 treats an integrated model of endogenous l<nowledge and human capital

accumulation. Sectioiit 6 is a visual gtiide to the simplest social planner probleiiii.

     Table l sunamarizes crucial assui'nptions and long-run properties of the models examined

in the paper.

in

                            II. THE SOLOW MODEL

     In this and the next sections l show tliat exogenous growth modeis have the desirable

long--run propeities. A starting point and a benchmark of our argument is the Solow model of

growth with exogenous technological change. Consider a competitive marl<et (i.e.,

decentralized) economy withottt government, Long-run motion and propeities of the Solow

model (with the Cobb-Douglas production fi.mction) are determined (only) by the following

three equations:

(i) y==Ka(AL)i'a, o<a<1
                                   .

                                   .

where Y= the quantity ofoutput ofthe final good, K= the stock ofphysical capital, A = the

Ievel of technology, L : the supply of Iabor force. A dot over a variable staRds for time

derivative. (l) is the production function with lrlarrod neutral technoiogical change. (2) stands

for exogenous technoiogical change at a constant growth rate . We regard A simply as the

stocl< of knowledge capital. (3) stands for exogenous labor force growth at a constant rate. For

siinplicity we ignore depreciation of the physical capital stocl<.

     Let jy =IEilL and k= KIL. Let g, denoteasteady state (long-run) growth rateofa

variable x designated by a subscript. Logarithmic diflrerentiation of equation (l) yields an

equation gy :agk +(1 -a)gA. Solutions to this equation are given by

(4) g =gY = gk = g,l = 117.
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     Obviously, the Solow model has a steady state with sustaiRed growtli at the exogenousl>t

given constant rate m. (Ofcourse, it ls tisually assemed that O < g nv- m < co.)

                  lll. TI--IE MAN I<IW-ROMER-WEIL MODEL

     The Mankiw-Romer-Weil[I992] model is a simple integrated model of exogenous

technological cl3ange and egdogenous huinan capital accumulation. (This model itseif was

cleve)oped to expiain cross-comitry difliTerences in incoines. In contrast, they interpreted the

Solow model as a model ofworlclwide economic growth.)

     Long-rL}B properties oftheir model are determinecl by the foilowing three ecluations:

(s) y=Kafffi(AL)""-rs, o<a+,3<l

                               .

where H'= the stocl< of htimaii capital. Let h=H/L. Equation (5) yields a;i equatioii

g, =" agk + ,Bgh + (i - a - /3)g,,. Soiutions to this equation are given by

(8) g== g,= gk == g, =& :n7.

The Mankiw-Romer-Weil model also has a steacly state witla sustained growth at the rate m.3

     IV. MODELS OF ENDOGEINOUS KNOWLEDGECAPITALACCUMULATION

    This section deals with two kinds of models of growth with endogenous l<nowledge

capital acct}mulation. The first model is a learning by doing model and the second one is

endogenot}s R&D-based models.

II'f A. .Learnii7g by Doing 7heciel

                                  5



     First, l examilte long-run properties of Shesl}iRsl<i[1967]'s medel as the siiriplest tnodel of

growth witla learning by doing. Long--run properties of tlae Slieshinski model (with the Cobb-

Douglas production ftinction) are determined by the following three eqtiations:

(9) Y=Ka(AL)i-a, o<cr<1
(10) A=Kii, O<ep<1
                                    .

(The notation is mine.) The production function of the 'final good, (9), yields an equation

g,, =: c]Ugk + (1 - a)g,i. The relation of available kBowledge to learning by deing, (IO), yields

an equatlon gA == 17(gk + n). We see that long-run growth rates

                                             17n(l2) g== g, :gk =gA=                                             1- 17

satisfy both equations. Therefore, the Sheshinski model has a steady state.

     However the model is not desirable. The reasons are as foHows:
            '
     R1. The expression of(I2) means that the steady state growth rates, g, are proportional

        to the rate ofgrowth oflaborforce, n. This implies that faster growth ofpopulation

        leads to that of per capita quantities. This is obviously unrealistic.

