Pointwise Multipliers From BMOA* To BMOA”

Rikio Yoneda

Abstract

Let g be an analytic function on the open unit disk D in the complex plane C. We
will study the following operator

e = [ T FOUQC . Ty (f)(z) = / " HOg (e,

In this paper we study the operators I, J, from BMOA* to BMOA? ( from D, to
Dg) (o < B). And we study pointwise multipliers from BMOA® to BMOA® ( from
D, to Dg) (o < B).
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§1. Introduction

Let D = {z € C : |z| < 1} denote the open unit disk in the complex plane C
and let 0D = {z € C : |z| = 1} denote the unit circle. For 1 < p < +o0, the Lebesgue
space LP(D,dA) is defined to be the Banach space of Lebesgue measurable functions on
the open unit disk D with

1

I £ o= ( [ 1F@PaAR) ) < +oc

where dA(z) is the normalized area measure on D. The Bergman space L(D) is defined
to be the subspace of LP(D,dA) consisting of analytic functions. For 0 < p < +o0, the
Hardy space H? is defined to be the Banach space of analytic functions f on D with

I f llp= ( e /027r \f(?“ew)lpdeﬁ < +o00.

0<r<1 27 .

For z,w € D, let B(z,w) := %log %, where ¢, (w) = {=. For 0 <r < 400
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and z € D, let D(z) = D(z,7) = {w € D : p(z,w) < r} denote the Bergman disk.
|D(z,7)| denotes the normalized area of D(z,7) and |D(z,r)| is comparable to (1 — |z|2)2.

The space of analytic functions on D of bounded mean oscillation , denoted by
BMOA, consists of functions f in H? for which

I £ lBroa ==sup || fop,— f(2)[l2< +o0 .
zeD

Let o > 0. Then a-Bloch space B* is defined to be the space of analytic functions
f on D such that
HfHBa—Sup 12 |f'(2)] < +oc .

And the little a-Bloch space, denoted by B, is the closed subspace of B consisting of
functions f with (1 — |2|*)*f’(z) = 0 (|z] — 17). Note that B', B} are the Bloch space
B, the little Bloch space By, respectively.

The space BMOA® is defined to be the space of analytic functions f on D such that

15 Pnroei=sup [ (1= 22 [F ) (1 = leal2))AA) < +oc.
aeD JD

The space BMOA,, is defined to be the space of analytic functions f on D such that

|I|2a—2

Lo 1O = edA) < +oc,
S(I)

I f IBroa,:= sup
rcop |
where I is any arc on the unit circle 9D, S(I) ={z€ D: |z| >1—|I|, é €I}, and |I|
is the normalized arc length on 9D.
The space D,, is defined to be the space of analytic functions f on D such that

£ = [ (=127 17 dA() < +oc.

Then note that BMOA = BMOA' = BMOA;, L2 Dy and H? = D;.

Let X and Y be Banach spaces. Then a function f on D is a multiplier of X into Y
if fg €Y forall gin X. In this case, we write fX C Y.

For g analytic on D, the operators I, , J, and M, are defined on the above spaces
by the following:

1) = [ ORI, BE) = [ HOFQ , MyD)(E) =g ().

In [P], Ch. Pommerenke showed that .J; is a bounded operator on Hardy space H 2
if and only if g is in BMOA , and this result was extended to other Hardy spaces HP
1 < p < 400 in [AS1]. In [AS2], A.Aleman and A.G.Siskakis studied the operator J,
defined on weighted Bergman spaces.

In [Yol], we proved the following result:
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Theorem 1.1. The operator J; is a bounded operator on B if and only if

1
sup(1 — |z|? (lo 7> '(2)] < +o0,
zeg( [2]%) Epp g’ ()]

and the operator J, is a compact operator on B if and only if
tim (1~ [2P) (log {1 ) o (2) = 0.
|z|—1- 1—|2]?

