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We study a first price package auction with many buyers and many sellers in a decen-
tralized networked market. We show that any equilibrium with profit-target strategies
is efficient and the set of the equilibrium payoffs is equal to a bidder optimal core rela-
tive to an exogenously given network. We further show that in the bidder optimal core,
each buyer earns a less payoff than the VCG payoff, but does a larger payoff than the |
competitive equilibrium payoff. Finally, we discuss coalition-proofness and stability of

networks.

1 Introduction

A package auction is a selling mechanism where each buyer bids on bundles of multiple items, or
packages. The theory of the package auction recently plays an important role in the real economy.
For example, the U.S. and the UK. governments sell their bundles of spectrum bands under the
guidance of auction theorists (see e.g.. Cramton et al. (2006)).
In their seminal paper, Bernheim and Whinston (1986) first analyze a static package auction in
which only one seller exists. They show that there exist equilibria where each bidder is truth-telling,
“and the cérre:;ponding equilibrium payoffs are in the bidder-optimal frontier of the core. Ausubel
and Milgrom (2002) show that the bidder-optimal frontier of the core is implemenfed by their dy-
namic ascending proxy package auction with a single seller. This paper extends the static first price
package auction model with a single seller to that with multiple sellers, and show that the results

of Bernheim and Whinston (1986) hold true in the auction with multiple sellers.
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Furthermore; this paper studies an auction market where a network structure is embedded. We
often observe that a large two-sided market with many traders is networked. Each trader cénno’t
encounter any other trader unless they are linked. Krahton and Minehart (2001) and Corominas-
Bosch (2004) characterize a relation to the competitive equilibrium in networked markets using
centraiized mechanisms.

A natural class of selling mechanisms between multiple buyers and multiple sellers is the class of
centralized mechanisms. Each centralized mechanism (e.g. the Vickrey-Clark-Groves (VCG) mech-
anism and the Double auction) assumes the existence of a unique auctioneer or a unique market
maker who can collect all messages from all buyers and all sellers, compute an array of trades and
prices, and impose them. If the market rhaker exists, the VCG mechanism implements an efficient
allocation and the Double auction mechanism implements the competitive equilibrium, respectively.

In contrast, this paper assumes no market maker. We study a class of decentralized mechanisms,
where each buyer’s message is a collection of separaté messages sent to different sellers—one for
each seller, and all actions of a particular seller and her final allocation is independent of meésages
that the buyers send to other sellers (Peters and Severinov (2006)). Our motivations are as follows.
First, implementing the centralized VCG mechanism would be difficult because of computational
complexity in a large market consisting of fnulti-buyers and multi-sellers. Second, many real ex-
change markets (e.g. a wholesaier-retailer market and a manufacturer-supplier market) have no
market maker. Third, emergence of market makers is often prohibited by the government from the
view of antitrust law.

Peters and Severiﬁov (2006) analyze a decentralized auction with many sellers where buyers have
single-unit demands andi sellers have single-unit supplies. They show that the existence of a sym-
metric perfect Bayesian equilibrium resulting in the Vickrey outcome. Anwar et al. (2006) support
their prediction by testing data from competing auctions in eBay.

In an auction with multi-object demand and multi-object supply, we show that there exist equi-
libria where each buyer bids truthfully given a network, and any corresponding equilibrium payoff
vector is efficient and in a bidder optimal core relative to a given network. This result is an exten-
sion of Milgrom (2004, Theorem 8.7). He further shows that in the auction with a single seller, the

equilibrium outcome is unique and equal to the VCG outcome if goods are substitutes for all buyers.



In our auction with multiple sellers, in contrast, we find that in any equilibrium, each buyer earns
less payoff than his/her VCG payoff and greater payoff than his/her competitive equilibrium payoff.

The rest of the paper is organized as follows. Section 2 introduces a networked market with
many buyers and many sellers, and models a first price package auction. Section 3 provides our
main results. We show that the set of equilibrium payoffs is the same as the bidder-optimal core
relative to an exogenously given network. Sections 4 investigate relations to the VCG mechanisms
and the competitive equilibrium. Section 5 discusses coalition-proofness of eqﬁiliBria and stability

of networks, and Section 6 concludes.

2 Preliminaries
2.1 A Pure Exchange Networked Market

A (pure exchange) networked market consists of b buyers indexed by i = 1, ..., b and s sellers indexé'd
byj =1,..,5. LetI and ] be the set of buyers and the set of sellers, respectively. They trade N
commodities indexed by n = 1,...,N. Each commodity 7 is perfectly divisible. We denote each
package or bundle of commodities by x € IR{Y and the set of all bundles by X.