     R2. Furthermore, (12) means that n= O (constant population) causes g =O (stopping

        grovving). This result can not explain sustained growth observed in some adyanced

        countries (such as West European countries and recent Japan) where the populations

        are approximately constant.

     R3. Lastly, (l2) means that the steady state growth rates increase rapidly as 77

        approaches unity and that tliey explode as rp =1.

R3 implies that the steady state growth rates are very sensitive to changes in valttes of the

parameter i7 especially in tlie neighborhood o'f 77 ==1.In other words, the expression ofthe

steady state growth rates lacks robustness.

     Thus, the learRing by doing mQdel ofenclogenous growth fails to have the desirable long-

run properties that are indispensabie to successfuI growth models. We therefore conclude that

the learning by dolng model o'f growth is an undesirable model ofgrowth.
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JU B. Endogenozts R(S}D-Based A4bcleLst

     I consider models of econon"c growth driven by endogenous R&D investment-the

inainstream ofthe current endogenous groxvth models-next. Long-run properties o'f mQclels of

growth with endogeneus R&D are determifted b>t the followingthree equatloBs:`i

(l3) Y=F(K,,A,L,):]F*(K,,AL,,):.l;'k(K,AL,):Ka(AL,)iwwa, O<a<1

                       .(l4) A:G(K,i,A,L,f Or l.t=LAIL)
                        = G(O,A,L,i or IA),

                .(IS) L =N(K,A,L;･････････) :N(O,e, L;O,O,･･･,O) :nL,

where Ky =the stock of physical capital installed in tlie final good sector, Lr =labor force

employed in the final good sector, K'A =the stocl< of pl)ysical capital installed in the R&D

sector, LA =:iabor force employed in the R&D sector. K}, +K,t == K' ==the total stock of

physical capital, Lr + L,t == L :the total supply oflabor 'force and O -< IA "<1 hold.

    (13) stands for the procluction ftinction ofthe 'final good. (For simplicity we assume the

Cobb-Douglas forna.) (I4) sta"ds for the procluction functioR of new knowleclge. (15) implies

that we exclude endogenous fertility.5

    Let ly :Ly/L. Ogly nv<l a}3d ly +l,t :1 hold.Note thatlaboi' forceailocation ratios,

ly and l,f, are l<ept to be constant ln a steady state. (13) yieEds an equatiQR

g., :agk +(1-a)gi +(l-a)gt,.. If there is a steady state, then gi, = O. We now need to

specify the R&D equation,(14), to kiiow whetherthere is a steady state or not, and to obtain the

steady state growth rates (ifthe steady stat'e exists).

    I shall examine the followiRs, 'functlonal forms of G(･････････) in tt}ri3.

(1 6)

(I7)

(18)
.

A:

        A= 6L,,,

       .       A ;6L.,A,

6Zl;1,,Aof, Os1sl, -1gips1
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                             .(lg) A==611A, Oslgl
(2o) A=61,A,Aip. Onv<lgl, -lsipgl

(i) The Case of(16)

     The functional form (l6) is used by Fun]<e and Strulik[2000]. This R&D equation yields

g,t = n. Equation (l6) generates a steady state with the growth rates

(21) g=g,=gk=g,=n.

These results are not desirable by the shme reason as one mentioned in the learning by doing

model (Rl aiid R2).

(ii) The Case of(l7)

     This form is used by Romer[I990]. Equation (l7) generates a steady state only if n= O,

i.e., L =constant. The steady state growth rates are given by

(22) g=g,:g,=g,=6L,,==61,,L. onlyi'fn=O

This expression exliibits scale effects, which are not supported by empirical evidence. When

n # O, (l7) can not generate a steady state. Therefore,'equation (17) does not yield the desirable

lollg--14ull pl'opel"tieS.

(iii) The Case of(18)

     This form is used by Jones[1995] and Arnold[1998]. Equation (l8) geRerates a steady

state with the growth rates

                                              ln
(23) g=g, == gk=gA = 1-¢･
                           '

It is obvious that (23) has the same clrawbacl<s as those ofthe learning by doing model (RI, R2

and R3).
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(iv) The Case of(l9)

     This form is used by Uzawa[l965]. Equation (l9) generates a steady state with tl3e growth

rates

(24) g=g, =g, =g, :61i

We see tliat OSgS6 holds. Althotigh equation (l9) generates sustained growth

positlve rate, regrettably, this prQpei'ty is a fragile one. This fact is shown in the ne>ct case.

