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ACOMMENTONDEBREU'SLEMMA

RyosukeHotaka

'1
.-

G。Debreuhasstatedin〔1〕atheoremofutilityTepresentation

byacontinuouSreal-valueくfunction.Butwefindsomedefectsinhis

proofofLemmaIofthepaper.Inthisnote,wefirstpresenta

1)

counter-exampletohisproofandthenwegiveanotherproofofhis

L・mmaI.Fin・11y・ ・m・ ・et-th…eti・alandt・p・1・gi・ala・pect・ ・fth・

utilityrep・6・ent・ti・np・ ・b1・mi・c。n・idered.

Weshallusesamenotationsanddefinitionsasin(1).

2.

HisLemmaIisasfollows:

L。mm&ロ.LetXbeaoomPletelyontered5β 彦whoseguotien彦Ais60襯 励le.

Thereexi,stsonXareal,Oider-Prese7Ting・ ノCtnction,continUOUS伽anγnataral

toPol()9Pt・

Hestatesthatthegapsofunwantedtypescanbeeliminatedby

meansofano11.decreasingstepfunctionθ(のandthatthenewfunction

φes(の=ψ(の 一 θ〔ψ(の 〕isstillorder-preserving.Butthisisnotgenerally

true.

聾IamgratefultoProfessorKaneyukiYamamoteofHokkaidoUniversity

forhiskindcomments.

1)TheauthorowesthisexampletoProfessorTakashiItoofHokkaido

University,Depar七men七 〇fMa七hematics.
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LetAbeasetofrationalnumbersin(O,1).SinceAiscountable

wecanarrange七heelementsofAasA={r」,呪 ヨ,… …}.

N・ww・d・fin・ ψ(・)一
。蓬 藷 ・Thi・fun・ti・ni・ea・ily・eent・b・

order-preserving,buta七eachpointη,ψhasagapofunwantedtype,

i.e.of(2-1ノ)type,anditscorrespondinggapisequalto1/2`.

Thenθ 〔ψ(a)〕==ip(a)andφee(a)=-Oforallα ξ1望andφ 齢doesnot

preservetheorder≦ata11.

5.,

WeshallnowshowthattheLemmaIisvalidifwespecifythe

constructionofψfroτnthebeginning.

LetA・ 一{a、,a2,・ ・… ・}.Wedefineψ(a)byinduction.First,we

defineψ(a、)==112,Next,supPoseψ(α,),…,ψ(eq)havebeendefined,

thentherearefollowingthreecases

(a)α π+'〉 α`foralli-='1,・ ・・…,つ1.

L・t聡 ・凹W・d・fin・ ψ(o隔+')一 暑(1+ψ(の)・

(b)砺+、<a`forallづ 一1,・ ・… ・,n.

L・t
,毅当 一W・d・fin・ ψ(砺 ・・)一÷ ψ(・)・

(・)a、<a。+、<・,f・ …m・i,ブ==1,… …,n・nd・ 。≦ ・、 ・・a、 ≧ ・∫f・ ・

・1旧 ・ … …,n・W・d・fin・ ψ(砺 ・')一 暑(ψ(・ ・)+ψ(・ ・))・

2)
Thenψ(α)hasnogapsoftype(1-2')or(2-1ノ).

ProeF.Letα 乍 ψ(A)and.R.・ 昌{α(ψ(A)/α<α 今 キ φhavenomaximum

ele●ment.IfRω'・ 一{α`ψ(A)/α 〉 αノ}hasminimumelement,thiswilllead

toacontradic七ion,

2)ThoughG.Debreustatesthat(2-21)typeisunwanted,thisisnot

unwantedatthisstage.Thetruelyunwantedtypesareonlytypes(1_21)

and(2--1ノ).
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ForsupposetheminimumelementofR磁'beψ(ai
、).Sincethere

isn・maximuminR・'キ φ・thereexi・t・an・1・m・ntCa
。・A町hthat/

づ2>あandψ(ai
2)<α ノ・'/

Simil・ ・1y・ 七h・ ・et{・ ・EA/as>a・
。・i>i.'}i・n・t・mpty・L・tdy、b・

theelementofthissetwhichhas七hesmallestsuffix.Thenwehave

ψ(・・。)一 暑(ψ(偽 。)+ψ(殉,))・

IfW・d・fin・a・
、・a・,・ … ・…n・1・9・u・ly・w・h・v・ ψ(・ ・,)→ ψ(a・ 、)as

・一 的and惣 ψ(a・v)〉α'whi・hisacont「adi・tion・

Theproofforthecaseofthetype(1-2')issimilarandisomitted.

4.、
G.DebreuhasshownlinTheoremIin〔1〕that七hereexistsa

continuousmappingfromXintorealspaceifXiscompletelyordered,

separable,connectedandifX.andXxisclosedforallxtX.

Inthiscaseφ(X)isanintervalsincetheimageofconnectedset

isconnectedandtheconnectedse七inreallineisaninterval.

3)

MoreoverXノ ～becomessimilartetheinterval,hencethetypes

oforderofX/～iseitherλ,or1十 ス,orλ 十1,0r1十 λ十1.

Butevenifφ(X)isaninterva1,Xisnotconnected.Thiscanbe

seenbyinducingdiscretetopologyonX.

Jaっ ¢.,23.1965

0tavaひ 吻勿 〃'sitγ6ゾCommθme,

Dg・PaT彦mθ%tqプ ハ4a7¢agemθntSciθ%oθ

3)Completelyorderedasymmetriごsets(X,≦)and(Y,≦ 管)iscalled

・imila・ifth・ ・ei・aon・'to'oneco「 「espond・ncefbeSw・gPXq・d¥and

季 ・'ifq・d・nlyiff(x)i≦ 菅!(x'i.・
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〔1〕G・D・b・eu・R・p・e・ent・ti・n・fap・ef・ ・ence・ ・deringbya

numericalfunction,inDecisionProcesseseditedbyR
.M.Thrall,

c・H・c・ ・mb・andR・L・Davi・(J・hnwil・y&s・n・
.N.Y.,1954).