And let o > 1. Then the operator J; is a bounded operator on B* if and only if g € B .
And the operator J; is a compact operator on B¢ if and only if g € By .

In [Yo2], we also proved the following results :

Theorem 1.2. Let o > 1 and g be analytic on D. Then the operator I, is a
bounded operator on B* if and only if g € H*°. And the operator I, is a compact operator
on B% if and only if ¢=0.

Theorem 1.3. For g analytic on D, the following are equivalent :
(7) 9B C B (¢By C Bo) ;
X Both I, and J, are bounded operators on B ( or By) ;
g 9
1
(#57) g€ H®, sup(l—|z%) <log 72) l'(2)] < +o0.
zeD 1-— |Z|
And let a > 1. The following are equivalent :
(i) ¢B*CB* (¢B§ C Bf);
(id) I, is a bounded operator on B* ( or Bg) ;
(iii)  ge H™.

In Theorem 1.3, the equivalence of (i) and (i), the equivalence of (i)’ and (i)’
were proved in [Zhu3] and [Zhu4].

The space BM OA® has been previous studied by R.Zhao in [Z1, p.51]. So BMOA“
is the same as BMOA$ in [Z1]; Pointwise multipliers on BMOA have been characterized
by D.Stegenga in [St] and J.M.Ortega and J.Farega in [OF]. Also , the boundedness of the
operator J; on BMOA has been characterized by Siskakis and Zhao in [SZ].

In this paper we study the operators Iy, J, from D, to Dg (from BMOA, to
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BMOAg) (a < ). And we also study the multipliers from D, to Ds (from BMOA, to
BMOAg) (a < ). And some of the techniques used to prove theorems were inspired by
[OSZ] and [W]. Throughout this paper, C' , K will denote positive constant whose value
is not necessary the same at each occurrence.

§2. Multipliers from BMOA to Bloch space

In this section, we study multipliers from BMOA to Bloch space.

Theorem 2.1. For g analytic on D, the following are equivalent:
(2) gBMOA C B
(it) I4,Jg: BMOA — B are bounded operators ;

1
(i) g€ B, sup(1~|3f?) (log 7= ) 19)| < +oc .
zeD 1- |Z|
Proof. First, we prove that J, : BMOA — B is bounded operator if and only if
9

1
1—|2%) (log —— ) ¢’ :
sup(1 = 212 (1og {15 ) 19(2) < +oc

Let f € BMOA. Put L := J,f. Then we see

1f (=)l
log —1

1—|z?

(1 =PI )] = (1 = 1P ()Y ()] = (1= [2]*) log N _1 519'(2)]

Il

Since |f(2)| < C'|| f |lBmoa log ( see [SZ] ), hence we have

o
1— |2
1
I Tyf Ilp=sup(1 = |z)|L(z)] < Csup(l - |z|*)log ———59'(2)| || f | Brroa -
zeD 2€D 1-— ‘Z‘

To prove the converse, suppose that Jy is bounded on BMOA. For a € D, put fu(2) =
log 1_—152 Then it is clear that {f,} is a bounded set in BMOA. For z € D(a,r), we have

1
log—= < C
BT aP =

1
log 177‘ So by using the subharmonicity of |¢'(z)| and the fact that
—az
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there is a constant C > 0 ( depending only on 7 ) such that

1
- <
/ ( (1 |Z|2)2dA(Z) Ol < 00,

log

scc'/m ) \|g (2)[2dA(2)

1
<CC" sup 1—22210g — "22/ ———dA(z
zED(a,r)( | ‘ ) 1- ( )l D(a,r) (1 - |Z|2)2 ( )
< CC'Cy sup(1 — |2]%)? |log — ()2
zeD 1-

<CC'Crsup || Jofa |
aeD
<CC'C || Iy | sup || fa | Baroa< oo
a€eD
Next, we prove that I, : BMOA — B is a bounded operator if and only if
g€ H*®. Let f € BMOA. Put L := I;f. Then we see for some constant C' > 0,

(1= =)L (2)] (L= )1 2)ll9(2)]
I llso (1= 12P)1£'(2)]
Cllgllooll f IBrr0A -

INIA

Hence [ Iof |B< C || g lloll f I Brz0A-
To prove the converse, suppose that I, is bounded on BMOA. For a € D, put
fa(z) =log 2. Then

al? "
aPlo@P < o [ jg)Paac)
(ar)

(1= la?)?.