(v) The Case of(20)

     This fori:n is a simple extension of(l9). Eqtiation (20) generates an undesirable

state with the growth rates

at the

steady

(25) g= g,= gk = gt =O･ gz5 gxfl

Seeming success of equation (I9) is dLie to hiding a parameter g6. As soon as q5 takes a

sligl)tly different value froi}i unity the economy fails to aclileve sustained growth at a positixie

rate.6 rn this sense the results derlved from (l9) are ikot rQbtist ones.

     Finally, does introducing the physieal capital stocl< into the R&D equation yield the

desirabie iong-run properties? As is easily expected, the answer to this question is i3egative. Let

(I3),(14)and(l5)be:

(26) Y:F(K,,A,L,):J""(K,,AL,)-nvK,cr(AL,)i-", O<a<l

                      .(27) A=G(K..,,A,L,,)=:K'9,LIAip, O<0<1

(O'f course, this forinz}Iation requires iRtroducing aR additional rule for allocation ofinvestment

in £he physical capital stock between the final good sector and the R&D sectoi'.) (26) yields ai}

equation g.,=agK,fK+agk+(1-a)&+(l-a)gt,. In a steady state K},/K and

ly : Lr /L must be constant. The system (26), (27) and (28) has a steady state with the grov,ttla

l'ates
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                                          (0 + 1)n

(2g) g=g, == gk=g,i= 1-(o+ip)･
                 '

Cleariy these results show that the modified system is tmdesirable.

     In sum, unfortunately, models ofgrowth with endogeiaous knowledge acct-nulation fail to

yield the desirable long-run properties, thous,h an atteinpt to endogenize technological change is

admirable. It seems that endogenous growth theorists opened Pandora's box. (The hope left is

the Solow model.)

                     V. INTRODUCING l-IUMAN CAPITIAL

     This section extends the R&D-based models of growth. An important theme for study in

recent endogenous growth theory is to co{istruct integrated models of endogenous R&D and

endogenous human capital accumulation. Major contributors to this field are Arnold[l998],

Funke and Strulil<[2000], Blackburn, Hung and Pozzolo[2000] and Zeng[2003]. Do the

integrated models ofgrowth have the desirable long-run properties?

     In order to answer this question consider the foIlowing equations:

(30) Y=F(K,,H,,A,L,)=I'*(K,,fl,,AL,,)=KaHf(AL)i-a-fi,

(3I) lil'=M(K.,H,,,A,L,.,)=M(O,H,,,O,O)=gH.,

(32) A= G(K,,,H,,,A,L,,)= G(O, H,i,A, O)= iH: A¢,

                                  .

where HM = the stocl< ofhuman capital employed in tlie final good sector, Kfi =the stock of

physical capital installed in the education sector, Hif =the stock ofhuman capital employed in

tlie education sector, Lff =labor force employed in the education sector, H,i =the stocl< of

hunaan capital employed in the R&D sector. K'/ + Kff + K,i = K =the total stocl< of physical

capital, Hr +HH +HA =H= the total stocl< ofhuman capital and Ly +Lfi +L,i = L =the

total supply of Iabor force hold respectively. In previous studies, it is usually assumed that

L=1 (that is, n=O).

    The production ftmction (ofthe Mankiw-Romer-Weil type) ofthe final good sector, (30),
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yields an equatiog .cr., == agk + ,Bgi.f,i/f +figh +(1 -or -]8)g,i, where h= HfL. In a steady

state Hy /H is l<eptto be constant. The steady state growth rates satisfy

(34) g= g,,=gk=gh=gA･

The productioii fi/mction (ofthe ArnoldlFt}nke-Strt}lik type) ofthe education sector, (3l), yields

(35) gh =e( tt' )-n

The production function oftlie R&D sector, (32), yields

                                  1(gh + n)

(36) g.i=: lptip ･

     This model has a steady state with tl}e growth rates

                                              An
(37) g:g,･ =gk =gh=gti = lm(1+ip)'

Substituting (37) into (35) we have tlie ratio of the stock of human capital employecl in the

eclucation sector to tlie total stocl< of humaR capltal aloiig the steady state path

           '

.･i
 == 2' (, X)

Clearly the expressloi3 of the steady state growth rates, (37), shows that the integrated model

also lacks the desirable long-run properties. (Note that g :O as L==l.) In addltlon, this

model may yield boundary optima, Hff ==O (l.e., H'=constant) and7or H,i =O (i.e.

