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ON THE MULTIPLICATIVE PARTITION FUNCTION

By

Ryuji KANEIWA

1. Introduction.

Let n be a positive integer. A multiplicative partition of the number 7 is
a representation of n as the product of any number of integers that are greater
than 1. Thus

24=2:12=3-8=4-6=2-2-6=2-3-4=2-2.2.3

has 7 multiplicative partitions (cf. the table annexed at the end of this paper).
Let us denote the number of mutiplicative partitions of n by X(n), namely

Xin)y= > 1 (n>1y;

n=abighighi, L L zo

X(1) is defined to be 1. This arithmetical function, we call it the multiplication
partition function, was introduced by MacMahon [67] who noted that the function
X(n) has a generating function

ey G(s) = i X(nn=*= i.i[z(1~m'3)‘1 ,  Res>1.
Making use of this relation, Oppenheim [7], [8] found an asymptotic formula
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where the ¢, are certain constants, for each N and all large x. He also obtained
a better approximation
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to the sum 3,..X(n), where the I,(x) are modified Bessel functions, and the
numbers d; are the coefficients in the Taylor expansion
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In this note, we shall prove (2) with sharper error term, This is the fol-

lowing

THEOREM. We have

, 124/ log %
@ S X(ny=x 3 d, L @VI080) g peaviey
Wiz = vlog x

Jor any positive A, and sufficiently large x=x,(A).
Concerning the function G(s), we have immediately

oL !i (C(hs)—1), Res>1,

(5) log G(s)= 33 3 —m =3

m$3 k=1 ii€

where ({s) is the Riemann zeta-function. This last series converges uniformly
in any compact subset of the set {s;Res>0}—{1, 1/2, 1/3, ---}. The following
lemma is due to Oppenheim [8].

Lemya 1. The function log G(s) is regular for s >0except s=1/n (n==1,2, -
where there are simple poles of the function with respective residues 1/n? (?z-——
1,2, ). In particular, near the point s=1, we have

A 1 hY
(6) log G(S): - __”i* +0O(s—1).
By this lemma, we get the Taylor expansion (3) with
<T> d0:1 .
Moreover Estermann [371 showed that the function G(s) is singulay at every point
of the imaginary axis.
In order to prove our theorem, in the next section we shall estimate the

function
(8) 51@)‘—:Z}X{n}(x—ﬂ}zg%o(u}du, where £(x)= 3 X(n),
NEL 1 nE T
using the theorem of Hardy and Littlewood (see Chandrasekharan {27} that

logt
9) (s)y=0fpa-o/logajti-o) 22 . )
( &l O< log log ¢

for t=3, uniformly for 63/64=c¢<1, where o0=Re s and t=Ims. This argument
will lead us our estimate (4) of &£(x) in §3. Finally in §4, we shall give the
numbers d, in the Taylor expansion (3) an effective form.
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N

2. Estimation of £, {x).
By Perron’s formula, we have

1 fevie G(s)x*?
10 Elx)y= " e (] (e>1).
( i(x) 2t Bc—im s{s+1) ds 1)

It is plain that

53 2 (Lt~} =00)

L=
for e=Re s=2/3 and ali t=Ims. By (5) we have
1D log G(s)={(s)--0(1)  (6=22/3).

Let A, be any fixed positive number. From (9) we get that for 1223,

. log ¢
/ R I
B<S’NO‘“< log log t >
: A S . A, P
uniformly for 1—-——= - <¢g=1. Thus in the region (=3, l———-=¢=1, 2/3=¢
logt logt
we have
\ N log ¢
12 02 6= 0 1o 1og 7))

On the other hand for o221, t=1, we have
(13) Hog G(s)| = L) +0OM)
=log t-+-0O(1) {see [2] p. 34).