Each seller j has endowments w; € RY and a valuation function v; over X. Each buyer i has no
endowments and a valuation function o' over X. Valuation functions v and v; satisfy continuity,
quasi-concavity, and free disposal, i.e. v'(x) > v/(x'), and vj(x) 2 vj(x’') for allx,x’ € X withx > x". For
normalization, let v*(0) = 7;(0) = 0. We assume that v', v}, and w; are common knowledge among all
buyer i and all seller j (Complete information).

The market is networked. Let ij be a link between buyer i and seller j.* A set of links g C {ijbier jey 18
a (bipartite) network in the networked market. All trading between buyers and sellers are restricted
by network g C {ijlies jej- Each pair of buyér i and seller j can trade if and only if they are linked,
ie. jj€g. Let Li(g) be the set of sellers who are linked to i, and L;(g) be the set of buyers who are

connected to j. We denote an allocation from seller j to buyer i by x = (xi;, ..., x}y). For simplicity,

i . . 0 _ i 2
we denote an allocation to j-self by X = wj - ¥ x]’-.?

1In what follows, the left i designates a buyer and the right j designates a seller.
In what follows, the superscript i designates buyer i and the subscript j designates seller ;.



Definition 1. An allocation x = (x},x3, ..., x0) € R&**N is feasible relative to network g (g-feasible)

if

j i ‘
l' .o
x; 2 0forall j € g, and

x;=0forallij¢g.

Let F(g) be the set of g-feasible allocations.

We assume that all buyers and all sellers have quasi-linear payoff functions. A Pareto-efficient

allocation relative to g is defined as follows:

Definition 2. An allocation x(g) = (%}(g), ..., ¥2(g)) in the networked market g is g-efficient if
= (N iy N 9. (+0
x(g) € argg}gé Z v (; xj) + ; v](xj).

2.2 First price package auction in a networked market

We develop a decenfralized mechanism in which each seller j sells j’s endowments using a first price
package auction. A first price package auction is organized as follows: |
Step 1. Each buyer i bids a payment schedule t]’:(x;:) forj € J simultaneously, where x; = (x]’il, s x;:N)
is an allocation from j to i. We assume x; >0and t]’:(x;:) > 0 for all 4, j, and x]l For seller
j ¢ L() who does not linked with i, t]’:(x;:) =Q.
Step 2. Each seller j allocates commodities X = (le,...,x;?) € RPN simultaneously. For buyer
i ¢ Li(g) who does not linked with j, x]’: = (0,...,0) € RY. By the resource constraint, an
allocation to j-self 2 = w; - 3,2 > 0. |
In Step 1, each buyer i offers a payment schedule t;:(x]’:) to any linked seller j € Li(g). Each payment
schedule t]’: depends only on an allocation from j to i, x;:; and cannot depend on other xf (kI # i).

After bidding, each seller j allocates commodities to buyers x; = (x](.’, x}, ...,x?) in Step 2. Finally, each

buyer i pays sellers for x' = (xi, ..., x%), according to the given i’s bids # = (t}, ..., t}).



Lett = (t, ..., 1) be a strategy profile of buyers, and x = (x4, ..., ) be an allocation profile of sellers.

The payoff functions for buyer i and seller j over a profile (t, x) are given by

i) =0 ), )= ) H(x) )
' jeL'@) jeL'@)
ILi(t, %) = v;(x)) + > B (2)

ieL(g)
2.3 Profit-Target Strategies

Let t; = (t},...,t]’?) be a bidding proﬁle to j. Given t;, independently of a bidding profile to other
sellers _, seller j maximi-zes the payoff function Hj(t, x). Let X]T‘(tj) = argmax;, ITj(t, x). Each seller j ‘
chooses x]*-(tj) € X]* ) for any t;. Fix a profile (x}f(tj))jel for each bidding profile t. Then, the auction

is truncated to normal form game I' = (#,I1%);;, where a payoff function for buyer i is redefined by

) =o' ()~ ) ). | - G)
J JeL (g)
Deﬁnition 3. Let 7t = (11}, ..., 7it). For any profile ¢, buyer s bidding strategy ' = (t;)]-e] is a i-profit-

target strategy if for all £}, all x}, and j € L¥(g),
Fixl) = max {0, fi(x) - 7},

where

Flexd) = 0'6d + ) wd (1) = ') xi(ty).

I<j I<j
Note that Yes fiag () = v"(ZM (). This implies that any 7'-profit- target strategy reveals
i’s valuation function truthfully. Given i’s allocation (xi* (t))1j from sellers I < j, buyer i’s payment
schedule to seller j is a function defined as the increase of true valuation minis constant target profit

gs for any package x; ' and any seller j. Each buyer i earns the sum of target profit Z]e] -

Proposition 1. For a bidding profile of other buyers t™, take a best response t' € arg max, ITi(#, t77).