A =coiastant), wliich are pointed oet by Funke and Strulil<.7

     Thus, an ambitious attempt to integrate endogenous R&D ancl endogenous human capital

acct}nattlation yields the miserable results again.
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  VI. AN INTRODUCTION TO THE SOCIAL PLANNER PROBLEM: A VISUAL GUIDE

     In this section l explain the simplest social planRer problem relying on the phase diagram

analysis.8 In order to draw diagrams in a two-dimensional space we assume here that the stocl<

ofphysical capital, K, the stocl< ofhuman capital, H, ancl thesupply oflabor force, L, are

constant respectively. Therefore, only the stocl< of knowledge capital (the level of technological

knovvledge), A, is a state variable. The purpose of our explanation is to give visual

Ltnderstanding of the problem and to show that tlae problem has not tlae desirable long-run

properties. In particular, our illustration may be useftil for aiming at pedagogical edects except

that the calculation is somewhat coniipiicated.

V)E A, 77ie Sinzplij}ed Solow A4t)del

     Before proceeding to the social planner problem I wottld examine the Solow model both

vvith the constaRt stock of physical capital and with the constant supply of labor force. The

Solow naodel in which economic growth is driven oRIy by technological progress is written as:

(39) Y=C:Ka(AL)i-a,.,(AL)i-a, K,.1

                                   .

     This model has a steady state with die growth rates

(42) g=g, =g,.=(1-a)g,, =(1-a)jn.

An observed value of (1-a) is about O.7. As shown in section 2 the steady state growth rates

of per capita quantities in the general Solow model is equaE to the given rate o'f teclmological

progress, m. (42) means that the steady state growth i'ates (of per capita quantities) in tlae

Solow model without physical capital deepening is equal to about seventy per cent oftlaose in

the general Solow model. Thus the Solow model stiil can achieve sustained growth at the

positive rate only by technological progress, even though both physical capital accumulation

and labor force growth vanish,

     In what foIlows we draw phase diagrams for some simplified social planner problems

xvith endogenous l<Lnowledge accun'iulation.
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ZL B. 7-7ie I'roblen? with the Fztnke-StrLtlik Knowleage PJ'odztclion FztnctioJi

    First, we deal with the slmplest sociai planner problein in v,rhich the new knowledge

proclection 'fi.mction is of tl)e Ftinl<e-Strulll< form. Consider a two-sector plannecl economy

which consists ofthe final good sector and the scientific research sector.9

    Optimal growth ig the economy is formt}lated as foIIows:

(43) Maximize .[ID e-P`U(C)dt

(44) stlbjecttoy:c=Ka(ALy)inva.,,(AL,)imma, K.l

                               .

(43) is a usual social welfare function. The iRstantaneous utillty ftinction is assumed to be

        1
U(C)" 1-(rCi"", cr>O, (r#l. As before, we assume that K=l and

Ly+LA ==L=coRstant. The initial coBdition is A(O)r:Ao :given. The transversality

coiidition is iim,-,.e-R'U'(C) :O.

    The Euler-Lagrange equatio" foi' this problein is given by

               L, 6[1-(1-a)(I-o')]L,-,oA+6(1-a)(l-ff)L
(46)

               L, [af+cr(l-cz)]A

We draw a phase diagram in (A,Ly) plane. From (45) we see tkat A>O as

                                                                .L, :L-L, >O, i.e., L, <L, and that A==O as L., =O, i.e., L, == L. From (46) L,=O

as

                           pA - 6(1 - af)(1 - cr)L
                       Ly == 6[1-a-a)(1-cr)] '

                                 ]. 3



                                                        .The denominator ofthis expression is alivA,Jays positive. I-Ience, tlae Ly = O locLis is an upward

                              --sloping straight line. We see that L}. >(<)O in a domain above (below) the L/ =O locus.