1y
ol s
D(a,r) 1—-az

dA(z )
C-/D(a,'r' (422 sup (1= [2[*)*|fa(2)Plg(2)[?

) 1- ‘Zl ) z€D(a,r)
~ Cl Lofa B C N L IPIl fa iBaroa< oo

Hence we see sup |g(z)| < co. Thus we see that the equivalence of (i7) and (i7) holds. So it
2€D
1

suffices to show that gBMOA C B implies g € H®. Put k,(z) := log P
—|la
(a,z € D). Since gBMOA C B and kq(a) =0

lallg(a)] (1= [al?) [ka(a)g'(a) + ki (a)g(a)|
jlelg(l — |z \ |k (2)g'(2) + KL ( z)g(z)| < 4o00.

()]dA(2)

2

! 1
—lo
1—az &

IN
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Hence we see that g € H. O

We also get the following results, but we omit to prove them because we can prove
as the proof of the previous theorem. In the following theorem, the equivalence of (i) and
(v) was proved in [OSZ].

Theorem 2.2. Let 0 < a <1 and a < 8. For g analytic on D, the following are
equivalent:

(i) gBMOA®c B?;

(i)  gB*c B?;

(i4i) Jy: BMOA® — B# is a bounded operator ;

(iv) Jy:B* — B is a bounded operator ;

(

v) sup(l— \2\2)B\g'(z)| < +o0 .
zeD

In the following theorem, the equivalence of (i) and (v) was proved in [OSZ].

Theorem 2.3. Let o =1 and 8 > 1. For g analytic on D, the following are
equivalent:

(i) gBMOA*cC B?;

(i)  gB*c B%,

(i4i)  Jy: BMOA® — B is a bounded operator ;

(

iv) Jy: B* — BP is a bounded operator ;

1
v)  su 1—z2ﬁ<10 7> "(2)| < 400 .
(v) Zeg( |2[%) e TP lg'(2)]

In the following theorem, the equivalence of (i) and (vii) was proved in [OSZ].

Theorem 2.4. Let a > 1 and o < 8. For g analytic on D, the following are
equivalent:

(i) gBMOA®c B?;

(i)  gB*cC B*;

(i) I, : BMOA® — B is a bounded operator ;

(iv) Jy: BMOA® — BP is a bounded operator ;
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(v) I,:B®— B is a bounded operator ;
(vi) J,: B* — B? is a bounded operator ;

(vid) sgg(l — 2P (2)] < +o0 .
z

In the following theorem, the equivalence of (i¢) and (v) was proved in [OSZ].

Theorem 2.5. Let @ > 1 and o = 3. For g analytic on D, the following are
equivalent:

(i) gBMOA® c B?;

(i)  gB*cC B?;

(i4i) I, : BMOA® — B# is a bounded operator ;
(iv) Ig:B*— Bf is a bounded operator ;

(v) geH™.

3. Multipliers from BMOA® to BMOA”®

In this section we study the operators I, and J; from BMOA® to BM OAB, and
the operators I, and .J; from BMOA, to BMOA,.

