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An expository supplement to the paper“Optimization of 'the Gaussian 
and Jeffreys power priors with emphasis on the canonical parameters 

in the exponential f amity" 

Haruhiko Ogasawara 

This article gives an expositor?' supplement to Ogasawara (2014) for the 

estimators of the multinomial logits in the categorical distribution, which is the 

generalization of the Bernoulli distribution. 

1. The Fisher information matrix 

whenn 。Define the likelihood of the vector of the canonical parameters 
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observations are given as: 

are given observations. Let 

T = n-1 IogL. Then, 

~ = _!!___ 10=00 = n泣ム弘，
O叫 8(0)1 i=l a=1 Pa 8久

yiJ・(i= 1，.・.，n;j= 1，.・.，K)where 

。Pa- e ee1 
- -I ¥? =-pjpQ （α＝1，…，K -l;a * j), 

叫 （i + L ：~l eeb r J ~ 
(S.2) 

(j = 1，.・.，K-1). 
会－

'!!!.l_ = p;(l-p;) = piqi，生ι＝－pip
O久 j J J J a叫 J
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From (S勾，
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= n-1~Yu -n-1~_LY;aPi 
(S.3) 

(j = I, ... ,K -1), 

= Y1 -P1’ 
a21 ap i 

一－－－－－；：；－ ＝一一~＝－p;q;
Uθj a叱 Jj 

(j, k* = 1，…，K -I;j -:t:-k申）．
θ2z 

= p ;P，，卒。り今 J k* 

(S.4) 

Then, the population information matrix per observation becomes 

= cov(Ycx-i)) 
-P1Px-1 

.. -PiPK-I 

・ Px-IqK-I 

P1q1 -P1P2 
-P2f1 P2:q2 

-Px-1P1 -Px-1P2 

Io二

y(K-1) = （九…，九一1)'.Note that (S.4) is also given fro凶 heprope均 of

the canonical parameters in the exponential family. The (K -1）×（K-1) 

IO(K一1)

with 

for clarity. is also denoted by matnx lo 

(S.5) I IO(K-1) I= P1P2…Px・

Proof. The result is derived by induction. Assume that 

P1 > 0 (j = 1, ... , K). When K = 2, locl) = P1q1 = P1P2, which sl 
(S.5) holds. Suppose that when K = J, (S.5) holds. Write 

I -I Io(J-I) -p山 PJI 
削一L一PCJ-1
I lo(J一I)I= P1P2 ・ ・ ・ P J > 0 by assumption, lo(J一I)has its inverse. 

Consequently, using the formula of the determinant of a partitioned matrix, 

Lemma 1. 

P(J-1) =(pp・..,pJ一1)' Since 



Anex~t町ysupplement to出t抑per'Optimization of山Gau&lianana Jeffrey明werpriorswi自ernphalison出ecanonic~ 抑制etersin ilie叩目印刷family" 3 

I Ab  I 
<let I b , c I =I A I ( c一b'A町 wh叫 isnon 

I IO(J) 1=1 IO(J一1)I (pJqJ 一 P;PcJ一I ）『 1；~J一l)PCJ一ρ (S.6) 

where 

1；~J-I) = { diag(p(J-1))-pυ－l)PCJ-1）『rl
diag-1(PcJ-)p p I) 'diag-1(PcJ-J)) 

=diagペPun) + (J一1)f J一

lJ リ l-p(J-1）『diagI (p(J一1))PcJ-1)

~ l, T 1'1/ T ，、『
= diag-1 (Pu n) + ~.，－， 1 vーリ

いリ 1-p(Jー1)I l(JーI)

(S.7) 
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( P;P(J-1) I 1川 1
=I IO(J一1)I l pJqJ -l-p(J-1) '1川 j

1-p(J一I)I l(J一1)-PJ 

=I IO(J-1) Ip J 1-p(J一1)I l(J一1)

= P1P2・・・PJ(l-P1 一…－PJ), 

which shows that (S.5) holds when K = J+ l. When P1P2・・・PJ= 0, from 

(S.4) with K = J+ 1 , at least one of the rows/columns of lo(J) is zero and 

consequently, I lo(J) J = 0 , which shows出叫（S.5)holds also for the singular 

case. Q.E.D. 