Thus we obtain a phase diagram Figure I, A positively sloped heavy curve represents an optimal

path satisfying the transversality condition. The optimal path starts froin the given initial value

Ae and approaches a steady state (A*,L). In the steady state the economy can no longer grow.

     From (44) we have g, =g,., = (1-a)g,f +(1-cr)gi.,.. From (45) we have gL, :gA･

SiiiCe &,. = g/,, = gf. = O, we have the steady state growth rates

(47) g=g,=g,.=(1-a)&=O.
That is, this model fails to generate sustained growth at a positive rate (which is possible in the

simplified Solow model).

 P'71 C. 7}ize Problem wilh the Romer K)io}･t?lecige Prodz{ction I7ztnction

     Second, we examine the probiem with the Romer knowledge production ftmction. Let

instead ofequation (45). The Euler equation is given by

                                .(4g) ft'i-i =6(L,t -L', ),

where

(so) L:, =fii 6nv((ii--a.))((ii-a.))i.
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    The phase cllagram for this case is depicted in Figure II. A horizontal heavy straight line

represents an optimal path. Labor force allocation between tl}e two sectors along the optimal

path is kept to be constaiat over time. The optimal patl) is a steady state with the growth rates

(51)

(52)

g=

 g.･l

g,. = g(J

(s4t :

:(l - a)g,,,

6(L - L]I, ).

Therefore, fortunately, tlie ecoRomy can grow at tl}e positive rate forever. This seemingly fine

per'fbrmance crucially depends on hiding possible parameters of tlie l<nowleclge production

'function, however.

ZL D. 7'IPie "Problem }vith the ,lbnes Kno}･yleage 1'rodztction Fzinction

FiBally, we examlRe the problem with tlie jones l<RoNsiledge productiog fiinction

(53) A == 6L[1Aip.

Siltce the calculation of the Etiier equatioB for the Jones equation is complicated, l would use

here the logarithmic utillty fi.mction U(C) :ln C for sin3plification. Tlien, the Euler equation

is given by

(54)
 .
L,f =-

((wtL}r rm ,c)Li,-2 Ai-ip )1]iili

(l-,l.+L,/L,)Ai-ip

Tlie pliase diagram is drawn in Fi,{.,ure Ill
  .
. L,f =O holds when

(55) blLL ,. =: ,oLi ,-･2 AtHip.

A locus of (A,L,P satisfying (55) is a downward slopliig cuyve that starts fi'om a point (O,L)

and approaches the horizontal axis as A goes to infinity. The reason is understood by drawing

(55), l leave tliis worl< to Appei3dix. In the phase diagram a Regatively sloped heavy curve
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shows the optimal path. Along the optimai path, the knowledge capital stocl< iRcreases

unHmitedly, whereas the optimal labor force devotecl to the researcla activity decreases toward

zero. Thus, the economy approaches a steady state in which the total labor force is devoted to

the production ofthe consumption good.

     The problem has the steady state with the growth rates

(56) g== g, =g,,=(1-a)g,,=O.

That is, the model fails to generate endogenous sustained growth at a positive rate. Clearly the

perforniance of this model is in ferior to that ofthe simplified Solow model.

     Why ever do we take the trouble to construct endogenous growth models that are more

complicated than the Soiow model? A major reason is that we expect endogenous growth

models to reveal better performance-that is, achievement of faster long-run growth with or

without the assistance of appropriate policies. However, our investigation strongly shows that

the Solow model is undoubtedly stipei'ior to sophisticated models ofendogenous growth.

Vll. TI-IE KEY TO CONSTRUCTING A SUCCESSFUL MODEL OI qGROWTH

     Our examination of naodels of economic growth in the previous sections leads to an

undoubted conclusion. That is, woi:k of constructing a successful growth model (correctly, a

growth model with the desirable long--run properties) must start frona accepting the fo11owing

three assumptions:

     Al.(Harrod Neutral Technological Change) "Fechnological change is Harrod neutral.