Theorem 3.1. Let o < . For g analytic on D, the operator I, : BMOA% —
BMOA?P is a bounded operator if and only if

sup(1 — [2[2)P~2]g(2)] < oo.
z€D
Proof. 1f sup,cp(1 — |2[%)%~%|g(2)| < oo, it is trivial that I, : BMOA® —

BMOAP is bounded. So we only need to prove the converse. Firstly, we prove the
case a = 1. Let fu(z) := log ﬁ Then it is clear that {f,} is a bounded set in
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BMOA' = BMOA. Since 1—|z|* is comparable to 1 — |a|? and |1 — az| for z € D(a,r),
we have

(1 = la]**"V]af*|g(a)|®

< o P [ e )

= TPy o

~ 2260 | (10 — L\ [ 1o0) 2aacs
€ [ L =P (g ) | o) Paac)

ool 226 [ (10e LN oy Al =12
C [y @ 10| (108 5 ) oo S 2 e

= €y A PV ILEP 9P~ leul2))AAR)

< 0 [ (= PRI |1 o) P - leal2)AC)

< ¢ [A=1B ) () 1 leal2)P)dAR)

= CllIgfalnoas< C Il Iy IPIl fa llbaroa< +oo.
In the case a # 1, by puting f,(z) := (1 — @z)'~®, we can prove that as well. So we omit

it. [}

Theorem 3.2. Let o < 8 and 0 < o < 1. For ¢ analytic on D, Jyg: BMOA® —
BMOAP is a bounded operator if and only if

g€ BMOA®.
Proof. Suppose that
g€ BMOA®.
If h € BMOA®, then
1
(1= laP)* W' (@)* < C(1- \a\z)mi/ 1 (2)PdA(2)
(1 —1a2)* /D(ar)
< OOl [P an())AG)
D(a,r)
< C/ (1= [z DI (2) P(1 = |a(2)]*)dA(2)
D

So we have

In|Z<c <|h(0)\2 + sup(1 - |a|2>2“|h’<a)|2> < O (InO)+ || h IPnroae ) -
a
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Thus we see BMOA® C H*. Hence we have

I Jof Irroas = /D(l— 222 Dg (2) £ (2) P(L = pa(2) P dA(2)

£ 1201 g B ar0as

ININ

C Il f IBmoaall 9 I5rr0as

Hence we have that J, : BMOA® — BM OAP is a bounded operator.
It is trivial that the converse holds. In fact, since a non-zero constant ¢ belongs to
BMOA®, we have J,c € BMOA®. Hence g € BMOAP. ]

By using Theorem 3.1 and Theorem 3.2, we have the following corollary :

Corollary 3.3. Let @ < B and 0 < o < 1. For g analytic on D, the following
are equivalent:

(i) gBMOA® c BMOA® ;

(i9) Jy: BMOA® — BMOA? is a bounded operator ;

(i) g€ BMOAP.

Proof. we only prove the case > a, because we can prove the case = « as
well. Then, since sup,cp(1 — |2[2)#~|g(2)| ~ sup,cp(l — |22)#~*F1|¢'(2)| and

sup(1 — [2[*)P~* g (2)] < sup(1 = |21*)°l¢'(2)| < C || 9 | paroae
zeD zeD

we see that the boundedness of .J; implies the boundedness of I, because of Theorem 3.1
and Theorem 3.2. So it follows that (ii) implies (i). To prove that (i) implies (iii), suppose
that gBMOA® ¢ BMOAP. Since a non-zero constant ¢ belongs to BMOA®, we have
cg € BMOAP. Thus we have g € BMOAP. |

Proposition 3.4. Let 1 < o < 8. For g analytic on D, if J, : BMOA, —
BMOAg is a bounded operator, then

g€ BMOAg_g41.

And if g € BMOAP=*L then J, : BMOA® — BMOA?® is a bounded operator.