Let forje],

= o () + ) () o' () ) — ()

I<j ) I<j

fid) = o6+ 3 () — o' 1 ().

I<j I<j
Then, the 7i'-profit-target strategy is a best response of buyeri to t™.

Proof. Since Z n’ =0 (Z x’*(t ) = Z t’(x’*(t )), buyer i’s payoff for profile ¢ is TT'(t, ™) = Z]. ;
Denote by F, the i-profit-target strategy of i. By the definition, t’.(x’.*(t ) = tl.(x]‘.*(t]-)) for all 7,7, and
x;:*. By x; € argmax,, ITj(t, x), we obtain } ., ® ](x) +v; (xo) <Y © ](x‘*( )) + vj(x;.)*(tj)).

Suppose that f;(x;:) = 0 for some x; Then, by 0 = t’(x}) < tl(x;), we obtain
Exd) + }: ) + o)) <t + Z H () +0;(x0) < Be*()) + Z tk(xk*(t ) + o ().

Thus, x’*(t’ ’) # x for all x; - with t’(x) = 0. This implies that tl(x?*(?;:, t].‘")) = f}(x;*(f;, t]fi)) - ﬁ]l > 0.

Hence,
HI(P z) — vt(Z xz*(‘z, t"')) Z tl(xz*(tl, —z)) _ Z "l = Hz(tz 1) ‘ -

Proposition 1 implies that the profit target strategy is a best response for any profile t. The exis-
tence of Nash equilibria (NE) with profit target strategies is shown by construction in Proposition 2.
We remark that the set of all NE payoft vectors with profit-target strategies is a proper subset of all

NE payoff vectors.

Example 1. Consider a networked market withb =2,s =1, N =1,and g = ¢° = {11,21}. Letv; =
10x3, vy = 5x2, and w; = 1. Take any (t}, £2) such that (x}*(t), x3"(t)) = (1,0). Given £}, 7*-profit-target
strategy 2 is the 0-profit-target strategy for any best response 3. Given 1, 71j-profit-target strategy
. B is the 5-profit-target strategy for any best response t]. Thus, in the NE with profit-target strategies
(£}, 2), the payoff vector is (5,0,5). By the same argument, we can show that the (fl,f%) is the unique
NE with profit-target strategies. However, take a profile (t}, 2) = (7x],7x3). Then xj(t) = (1,0). This

profile yielding the payoff vector (3,0,7) is an NE. Thus, (3, 0,7) supported by an NE is not supported



by any NE with profit-target strategies.

3 Equilibria and Bidder-Optimal Core

To characterize the set of NE payoff vectors with profit-target strategies, we define a cooperative
game (M, g, w) in the networked market as follows. Let M =1U] be a set of all buyers and all sellers, '
and S C M be a coalition. Fix a network g. Let g5 be a subnetwork for coalition S such that ij € g5 if
i,j€Sand 1] € g, and ij ¢ g5 otherwise. Denote by F(gs), the set of gs-feasible allocations. We define
a characteristic function w as for all S ¢ M, 4

€S jesS jes

w(S|g) = max Z vy’ x) + Z v(x?). | @

Obviously, w(S|g) is super-additive in coalition S. Thus, the core is defined as follows. We denote a

payoff for i and j by ¢ and ¢, respectively.

Definition 4. The core of (M, g, w) is given by

Core(M,g,w) = {9l )_¢'+ ) ¢, <wMlnidl ) ¢'+ ) ¢;>w(SIgVS c M.

i€l j€l i€lnS jeins

By definition, each payoff vector in the core is g-efficient. When s = 1, the set of payoffs sup-
ported by an NE with profit-target strategies coincides with the bidder optimal core (Milgrom (2004,

Theorem 8.7)). The following proposition shows that the above result can be extended to cases s > 2.

Definition 5. A payoff vector ¢ is bidder-optimal relative to g if ¢ € Core(M, g, w) and there exists
no ¢’ € Core(M, g, w) with ¢* > ¢' for all i € I and ¢"* > ¢’ for some i € I. The set of bidder-optimal

payoff vectors relative to g is the bidder-optimal core relative to g.

Proposifion 2. Fix a networked market (v, Vi, 0))ijems §)-
(i) Sﬁppose ¢ is bidder optimal relative to g. Then, any profile t of w'-profit-target strategies
yielding the payoff vector ¢ constitutes an NE.
(ii) Conversely, suppose that profile t of 7i-profit-target strategies yielding the payoff vector ¢

constitutes an NE. Then, ¢ is bidder optimal relative to g.



Proof. Part (i): We show that if ¢ is bidder optimal then any profile ¢ of rt-profit-target strategies
yielding ¢ constitutes an NE. Take a profile ¢ of '-profit-target strategies yielding ¢ and let x*(t) be
the corresponding allocation of sellers. Then §, 7 = ¢' for all buyer i. By Proposition 1, it suffices
to show that there is no deviation to another profit-target strategy f'.