     A2. (Exogenous Technological Change at a Constant Growth Rate) The stock of

          technologicaE l<nowledge grows at an exogenously given constant rate.

     A3. (ExogeRous Labor Force Supply at a Constant Growth Rate) The supply ofIabor

          force s,rows at an exogenously given constant rate.

Needless to say, any attempt to construct endogenous growth models violates A2.

     Mathematically, these assumptions at'e expressed as follows:

(57) Y=F(.Ky)A,Ly)=F"(K'r,ALr)=:17"(K,AL),

                       .(58) A :G(K,,,A, L,,) == G(O, A, O)=mA,

                  .(59) L=N(K,A,L;･････････):A[(O,O,L;O,O,･･･,O)=nL,
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K,, +K', == K,

 Lr +L.i "" L･

These equations arejust (a payt of) the Solow model itsel£iO

     Now what is tlie endogenous growth theory "revoltttion"? ks meaning is as follov,is: Tl3e

"revolution" remincls agaiii us that only the Solovvt mocleHs a good model ofeconomic groxvth.

In that seRse the "revolution" is a i'evolution betrayecl (that is, not an unflnishecl revoiution but a

failed oae) and ironically leacls to a favorable reappralsal ofthe Solow model afrer all.

VIII. CONCLUSION

     In this paper l have investigated the essential nature of endogei3ous growth theory.

Specifically, I have examined the existeiice of a steady state, the possibility ofsustained growth

and the robustness of expressions of tl)e steady state growth rates. As a result of examination I

l)ave confirmed that endogenotis growth niodels do not have the desirable long-rLm properties,

that is, that iiacorporating the R&D equation with the fine explanatory power into a growth

model never ensures success ofthe model. In contrast, the Solow model has tlae desirable long-

run properties. Iii addition, it is simple and clear. Therefore, I do not regai'd eRdogeRous grow{'h

theory as tl}e successful theory and as the legitimate st}ccessor to tlie Solow model.

     Endogenous growth theory certainly seems revoltitionary. (Franl<Iy speaking, when I

began to study this theory, I also felt the theory epoch-mal<ing,) Wliy on eaith do endogeiaot}s

growth models 'fail to have the desirable proper£ies? Why does the Solow inodel worl< very

well? This is a great mystery in economics. I do not knoNA,f whether Heaven is spiteful or not.

     We now encounter serious difficulty. What is generalization or extensioR of theories in

our discipline at all? Does generalization (or extension) always yield t}seft}l and fruitfuI (that is,

successfi.il) resul£s? Or is it ut3usual for gelteralizatlon to succeed? I woukl introduce here an

exanaple in mathematics into our argumeat, I quote the last paragraph froiin Kunihil<o l<oclaira's

     Hessay.

What is fruitful generalization of theories?

    In geReral, mathematicians lil<e generalization instinctively. Conslder a fi'uitful system oftheory

S derived fi'om a system ofaxioms A. Then, every mathematician wants to obtain asystem oftheot'y

T that is more general than S st'arting fi'om a new system of axioms B made by removing some

axloms fi'om A. T appears a system that is more fruitful than S, because T is generalizatlon of S. But

m many cases we are disappointed that the content of T is too poor against expectation. In this case
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T is not generalization of S but making S thin. Of coui'se, every generalization does not cause

mal<ing theories thin. Mathematics has been evolving by vii'tue of generalization. {n recent

mathematics lt is a mysterious pliei3omenon that generallzation sometimes causes mal<ing theories

thin.

    What are features ofthe geReralization that evolves iBto fi'uitftil theories then? Moreover, what

are features of the systems of axioins that can be starting points of fi'uitful systems of theories?

