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Multiplicationoperators,integrationoperators

andcompanionoperatorsonweightedBlockspace
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Abstract.. Letgbeananalyticfunct,ionontheopenunitdiskD inthecomplex

planeC.WewillstudythefollowlngOperator

･g(h)(I)=-Lzh/(<)g(<)dE7 Jg(h)(I):-Lzh(<)g'(<)dE

ontheBlockspace.Inthispaper,Wewillstudytheboundednessandcompactness

ofZ90ntheα-Blochspace,andtheboundednessandcompactnessofproductsofIg

andJg definedontheα-Blochspace･Andwewillgettherelationshipofmultiplication

operatorMgandtheoperatorsZg)Jgde丘nedontheα-Blochspace･

Keywords:multiplicationoperator,integrationoperator,Blochspace,boundedness,
compactness･

1. Introduction

LetD -(IEC:Ill<1)denotetheopenunitdiskinthecomplex

planeCandlet∂D-(I∈C:lzE-1)denotetheunitcircle･LetH(D)
denotethespaceofanalyticfunctionsonD.For1≦p<+∞,theLebesgue

spaceLP(D,dA)isdefinedtobetheBanachspaceofLebesguemeasurable
functionsontheopenunitdiskDwith

･i･rLP(dA,:-(/D.i(I)･PdA(I))1/p<佃 ,

wheredA(I)isthenormalizedareameasureonDITheBergmanspace

LPa(D)isdefinedtobethesubspaceofLP(D,dA)consistingofanalytic
functions.For0<p <+∞,theHardyspaceHPisdefinedtobethe

BanachspaceofanalyticfunctionsIonDwith

･I..p :-(｡警Slu2㌦f(reiO,･pdO)1/p<+-i

ThespaceofanalyticfunctionsonD ofboundedmeanoscillation,
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denotedbyBMOA,consistsoffunctionsIinH2forwhich

"f=BMOA:-lf(0)I+supLlf｡p z - I(I)IL2<+∞･
z∈D

Letα≧1.Thentheα-BlochspaceBαofD isdefinedtobethespace

ofanalyticfunctionsIonDsuchthat

llflIBa:-lf(0)I+sup(1-1zl2)αLf′(I)I<+∞.
z∈D

Andthelittleα-BlochspaceofD,denotedBoCk,istheclosedsubspaceofBα

consistingoffunctionsiwith(1-LzL2)cv'(I)-o(IzL- 1-).
NotethatBl)BolaretheBlochspaceB?thelittleBlochspaceBo,

respectively.

LetLJbeanalyticon(E=l1-61<lI･Supposethatlw(1-lzl2)1- 0
aszED andLEI- 11･ThentheweightedBlochspaceBuofD isdefined

tobethespaceofanalyticfunctionsIonD suchthat

HflIBu‥-げ(0)[+supLLJ(1-LzL2)Llf'(I)L<+∞ ･
z∈D

ForganalyticonD,theoperatorJgisdefinedbythefollowlng･･

Jg(h)(I)･･-Lzh(Og′(()d(
Ifg(I)-I,thenJgistheintegrationoperator.Ifg(I)-logl/(1-I),then

JgistheCesarooperator･AndwealsodefinethecompanionoperatorIg,
themultiplicationoperatorMgbythefollowlng:

Zg(h)(I):-
Lzg(E)h′(()dE, Mg(h)(Z)=-9(I)h(I)･

LetXbeaBanachspace.ForananalyticfunctionaonD,glSamul-

tiplierforX ifgX ⊂X,i.e.fg∈X foral1I∈X.Bytheclosed-graph

theorem,gXcXifandonlyifthemultiplicationoperatorMgisbounded
onX.LetS:X--Xbealinearoperator.ThentheoperatorSissaidto

becompactoperatorifforeveryboundedsequence(xn)inX,(S(xn))has

aconvergentsubsequence.Ontheotherhand,theoperatorSissaidto

beweaklycompactoperatorifforeveryboundedsequence(xn)inX,

(S(xn))hasaweaklyconvergentsubsequence･ThentheoperatorSis

weaklycompactoperatorifandonlyifS**(X**)cX whereS**bethe

secondadjointofSandX isidentifiedwithitsimageunderthenatural
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embeddingintoitsseconddualX**.

Inl5],Ch･PommerenkeshowedthatJg isaboundedoperatoron
HardyspaceH2ifandonlyifgisinBMOA,andthisresultwasextended

totheotherHardyspaceHP1≦ p<+∞inl1].Inl2],A.Aleman

andAIG･SiskakisstudiedtheoperatorJg definedontheweighted(radial
weight)Bergmanspace･Recently,inl7],A.G.SiskakisandR.Zhaostudied

theoperatorJgdefinedonBMOA

Inl9],WeshowedthefollowingresultabouttheoperatorJgdefinedon
theBlockspaceβ.