Suppose that buyer i € L;(g) deviates to F with 7' = (n]’f +6,mt j) for some seller j € Li(g) (6 > 0).
First, suppose x]l:*(tj) = 0. Then x]’:*(f]‘:, t]Ti) = 0. Hence, the deviation is not profitable for buyer i.

Second, suppose x;:*(tj) > 0. If there exists no subcoalition S such thati ¢ S, € S, and w(S|g) =
Zklles[qbk"+qb,], then there exists & > 0 such that (¢ + 6, ¢, ¢;j—6,¢_;) which dominates ¢ for buyers
is in Core(M, g, w). This contfadicts that ¢ is bidder optimal.

Thus, since ¢ is bidder optimal, there exists a subcoalition S such thati ¢ S,j € S, and w(S|g) =
> k,lES[qbk + ¢] for any buyer i and any seller j. This implies

‘= max (k) + 0;(x).
; {x;lx,"=ov1c¢5};] m

Then, we.obtain for such coalition S,

max k) + 00 > ¢ -6
{xj|x;<=ov1<¢5};] ) * o) > 6

= max > ) + 0;(x9) - 6
kel

> {g}(?:é} ge_; t;:(x;:) + v]-(x](.’) - 6.
This inequality shows that it is profitable for seller j to exclude buyer i ¢ S. Hence, x'(f, ) =0,
and the payoff for i decreases. Therefore, there is no profitable deviation for any buyer i.
Part (ii): To show the converse, suppose that profile ¢ of profit-target strategies and the corfe—
sponding x*(t) constitutes an NE with payoff Ve;:tor 0}
First, we show that ¢ € Core(M, g, w). Suppose ¢ ¢ Core(M, g, w). Then, there exists coalition S

such that Y., @'+ jegns i < w(S|g). Since each buyer i adopts profit-target strategy, t]‘:(x;:) =



max {0, f! | (x) n '}, Then, we obtain for such S,

Z ¢ = Z math‘ ’)+v(x0)

JjEINS jejns i€l

> max ) #i(x) + ;(x))
jefns Wjin=0Vi¢S} et

2y mac Y -0

jefns (xjlx;=0vigSt;erng

=[)  max Y fld)+oN]- ) ¢f

jerns blg=0vigS) jerng i€Ins
=[ max vy x)+ 2,(x9] - i
[{lexz:=ow¢5}f,i QD+ ) oedl- ) ¢
j i€Ins  jeJ j€Ins i€INS
=w(Slg)- Y ¢'> ) @
i€Ins jeins

The fifth equality follows that x{ = 0 for all j ¢ S and Yie fi= v;(X¢; %)) This is a contradiction.
Hence, ¢ € Core(M, g, w). |

Next, we show that ¢ is bidder optimal. Let X be the corresponding allocation to ¢. Suppose that
¢ is not bidder optimal. Then, there exists (i, /) and 6 > 0 such that ¢ = (¢' + 25, ™, ¢;—26,¢_) €
Core(M, g, w). Suppose that buyer i deviates to 7'-profit-target strategy such that ' = (n]’: +9, ni_].)
with ¥, 71} = ¢, denoted by P = (f]?, ti].). Then, we obtain

max i) + Z H ) + vy(x) 2 B() + > H(xF) + v;(x0)
k#i .
=¢j—6 >¢]"'26

Let S/ be any coalition such that € S for all <jandl¢ S foralll > j. Since (¢'+26,¢7, $i—26,¢_))

is in Core(M, g, w),

¢;=26 > max w(S]]g) Yo k- > @

(Sligs

kelng lefnS\{j}
= max [max Z k(Z xi‘) + Z z71(350)] - Z PF - Z ol
{Sligs’) kelns IS I<j kelng/ I<j
> max [max Z k(x + Z ) + vj(x?) + Z ?l(i?)] - Z (pk - Z b1-
(Sigsh| 5, e I<j I<j kelns <



Substituting ¢ = Yiesi nf‘ and ¢, = Zk[vk(y”cf‘ + D Xm) — vk(ZnKI )+ o (%0) - nf‘] into it yields

{Srlnlizg [n}?x Z _vk(x;‘ + Z k) + Z )(%9) + vj(x?)] - Z ok - Z ¢

' keIng/ I<j I<j kelns/ I<j
= max max ) [(vk(x;c + Z %) -t - k(- x?)] +9,(x)
S g I5j I<j

= n}?x Z max {0, ak(x;‘ + Z xk) - vk(Z xk) - n;.‘ }] + vj(_x](.])