Contemporary mathematics is cool toward this question. For exaiinple, clearly group theory is a

system that is iinore fruitftil tlGan lattice theory. Then what are respects in which a system of axioirts

of group theory is superior to that of lattice theory? Furthermore, a starting point of sheaf theory

which is basic to topological geometry, algebraic geometry, function of many variables etc. is

seemingly quite trivial generalization that constant coe'fl'icients ofcohomology group ai"e replaced by

functions. Why ls it very fi'uilifu1 generalization? In contrast, wliy cloesn't continuous geometry that is

thought to be amazing generallzation of projective geometry l3ave evolved? Tliere are many

questions ofthis l<ind in mathematics. Are they stupid questions that are not worth considering? Can

phenomenology of mathematics to aRswer these questions exist? l do not l<now. IUnust be a very

interesting subject if it can exist. An obvious difl?iculty is that studying the phenoinenology of

mathematics requires understanding all of major fields of mathenaatics. This work needs much of

time. The reason contemporary history of mathetnatics ls not written is dtte to the same reason,

    Kodaira, Kunihiko, "Impression of Mathematics", Selci, Setsuya, Shoji Maehara and Tamotsu

Murata Ed., .l)7vitation to Matheinatic,s' (in Japanese) (1"ol<yo: Chil<uma Shobo, l969), 272--281.

I do not know wlaether the situation of mathematics is the same as that of economics or not,

because mathematics is not science but logic,

     However, the fact quoted above gives us serious suggestion. Diflflculty often caused by

generalization may be inevitable fate in disciplilles using niathematics. The failure in an attempt

atendogenizationoftheSolowmodel-probablythegreatestfailureineconomics maybe

such an example.I think that the admirable success ofthe Solow model is due to the stoioism

against temptation to complicate the moclel. Constructing successful models in economics is a

kind ofart that finds out an unknown watershed lying between simplification and complication.

     A main conclusion that emerges fi'om our critical investigatioii, is that the tremendous rise

of endogenous growth models is not a genuine and hopeftil breakthrough in growtla theory.

Many growth theorists may think that even so we should continue to study endogenous growth

theory believing future possible evolution. In contrast, otliier tlieorists may thinl< that we should

withdraw immediately fi'om the fi-agile theory and shouid turn back to the Solow model. I

believe tliat return to the Solow model is wise.

     I have been thinl<ing about a question: ls the Solow model alive or dead? My answer is as
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follows: The Solow model is still alive. ABd only tl}e Solow modei wlll contint}e to live. It is

surprising that both tlie startlng poiRt and tl}e final destitkation for growth £lieory are the Solow

model.

     Enthusiasm and selfLsatisfaction will be over sooner or later. What will appear before tis

tlien? I would lil<e to expeot it.

                APPENDIX:"I-HESLOPEOFTHE L., :O LOCUS

    (55) is drawn in Figure V. In tl)is figure L,t :L- Ly is !"easured alongthe horizontal axis.

The left-hancl side of(55), (MLr -- (M(L - L,,), is a dovvnward sloping straiglit line. The right-

hand side of(55) fora given value of A is an upward sloping and concave curve startiiig from

the origin. The horizontal coordinate of a point of k3tersection of both curves gives a value of

             .L,t satisfying LA = O. If A == O, then the right-thand side of (55) equals O and its graph

coincicleswiththehorizontalaxis. I-･lence L,i satisfying(55)for A=:O is L. As A increases

the right-haRd sicle of(55) shifts upwarcl aRd the horlzontal coordinate ofa point ofintersection

o'f both sides of (55) deci'eases. Tliat ls, L,,f satisfying LA :O decreases as A increases. If

A = oo, then the right--hand side of(55) equals co and lts graph coincides with the vertical axis.

I-lence L,t satisfying (55) for A= co is O. A region in which L,i >O(<O) holds (that is, in

which the lef]t-hand side<(>) the right--hand side holds in (5S) instead of tke equality) is the

                  .one above (below) the L,f =:O locus.
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            TABLE!

FOUR KINDS OFGROWTI--I MODELS

Model

Playsical

capital

accumulatioll

I<nowledge
capital

accumLdation

(Technological

change)

Human
capital

accumulation

Long-rttn

propertles

o'f the model

Solow model

Mankiw-Romer-Wei)
model
Models of endogenous

1<nowledge capital
accLtmulation

Integrated models of
endogenous l<nowledge

and human capital
accumulation

endegei3ous

endogenous

endogenous

endogenotts

exogenous

exogenous

endogeiaous

endogenous

endogenous

endogenous

desirable

desirable

undesirable

undesirable
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    i In growth models with multiple steacly siates (for exainple, in some kincl of nionetary growth

moclei) the so-called indetermliiacy prob)em of gyowth paths sometlmes arises. FIowever, in the

development economics the idea of growth with multiple steady states - for example, the poverty

trap equiiibrium and the self:-sustalned growth eqt}ilibrium - may be usefl.il and fi't}itfi.il.

