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Abstract

Asequentialallocationprobleminwhichadecisiohmakercannot

obs臼rveapPearingtarge㌻sdirectly,isconsidered.Therearefinitetypesof

targets,andthetypesofactuallyappearingtargets(coreprocess)constitute

atemporallynonhomogeneousMarkovchain.Duringafinitenumberof

層

periods,thedecisionmakerobservesnotthecoreprocessdirectlybut

anotherprocess(observationprocess)whichisstochasticallyrelatedtothe ,

coreprocess,andallocatessomeofhisresourcesonhandtoacquiresome

rewarddependentonthenumberofresourcesexpendedandth6typeof

actuallyappearingtarget.Theobjectiveistofindasequenceofnumber

ofresourcestobeexpendedthatmaximizesthetotalexpectedreward.

,Somepropertiesofanoptimalpolicyareinvestigated.

φ

1.Introduction

Adecisionmakerwillallocatehisresourcestoappearingtargets

duringthegivenperiods.ThetargetapPearsonebyoheatthebeginning

ofeachperiodandthetypesofactuallyapPearingtargets(coreprocess)
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constituteatempofallynonholhbgeneousMarkovchain.'Thedecision

阻akerobtainstherewardwhichdependsonthenumberofresources

expendedandtheactuallyappearingtarget.Howdoesheallocatehis

resourcestomaximizethetotalexpectedreward?

Sequentialallocationproblerpsdescribedabovewerestudiedbymany

authorswhenthedecisionmakercanobservetheappearingtargetdirectly

[forexample,1,2,3,5,8(2and8treatthecontinuous-timeversion)].The

presentpaperconsidersthesequentialallocationprobleminwhichtheメ
decisionmakerobservesnotthecoreprocessdirectlybutanotherprocess

(observationprocess)thatisstochasticallyrelatedtothecoreprocess.

ThistypeofproblemismodeledasapartiallyobservableMarkovdecision

process[9].Forexample,in[6,7,10]t聴emachinereplacementproblem

withpartialinformationareconsideredandsomestructuralpropertiesof

anoptimalpolicyarederived.In[6,7]theactionsavailableateach

decisionepochar6`replace',`inspect',and`donothing'suchthat`replace'

and`inspect'actionsgivethedecisionmakerthetruestateofthemachine,

and`donothing'actiongiveshimnoinformationaboutthemachine.In

[10]twoaσtions,`replacθ'and`donothing',suchthat`replace'indicates

thθtruestateand`donothing'givessorneinformationaboutthemachine,

areavailable.Andtwoextremecases,completeinformationcaseandno

informatiQncase,areconsideredindetail.In[4]theproblemofoptimal

stoppinξwithimperfectinformationwasinvestigated.Threeactionβ,

laccept',・`continue',and・`inspect'areavailablさateachdecisiqn、epoch.

`ContinueジaCtiongivesno'information
.`lnspect'actionindicatessome

informationaboutthecoreprocess,andthisactioncanbetakenmany

timessuccessivglywithoutanychangeofcoreprocess.

In ,the`presentpaperthesequential,allocationproblemwi七hpartial

informationisinvestigated.ThisgeneralizesthθmodelinSection40f[5]
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sinceユtisthecasewherethetransition ,probabilitymatrixofthecore

processhasthesamero鴨andtheQmatrixisanidentitymatrix(full

information).Actionsconsistofthenumberofresourcesexpendedfrom

theresourcesonhand.Thecaseisconsideredwhereallactionsgivetheへ
sameinformationabQutthecoreprocess.LaterthecaseiSdiscussed

wherealLactionsbut`expendnounit'indicatethe多ruestateofthecore

P「ocess。.'

Anoutlineofthepaperi5asfollows=InlSection20urproblemis

formulatedasapartiallyobservableMarkovdecisionprocess.InSectio血

3somepropertiesofanoptimalpolicyarediscussed.Two-state-caseand

thecaseoftransitionprobabilitymatrixwiththesamerowsareofspecial

interest.In・Section4someexamples。arepresentedtoFillu6trateour

model..

