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GeneralizedRybczynski'sTheorem:

ItsanalytiCalexpression"

Eiichi Fujii

1.TheRybc年ynski'stheoremasgeneralizedbyGuha[2]and

Amano[1コareusuallypresentedingeome七ricalforms.Eventhe

l)

original七heoremitselfisseldomexpressedinananalyticalform

Geometrica1`proof'of七heoriginalandthegeneralizedversionsofthe

theoremisquitesufficientforquali七a七ivediscussions.Nevertheless,

ananaly七icalexpressionofitisra七hersimpleanditcanbereadily

employedforfurtherstudiesofrelatedsubjects.

2.Lettheproductionfunc七ionsberepresentedby

x=・Fi(Ki,Ll)

and
Y・ ・F2(K2,L2),tt

whereX,Y,Kt,K2,L,,L2are,respec七ively,quantitiesofproduc七s,

quan七itiesofafactor(whichwecallcapital),ζndquan七itiesof

ahotherfactor(whichwecalllabor),employedinthetwosec七 〇rs.

Fromtheconstan七 一return一 七〇-scaleassump七ionon七heproduction

functions,wehave

x・-L,fi(Ki/Li)

Y=五2f2(Ki/五2)

・・ThisIloteisaby-productofanotherprojectwhichDr .Toshimaand

theauthorarejointlyconcerned,anditshouldratherbeconsideredasa

jointproduc七 〇fbothofus・CommentsbyProfessorAsadaaregra七efully

acknowledged.Allerrorsandambiguitiesare,ofcourse,exclusivelymine.

1)ExceptTakayama[6コ,chapterII,section1.
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wherefi(Kl/Ll)≡ …Fi(K,/Ll,1)andf2(K2/L2)≡ ≡F2(K2/L2,1)・

3.Undercompe七itiveconditions,thepriceクoftheproductof

thefirs七sectorintermsoftheproductofthesecondsectormust

satisfy七herela七ion

ノ ノ

(1)P-=f2(ん ・)〃1(ん1)ナ
wherekl≡ ≡Kt/Llandん2≡K2/五2arecapita1-intensitiesofthetwo

sectors.Ifweintroducethewage-rentalratioω ≡ ω/r,thenthe

2)

followingmusthold

(2)ω 一Zl-一 ん1諺 一 ん2
fi

3)

From(1),wehave

ψ 一(1ノ∫
置)・(∫ 三・fS'・ah・-f5・fl'・ak・)

andfrom(2),wehave

ノノ ノノ

(3)4ω 一徐 ん1一鵠 ・融・

Hence,for砂=・Otohold,wemus七haveeither

(4a)dh,・=dk2・=O

or

ノ ノ ノ

(4b)dh、 」1'∫ レ伽 ・
fi・ ∫2

But(4b)andthesecondrelationof(3)jointlyimply

グ ノ

(5)fi/f2一 ノ『量∠プ2

ノ ノ

Bu七fi(kl)=(ω 十kl)fi(ん1)and乃(ん2)=(ω 十 ん2)ゾ2@2)

fromrelations(2).Thereforeequation(5)implies

2)Inthefollowing,ノ1(hl)andノ{(ん2)andthelikearedeno七edbyプiand/I

etc.

Relation(2)iss七raightfowardfrom

r=MP老=P・MP毒 「fl『 う・〆l

and

ω=MPZ=P・Mpi=f2-h2・ ノ;=P・(fi-々1・fl)

ノ ノ ノノ ノノ
3)Ofcourse,itisassumedthatf1>0,∫2>0,∫1<0,fl〈OandthatC>0,

1>0,kl>0,ん2>0,thusexcIudingthecaseofcompletespecialization.
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(6)ん1=ん2

0ntheotherhand,for4ω=Otohold,wemusthavefrom(3)

that4h,=4k2=0.
4)、

Summarizing,

Lθ 粥 吻 α1.SmpPoseん1キ ん2.Then,砂 一 〇 〇fanao吻 ザ4ω 一 〇,and

dω=・Oifanao吻ifaki-dh2==O・

4.Fromtheassumedpropertyoflinearhomogeneityofproduction

func七ions,wealsohave

ax・=繍+u,-k・f{)aL・ 一 品 怨1+(aKtaLtK
iL1)・ 編

(7)

dY-fi・aK・+伍 一ん麟 一弘 砦2+(4K,aL2K
2L2)・ 碗

FromtheLemma1,wemusthaveaki=・dh2・-Ofor砂 一 〇 ・

=正]utsince

dh・==為1・(4K,4LI
Ki五1)

and

細 ・・(4K,4L2K
2L2),

itisnecessaryforaρ=二 〇that

薦
_4LLOdndaK・_亟_0.

Ki五1」 磁L2

Hence,

Le〃zma2.smpi)oseん1・ ≒ ん2.Zア1)rice2りisんeZ)t60%s彦ant,thenPγoPortio?zα1

伽 ㎎ θ50ftheOゆ 協 〔)fthetωOsectorsareegwaltotheProPortioual

伽 ㎎ θε(ゾ 励oγinPutsineachsector,%蜥 吻,'

4LldX
=x・

Ll

(8)
4L24Y

--y・
L2、

4)Asamatteroffac七.thispropertyissoobviousthatmajori七yofthe

expositionsoftheRybczynski's七heoremdono七providemuchspacefor

thediscussionofthiskind.
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5.Definefactor-endowmentratiohbyん ≡K/五andproportions

llandl2byl,… ≡L1/Land12… ≡ 五2/五whereKand五arethetotal

quantitiesoffactorsofproduction・

Obviously,

(9)ん=11hl十12k2

andll十12=1.From(9)weobtain,if4ki=dk2-0,七hat

(1・a)卿 一 ん・)・1・・(砦L讐)+ん1)・1・ ・(農2一 讐)