Proof. Let 1 < o < 3. Suppose that Jyg : BMOA, — BMOAg is a bounded
operator. For any arc I C 9D, let a = (1 — |I|){, where ( is the center of I. Put
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R

Ay
i}

n

ek 17

fa(2) = (1 —@2)'=%, (a € D). Then {f,} is a bounded set in BMOA, and for any
z € S(I), there is a constant C' > 0, such that %|I|1*” < |fa(2)| < CII*~2. So we have
|]‘2(57a)

S /S(I) 19/ (2)P(1 = |2*)dA(2)
1 |7]206-1)
S 6' ‘|I| '[g([)|fa(z)|2‘9,(z)|2(1*‘Z|2)dA(z)
1 |]‘2(5*1)
~C

’ 9 9
1] ./5(1) (Jgfa) (2)P(1 = |2*)dA(2)

1
<c | Jgfa I Brr0a,

1
<glds Il fa | Baroa, < oo
Thus we have g € BMOAg_q+1.

Next, suppose that g € BMOAP=+1. Since |f(2)| < C(1—2/2)' || f ||Baroaa for
all f € BMOA® for some constant C' > 0, we have
I Jof Iaroas

sup
aeD

IN

[ = RO @R = [eu(2))dA)

C? | f Ismoae /D(l — [22)?Pg (2)P(1 — |pa(2)P)dA(2)

c? I f ||QBMOAQ|| g ||1291\/10Aﬂ—a+1 .

Hence J, : BMOA® — BMOA?® is bounded operator. In the case of & = 1, we can

prove it by using a test function f,(2) = log - for all a € D and the estimate |f(z)| <

C (log 1=k ) II £ | Baroa for all f € BMOA as well. So we omit it. O
Proposition 3.5. Let 1 < a < . For g analytic on D, then J, : BMOA® —

BMOAP is a bounded operator if and only if g € B#~a+1,

Proof. Let g e BF~o+1 Let f € BMOA®. Then
I Jof Baroas

sup
aeD

IN

/ (1= 2P D@1 ()P (1 = |pa(2)])dA(2)
Since f € BMOA® we get

g 56t ilelg/D(l— 22PN F(2)P(1 ~ pal2))dA(2).

sup
a€D -

[ (1= PR~ ea(2)PA() < o0
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Applying Proposition 2 in [Z2] to the antiderivative F of f we see that the above inequality
is equivalent to

sup [ (1= 22271 = lpa(2))AA) < .
aeD JD
Therefore || J,f || aproas< oo and so J,f € BMOAP. An application of the Closed Graph
Theorem gives the boundedness of the operator .J,.
Conversely, let J, : BMOA® — BMOA® be bounded. It is easy to see that {f,(z) =
(1 —@z)'=°} is a bounded set in BMOA®. So

oo > sup | Jgfa H2BMOA/j
a€D
= Sup/ (1= 2P fa(2)Ple' ()P = pa(2) P dA(2)
a€D JD
(1= [2[»)2650 2
> 225 e WL‘] (2)IF(1 = pa(2)|)dA(2)
> Coup(L— a0 [ |g/()PdA(:)
a€eD D(a,r)
> Csup(1—|af’)*P (1 —[a*)’|g ()
aeD
= C| glpman
Thus g € B#~**1. The proof is complete. O

Corollary 3.6. Let 1 < a < B. For g analytic on D, if g € BMOAP~*+1 then
gBMOA® c BMOA®.

Proof. Let1 < a < g. If g € BMOAP=**! then J, : BMOA® — BMOA? is
bounded operator. And if g € BMOAS—+1,

sup(1 — |z[%)7~ g ()] < co.
z€D
Since sup,¢cp(1 — |2]2)?=H g/ (2)| ~ sup,cp(l — |2|2)P=%|g(2)], I, : BMOA® — BMOA?

is bounded operator. Hence we have gBMOA® ¢ BMOAP. m]

Together with Corollary 3.3, the following result gives a relative complete descrip-
tion of multipliers between BMOA® and BMOA? ( except for the case a =1, 8 # 1).
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Corollary 3.7. (i) Let 1 < a < 8. Then g is a multiplier from BMOA® into
BMOA?P if and only if g € B!,
(ii) Let aw > 1. Then g is a multiplier from BMOA® into itself if and only if g € H®.
(iii) Let a > B and g is a multiplier from BMOA® into BMOAP, then g = 0.