Theorem A ForaanalyticonD,theoperaiorJgisboundedonBifand
onlyif

zsEuB(1-Lzl2)(logT毒)lg,(I)I<佃 ,

andtheoperatorJgiscompactonBifandonlyif

詣 _(1-lzI2)(log古 )Ig,(I)I-0･

Letα>1･ThentheoperatorJg isboundedonBα ifandonlyifg∈B,
andtheoperatorJgiscompactonBαifandonlyifg∈BoI

Inthispaper,WewillstudytheboundednessandcompactnessofZf

de丘nedontheα-Blockspace.Andwewillgivetherelationshipbetween

multiplicationoperatorMg andtheoperatorsZg,Jg･Insomecases,itis

advantageoustothinkofZgandJgasdistantcousinsofHankelandT oeplitz

operators,respectively･Inl8],K･StroethoffandDIZhengstudiedproducts
ofHankelandTbeplitzoperators.Sowewillalsostudytheboundedness

andcompactnessofproductsofIfandJg･

Throughoutthispaper,Cwilldenotepositiveconstantwhosevalueis

notnecessarythesameateachoccurrence.

2･ TheoperatorsJfde丘nedontheα-Blockspace

lnthissection,WestudytheboundednessandcompactnessofZfOnthe
α-Blockspace.
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LemmaB Lelα≧1.Thenthereeこristhl,h2∈Bαsuchthat

1
Fh/1(I)I'Ih'2(I)I≧百一二丁秤 (Z∈D)I

Proof･ SeeProposition5Ainl6].

Theorem 2.1 Leiα≧1andfbeananalyticfunctiononD.Thenthe

operatorZfisboundedonBαifandonlyifsupz∈D Jf(I)l< +∞･

Proof･Letα≧1.LetfbeananalyticfunctiononD.Iff∈H∞,itis

trivialthatZfisboundedonBα.Toprovetheconverse,supposethatZfis
boundedonBα.ByLemmaB,thereexisthl,h2∈Bαsuchthat

lh'1(I)l+Fhら(I)J≧
1

(1-lzl)α'

forallzED.SoforanyzED,wehave

lf(I)I≦(1-lzF2)α(Jhll(I)回 h'2(I)A)lf(I)J

≦sup(1-lzE2)αIh'1(I)llf(I)I+sup(1-lzI2)αlhら(I)IIf(I)I
z∈D z∈D

-HIfhlFIBa+llIfh2IIBo

≦rlZfl川hlrIBα+"ZfHHh2llBα<+∞･

Hencewehavesupz∈D Ef(I)r<+∞･

Corollary2･2 ForganalyticonD,ikefollowingareequivalent:

(i)gBcB;

(i)IgBocBo;

(ii) BothIgandJg areboundedoperatorsonB･

(ii)I BothIgandJg areboundedoperatorsonBo･

(iii) a∈H-,ZSTB(1-IzI2)(logTjw )lg,(I)r<+-･

Lelα>1.ForganalyticonD,thefollowingareequivalent:

)
/

)

/
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gBα⊂Bα;

gB

Zg
αo
･ぴ

⊂Bocy;

boundedoperator･onBα;

Zg isboundedoperatoronBoa
g∈H∞.

Proof. Theaboveequivalencesof(i),(i)I,(iii)wereprovedbyl3]andl12]･
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TheotherequlValencesareimmediateconsequencesofTheorem 2.1and

Theorem1in[3]. □

Theorem 2.3 Leiα≧1.LeiIbeananalyticfunctiononD.Thenthe

operatorIfiscompactonBα ifandonlyiff≡0-･(*)･

Proof･Letα- 1･LetIbeananalyticfunctiononD･Sincelh(I)l≦
Cllh‖Blog(1/(1-lzI2))forh∈B,theunitballofBisanormalfamily

ofanalyticfunctions･Bynormalfamilyarguments,Zfiscompactoperator
onBifandonlyifeverysequence(hn)inBwithllhnLLB≦1andhn- 0

(n- +∞)uniformlyoncompactsubsetsofDhasasubsequence(hnk)
inBsuchthatHIfhnk"B-0(k-+∞)･

Weshowthateverysequencewhichgoestozerohasasubsequencesuch

thatthecondition(*)holdswhenthelimitistakenoverthatsequence.This

impliesthatthecondition(*)holds･
SupposethattheoperatorZfiscompactonB･Letan-a∈∂D and

considerthetestfunctionshn(I):-log(1/(1-両Z)),h(I):-log(1/(1一面Z))･
Thenhn- huniformlyoncompactsubsetsofD･Usingthefactlc+dl2≦
2Ic12+2Ldl2andthesubharmonicityoflf(I)I,