(S.8) 

2. The Jeffreys prior 
The log prior derivatives evaluated at the population values are 

q* _ ＿！＿ ~log I IO(K-1) I 1 aる 1土18pj 
＝一一一）)ogp =-2~一一一。－2 800 2θ0。合 j 2台P1800’（S.9) 

where 
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av 
二よ＝（一P1P1，一P2P1
800 

= -pJp(K-1) +(O',p1,0')' (} = 1，…，K -1), 

生ι＝(-P1Px,-P2Px，・..,-pjpK，・.., -Px-1Px)' 
ae。

エ －pKp(K-1）・

Consequently, (S.9) becomes 

q；す（1似）一均（K-1))

When K = 2, (S .11) becomes (1 -2 P1) I 2 , which is also given by 

olog(plql）山一 1 仇qi 1-2pl 
一一一一一一一一一一一一一一.Note that q。＝0 when 

ae1 2p1q1 θ司 2

(S.10) 

(S .11) 

Pcx-1) = 1/ K and Px = 1/ K or when the proportions P1(J = 1，…，K) 

are equal. When K = 2, this holds with P1ニ 0.5.

Lemma2. 

αMLl 二一O.S(p;1 ，.・ .， p~~l ） 『十 0.5p~l l(K-1）・ (S.12) 

Proof. Since 

0ML = {log(p1 I Px ），・.., log（九一I／九）｝『

withP1 ＝ η－1L：~1Yu・（｝= 1, .. ,K), 

θ0" ＂ 、

0ML = 00十 U ，（。（K-1)-p(K－ρ 
θPcx-1） ノ

1 a20 
＋ー o，φ （。（KーI)-p(K-1））く2>

2 (op(KーI)) 

1 830 
+- o, く3>（。（K-1)-p(Kーりf3>+ OP(n-2), 
6 （δP(K-1) ) 

(S.13) 

(S.14) 
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where合（K-1)=(pp ... , PK一1)''

＝」ー＋ (j,k' = 1，…，K-1) （緒。） δk
θPcK一I) jk' ' PJ目 1-p(KーI）『l(K一！）

which gives 

δ0 l(K-l)l(K-1) 1 _ 1-l 
= diag(p;1, ... ,p~~1) + 。PcK-1)' l-pCK-1) 'lcK一l) O(K一1）ラ

(S.15) 

which also comes from Subsection A.l of the appendix. 。20 / , l(K-1) 
= ( O',-b' ，，~·P~2,0）『十、

ap1apk. 、 Jk 1 (l -p(K-1) 'l(Kー1))

二 －5日172ec計 p~21(K-l)'
(S.16) 

θ30 
=oik.ok*t*2p73eu) +2p~31cK-1) (J,kソ＊ = 1，…，K-1) 

司P1aPk・aPt JI<: KI 

From the above results, 

SML =0。＋ {p;lc戸i- P1 ），…， p~~l （九一I -Px一I）｝『

+ p~ll(K-1）『（。CK 1) -Pcx-1))lCK-1) 

→［－｛p;2CP1一叫叫ん1-Px-1)2｝『

十p-:(l(K一1）γ＞（合（K一1)-Pcx－ρφl(K-1)] 

→［ {p;3CP1 －叫叫ん－1-Px一1)3}'

(S.17) 

+ p~3(l(K一1 ） γ＞(J¥x-1) -Pcx一り）く3>1cx-l)]+ OP(n-3). 

From (S.17), 
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（αML!) j 寸万（Io川叫a~I (IO(K一l))a

1 （ーとf!J__＋と企｜
2 l P1 PK ) 

11 _J_＋土｜＝や－PK (j = 1，よ－1),

2l P1 PK) 2pjpK -

K-1 

L (Io山 ）ab=l(K一1)'IO(K-1) l(K-1) 

a,b=l 

= l(K-1) '(p (K一1)-p(K-l)p(K 1) 'l(K一1))

= l(K-1) 'PKP(K-1) =PK (1-PK) 

is used. (S.18) gives (S.12). Q.E.D. 

(S.18) 

(S.19) 

Note that the term (1 I 3) ［・］ in (S.17) is unnecessary to have the result, but 

is included for illustration. 
From Lemma 2 we have 

1 Iθr  1 1 i 1 ae"' 
n acov｛（札）i' 8ML『｝＝－｛《 卜一十一円。（K-1）て~

J 2 [ 8p(K-1) ＇~ P1 PK) J 1 ノ op(K-1)

す｛（町2'O＇）叫 l(K-1)'}lo(K一品－1)

(S.20) 

ニ±（P}2eui 

which gives 

n ac州 L1>9ML') = ±{dia叫，p~~l ）叫川ι1) '} (S.21) 

2.1 Linear predictor with the Jeffreys prior 
Using Lemma 2 and (S.20), Result 5 gives 
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kmin = (p＊『αMLir2P＊『naCOV( clMLI, SML ')p * + 1 

= 2{-p＊ヤ；1,. ・ .， p~~1 ） 『＋ p~lp＊『 l(K－ρ－2

×｛pホ＇diag(p;2，…，p:_1)P*+ P~2(p* 'l(K」））2}+1 (S.22) 

>1. 