k#i I<j I<j

— k(. k (0
= rr}c?x ; t; (xj) + v](x]. )-
1

Therefore, ¢;-26 > max;, [Z ki t]’-‘(x]’.‘) + U]-(x](.))], This inequality implies that seller j’s payoff decreases
if j rejects buyer i’s (n; +6)-profit-target strategy. Thus, since seller j accepts the buyer i’s deviation,-
it is profitable for buyer i. This contradicts the assumption that profile t is an NE. Hence, ¢ is bidder

optimal. "

Remark 1. Consider the following sequential first price package aﬁction. First, sellers are ordéred
at random and renamed according to the order. In Stage 1.1, each buyer bids schedules to seller 1.
In Stage 1.2, seller 1 decides an allocation. In Stage 2.1, each buyer bids schedules to seller 2, and
so on. Since valuations are private, there exists a‘ subgame perfect equilibrium with profit-target
strategies which is payoff equivalént to an NE with profit-target strategies of the first price package

auction.

By Proposition 2, NE allocation x*(t) is g-efficient for any g, where t is an NE bidding profile with
7!-profit-target strategies. Thus, any g-efficient outcome yielding a bidder optimal payoff vector is
implemented by the first price package auction mechanism for any g.

4 Comparison with Other Market Mechanisms

4.1 Substitutes and VCG outcome

This section studies a relation between the decentralized first price package auction mechanism
resulting in the bidder optimal core and the centralized Vickrey-Clark-Groves (VCG) mechanism.

In what follows, we assume that each seller has no valuation over any package (i.e. v(x) = 0) for

10



simplification. Milgrom (2004) shows that, whenever s = 1, the bidder-optimal payoff vector is
unique and coincides with the VCG péyoff vector, and then the VCG payoft vector is in the core, if
valuations satisfy concavity® and a substitute ccrmdition.4

- In the VCG mechanism, there is a unique planner. Each buyer i feports valuation #' to the planner
(valuations of sellers are known). Then, the planner imposes a ¢-feasible allocation of commodities
and transfer. It is well-known that each buyer i earns ’s marginal contribution w(M|g)-w(M\{i}|g)
in the truthful equilibrium with dominant strategies of the VCG mechanism. We denote buyer 7’s
and seller j’s VCG payoffs by ¢}, (g) and ¢;(g), and i’s and j’s bidder optimal payoffs by ¢%(g) and
b;5(g) for any g € G, respectively. Let oy = (@}, ¢v)ijem and ¢p = (Pp, Djp)ijens-
Proposition 3. For anyi and any g, ¢i,(g) > max | P5(9)), and ¥ ¢jv(8) < min{} ¢;p(8) -
Proof. Any payoff vector such that some buyer i’s payoff is strictly greater than i’s marginal con-
tribution is not in core. Thus, i’s VCG payoff ¢,(g) is greater than or equal to i’s maximum payoff
max { p5(g) } in the bidder optimal core. Since Y [0v©) + @l = X P5©) + 9p(9)] = wMg),
we obtain }’ ¢;(g) < min{ 3 ¢ip(g) ). | n

If Proposition 4 holds with equalities, then the payoff equivalence holds true as s = 1. In the

following example, equalities hold.

Example 2. Let I = {1,2,3}, ] = {1,2}, N = 1, and g = g° (complete bipartite graph). Suppose
that w; = 1 for all j. Each buyer has a valuation function given in Table 1. Each v; is concave and
linear-substitute valuation for i = 1,2,3. The marginal contribution of buyer 1, 2, and 3 are given
by 2,1,0, respectively. Hence, (¢}, ¢3, $3,) = (2,1,0). The bidder optimal payoff vector for buyers is
uniquely given by (¢1, 3, ¢3) = (2,1,0). This example demonstrates that each buyer i = 1,2 earns

i’s marginal contribution, which is the VCG payoff, in the auction.

The next example, however, shows a strict inequity even if the substitute condition holds for

buyers.

3We additionally require concavity since commodities are divisible. The equivalence holds true when valuation func-
tions are concave nonlinear-substitute valuations for divisible goods. If we consider multiple indivisible commodi-
ties, the strong-substitute property is sufficient. See Milgrom and Strulovici (2009) for details.
* Formally, we denote a price vector over commodities N by p = (9"),.en (" € R,). A demand correspondence for agent
iis given by Di(p) = arg max v’ (X;¥) - X;p -y Valuation o' is linear-substitute if whenever p" <", p™ = ", and
x € Di(p), there exists ¥ € D/(p) such that x™ < %™". The linear-substitute and the nonlinear-substitute conditions
are equivalent for concave valuations.