Sup
a∈D/D(a,r,

dA(I)

(11IzL2)2

lanL2Lf(an)l2

<C lanL2

<(刀,

/D,am.r､Lf(I)E2dA(I)(1-EanL2)2JD(an,r)
(logT去)′L21f(I).2dA(I,

≦cK sup (1-IzL2)2
2∈D(an,r)

x/D(an,r,a

(log去)′l2げ(I)E2品

(log子宝) ′L2･f(I,,2

wehave
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dA(I)
(an,r)(1-lzl2)2

×Sup
z∈D(an,r)(logTi )′-(log子宝)′l2･f(I,･2(1-･Z･2)2

I2CK/D(an,r,a
× Sup

z∈D(an,r)(log子宝)′I21f(I,.2(1-.Z･2)2

･2CK/D(an,r,a ‖If(hn-h,I.2B

I2CK/D(an,r,A

× Supz∈D(an,r)
-:Ml+M2.

log(去 )′l2･f(I,･2(1-Ez･2)2

BythecompactnessofZf,WehaveM1-0(n-∞)ISinceBoisasubspace
ofBandtheysharethesamenorm,thecompactnessofIfOnBimpliesits

compactnessonBoIHenceweseethatZfisweaklycompactonBoISince

(Bo)** -BandII*-If,byusingthefactoftheintroduction,wehave
If(B)cBo･ThuswehaveIf(h)EBoIThuswehave

M2- SuP
z∈D(an,r)(log子宝 )′F2･f(Z,.2(1I･Z,2,2

- sup ((1-Izl2)E(If(h))I(I)l)2
z∈D(an,r)

-sup(xD(an,r)(I)(1-lzl2)[(If(h))I(I)I)2･
z∈D

HencewehaveM2-0(n- +∞).Sowehavelimlanト1-1f(an)l-0･
SinceI∈H∞,thusweseeI≡0.Theproofoftheconverseistrivial･

Letα>1.LetIbeananalyticfunctiononD･ Sincelh(Z)l≦
CllhllBα(1Ilzl2)1-αforh∈Bα,theunitballofBαisanormalfam-

ilyofanalyticfunctions･Bynormalfamilyarguments,Zfisacompact
operatoronBαifandonlyifeverysequence(hn)inBαWithHhnlEBα≦1

andhn-0(n- +∞)uniformlyoncompactsubsetsofDhasasubse-
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quence(hnklinBαsuchthat"ZfhnkllBα- 0(k- +∞)･
Weshowthateverysequencewhichgoestozerohasasubsequencesuch

thatthecondition(*)holdswhenthelimitistakenoverthatsequence.This

impliesthatthecondition(*)holds･
SupposethattheoperatorIfiscompactonBα･Letan-a∈∂Dand

considerthetestfunctionshan(I)‥-(1-両Z)1~α,ha(I):-(1一房Z)11α

Thenham(I)- ha(I)uniformlyoncompactsubsetsofD.Thenwehave

byusingsupa∈DID(a,r)dA(I)/(1-Izl2)2<∞

lanl2lf(an)L2

≡C/D(an,r)

≦2C
/D

dA(I)

軒=~向平 Z∈BTapn,r)

dA(I)

(an,r)(1-lzI2 )2

(1-lzl2)2αlhLn(I)l21f(I)l2

･ sup (1-1zl2)2αlh/an(I)-h'a(I)l2げ(I)L2
Z∈D(an,r)

dA(I)

(an,,)(ト Izl2)2Z∈i;(ayn,r)

dA(I)

(1 -lzl2)2

sup (1-lzl2)2αl砿(I)L2lf(I)l2

rlZf(han-ha)瞳α

(1-lzl2)2αLh/a(Z)l2lf(I)L2

BythecompactnessofIf,WehaveN1-0(n-∞)ISinceBoctisasubspace

ofBαandtheysharethesamenorm,thecompactnessofIfOnBαimpliesits

compactnessonBoct･HenceweseethatIfisweaklycompactonBoCt･Since

(Boa)**-Bα(see[12])andII*-If,byusingthefactoftheintroduction,
wehaveIf(Bα)⊂Boa･ThuswehaveZf(ha)∈Bocr･Thuswehave

N2- SuP (1-lzl2)2α幌 (I)l2lf(I)l2
z∈D(an,r)

- sup ((1-lzl2)αl(If(ha))′(I)I)2
ZED(an,r)