2.ModelandFormulation

Thedecisionmakerwillallocateハ4unitsofhisresourcestoappearing

targetsduringagivenperiod1》.Thereare∫typesoftargets.Weassume

thatthetargetapPearsonebyoneatthebeginningofeachperiodandthe

typθsofactuallyapPearingtargets(coreprocess)constituteatemporally

nonhomogeneousMarkovchain.LetX。=thetypeof.targetac毛ually

appearingattheπ 一thperiod,then{Xη,π=1,_,1V}isaMarkovchain

withk・ ・w・t・an・iti・nm・t・i・P(・)=(ρ ・ノ(・))・ 碗 ・ブ〒0・ … ・∫・ ・=2・ … ・ 以

whereρ ゴブ(π)=Pr{Xκ_η+2=ブ1X〃 一κ+1=ゴ}@denotesthenumberofremaining

periods.)StateOmeansnoappearanceoftarget.Thedecisionmaker

cannotobservethecoreprocess{Xπ,π=1,_,N},insteadcanobservethe

observationprocess{γ π,π=1,_,ノV}whichtakesavaluein{0,1,_,L}

andisstochasticallyrelatedtothecoreprocessasfollows:Q=(4fゴ),

∫=0,_,∫,ブ=0,_,乙.Pr{γ π=ブlXπ=の=4∫ ブforゴ=0,_,Z,ブ=0,.。.,L,η=

`
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1,_,1V.Ifthedecisionmakerallocatesゴunitsfromhisresourceson

hand,andtheltypeε σ=1,...,∫)targetisactuallyapPearing,thenheobtains

theimmediatereward1～ 」(ブ).ItisassumedthatRゴ(ブ)1isanondecreasing

andconcavefunctionofブwithR∫(0)rOforゴ=1,_,∫.Theobjectiveisto

findanoptimalsequentiala正10cationprocedurewhichmaximizesthetotal

expectedrewardbyallocatingMunitsofresourcestotheappearing

targetsduringムrperiods.

,Consider,forexample,.thetargetssome髄typesofwhichresembleone

anotherinlookbutdifferinessence.Sothetimeneededtoidentifythe

appearingtargetislong.AndsupposethattheTewardacquiredateach

perioddoesnotdirectlybecomeknowntothedecisiohmakeruntilthee且4

0fplanninghorizon.Thereforethemodeldiscussedintheaboveparagraphs

mayapplytothissituationifthedecisionmakerhastodeterminehis

choicewithillafairlyshortperiodoftime.

AmainresultofthetheoryofpartiallyobservableMarkovdecision

processisthat・tりeprocesswithincompletelyknown、statesc御be

transformedintoa`Osual'Markovdecisionprocessbyenlargingthestate

space.Thenewstatespaceisthesetofprobabilitydistributionoverthe

unobservablestatesiptheorigihalprocess.Thereforetheenlargednew

stat6spaceis馳denotedbyε={(κo,...,∬ ∫);紛 ≧0,ゴ=0,...,∫,∬o+・,.+距,=1},

ahd劣 篇(κo,_,κ ∫)ε3meansthattheprobabilityofappearanceoftypeゴ

targetisηjustbeforethe.decision-making.Thesequenceofevents,

transitionofcoreprocess,observation,anddecision-making,isgivenin

Figl1.Thefollowipgquantitiesarecalculat6dimmediatelybyBayes'

rule:

(1)・ θぬ(露,∬)=probabilityofobservingoutputんatthenextperiodgiven

thatthereareηperiodsremainingandthecurrentstateis

denotedby幽 ゴ
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.numberof・

・ 「emaユmng

π πrlperiodsへ
Fig.1,,'・

=Σ ゴーも(Σ ∫一もκψ'ゴ(π))σ ゴ彪,η=2,…,2V,た=0,…,L,κ ε&

τ ゴQz,海,κ)=probabilityofapPearanceoftype∫targetatthenext

periodgiventhatthereareπperiodsremaining,the

currentstateisdenotedbyκ ・andoutput々isobserved

』(Σ ノーも∬ノρ戸(π)σ 曲)/θ ガ(π ・の ・η=2・ … ・N・
、 ・

・
、 ゴ=0,_,1,ん=0,_,ム ∬ε3.

Let

(2)τ(π,ん,劣)一(τ 。(π,々,κ),_,T,(η,ん,劣)),π=2,_,N,

・ ん」o
,_,L,∬,3,

thenT(π,ん,κ)denotesthestatein㌻henextperiodprovidedthatthereare

ηperiodsremaining,thecurrentstateisκ,andoutputんisobserved.Also

define,

γπ(魏,の=themaximumtotalexpectedrewardwhenthereare犯

'

periodsremaining,翅unitsofresourcesareonhand,the

'

currentstateisgivenbyκ,andanoptimalpolicyfollows.