Proof. Let1<a<g. Let ge B~ asa < B and g € H® as o = 3. Since
H* C B, by Theorem 3.1 and Theorem 3.2, both I, and .J; are bounded operators from
BMOA® into BMOA®. So g is a multiplier from BMOA® into BMOAP.
Conversely, suppose that g is a multiplier from BMOA® into BMOA®. As in the
proof of Proposition 3.5, for any a € D, {f,(z) = (1-a2)'~“} is a bounded set in BMOA®.
Thus {gf,} is a bounded set in BMOA®. Thus by Proposition 2 of [Z2] we have

o > sup/D(l—IZIQ)Q(‘H)\fa(Z)\2|9(2)|2(1—Isoa(Z)IQ)dA(Z)

acD

3§ (1= |2*)%65-2) 2 2
> s [ e 9GP0~ ell2))aAC)
> Csup(1— [0 [ jg(a)Paac)
aceD D(a,r)
> Csup(1 — [a2)2P-2D(1 — [a2)?]g(a) 2
acD

= Csup(l - a|*)*"Vg(a)?
aeD

which implies that g € Bf >l as o < f; g€ H® asa = B and g = 0 as a > 3. The
proof is complete. m]

Theorem 3.8. Let o > 0, the operator I, : BMOA, — BMOA, is bounded
if and only if
g€ H™.

Proof. 1f sup,cplg(z)] < oo, it is trivial that I, : BMOA, — BMOA, is
bounded. So we only need to prove the converse. Note that the quantity

sup(1 = )2 [ |£/) (1= lpa(2) P)dA(2)
acD D

is comparable to the quantity

I 2a—2
Il f HQBMOAQF sup 1 |f/(z)\2(1—|z\2)dA(z).
I
1COD | | S(I)
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Suppose that I, is bounded on BMOA,. In the case of a # 1, consider the test
function hy(2) := (1 —@z)'~® for all @ € D. Then it is clear that {h,} is a bounded set in
BMOA,. For any a € D,

g < o[ jepanc
= STy Joen

~ O [ () Pla(e)PaAC)

~ C(1— a7V ha(2)Plg(2)P(1 = |a(2)*)dA(2)
D(a,r)

< O(1—lafyPeV /Dlh;(Z)IQ\g(Z)IQ(lf lpa(2)[*)dA(2)
< Cll ogha lbroa,< C Il g [l ha Inoa, < 22°C || I | < oo

Hence we see sup |g(z)| < co.
zeD

In the case of oo = 1, we can prove it by using the test function hy(z) := log 1_—1@ as
well. So we omit to prove it. O

Theorem 3.9. Let a > 1, the operator Jg: BMOA, = BMOA, is bounded
if and only if
g€ BMOA.

Proof. Suppose that g € BMOA. Then we have
sup

|[‘20¢—2 , ) , 7Z2 ]
s Hm [ PR - 1Pac)

2|[‘2o¢72
sup

rr— ,22 zZ)— U2 —22 z
Sup /Sm\g()l 1f(z) = F()["(1 = [2[)dA(2)

N 2|[‘2a72

sup

rcop |
=11 + I.

Since g € BMOA, we see go ¢, € BMOA. Thus dug = (g0 ¢u) (2)]?(1 — |2|2)dA(z) is a

Carleson measure. So we have for u = (1 — |I|){, ¢ the center of I,

2 . 2
L Cllglmos (1= [ 1o pu(e”) - f)] do.