11



1

[ v 2 B
0<x<l1 10x 9x 8x
1<x<2[10+8x-1) 9+7(x—-1) 8+6(x—1)

2<x 18 16 14

Table 1: Valuation functions for buyers

Example 3. Let ] = {1,2},] = {1,2}, N = 1, and g = ¢°. Suppose that w; = 1for all j. The valuati.on
function for buyers aré also given in Table 1. The marginal contributions of buyer 1 and 2 are 3 and
1 respectively. Thus, (¢}, ¢?) = (3,1). However, the set of bidder optimal payoff vector for buyers
(@5, ¢3) is {(2,1)}. This example demonstrates that in the auction, each buyer i = 1,2 earns a less

payoff than i’s marginal contribution while goods are substitutes for buyer i = 1, 2.

Thus, when s > 2, the payoff equivalence fails even if buyers’ valuations are substitute. The VCG

payoff vector Pareto-dominates any bidder optimal payoff vector for buyers, and thus is not in the

- core.

Corollary 1. Suppose s > 2. Then, the VCG payoff vector is not in the core, even if buyers’ valuations

are concave and substitute.

4.2 Competitive Equilibrium

This section studies a relation to the competitive equilibrium, which is a standard stable outcome
when traders are price-takers. In éddition, Cripps and Swinkels (20(}6) show that the centralized
Double auction impiements the competitive equilibrium. In Example 2, the minimal competitive
price p = 8 and the corresponding payoff vector for buyers is (2,1,0). Since the unique bidder
optimal payoff vector for buyers is (2,1,0), there is a competitive equilibrium payoff vector in the

bidder optimal core. Example 3 also has this relation. However, it fails in the following example.

Example 4. Let] ={1,2,3},] ={1,2}, N =1,and g = ¢°. Suppose that w; = 2 for all j. The valuation
function for buyers are also given in Table 1. The ‘minimal competitive price is 7. The corresponding
competitive payoff vector for buyers is (4,2,1). However, the set of bidder optimal payoff vectors
for buyers is {(5,3,1)}. This example demonstrates that each buyer 1 - 1,2,3 earns a greater payoff

than ’s maximal competitive payoff in the auction.

12



To investigate the relation formally, we introduce a link-based price vector (p;)iel,je] into the net-
worked market g. Each pi(g) € RY is a price vector between buyer i and seller j. If buyer i buys X,

from seller j, then i pays pi(§)x} to j.

Definition 6. (p;(g),x;:(g))id,jel is a competitive equilibrium relative to g (g-competitive equilibrium)
if for all i and all j, |

(i) (*(g), ..., xi(g)) € arg max vi(zj yi) = X 7}(g)y; subject to y; = 0 for all jj ¢ g, and

(i) (x}(9), -, x}(g)) € argmax Y, pi(g)y; subject to y; = O for all jj ¢ g and 3, ¥} < w;. -

Let ¢L(g) and Pic(g) be i’s and j’s g-competitive payoffs respectively, and ¢¢ = (L, $ic)ijem- The

following standard property of the competitive equilibrium holds in the networked market.

Lemma 1. ¢-(g) € Core(M, g, w).
Proof. Fixg. Let (p]’:, x;:) ie1 jj De a competitive equilibrium, and let p; be a vector with p;, = MmaXiep (g) ‘p;:n
foralln=1,..,N. Since (x})id € argmax,; Zip;y]i for all j, we obtain Zip]’:x]’: = pjw; for all i, .

' i

Take any coalition S. Suppose that there exists (%));jes such that v'(Y s x)- Yies pi% > P-(g) and
YiesPi%: > dic(g) forall i,j € S. Then, ¥, spj% > ¥, pix} = pjw; for all j € S. Hence, ¥, P >

,.,,i e o1+ . . . . .
Z]’es pjw;. However, Zi,jes X < Z;es w; by feasibility. This is a contradiction. Thus, there is no

coalition S such that }"__c ¢L(g) + Yies bic(8) < w(Slg)- n

By definition, we obtain the following straightforwardly.

Proposition 4. There exists (¢5(8))ier such that ¢i(g) > ¢(g) for all i, g, and (¢pL(8))ier- Moreover,
max { Y ¢;p(g)} < min{} ¢jc(9) }-

Example 4 shows that a strict inequality holds in some networked market. Thus, the first price
package auction mechanism does not implement the competitive equilibrium, and any competitive

equilibrium is Pareto-dominated by a bidder optimal outcome for buyers.
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5 Discussion
5.1 Coalition-proofness of equilibria

~ In the auction with a single seller (s = 1), Bernheim and Whinston (1986) show that the set of NEs
with profit-target strategies yielding a bidder-optimal payoff vector is equal to the set of coaiition-
proof Nash equilibria. Thus, the bidder optimal core is equal to it. In this section, we extend this
result to the auction with multiple sellers, s > 2.

To show it, we define a component game relative to coalition S with ] ¢ S ¢ M as follows: For
any bidding profile ¢, let 5 = ();cn;. The component game is given by I'/F\S = (¢, IT),.s), where
i = Hi(fSnI,'t‘M\S).