Thenthefollowingrecursiverelationfollows[forexample,9].

(3)yπ(翅,の=max{Σ 」.{鈎R`(ブ)

ノ置0,_,窮

+Σ 々=きθ融(π,κ)y露_1(甥 一 ブ,7(π,ん,の)},

π=1,_JV,吻 茸0,_,M,∫ ε鼠

where.yo(・,・)=0.Ifゴ(ブ=0,...,㎜)unitsofresourcesareexpended,then

'

transitionof

coreprocess

observation decision.

making
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theimmediateexpectedrewardisgivenbyΣ 」一{κ`R」(ゴ),outputん'is

observedatthenextperiod・withprobabilityθ 々(π,κ),andthemaximum

totalexpectedrewar4fromtheresultantstateisdenotedby

y"_1(伽 ゴ,T(π,々,の).Therefore(3)follows.'

Ifltherecursiverelation(3)issolved,anoptimalpolicyispresented.

3.StructureofOptimalPoliey

Wecanfindanoptimalpolicyiftheequation(3)issolved.Unfor-

tunatelywecannotsolvethemexplicitlyingeneゴa1.Sowedevelopsome

propertiesofanoptirnalpolicy.

Toexpressoneoftheoptimalpolicieswedefineん(η,〃z,のasthe

smallestvalueofブthatmaximizesthebracesoftherighthandsideof

equation(3),thatis,

(4)ん(",御,∬)=m・in{';Σ 炉{∬ 沢 ゴ(')+Σ 海堵 θ々@,∬)γ 解_1(勉 一',7(π,々,∬))

=max{Σ ゴー{∬ゴ1～ゴ(フ)

ノ50,...,甥

+Σ 盈一台θ々(π,∬)γ π一1(吻 」 ブ,T(π,ん,∬))}},

π=1,_,ハ1,〃2=o,_,ハf,κ ε3.

Usingthisnotationitistheoptimalpo正icythatallocates々(π,〃3,のunits

ofresourceswhenthereareπperiodsremaining,切uhitsofresollrcesare

onhand,andthecurrentsubjectiveprobabilityaboutthetypesof

apPearingtarget‡sdenotedbyκ ・ ・

Th・m・n・t。ni・ity。fん(π ゴ 〃z,∬)withrespectt。 御i、b,。v・di・

Theorem1.Thefollowinglem血aneededinTheoremlisintroduced

withoutproofsinceitisobvious.

Lemma1.y.(御,のisanondecreasingandconcavefunρtionof吻for

π=1,_,ハ1,κ εS.

,Thefollowingtheore!hpresentsthemonbtonicityoftheoptimal
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numberofresourcestobeexpend今dwithrespecttothenumberofresources

onhand.Theresultseemstomeetwithourin七uitionthatthemoreunits

ofresourcesareonhandthemoreunitsofresourcesshouldbeexp㎝ded.

TheproofissimilartoProposition2andTheoremβin[1]sinceRゴ(。)and

Σ 舟話 θ々(η,劣)yπ 一1(・,7(π,ん,∬))areCOnCaVe.

Theorem1.々(η,吻,の ≦ ん(η,〃 　+1,の ≦ ん(〃,〃3,κ)+1forπ=1,_,

1>',〃z一 〇,.。.,M-1,andκ εε.

N・xtw・
.・ ・塾・iderwh・th・ ・ ん(・ ・ 吻 ・ ・)i・m・n・t・n・i・ ・with・ ・m・

partialorderon3.Thisconlecturedoesnotal.waysholdingeneralevenif

P(transitionmatrikofcoreprocess)』isincreasingfailurerate(IFR)or

totallypositiveoforderちwo(TP2)aswillbeshowninSection4.Sowe

restrictourattention 、tothefollowingtwocases=

G)∫=1and

(ii)

・(・)-C二 嬬::甥)w・ ・hρ・(・)≦ρ1(・)and・<ρ1(・)・

(thistransitionmatrixisTP2).

P(η)withthesamerows,thatis,

・(・)-c::窮::i;1!1:)

with7ゴ(π)≧0,∫=0,_,

(thistransitionmatrixisalsoTP2).

3.1.Case(i)

∫,「,。(。)+…+・,ω 一1,

Weconsiderthgfirstcase(i)inthissubsection.