I Tof IBrioa,

/ lg'(2)P[ (@) P(1 = |2 dA(2)
S(1)

B 27 i 2
(1= a2 [T [7opu(e) = s ao
< sup(1 = [u 7 | Fopu(z) — ) [
~ sup(1 - [uf?)2eD ( [irera- |sou(z>\2>dA<z>)

ueD

~ | f Ismoa. -
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Hence there exist some positive constant K > 0 such that

2 2
L <K | gllsmoal f IBroa, -

On the other hand, since BMOA, C Bq, we have that || f |5, <|| f ||Bmoa, and
C
|f(u)] < A=Ta)o T Il f lB.- So we have

|f(u)] < A= Ta)ot Il f llBroa, - Hence we see
Cl*2 || f 1m0 / 12 2
I, < s a 1— dA(z).
2SO T a2 sy T 7 AR
T'hus

I <|| f I Baoanll 9 Eaoa -
Hence the operator J, is bounded on BMOA,.
To prove the converse, suppose that for a = (1 — |I|)(, ¢ the center of I. Then there
exists a bounded set {f,} in BMOA, such that m% < Ci|fa(2)| for all z € S(I). Let
I C 9D and a = (1 —|I])¢, ¢ the center of I.Then we have

1 / 2 2
0] Jo |9 O 2346)

CilIPD r s 2 2

- T/Sm 19 )P fal2)P (1 = [2")dA(2)
Cy |11 2 .

= T-/S(I) ‘(Jgfa(z)) (1 — |2]?)dA(z)

2
< C1 || Jofa lBMOA
<C1 | Jg P fa HZBJ\JOAQ< +o0.

Hence we have that g € BMOA. |

By using Theorem 3.8 and Theorem 3.9, we have the following corollary :

Corollary 3.10. Let a > 1. For g analytic on D, the following are equivalent:
(z) gBMOA, C BMOA, ;

(it) Iy: BMOA, — BMOA, is bounded operator ;

(i) g€ H™®.
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Proof. Since
Il 9 lIBMoa< sup |g(2)],
zeD

we see that the boundedness of I; implies the boundedness of .J; because of Theorem 3.8
and Theorem 3.9. So it follows that (ii) implies (i). To prove that (i) implies (iii), suppose
that gBMOA, € BMOA,. Put ku(2) := (1 —az)*"* — (1 - |a|>)!™ (a,z € D). Since
gBMOA, C BMOA, and k,(a) =0,

lallg(a)l = (1= 1a*)* [ka(a)g(a) + ki (a)g(a)]
< sup(L— [2*) [ka(2)g'(2) + ko (2)9(2))|
zeD
= [l kag =<l kag [ BrroA. < +00.
Hence we see that g € H*. O

§4. Multipliers from D, to Dg

As o > 1, it is known that the space D, is exactly the weighted Bergman space
L2°~2 which contains analytic functions f on D satisfying

[ 1#@R0 2P aA) < o
D

(see, for example, [HKZ, pl2, Proposition 1.11]). But pointwise multipliers between
weighted Bergman spaces have been completely characterized recently by R.Zhao in [Z2,
Theorem 1]. In this section we study the operators I, and Jy from D, to Dg.

Theorem 4.1. Let a < . For g analytic on D, the operator I, : D, — Dy is
bounded if and only if

15
sup(1 — [2[*)27~¥|g(2)| < oc.
zeD

Proof. Suppose that

sup(1 — |2[2) 27 g(2)| < +o0.
z€D
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Let f € D,. Then we have

116 1h, = [ 1o - |=P)PaA(z)
A (\g(z)\(l -1 )éﬁ*%“f FER( = 2R)dA()
< <sup(1 — )3y ) JALCIEEERR IO
z€D
< <sup<1 - \2\2)%B’%QIQ(Z)\> 71,
z2€D
To prove the converse, fora € D, m > 1—1 sa, let go(2) = (1 — |a\2)m+%“_1%.
Then g/(a) = (1 — |a?)"2%7L. Since g(a)g/,(a) = (1 — |a|?)~2° 'g(a), we have
(1= laP)"“g@ = lg(a)gy(@)
1
Cor— r(2)|7dA
< Tl L. )|g( g4 (2)dA(:)
< 1, \a\ (1= |a|2)2+8 / (19a) (2)*(1 = |2*)7dA(z)
1
< CW I Igga 5, < CW I Zg 11”1l 9a II,,

Hence .
up(1 = [2/%)2"g(2)| < o0. O

z€D

Lemma A.( [AS2, Lemma 2] ) Let o > 1. There is a constant Cy such that

[ 15RO 2P 2dm() < €4 [ 7GR - |2P)dm),
JD JD

for all analytic functions f on D.