    2 Note that long-rtin properties of growth inodels are independent of microeconoi'nic

fot:adation-that is, optimizing behavior of ho{tseholds and firms-ofthe models. Therefore xNte

do not refer to tlie iBtertemporal optimization of agents. (Ofcourse, tke savinglinvestment decisions

derived fi'om 'the dynai'nlc optinalzing behavior o'findlvldual ageBts influence the transition dynamics

ofthe model.)

                                                  .    3Note that their equatioft for l]unian capital accuiinu}ation, H' =sf.fY,

is a redtindant one for examining loRg-ruR properties of the model.

whlch yields g., = gh,

    t; See

Christ'iaans

Christiaans[2004]. I owe the conceptual {'rameworl< of the long-t'Lm groxvth analysis to

'insigkt into growtlynodels.

    5 The fiinction N(･･････) i'epresents a change in Iabor force sapply generated by birth, death

and a change in the rate of ]abor participatioR. N(･･････) ls the inost mysterious function in

economics. No one knows an exact form of tliis functlon. Christiaans[2004] points eut that
exogenous labor force growth at a constant rate is required for existence of a steady state. (p. 257, p.

258)

    6 Disappearance ofstistained growth at a positive rate seen in (25) implies that the costly R&D

effort generates no performance iii tlie Iong--rttn. Obviously, tkis is a failure as an R&D-based model

o'f growth. As Solow[2000, p. I45] notes, enclogenous growtlynodeis are ineaningfu1 only when

they cai'i achieve the Iong-rL}n growtk that is fasi'er tlian that in the exogenous groivA,tth model.

    7 lf Hfi = O and NA = O, then a rise in labor productivity is driven only by physical capitai

cleepening. But, iio country can become an advancecl coentry with high IRcoi'ne Ievel oRly by

physical capital deepening. See Maddison's impresslve statistics. (Maddison[l995, Tttble K-2,

Comparative Growth Performance of the USA, UI< and Japan, l820--}992, p. 255].

    S A pioneering study ofthe social planner problem is Uzawa[i965]. Recent xAttorks in this field

are fficher and Ttirnovsky[1999], and Ttirnovsky[2000, pp. 522-535].

    9 ln the social planner problern it is assumed that universities and laboratories financed by

governnient produce free i3ew knowledge. (lia contrast, in tke decentralized model it is assttmed that

priyate laboratories perform pro fit-mal<ing R&D.) The new knovvledge in tlie social planner problem

is a noR-marketable good, that is, a ptiblic good. Therefore, the government Ievies tax on the final

good sector to pay wage cosfs of reseat'chers employed by the researck sector. Kence, the optimai

allocation of human resot}rces between the two sectors is equlvalent to the optimal
taxation!subsidizatioR.

    iO The rest o'f the Solow moclel are an equation for physical capital accumulation expressing

"savlng=physical investment" aRd initial conditiens (k(O) =ko = Ko/Lo a}3d A(O)== Ao)･ In

many textbooks econoinists draw a phase diagram for the clynamics of the Solow inodel using the

aii"}ount o'f physical capital per unit of efficiency (effk}ctive) labor (K/AL ) as a state variable. But

this manner ofdrawing the dlagram is not necessarlly appealing for students. I propose here drawing
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the diagram in a (k =KIL,A) plane instead ofthe above manner. This manner seems easy to

und.erstand 'the motion of the system intuitively. See Figure IVI In this figure an upward-sloping

straight line SS shows a steady state path. Alkransition paths converge toward the steady state path

SS. (ln contrast to tlie case of the Solow model drawing a phase diagram in
(h = ll1AL,k = K1AL) plane is conveRient for understanding the Mankiw-Romer-Weil model.)

    ii Kodaira(19I5-I997) is a Japanese mathematician who won the Fields prize in 1954.
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