Let

・(・)-G二;::綴1:)w・ ・hρ・(・)≦ρ1(・)・・d・〈カ1(・)・

'
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Q-(ll:::1つw岬 ・≠Q・・・・… …・・

Then(1),(2),and(3)arerewrittenas

(1')θ 、(・,・)一(β 、一α、)(ρ1(・)一 力。(。))。+・ 、+(β1一 α、)ρ。(・),

π=2,_,1V,ん エ0,_,L,

(2')τ ・(塀)一[β ・((ρ1(・)7ρ ・(・))・+ρ ・(・))]/θ ・(綱 ・

η=2,_,1V,ん=Ol_,乙,

(3') .喩 の=照
..,譜・R1(ブ)+Σ ・-8θ・Mγ ・-1(吻 ・T(・綱)}・

η=1.,_,1>,勉=0,...,1匠,

whereκ ε[0,1]representstheprobabilitythattheappearingtargetisof

typ・1・Th・f・ll・wi・glrm卑 ・willb・usedi・thrP…f・fTh・ ・rem2・

Lemma2.[Σ ゐ_宕θ ・々(π,κ)(γ"(彿+1,T(η,ん,の)-y"(吻,T(π 沸 ・κ)))]/∬

isnonincreasingin%ε(0,1]fo『"=1・ …,ムr・ 魏=0・ ・…M-1・

Proof:FirstWeshowthat

(5)[γ"(〃2+1,κ)一 レ1"(吻,1κ)]/∬

isnonincreasinginκ ε(0,1)for勿=1,...,ハ π,〃2=0,...,ル1-1,byinductionon

%.Forπ=1,(5)becomes1～1(勉+1)-1～1(吻),so(5)isnonincreasinginκ ε

(0,1)forπ=1.SupPosethat(5)isnonincreasingin劣 ε(0,1)for".

[y。+1(吻+1,κ)-y。+1(〃3,κ).]/炉max{R1(ゴ ・+1)-R1(ゴ ・),

ピ Σ
卜 言(θ ゐ(π,幻 丁(η,々,∬)/の.

[y。(吻+i一 ブ。,T(η,海,∬))-y。(胎 ゴ。,τ(π,々,の)]/T(・,海,の},

whereブo=ゐ(π+1,吻,κ)andtheequalityfollowsfromTheorem1.Since

θ々(π,κ)7(箆,ん,芳)/κisnonnegativeandnoninρreasingin多 ε(0,1∩),



.OnaSequentialAllocationProblemwithPartialObservati6ns79

τ(%,ん,κ)isnondecreasinginκ ε(0,1),and[yπ(〃 露+1一 ブo,τ(?z,々,κ))

-yπ(〃2一 ブo
,T(π,々,κ))]/τ(7z,々,κ)isnonnegativeand・nonincreasingby

illductionhypothesis,(5)isnonincreasinginκ ε(0,1)for〃+1.Therefore,

[Σ 磨8θ 々(π,κ)(yπ(甥+1,τ(η,ん,の)一 γ館(粥,τ(π,々,∬)))]/∬

;Σ 南一言(θ た(π,∬)τ(π,ん,め/の[yπ(勉+1,τ(π,ん,の)

-y
。(勉,7(π,々,κ))]/7(π,ん,κ)

isnonincreasingin∬ ε(0,1),andiscontinuousin∬ ε(0,1].Sotheexpression

isnoninc「easinginκ ε(0'1]'Q.E.D.

Thefollowingtheoremsays
.thatthemorestronglythedecisi6nmaker

believesthattheappearingtargetisoftype1,themoreunftsofresources
.

shouldbeexpended.

Theorem2.ん(π,〃2,κ)≦ ん(η,甥,〆)forO≦ κ<κ'≦1;π 壽1,...,亙,駕=

0,_,M.

Proof:Since々(π,〃2,0)=0,itissufficienttoprovethetheoremfor

O勉 く ・'≦Lレ ・tゴ ・=ん(π,〃3,∬)・Ifブ ・=0・th・ntheresulti・ ・b・i・u・ ・

SupPoseブo>0.Since

劣1～』1(ブo)+Σ ゐ_きθ舟(π,∬)γ π_1(勉 一 ゴo,τ(π,ん,κ))

〉 κRl(ブ)+Σ 々.言θゑ(π,めyπ_1(魏 一 ゴ,T(π,々,κ))forO≦ ブ〈 ゴo,

R1(ゴo)-1～1(ブ)〉 Σ 冨々8θ々(η,の[γ π_1(勉 一 ブ,T(π,ん,κ))