We now choose, for given x>1, the curve C=C,'\JC,\JC, such that

N T '
J Cl“# o=l log|t|’

Co=1{s; 0=0, [t|=t},

—eo<tst)

i r 141 1
S Cy=s gl e St <oy
155 logt ' "% J
where
T 32):'3 g\/,fil log x , amm ] et A
o=l 3 Tg log %,

The curve C is oriented by the parameter {. By (10), (1Z) and (13), we obtain

. G(s)xstt 1 Gis)xs+?t
(14) E(x)=Res — " 4 —& Sl
/ = ¢ s(s+1)

: : ds.
=t s(s-+1) ~ 2z

We divide the integral on the right-hand side into several parts. Let
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(15 s | O ds= Bt Bt Bt Bt B,
where
= 21__3%8)1)@[ (s=autt),
E,= 22 ﬁ“fgj;l di  (5=aatit),

and E; (j=2, 3) are complex conjugates of E,.
(iy Estimation of E,. Let s=o,+4 ([#]|=3). By lemuna 1 we have

log G(s)= V,,,,Ll,,v o),

Re log G(s)= - ‘j‘ﬁ}% Loq).

Since 0,—1<0, G(s)=0(1). Thus we have for x>1,
(16) Ei=0(x"Y=0(x% - 1110~,x>

(ily Estimation of FE,. Let s=o,+it B=t=t,). From (9), for sufficiently

large x=x,(A,) we have

- 44, logt
CCSFO{SX@( log log t,—log —f‘"‘n> log log ¢/

log t log 1,
- O( 10; %ofg t >: Ohaggifjgf;)
:O( 1:‘)/;1511 +log x r)
By (11), we get

E,=0 (% e\,p{ (l OK?\-{; y ))f\/’ A, log x})

Ve 4

Thus we have for sufficiently large A, and x=x,(4)),

(17) Egzo(m““’g?‘"" ) :
(iii) Estimation of FE, Let o=1— 10‘21—- (iz1,). The estimate (12) leads

us o
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<0

(18) Ee=0(x| t2at)

t

w_amﬁ)

:O<x2e_2
for sufficiently large x=x,(4,). By (14)-(18), we obtain the following

LEMMA 2.

G(s)xt+!

' _4.vlog x
S<S+l> ‘("O(XQG Ay lo°l>}

(12) &i(x)=Res
s=1
for any positive A, and sufficiently large x=x,(A,).

o

3. Proof of the theorem.

Let
def o) A-8+1
20) Ulx) S Res 91X
s=1 s(s41)
Then we have
(21) U’(,\): Rels 7@&2)/\ - U”(x): Res G(S):{S‘l.
= s=1

Since £,(x) is an increasing function, we have
1 . 1.
7 G =&r = =6 ()= &G ) =&}, >0,
by the definition (8). Suppose that
(22) h=nh{x)>0, h=o(x).
Thern, by (19) we have

Elx+h)=Ulx=4h)+0(xte41"ioga)

and ‘
, h*
Ulx+-h)=U(x)+hU (x)+§U”(xi0:h), 0<d., 6_<1.
Since
;1; A LTI ;ﬁ T | x_z —4,Viog z
- Ev )~} =U" ()= U (ki@ih)70<h o~te ),
we have

(23) E(X)=U"(x)+0{hU" (5= m.h)H-O(%e-Az“f@) .

In connection with functions U’(x), U”(x), we can show
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LEMMA 3.

24 e o g L een(2v/log x).
(24) Ullx)=x gud"‘ (log x)keviz

()2\/‘T<5£g7

22 UHo 507 log a7 -

Proor. By the definition of modified Bessel functions /,(x), we have

— 3 1,2v10g ) {s—Dvlog x )"

n=-co

and
h-1

(26) Res ¢'/¢-0 xo =i (s— )¢ =]_,_,(2+/log x)v/log x

_ 14:(2+/log x)
- (lo gj)ﬁﬂ yre

By (3) and (21), we get {24). Next we shall show (23). Let ¢, be the constants
such that