Proof. This follows from Lemma 2 of [AS2]. O

Theorem 4.2. Let 1 < o < 8. For g analytic on D, the operator Jg: Do — Dg
is a bounded operator if and only if

sup(1 — [2[2) 2=+ g/(2)] < cc.
zeD



Pointwise Multipliers From BMOA® To BMOA? 153

Proof. Let f € D,. Then we see by Lemma A,

10 I, = [ 19— 12 dAG:
2
-/ (w<zn<147z|‘***a+w PP 2Py dA2)
D
l
< (Sup(l — 22354 g (2 |> / [F(2)P(1 = [2%)272dA(2)
z€D
< NIy [ 1P 2AAE) = 9 1 oyl T 1,
1
To prove the converse, put gq(z) = (1 — \a|2)%"‘m. Then we see that gq(z) €
—az
D, Since (1 — |z|?) is comparable to (1 — |a|?) for all z € D(a,r), we have
g (@P(—laf)P* < C 19/ (2)P(1 = |21) 7 dA(2)
D(a,r)

—la 2\« _ax 20
- C’/D(M) \g’(z)|2(ﬁ ,|6z|\2)a (li — \a||2)a(1 2P dA(2)
- C/D(a ") l9'(2)P19a(2) (1 = |2*)°dA(z)

C [ 1049 P = 2 dAG) = C 1L Jy 1Pl ga I, < o

IN

Hence we have .
sup(1 —[2[%) 2= Mg (2)] < +00. O
zeD

Corollary 4.3. Let1 < a < B. For g analytic on D, the following are equivalent:
(Z) gD, C Dﬁ 5

(it) I4:Dq — Dg is a bounded operator ;

(it) Jg: Do — Dg is a bounded operator ;

(

i) sup(l — [2[%) 200 g/ (2)] < +oo .
zeD

Proof. Since the equivalence of sup, ¢ (1 — |z\2)%(ﬁ_"‘>\g(z)| < o0 and sup,ep(1—
\2\2)%(5*0‘)“@'(2)\ < oo follows from the result of [Zhu3], the equivalence of (ii),(iii),(iv)

follows from Theorem 4.1 and Theorem 4.2. It is trivial that (iv) implies (i). In fact,
supposing (iv), by using the equivalence of (ii),(iii),(iv), for all f € D,,

_/D(lf\le)ﬂ\f’(Z)g(Z)Jrf(Z)g’(Z)\QdA(Z)

<U Jof Wby + 1 of Wha< (116 120+ 11 g 12) 1 £ 13, -
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So we have gD, C Djg.
To prove the converse, suppose that gD, C Dg. Then for a € D, m > 1 — %a,

Lo— z—a Cloo
let ga(2) = (1 — |af*)"™*2* IW- Then gj(a) = (1 — [a*)72*"! and ga(a) = 0.

Since g(a)gy (a) = (1 — |al?)72*"g(a) and ¢'(a)ga(a) = 0, we have

(1= laf*)~**g(a)? lg(a)ga(a) + ¢'(a)ga(a)?

1
= 07/ 0(2) + 9/ (2)9a(2)PdA
R [9()94(2) +9'(2)ga(2)*dA()
_ B
S 1,|a| 2+/3/ [(990)"(2)2(1 — |212)PdA(z)
1
T japyes 1 M, S S VA
< C(l la | )2 1B I Myga HD5 ( " Ja?)2re I Mg (171l 9a [ID.,
Hence 1
sup(1 — |z|2)5(5*a)|g(z)| < . O
zeD
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