2.2 TMSE with the Jeffreys prior 
Similarly, Result 6 yields 

kmin = （αMLI 'aMLI）一ltr { n aCOV( clMLl' SML ')} + 1 

＋
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(S.23) 

3. The Gaussian prior 
The density of the Gaussian prior is defined as 

/(0）ぽ exp(-0『0/2) (S.24) 

giving q~ = -0。
Under correct model specification, from (2.3) and (2.4) AGIMLt.2 or 

AWIMLt.2 by the Gaussian prior is 

AolMLt.2 = n Eθ （L(W)l~ ） I A (I) +A  （可）L(W)')' (S.25) 

where 

L(W) ＝一（－I（~－l)q* + I~~K-l)q~ ） =I（~ 1）。＊-1；~K-l)Q~ ， (S.26) 

J(K一1)and ＆＊訂eIO(K一1）組d q~ ＇ r叫 ectively＼九r

0ML. (S.25) become 

AGIMU2 ＝~：ヘ2九θq~~K -I) (S.27) 

where AML2 = I；~K-1) and 
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ニー｜ーし｛di姥（p;l,... , p~~l) + p~l l(K一l)l(K-1)'} I 0o -(l~~K-l))·J 
I ace。）j ’ J

＝ ~d叫 P1-z---3l_,... ,p~~l~ 1+P~2~l(K一l)l(K一J) I ~00 I l lδ（0。）j 一θ（0。）j) 8(0。）j ¥ I ＼ノ l

一（I~~K一1)
= [diag｛一p;2P1Pi' ... ,pj2 P10一P1), ... , -p~~1PK一1P1}

-P~2 PKPJ1(K-1)1(K-I) ']0o 一（I~~K一山
ニ｛－p1diag(p;1，.・.， p~~1) + diag(O ', pj1, 0 ') 

-p ~1 p j l(K-l)l(K-1) '}0。一（I;tK一1)

(jニ l,... ,K一1).

(S.28) 

3.1 Linear predictor with the Gaussian prior 
Result 3 with the above results gives 

,_ _ p* 'Ao1比企2Pキ ι p* IαMLl 

'vmin 2(p* 'I;tK-1)00)2 p* 'I;tKーグ (S.29) 

3.2 TMSE with the Gaussian prior 
Similarly, Result 4 gives 

knぺ川K-1)0or1州 Ao叫叫『品一り (S.30) 

4. The largest variance of the non-negative quantities whose sum is fixed 

Let P1(J = 1，…，K) with fixed K be non-negative quantities, which 

vary with their sum being fixed. Suppose that the sum is 1 without loss of 

generality. Then, the variance of P1，…，PK denoted by var(p) is given by 
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(S.31) 

て「K 今

So, the problem of maximizing the var(p) reduces to that of L J=I P1 . In the 

L ~＝IP~ = P12 + P; = P~ + (1-P1 )2 , whose 1叩 st叫山

P1=P2=0.5. 

case of K= 2, 

P1 = 0 or 1. The smallest variance 0 is given when 

p:+ p~ 

given when 

is the square of the radius of the circle whose center is the Note that 

P1 + P2 = 1, possible and P2 ?:. 0 Pi ?:. 0, origin in the ( P1, P2) plane. Since 

values of P: + P~ are those on the line segment connecting (0, 1) and (1, 0) in 
Figure 1. The value P: + P; is give凶 ythe叩 areof the radius of the circle 

which has point(s) on the line segment in the first quadrant including (0, 1) and 

(1, 0). From Figure 1, it is obvious that the largest value is given when ( P1, P2) 

= (0, 1) or (1, 0) and that the smallest value is given when P1 = P1 = 0.5. 
Generalizing the above result to the k圃 dimensionalspace with kミ3,the 

line segment becomes a portion of the (K -1)-dimensional hyperplane 

satisfying P1十…＋PK=1 and Pj注0(jニl，…，K).The problem is to have 

the largest radius of the ball whose center is the origin and whose surface has 
point(s) on the plane. Since the plane is restricted to be in the first (generalized) 

qt凶 ra目（1注pj?:.O;j=l，…，K), the ball with the largest radius has K point 

(ppp2, ... ,pK)=(l,O, ... ,O), (0,1,0, ...ρ）， ... ,(0, ... ,0,1) on the plane. This gives 

the largest variance 

K-lL;=lp~ -K-2 = K-1 -K-2 (S.32) 

The smallest variance 0 is given when P1 ＝…＝PKニK-1.

When the sum is c rather than 1, the largest variance becomes 

c2(K-1 -K-2). 
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P2 

P1 

Figure 1. A geometric interpretation of the problem maximizing the variance of 
non-negative quantities when the mean is fixed 

Reference 
Ogasawara, H. (2014). Optimization of the Gaussian and Jeffre~s power priors 

with emphasis on the canonical parameters in the exponential family. 

Behα＇Viormetγika, 41, 195・223.