-y
π_1(吻 一ブo,τ(η,々,κ))]/劣 ≧ Σ 々=きθ々(π,κ')[玲 一1(擁 一 ゴ,τ(π,ん,

.κ'))

-1!
η_1(〃2一 ゴo,7■(π,ん,κ'))]/κ'forO≦ ブく ゴo,

byLemma2.Thefi士standthelasttermsimply

ん(π,吻,κ,)≧ ゴo=ん(2z,駕,κ)forOく κく κ,≦1. Q.E.1D.
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3.2.'Case(ii)

Thesecondcase(ii)isqonsideredinthissubsection.Since

P(・)一(;:認::illil;)w・ ・h・・(・)≧… 一・・…・ろ・・ω ・… ・η(・)-1・

θ髭(π,κ)andτ(π,ん,露)areindependentofκandareabbreviatedasθ 海(%)

7(η,々)respecti・ ・ly・Th・ntりerec・rsiverel・ti・ ・(3)i・
.rew・itt・ ・a・

(3")γ 。(駕,の=max{Σ`。{貌1～`(ゴ)

ゴ=0,_,粥

+Σ ゐ話 θ冷(π)レP"_1(吻 一Zτ(π,々))}。

Asin[10],weintroducethepartialorder⊂on3asfollows:

κ一(κ0,...,κ1)⊂ ∫'一(坊,_涛)

ifandonlyif

ノ ノ
κo+・ ・'。・・+κ ノ≦ ∬o+… …+κ,,

笥+…+κ,≦ 婿+…+埼,

・ ● ● ● ● ● ●

ノ ロ
κ!≦ ∬ノ。'

Thefollowingtheoremshows'themonotonicityoftheoptimalnumberof

resourcestobeexpendedwithrespecttothedegreeofbeliefofthedecision

maker.Thisisageneralization'ofRemark(2)in[5〕.

Th・ ・rem3・IfR・(縦1)-R・(切 ≦R・ ・1(伽1)-R・ ・1伽)f・ ・ ゴー1・ … ・

∫-1,吻=0,_,M-1,thenκ ⊂ κ'impliesん(7¢,η2,κ)≦ ん(η,初,ズ)forπ=

1,_,亙,〃2=0,_,M.

P…f・A・ihthρP…f・fTh・ ・rem2・ ・upP・seブ ・一 々(π,"z,κ)>o・

Then,
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Σf-{鈎1～,(ゴo)+Σ 海一きθん(π)y"_1(吻 一 ゴ。,7「(η,ん))

〉 Σ 」一{鈎1～ ゴ(フ)+Σ た一舌θ南(η)γ η_1(解 一 ゴ讐τ(η,々))forO≦ ゴ〈 ブo.

Since層 κ⊂ ∬',

Σ 」一{κ;(Rゴ(ブo)-1～ ∫(ゴ))≧ Σ ゴ.{紛(1～ ガ(ゴo)-1～ ゴ(ブ))forO≦ ブ〈 ブo.

Theabovetwoinequalities'yield・

Σ ゴー批;Rゴ(ゴ0)+Σ 盈=告θ舟(π)yπ_1(吻 一 ゴ0,7(η,ん))

〉 Σ ∫一{卑;Rゴ(フ)+1Σ 炉 告θ舟(π)γ π_1(吻 一 ブ,7(π,海))forO≦ ゴ〈 ゴ。.

Thisimpliesん('π,〃z,κ)≧ ブo=ん(η,魏,∬).Q.E.D.

Thefollowingtheoremwhichpresentsthemonotonicityofthdoptimal

nul皿berofresourcestob酵expendedwithrespecttothenumberof

remainingperiods「isprov6dsimilarlytoTheorem5(ii)in[5].

