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Supplement II to the paper “Asymptotic cumulants of ability
estimators using fallible item parameters”
— Expectations

Haruhiko Ogasawara

This supplement includes Subsection A.6 of the appendix of Ogasawara
(2013).

A.6 Expectations

A

A.6.1 Non-studentized estimator &

A

(a) Non-studentized estimator & under Condition A and m.m.:

N =0(n) (c =n/N =0(1))
(a.1) The first asymptotic cumulant
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where Qp = N cov(p) = diag(n,) —m 7,

Eig, (p)=m,

matrix of the vector p of the sample proportions of 2" response patterns with

is the N times the covariance
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The following expressions and similar ones using partial derivatives of @,
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with respect to @, in form, will also be used (see Ogasawara, 2009)
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(a.2) The second asymptotic cumulant
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where ;) indicates the sum of two terms exchanging P and Q. The above
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result is alternatively expressed as
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For 7 Ereo (Zg{:)m(”) , see Ogasawara (2012a, Appendix).
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— A2 (A1) (4 2 7(A1) ) (A1) 2
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= )»90110 'an }/90 I:l {)\-Hoao ' a a0<2>
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for ML estimation (Ogasawara, 2012a, Equation (3.4)).
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(a.3) The third asymptotic cumulant
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(a.4) The fourth asymptotic cumulants
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In the following, the definitions of Terms (1) to (14) (see Subsection A.3)
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Term (1): 0.

Term (2): B
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the sixth term of (*) is
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(b) Non-studentized estimator 6 under Condition B and m.m.:
N=0@"?) @ =n* /N =0(1))

The asymptotic cumulants up to the fourth order are the same as those with
known item parameters except that the following higher-order asymptotic

variance of order 0(”1_1/2) for w is added.
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(c) Non-studentized estimator Z under Condition C and m.m.:
N=0*)(c” =n*/N=0(1))

The asymptotic cumulants up to the fourth order are the same as those with
known item parameters except that the following higher-order asymptotic

variance of order 0(77_1) for w is added.
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A.6.2 Studentized estimator of &

(a) Studentized estimator t=n" (‘9 - 6’0 )ﬂ_z}m under Condition A and
mm.: N =0(n) (¢ =n/N=0(1))

Only the expectations for the first and third asymptotic cumulants are
shown.

(a.1) The first asymptotic cumulant
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estimator of the information matrix Iao per observation). That is, when the
IRT model holds,
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are used.

(b) Studentized estimator 7 T=n'? (- ‘90); 2 under Condition B and
mm.: N = O(”m) (E* =n’?/N = o(1))

(la) 2y 1) 7(AD) 2
The expectation ETao {(‘10:( N—vz)) )= ETaO {7, 8, ZQOOP( quz)) }

. . ~12—% p(A) .. A
associated with the only added term # € P,; was given in ﬂz( ) of
(a.2.1).

(¢) Studentized estimator T=n"? ©- ‘90 )i 2 under Condition C and
mm.: N=0(n") (" =n"/N=0(1)
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associated with the only added term n*c” }(II;A) was given in ,BZ(A) of
(a.2.1). Note that the added term is algebraically equal to the that of (b) i.e.,
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