Gls)e/eD= Scy(s—1)F,  [s—11<1/2

(cf. Lemma 1). Then for some positive constant M,

lea|SME (B=0, 1,2, )

and we have

{:0:1 .
By (21) and (26), we have
i VRS
Ur(x)= Viog x L E
where
E ::M‘i%:,g PR i CQS""CXS <O<i{}<1/2> .
2t i§l=p b=1
If Mp<1, we have
Mo*
[ 2 -t MRS VN
Ei= T @

By taking p=1/+/log x, we obtain
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L2VioE ()

U7(x)= V108
22 Vlog x

Since we have, as is well known,

()~ \—,gm ,

we get (25). This completes the proof.
By using this lemma with

h=x e~ (AeimrDviog s (see (22))
(23} leads us to
Eo(x)=x i dé_{!e_f_l,(ﬂz_\“/wl,‘?gv?"? O (x e Aun -Dviogr)
’ - WEE1 /2 :

=e (log x)

Thus our theorem is proved.

REMARK. In our approximation (4), we may conjecture that the best order
of the error term would be

for the reason that

RES gs):":i _— '\/ }: i d 7 ] k~_]<«\g’/10v§~j\,>’
§==1/2 S - k=0 k 2k+1{10g x)””djjz
d(‘; L e-\’ﬁa

~ovie Y Togxi

where d; are defined by

However, it seems very difficult to prove this.

4. The numbers d,.

Let 7, and «, respectively denote the constants defined by

N Ty, s 1 AT
Now \im1 u n-+1
and
(28) Op= i (m—11 S(n, mai™ (n>0),

=1



362 Ryuji KANEIWA
where

roo logtlv+1) .
At B S 4 :l N
DI if m

log™(v+1)

ST >

[\A

M 8

if m>1,

o=l v

and integers S{n, m) are Stirling numbers of the second kind, that is, defined by
the identity

(29) = 3 S, m)a(x—1) -

rit==Q

Then we have the following

PROPOBITION.  The numbers d, can be represented in the form

7 GI"lluglz... ’

FEATANY i ARy v ‘gﬁ ,,,,,,

30y Gp=(—L)" 2 P ;
' L R S O - Y - (1 ‘)’”lm (9 ]>m% g.

g, e,

ffg(y_i 5
‘-51:—1—;’31:—2,18%93
1
/ AT N AN Ty
dy=1+4 B+ 5(Bert £1%)=5.48422 -
; 1 i
[ 3 8,82 (2 290 2 1 28— o oaATTo L
dy=—1=B— 5 (B 5= (B35 0+ £,7)=—13.80378 -,
2 6

PROOF OF PROPOSITION. It is not difficult to see that 3, and 7, can be
defined alternatively by

and
v . 1 e (—1L)7 .
(\32) S(S\’: - E T }?2(3'—1,}3

respectively, We obviously get (30} from (31). And alsc we have (27) from (32).
The latter was found by Stieltjes, Jensen [5], and Briggs-Chowla [17.
(—1y"r,/n! have been calculated by Gram [4] with 16 decimals. We now have

[gn::/n Ty (n>0),
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where
__<__l)n i kn—l;’(n(k) é i kn 1 -k ,
k=2 y=] h=2
from the definition (33) of «

(33)
by (5), (31) and (82). It is enough to show (28}

We have

1 % .
+ e Y O VIS0, )y ™
D\s (y--1) ° ﬁ%;m DS, myy }

(m——l\ S, mjay™ = Zlog“f’~
m D

2 14
i i ??L"‘ ) 'E)z\?'(? ”}>,

(34)
k=2
n=1, 2, denote rational functions

s to 28). Let f.(w)
— - S D) 1S,
0 m=1

. I w=

s outside 0=Sm=n.

and suppose S{n, m)=0 for integer

This leads

w?