Definition 7. Fix a networked market (', vj, ;); jem, &)-
(i) In a first price package auction I with a single buyer (b = 1) and s sellers (s > 1), profile t!
is a coalition-proof Nash equilibrium (CPNE) if it is an NE.
(i)  (a) For a first price package auction I’ with b buyers (b > 2) and s sellers, profile
is self-enforcing if for any coalition S with ] € S € M, profile t° is a CPNE in the
component game relative to S, [/#M\S,
(b) For any first price package auction I' with a set S of buye‘rs and sellers, profile tM
is a CPNE if it is self-enforcing, and it does not Pareto-dominated by another self-

enforcing profile.
Proposition 5. The bidder-optimal core is equal to the set of CPNE payoﬁr vectors.

- Proof. Fix s > 1. In any auction with a single buyer (b = 1), it is obvious that the unique NE yielding
the unique biddef—optimal payoff vector is a CPNE.

Assume that the proposition holds true in any auction with b = 1,..,m buyers and s sellers.
Consider an aucﬁon with m + 1 buyers and s sellers. By Proposition 2, for any bidder-optimal payoff
vector ¢, there is an NE ¢ with profit-target strategies yielding ¢.

We first show that any bidder optimal ¢ is supported by a CPNE. Take an NE ¢ with profit-target

strategies yielding bidder optimal ¢. Since f is a prbﬁle of pfoﬁt-target strategies, for any S and any
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seller j, in the component game I'/tM\S,

?c;f(tsl M\5) € arg ZI,I}(?;J ,' v?(x]‘.’) + Zl‘ z)i(x; + ; (85, iM\SY),
Thus, in component game I'/tM\S each seller j chooses the same xX(t) = x}f(ts, tM\S) a5 in the game
I. Hence, (qbi: ¢7);jes is bidder optimal in I/t"\S." Since the proposition holds true for b = 1,...,m,
profile t° is a CPNE in I/tM\S for any S ¢ M. Thus, t is>self—enforcing. Since ¢ is bidder optimal,
t is not Pareto-dominated by another self-enforcing profile. Hence, ¢ is a CPNE. By mathematical
induction, any NE ¢ yielding bidder optimal ¢ is a CPNE for any b € IN.

We next show that any CPNE payoff vector is bidder-optimal. Take a CPNE t yielaing qb Since
the proposition holds true for b =1, T, payoff vector (¢, ®;)ijes is bidder optimal in component
game I/tM\S for any S ¢ M. Suppése that payoff §ector ¢ is not bidder optimal in game I'. Then,
there exists ¢ that Pareto-dominates ¢ for buyers in some coalition S with J] &S ¢ M. Hence, ¢ is
not bidder optimal in component game T /tM\S. However," (@', ¢)); jes is bidder optimal in T/tM\S. This
is a contradiction. Thus, ¢ is bidder optimal. |

By mathematical induction, any CPNE payoff vector is bidder-optimal for any b € IN.

Applying the above argument for any number of sellers s € IN shows that the bidder optimal core

is equivalent to the set of CPNE payoff vectors for any b, s.  onm

5.2 Stabilify of Networks

We have investigated the allocation problem on a given network. This section discusses efficiency
and stability of networks,.provided that the sélling mechanism is the first price package éuction.
Denote by 1’ and n;» numbers of links of i and j in g respectively. Let L be a link-based transaction
cost function to form network g. Wé assume that L(g) = Y. I'n'(g) + 3.;1m;(g), where I and I; are
some constants for buyer i and seller j respectively. Thus, social welfare in network g is given by
W(g) = w(Mlg) - L(g). The network g is efficient if g € argmaxy, W(g’).

Let ¢ + ij be a network given by adding link ij ¢ g to g, and g — ij be a network given by deleting
ij € g from g. Then if g is efficient, w(Mlg + ij) - w(MIg) <Lg+i)-L(g) =T+ l; for all ij ¢ g and
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w(Mlg) — w(Mig - ij) 2 L(g) - L(g — i) = I' + ] for all jj € g.
First, we develop a model of unilateral férm'ation of networks. Each buyer i unilaterally forms
~a link with any seller j with whom i wants to link af cost I' > 0 for all i. For all seller j, ;=0 A
network g is unilaterally stable if there exists a bidder-optimal payoff vector ¢p such that
() for ij € g, j(s) ~ (g~ i) = I', and
(i) forij ¢ g, ¢(g +1f) — Ph(g) < I'

Proposition 6. Any efficient network is unilaterally stable.