Theorem4.々(層 η,御,κ)≧ ん(π+1,吻,のforη=1,_.,2V-1,吻=0,...,M,

劣ε3.・ ・

3.3'

Wedisρussin』thi6subsectionthecaseinwhichthedecisionmaker

knowsthetruetypeofappearingtarget,fromthe』knowledgeofthe

expenditureofresources.TherecursiverelationcorrespQndingto(3)

becomes,

(6)yπ(吻,め ・=血ax{Σ 炉 きθた(%,∬)yπ71(甥,τ(η,々,の)ゴ

m・x{Σ 、。{凪(フ)「'・

ノ 『1,0ゆ ●,2π

・+Σ ゴ。伝 ∫Σ ん。言θ舟(π,θ ゴ)y。-1(甥 一 ブ,T(η,ん,θ ∫))}},

whereθ ピε3haslasits(ゴ+1)-stelementandγo(・,・)=0.Sinceyη(翅,の

isapiecewise-linearandconve器functionofκ(see[9])andtheterms
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correspondingtoブ=1,...,〃2intherighthandsideof(6)arelinear

functionsofκ,itreadilyfollowsthatforeachfixed(η,御)(π=1,...,亙,

吻=1,...,/レ ∫)theset{∬ ε5▽,;々(π1ηz,κ)='}isconvexfor'=1,...,7%.・

Furthermoreif∫=1,thefollowingpropertyisderived.

Thegrem5.Forη;1,_,『N,勉=1,_,M,・

(i)ifO<κ<κ',々(η,〃2,κ)>0,andん(η,〃2,κ').>0,

then々(π,〃2,κ)≦ ん(π,初,κ'),

(ii)if.ヵ1(π)〈1,thenん(η,η2,1)>0.

Proof:(i)Notethatγ η(甥,κ)isnondecreasingin〃z.

Letゴo=々(π,呪,κ'),then

/(1～1(ブo)+Σ 々E8θ ゐ(π,1)γ 。_1(吻 一 ブo,7(%,ん,1)))

+(1一 κ')(Σ 々一宕θ々(η
,0)γ π」1(勉 一 ブ。,T(%,ん,0)))

≧ 〆(R1(ブ)+Σ 炉 言θ々(解,1)γ η_1(吻 一 ブ
,7'(η,ん,1)))

+(1一 κ')(Σ 富々きθ々(η
・0)γ"-1(勉 一Zτ(π,ん,0)))forブo≦ ブ≦i肱

Thisyields

[私(ブ)+Σ ・一言θ・(・,1)y。.1(初 一 ゴ,2(励,1))

一 Σ
々-8θ 々(η,0)γ η_1(吻 一 ブ,T(η,ん,0))]

一[R1(ブo)+Σ
卜8θ 々(η,1)γ π_1(吻 一 ブo,7(η,ん,1))

一 Σ
話々 θぬ(η,0)γ 。_1(吻 一 ブo,τ(η,々,0))]

≦[Σ 炉8θ 々(%,0)(yπ _エ(甥 一 ブo,τ(π,ん,・0))一 砺 _1(解 一 ブ,τ(π,ん,0)))]//

≦[Σ 炉 言θ 』々(π,0)(臨_1(魏7ブo
,T(%,ん,0)),一 γη_1(勉 一 ゴ,T(η,ん,0)))]/κ

forブo≦ ブ≦ 肱

Thefirstandthethirdtermsimplythatゐ(駕,7η,κ)≦ ブo=ん(%
,窺,〆 〉.

Toprove(ii),itissufficienttoshow .that

1～1(1)+Σ 々=きθ々(η,1)γ π_1(吻 一1,7(π,々,1))

〉 Σ ん一台θん(π,1)γ η一1(吻,7「(η 漉,1)),
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Σ ゐ・きθ々(π,1)[yπ_1(肱7'(η,ん,1))一 γ"_1(駕 一1,
.τ(π,・1ん,1))]<R1(1)

f6rπ=2,...,ハ ノF,η2=1,...,/レ1.

Sinceカ1(")<1implig・ τ(噛1)く1f・ …m・ ん・it・ ・ffice・tq・h・wth・t

forlz=1… 。・N～ ηz=0・ ・… ハ4・

●

(7)y。(駕+L劣)一 γ。(甥,κ)〈(≦)尺1(1)f。,。<(=)1。 ・`・

Forπ=1,sinceγ1(〃2+1,κ)一 γ1(〃2,κ)=κ(1～1(吻+ .1)-R1(甥))≦ κ1～1(1),

inequality(7)issatisfied。SupPose(7)holdsξorη 一1・

Letゐ=ん(π,御+1,κ),then

γ。(勉+Lκ)一 γ。(駕,κ)

Σ た=きθゐ(π,κ)[y。_1(御+1,71(η,ん,の)

、-yπ_1(〃z,コ[(π,ん,二 τ))],if .グo=0,

κΣ 一々きθゐ(π,1)[y,d(魏+1一 ブo,T(",々,1))

≦-y。-i(籾 一 ブo,7(%,鳥1))]

+(1一 κ)Σ 磨 宕θ訳 η・,0)[yη 一1(吻+真 一 ブo・7(π ・乱0))

-y
π」1(初 一 ブo,τ(π,々,0))]ifO〈 ブo<勉+1,

κ(R1(吻+1)-1～1(吻)),ifブo=〃z+1、

く(Q.E.D.