z/(1—z) then v

have
8 "
£ e Y 7 P
Falw)= 1 e 2 =115 (n, m ¥
—Z mn=%
= k. min-+1) - {(k—1)
= 2 z® 3 n—1)18n, m) o
=2 mea {r—m)!
Dﬁ‘\ 1 Ny {: ]
= 3 z* }_w\n ik (le—1) - {k—m-+1)
k=2 ¢ m=1
= 3 kzt izt (1z] <D,
b=l
by (29). Thus we have (34), on putting w==1/v. This completes the proof
ot find Stieltjes’'s paper for 7, whereas Gram

REMARK. The author could not
Prof. 8. Uchiyvama, Prof

(47 referred to it.
'he author wishes to thank |
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Table of X(n)*
X(10a+ &) 10g+3
X X
b= 0 1 2 3 4 5 6 7 8 n=

0 1 1 1 2 1 2 1 3 2 14

1 2 1 4 1 2 2 5 1 4 1 37

2 4 2 2 1 7 2 2 3 4 1 65

3 5 1 7 2 2 2 9 1 2 2 98

4 7 1 5 1 4 4 2 1 12 2 137

5 4 2 4 1 7 2 7 2 2 1 169

6 11 1 2 4 11 2 5 1 4 2 212

7 5 1 16 1 2 4 4 2 5 1 253

8 12 5 2 1 11 2 2 2 7 1 298

9 11 A 4 2 2 2 19 1 4 4 349
10 9 1 5 1 7 5 2 1 16 1 397
11 5 2 12 1 5 2 4 4 2 2 436
12 21 2 2 2 4 3 11 1 i5 2 499
13 5 1 11 2 2 7 7 1 5 1 541
14 11 2 2 2 29 2 2 4 4 1 600
15 11 1 7 4 5 2 11 1 2 2 646
16 19 2 12 1 4 5 2 1 21 2 715
17 5 4 4 1 5 4 12 2 2 1 755
18 26 1 5 2 7 2 5 2 4 7 816
19 5 1 30 1 2 5 9 1 11 1 882
20 16 2 2 2 11 2 2 4 12 2 937
21 15 1 4 2 2 2 31 2 2 2 1000
22 11 2 5 1 19 9 2 1 11 1 1062
23 5 5 7 1 11 2 4 2 5 1 1105
24 38 1 4 7 4 4 5 2 7 2 1179
25 7 1 26 2 2 5 22 1 5 2 1252
26 11 4 2 1 21 2 5 2 4 1 1305
27 21 1 12 5 2 4 11 1 2 4 1368
28 21 1 5 1 4 5 5 2 47 2 1481
29 5 2 4 1 11 2 7 7 2 2 1504
30 26 2 2 2 12 2 11 1 11 2 1574
31 5 1 21 1 2 11 4 1 5 2 1628
32 30 2 5 2 29 4 2 2 .7 2 1713
33 15 1 4 4 2 2 38 1 4 2 1786
34 11 2 11 3 7 5 2 1 11 1 1840
35 11° 7 19 1 5 2 4 5 2 1 1897
36 52 2 2 4 11 2 5 1 12 4 1992
37 5 2 11 1 5 7 7 2 21 1 2054
38 11 2 2 1 45 5 2 4 4 1 2131
39 15 2 16 2 2 A 26 1 2 5 2204
40 29 1 5 2 4 12 5 2 21 1 2286
41 5 2 4 2 11 2 19 2 5 1 2339
42 36 1 2 4 7 4 5 P 4 5 2409
43 5 1 57 1 5 5 4 2 5 1 2495
44 21 9 5 1 11 2 2 2 30 1 2579
45 26 2 4 2 2 5 21 1 2 7 2651
46 11 1 15 1 12 5 2 1 26 2 2727
47 5 2 7 2 5 4 11 4 2 1 2770
48 64 2 2 5 9 2 19 1 7 2 2883
49 11 1 11 2 5 11 12 2 5 1 2944

Extracted and reproduced by kind permission from an unpublished table made by
Mr. Yoshivuki Mivata.





