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ANOTEONTHEBOUNDEDNESS

OFASETOFSADDLE日POINTS

BYH【ROSHITOS正IIMA

1・Itiswell-knownthatasaddle-poin七playsanimportantroleinthe

theoryofma七hema七icalprogramming.TheKuhn.Tuckertheorem

ofconcaveprogramming,asisfrequentlyquoted,statesthata

1)

maximunproblem:

Maximizeノ(x)sul)jec七 七〇x≧0,9(x)≧0.

isequivalenttoasaddle-pointproblem:

2)

Findanon.negativesaddle-poin七 〇fψ(x,en)=f(x)十u.g(x).

undersomequalificationsong(x).Amongallumberofconstraint

qualifications,七herelationsofwhichwereextensivelys七udiedin

(1〕,wearein七eres七edin七heso-called(weak)Slatercondition:

(S)Thereexistsan2≧Osuchthat8(象)>0L

In七hepresen七noteweshallshow七ha七,Understrongversionof七he

Slater(londition,asetofsaddle-poin七sofconcave-convexfunc七ion

・isbounded
.

2.Let{c,(x,u)bearealvaluedfunctiondefinedforx≧Oandu≧0・

Byasaddle-pointwemeanthevec七 〇r(ろ 秘)suchthat

eeTheauthorisindeb七edtoProfessorKoseforhiscriticisms.

1)Throughout七hispaper,xdellotesann-vec七 〇rwhosei-thcomponentis

xiandudeno七esanm-vectorwhoseゴ ー七hComponentis吻.g(x)isan

m-vectorvaluedfunction.

2)Letf(x)beautilityfunctionand8(x)anexcesssupPlyfunctionof

resources,thenasaddle-pointofg(x,u)maybeinterpre七edasan

equilibriumpoint・
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三≧0,a≧0,

ψ(x,死)≦ ψ(1,舜)≦ ψ(x,u)for馳all痙0,u≧0.

Let(ii5denoteasetofsaddle-points.ψ(x,u)isdifferentiablewith

respecttoxand仏Weshallassumethat

(G)ThereexistsanGゑ)≧Osuchthat

∂ψ(究,め
<0,i=1,….n,∂

絢

∂響)〉 α ブーエ…肱

Nowitisol)viousthat(G)implies(S)ifψ(x,u)詔 ノ(の 十u.8(x),so

that(G)alsomakes七hereductionofamaximumproblemintoa

saddle・pointproblempossible.Wecallthecondition(G)thestrong

Slatercondition・Wecanprove

THEOREM:Letψ(x,zのbeconαaveinxandconvexinuand4ifferentiable

ωithresPecttoxanau.ifthes〃 αngSlαteroondition(G)issatisfied,then

Gisboun4ed.
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3.PROOFOFTHEOREM.If㊥isempty,thellthetheorem'is

タ
ーt,ivi・11yt・u・

.lnwhitf・ll・w・w・ ・hallassum・9キ φ.F・tth・

differen七iableconcave-convexfunction,wehave

、、茎 ∂ψ1鶏の(it-xi)一 莞 ∂ψ畿 麗)輌)≧ ・f・・allhr≧・・u≧・

-where(i
"…,in,砺,…,dim)isanyvectorin∈5.Because6islower

Tb
oundedbythedefinition,thereexists,if㊥isnotbounded,some

sequence{房1γ 、}or{%ワ)}

Suchthat

1≦iノ ≦n,

lim刃iン)=十 。。,

γ→OQ

ir7)isi4thcomponentofsomevectorwhichl)elongsto⑨

《)τ

1≦ 〆≦m,

limUj・=十 〇◎,

η→oo

%ワ)isn十77-thcomponen七 〇fsomevectorwhichbelongstoS.

With・u七1・ss・fg・n・ ・ality・ 平eassumetheexis七ence・fthesequence

{宅 γ・}1

9B
yputting

F(7・1γ・)一 望畿 鹿)(兄1γL2、')

3)

wecaninferthatinviewof(G)

limF(『!v毎'))一 一 。。

γ→[x)

whichleadstoacontradiction.Q.E.D.

3)Ifweassumeonlythefirst(second)inequalityinthecodnition(G)

holds,then∈5isboundedwithrespecttox-components(u-components).
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4.Itiseasilyshownthat(§5isclosedifψ(x,u)iscontinuouswithレ

respecttoxandu.Henceitfollowsfromtheabovetheoremthat

∈5iscomψactProvidedthatψ(x,u)isdifferentiablec(mcave-convexan♂

thθstγongSlatθrcondition(G)holas・

OtaruUnivθrsit)ノ('fCommθrce

'
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