Ontheotherhand,from七hedefinitionofん,wehave

(1・b)一(餐 一誓)

From(10a)and(10b),weobtain,providedん1キ 々2,

㌘(1ん1一 ん2).1「(畷 一ゐ・・讐)
(ll)

㌘(1ん2-hi).1,・(畷 一ん・・讐)

Substitutingtheserelationsintoequations(8),ourfundamental

relationsareobtained:

ax-(M:
-iXh、,).1、・(畷 一ん・・讐)

(12)

ay-=(Y
k2-h▲).1、 ・(h・ 餐 一 ん1・讐)

6.OriginalRybczynski,sTheorem.First,considerspecialcases

whereoneofthefactorsincreaseswhiletheotherremainssta一

tionary.¶

Case(α)・L=constant,

Here♂L・-Oandwehave

4×1X
・=・ 一 ≧0

('k1一 ん2)・lldKL

4yly
=・ 一 ≦0

(ん2-hl)・12dKL

Case(β).1(-constant.

accordingas為 亘≧k2
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HeredK■aOandwehave

dX
__h2.墨 ≦0

(ki--h2)・114LL

accordingaskl≧k2

.亟 一._ _hl.ヱ ≧0

(h2・一一ki)
・124LL

Thussummarizing,

五=詔00り ¢5'α%彦K'一_60nsta%t

dY認 研姻ん

且>k2:>0,<0;<0,>0.dLdL4K4K

艀 齪4y研k

l<h2:<0,一 一>0;>0,一 一一<0.4LdL4K4K

7。GeneralizedRybczynski'sTheorem.Nowconsiderthegeneral

casewhere七hequan七itiesofbothfac七 〇rscharlge.Since4L,FO,we

have,fromourfundamelltalequations(12),

ξ

ax-

(xん1一ん2).1、 ・(語 一 ん・)・讐
(12!)

ay・一(y
k2--h,).12・(ft-kl)・ 讐

Forvir七uallyallpracticalpurposes,wemayassumetha七available

totalquan七ityoflaborincreasesratherthandecreases,i・e・,ωemaγ

assume4L>0.CaseofdecreasinglabordL<Omaysimilarlybe

analyzed.

、UndertheassumedconditionofdL>0,twocasescanbe

distinguishedaccording七 〇therelativecapi七al-intensities.

Case(i)・k,>k>k2● 、

雌 ・acc・ ・ding・ ・ 肇 ん・

4y蚕 ・acc。,ding。 、.亟 髪 ん置
d、L

Case(ii).k且 くk<k2・

aXSOacc。,ding。 ・ 亟 勤2
4L

dKdY≡蓬…O
accordingas 毫 ん1

dL
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Summarizing,

aL>0,dK/a五 く ん2,ん2<aK/aL<ん 、,

ax<OdX>0々
1>ん2:dY

>OdY>O

and

aL<o,dK/dL<ゐ1,

ax>O
hi<ん2:

4Y<O

Thecaseoflabordecrease

equations(12').

ki<aK/aL

ax>0

4y<0

ん1<d」昭4五 く ん2,ん2<砥/aL

dX>0ぬ ζ<0.

dY>04y>O

canbesimilarlyanalyzedby using

8.Forsomepurposes,itisnecessarytoemploythetheoremon

per-capitabasis.Defineper-capitaoutputsxandッoftheproducts
の

by

x=XアLandツ=・y/L

Then,

爾 ・(dX♂L
xL)

and

吻 ・(艀dLYL)

Substituting(8)intotheserelations,wehave

爾 ・(dLi4L
LIL)

吻 ・(4L2dLL
2L)

Then,byusingrelations(11),

警 一(kl-～ 、).11・(誓 讐 う一(々1三ん,評
(13)

穿 一(んん2一ん1).12・(餐 一 讐)一(ん,三 ゐ1)1ah

5)xandツareper-capitaoutputsoftheproducts,andshouldnotbe

confusedwiththe】abor-productivitiesofeachsector,X/五!andy/五2which

arerelatedtoper-capitaoutputsbyidentitiesX/L1=老 〃1andy/L2=ニ ソ/12.
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Thesecondequalitiesoftheaboveequationsareduetotherelation

(IOb).

(13,)

Rewri七ing(13),

伽 万

融

の
融=

(ん1-k2)・11

ツ

≧0

(k2-h,)・12

≦0

accordingask1>ん2

Thus,

(14)・艦 ≒卿 盤

andsignsofdxanddydepend,besidesrelativecapital-intensi七ies,

entirelyon七hesignof4h,whichinturndependson七herela七ive.

growthratesofcapitalandlabor,i:e.,4K/Kand4L/L.

9.Aconcludingremark.Qualita七iveconclusionssummarizedatthe

endofSections6and7arefamiliar.Asamatteroffact,theycan

bederivedmoreeasilybyageometricdeviceofBowley-Edgeworth

diagramusedin[1],[2コand[5ユNever七heless,itmaybeclaimed

七ha七 〇urfundamentalrelations(12)and(12ノ)providebetter

quantita七iveestimatesofthedegreeof`biasedness'inproduction

intheprocessofeconomicgrowth(Johnson[3コ),and(12)or(12')

mayeasilybeexpressedintermsofelas七icitiesandgrow七hrates.
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