Proof. Take an efficient network g and a payoff vector ¢(g). By definition, w(Slg) = w(S|g — ij) for
any coalition S 3 i. By bidder optimality, this implies that for all i and all ij € g, there exist bidder
optimal ¢5(g) and ¢ (g — ij) such that

PL(8) = Ph(g — i) + [w(M]g) — w(Mlg - if)]. \ (5)

Since g is efficient, $iy(g) — Pl(g — i) = w(MIg) — w(Mg — ij) > I. Thus, any efficient g satisfies the
condition (i). Applying the same derivation for ij ¢ g yields that ¢4 () - P4(g +1) = w(Mlg) —w(Mlg +

ij) > —I* for all ij¢g. Thus, the condition (i) is satisfied. Hence, any efficient network is stable.

Next, we model a bilateral formation of networks. A link ij is formed if and only if both i and j
agree with forming link ij. We allow side-payments between i and j to form link ij. A network g
satisfies pairwise stability with side-payments if |

() for i € g, [p4(8) - Ph(g — D] + [Py(@) ~ dp(g — )] > I +1;, and

(i) forij ¢ g, [¢5(Q + i) — 5] + [P + i) — Pp@)] < I +1;.
If an efficient network g is pairwise stable, then the payoff incréase of seller j by forming a new link
ij ¢ g is smaller than the decrease of social welfare; ¢;p(g + if) — P;p(8) < [L(g + 7)) — L()] - [w(MIg +
if) - w(MIg)] = W(g) ~ W(g + ). Thus, if ¢jp(g +if) ~ $ja(g) > W(g) — W(g +ij) for any i ¢ g, then

efficient network g is not pairwise stable.

Example 5 (Efficient but not pairwise stable network). Suppose that all buyers are symmetric (o' = v
for all i), all sellers are symmetric and have no value on bundles (v; = 0 and w; = w for all ),

and b = s. Let the link cost I be relatively low such that v2w) — v(w) > 2L ’Ihen, the unique
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architecture of an efficient network is ¢ = {11,22, ..., ss}. Given g, each seller j obtains no surplus
(¢ip(g) = 0). If seller j forms a link ij with i (i ¢ g) then j earns ¢;p(g + 1) = v(2w) — v(w). Since
P8 +if) - qu(g). = v(2w) - v(w) > 2l and ¢'(g +ij) — p'(g) = 0 for any ij ¢ g, a pair (4, j) forms a new

link 7j ¢ ¢. Hence, any efficient network is not pairwise stable.
A sufficient condition that an efficient network is pairwise stable is given as follows.

Proposition 7. Suppose the complete network g° is an efficient network. Then, it is pairwise stable.

Proof. By (5), there exists (¢(g))gec such that PL(9) — Pph(g — 1) = w(M|g) — w(Mlg — 7j) and Pjp(8) -
$ia(g — ij) > 0 for all g. Since ¢° is efficient, L(g%) — Ph(g° — if) + ®ip(g) = Pipg° — i) 2 I + I; for any

ij € g°. Thus, g° satisfies the condition (i). Since there is no ij ¢ g, the condition (ii) is satisfied. m

A networked market with no link cost is an obvious example. IfIl = l]~ = 0 for all i, j, it is obvious
that the complete network is efficient and thus pairwise stable. In addition, both right-hand-sides
of the conditions (i) and (ii) of pairwise stability are zero. Since ¢'(g+1j) = ¢'(g) and ¢;(g+7) = ¢i(8)s

the efficient complete network is pairwise stable.

- 6 Concluding remarks

We have studied the first price package auction in the decentralized networked two-sided market.
We show that the results shown by Bernheim and Whinston (1986) hold true in the auction with
- multiple sellers. There exist equilibria with profit target strategies, where each buyer bids truthfully,
and the set of these equilibrium payoff vectors is equal to the bidder optimal core relative to an
exogénously given network. However, the payoff equivalence to the VCG outcome does not hold.
We show that the bidder optimal payoff vector is Pareto-dominated by the VCG payoff vector for
buyers even if commodities are substitutes for all buyers. We also show that the bidder optimal
pajroff vector Pareto-dominates the competitive equilibrium payoff vector for buyers\.

Further investigation will be necessary since our study has the following three limitations. The
first is information structure. Throughout the paper, we have assumed complete information among
all buyers and all sellers. Buyers-and sellers, however, usually have private information for their

valuations or endowments in auctions. The second is optimality. We have assumed that all sellers
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sell endowments using the first price package auction. However, it would not be an optimal sell-
ing mechanism for sellers. The third is strategic complexity. In the first price package auction, each
buyer bids a menu, which is a collection of a payment of any possible package. The package auction
might be complex rather than a multi-round auction where buyers bid each commodity individually
in each round. Analyzing the package auction with private information, the optimal package auc-
tion, and the multi-round simple package auction in decentralized two-sided networked markets

are left for future research.
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