Bytheprecedingfactsandん(π,勉,0)=0,theinterval[0,1]maybe

devidedasisshowninFig.2.・

Asforthepropertyofん(π,魏,のwithrespectto甥,thefollowing

theoremisproved。

ん(π,解,の01020…0吻

L⊥_L」_」_⊥____⊥_L」_

01

Fig.2
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Thebrem6.ん(η,駕 十1,κ)≦ 々(η,吻,κ)+1forπ='1,_,N,吻=0,..、,ル1,

and∬ ε3.

Proof:Letブo二 ん(η,〃z,κ).Ifブo>0,

Σ ゴー{鈎Rゴ(ブ0)+Σ ∫-6鈎 Σ 々-8θ 々(η ・θ∂ γ・-1(吻 一 ∫0・7(η ・ん・θゴ))'

・ Σ ・一{焔(ノ)・ Σ 融 Σ ・・言θ・(・,の γ。.1吻 ゴ,τ(・,ん,の)

for 噛グo≦ ゴ≦ 〃z.

Since1～ ゴ(●)isconcave,

Σr。{κ ゴ(Rゴ(ブo+1)-Rゴ(ブ 。))≧ Σ ゼ。1紛(1～ ベ ブ+1)一 鳥(ブ))「forブo≦ ゴ≦m.

Thesetwoinequalitiesyield'

Σf-{紛 鳥(ブ 。+1)

+Σ ゴi6勾 Σ 々軍台θ々(π,6ご)γ 匁_1(吻+1-(ブ 。+1),7(η,』 々,θ ゴ))

≧ Σ ゴー{紛1～{(ブ+1)

+Σ ゴ晶 紛 Σ 々孟 θ訳 π,の)γ 。-1(吻 十1-(ブ ート1),7(%,ん,的))

f・・ ブ・†1≦ ブ+1≦ 伽1・

Thi,implies々(η,甥+1,∬)≦ ブ。+1一 ん(・,勉,・)+1。IU。-0,

Σ ぬ一きθ々 (フz,κ)γか1(吻,7・(η,ん,κ)ゲ

・ Σ ・一{凪(フ)・ Σ 融 Σ 、。きθ、(。,のy。 .1(彫.ブ ∫7(疏 の)

,for1≦ ブ≦ 〃2.

Frorntheconvexityofγ η_1(〃2,・),

Σf一 も紛 Σ 一々舌θ々(π,θ ゴ)γ 。-1(吻,T(π,ん,θ ゴ))

≧ Σ 々=きθ々(π,κ)yη_1(吻,7(η,々 詠)).・

AndfromtheconcavityofRゴ(・)

Σ ゼロ{貌Rゴ(1)≧ Σ ガー{紛(1～ ゴ(ブ+1)-1～ ゴ(ブ))for1≦ ブ≦ 吻.
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Therefore,・

Σ 」一{紛1～ ゴ(1)+Σf『6鈎 Σ 舟8言θ距(η,θ ゴ)・γπ一1(吻+1-1,7(η,ん,θ ゴ))

≧ Σ ゴー{貌R」(ブ+1)

+Σ ゴーる∬ゴΣ 盈・5θ 舟(72,6ゴ)y"-1(吻+1-(ブ+1),τ(π,々,θ ゴ))

for2≦ ブ+1≦ 〃2+1.

So々(π'駕+1'の ≦ ブo+1=ん(π'吻'κ)+1'Q.E.D.

4.Examples

1・thissecti・ntw・ ・耳・mplesarepresent・d.0…h・ 面・th・t』th・t・t・l

positivityofordertwo(TP2)isngtsufficienttothemono㌻onicityof

ん(π,〃2,「多)withrespectto∬.Theotherisanumgricalexampleof3.3for1」1.

4.1.

Let/V=2,ルf=1,ノ=2,and

・P(2)=

1.0

1一 πR/2

00

O

R/2

1

(0<R<1,

TP2).

thistransitiQnInatrixis

And～ ～ゴ(・)(ゴ=1,2)arelistedinTable1。 、`・ ,

Thenitiseasilycheckedthatγ2('1,61)=R,y2(1
,θ2)=1,ん(2,1,θ1)=1,and

ん(2,・1,θ2)=0.Thisconcludesthatθ1;(0,1,0)⊂ θ2=(0,0,1)but

ん(2,1,θ1)〉 々(2,1,02).

Table1.品(・),仁1,2

.ゴ

ゴ
01

1

2

OR(0<1～ 〈1)

01・
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42.

A6'anexampleof3.3for∫=1,N=5,ル1=5,

・ω 一P-(1::1:1)・ ・… ・・…・・'・・dQ一艦1)・

Andノ ～ヱ(・)isgiveninTable2.ThentheoptimalpolicyisobtainedinFig。

1-Fig・4・F・rexampl・ ・ifthereare5peri・dsrem・i・i・g・5
.unit・ ・f

resourcesareonhand・andthedecisionmakerhashissubj『ctivepギobability

O.5tha㌻theta虻getisapPearingaftertheobservationofy,thenit、is

optimalto3110cate2units。Fig.1-Fig.4showthatん(η,"3,κ)≦

々(π,吻+1,κ)forη=1,_,5,甥=0,_,'4,κ ε[0,1]dohold,whichwe

couldnotprove・in3.3.Alsonotethatfor(η,彿),η=1,_,5「,窺=0,...,5,

theset{κ ε[0,1];々(η,御,の=0}isconvex,whichwecou】dnotprovein

3.3either.

Table2.1～1(・)',

`

ブ
.0
1 2 3 4 5

R1(ノ)』 0 1.0 1.5 1.8 1.9 1.91

吻

ら

4}

31

21

.

0 …
1

1 {
,

2 1
:
3

唱

ー
1
唱

0
…

…
1 i

圏

2 i3
脚

i 0 …
1

1
…

・i 2

i 0 {
:

1

」

-

ー q
…

…
1
「

Oo.Oo1・0.010Q.022 0.0340.063幽0.0790.167

Fig.1.ん(2,勿,κ)

オ
0,5001
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・3

2

'1

00.038

規

5

4

3

2

1

00.063

F

7

.

[

10
1

,

1
…

… 2 …
: 3

9

1 0

1

i
脚

F
1

…

… 2

1 0 …

…
噛

1

1 …

…
2

0
i.

… 1

0
…

… 1

0.0580.0730.1200.1370.1980.2290.3410 .553ほ
Fig.2.々(3,〃z,κ)

→ κ

1

0
…

… 1
…

…
2 …

i1
3

0 i.
,

1 …

…

.

2

0 …

…
1

.

…

i
2

0
…

…
1

0 i 1
唱

幽

輝

5

4

∩0

2

1

0.0800.1010.1750.1980.2720.2910.463

Fi含 ・ 与・ 海(4・
.唄)

0,7391

87

σ 1 2 3

0 1 2

0 1層

一
2

0 1

L_-L一 κ
00.0830.0990.1390.2080.2590.300・0.3790.5140.9001

,、Fig・4・ ん(5,〃3,κ),

, .5.Conclusion

.Inthispaper,wθconsideredthediscrete-timθsequentialallocation

problemwithpartialobserサations.Firstwedevelopedthestructural

prQpertiesofanoptimalpolicyforthecasewhere』allactiQnsgavethe

sameinformationabouttheunobservablecoreprocess.Secondlythecase
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whereall。,ti。n,b・t・,。p,nd・ ・unit・i・di,at・dth・ 毛・・est・t・ ・fth・

unobservablecoreprocess.Wegavethepropertiesofanoptimalpolicy

withrespecttotheIlumberofresourceson・handandwithrespecttothe

decisionmaker'sbeliefabouttheappearingtarget.Asforthepropertyof

anoptimalpo正icywithrespecttothedecisionmaker'sbeliefaboutthe.

appearingtarget,twospecialcaseswereofspbρialinterest:Onewasof

onlyonetypeoftarget.Theotherassumedthetransitionprobability

matrixhadthθsamerows.

Itis吊futureproblemtoconsiderthemorerealisticcasewherethe

truetypeofactuallyappearingtargetgets
.knowntothedecisionmaker

withsomeprobability(theprobabilitywithwhichtheexpendedresources

hittheappearillgtargetinthecontextoftheexamplein[5])insteadof

withcertaintyifsomeresourcesonhandareexpended.
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