-sup(xD(an,r)(I)(1-lzL2)αl(If(ha))′(Z)I)2l
z∈D
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HencewehaveN2-0(n-+∞)･SowehavelimlanF-1-lf(an)l-0･Since
I∈H∞,thusweseei ≡0.Theproofoftheconverseistrivial. □

3･ TheoperatorsJfde丘nedontheweightedBlochspace

lnthissection,WestudytheboundednessofZfOntheweightedBloch
spaceBw.Andwewillgivetherelationshipbetweenmultiplicationopera-

torMgandtheoperatorsZg,JgdefinedontheweightedBlochspaceBLJI

TheexamplesoftheweightedBlochspaceBwaretheα-Blochspaceand

(I∈H(D):supz∈D(1-lzI2)(log(1/(1-Izl2)))lf'(I)I<∞),andsoon.

Theorem 3.1 LeiO<r<+∞.LelLJbeanalyticonDandnon-vanishing

on代 :I1-61'1)ASupposei,halsupz,a∈Dlu(1-lzI2)A/Iu(1-瓦Z)l<∞ク

andthatforanya∈D there甘βaconstantC>0(independentofa)such

thatlLJ(1一夜Z)A/Iw(1-lzl2)匡 Cforallz∈D(a,r)I Leifbeananalytic
functiononD･ThentheoperuiorIfisboundedonBLJifandonlyif

supEf(I)l<+∞･
ZED

Proof･LetIbeananalyticfunctiononD. Supposethatllfll∞-

supz∈DIf(I)I<+∞.Then

‖If(g)IFB- -zS器 rw(lllzl2)IIg'(I)i(I)l≦lJfll-帖 IIBw･

HenceweseethatZfisboundedonBu･
Next,weprovetheconverse･SupposethatIfisboundedonBw･Put

ha(I):-loll/LJ(1-万77)d77･Thenitisclearthatha∈Bwforalla∈D

becauseoftheassumptionsupz,a∈DILJ(1-lzl2)I/ELJ(1一夜Z)I<+∞･Since

Sup
a∈D/D(a,r,

< +co anddA(I) ____. 1 / C

(1-回2)2ー L)〉 u▲⊥u ILJ(1-JzI2)l二JLJ(1-万Z)l

forallzED(a,r),foranyaED

(a,r)FLU(1一面Z)

LJ(1-IzE2)F2lf(I)l2
dA(I)

(1-Izl2)2

LJ(1-lzI2)l2lf(I)l2
dA(I)

(llIzl2)2
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KC2/D(a,r)I(ha(I))′l2lw (i-IzI2,l21f(Z)l2

≦ ^･cl-'
≦ 1H''-1

≦gc2

_< I((,'-)

/D
/D

/D

/D

dA(I)

(a,,)(1-Lzl2)22∈uDu(:,r)

dA(I)

(a,r)(1-lzl2)2

dA(I)

(a,r)(1-1zl2)2

dA(I)

dA(Z)

(llIzL2)2

sup E(ha(I))'l2LLJ(1-Izl2)l21f(I)l2

HIfha日もw

HIfII2llha日もW

‖zfH2sup‖ha目蓋〕<+∞･
(a,r)(1-Lzl2)2"ー'Llau蒜

Henceweseesupz∈Dlf(I)l< +∞ ･

Weprovedthefollowingpropositioninl9]･

Proposition3.2 Lei0<r<+∞.LeiLJbeanalyticandnon-vanishing

on冒:l1-引く1)ISupposethatsupz｡DIw(1-lzI2)llizETポ 輸 < +∞

andsupz,a∈D駿 裂 く'cx" dJjz一品 <+∞foranyI∈D and

烏zlTポ 輸 - ∞ (lzl- 1~),andthalforanya∈D thereisaconstant

c,o(independentofa)suchthatI定 論 l≦Cforallz∈D(a,r),and

thaHhereisaconstantK,0(independentofz)suchtha庸 E超気 ≦

KII.Z;走 市 dnlforallI｡D･ThentheoperatorJg isboundedonBwif
andonlyif

･gLIw‥-zs諾 Iw(ll,zE2,lLIzI

Proof. Seelg].

ds

lLJ(1-82)E
Lg′(I)l<+∞.

Corollary3.3 LetO<r<+∞.LetLJbeasProposition3.2.Thenfor

ganalyticonD,thefollowingareequivalent:

(i)gBLJ⊂Bw;

(ii) BothZg andJg areboundedoperatorsonBLJ;

(iii) 9∈H∞,supw(1
2∈D zI2)/

回 (i.i

o ILJ(1- S2)E
Ig'(I)l<+∞.

Proof･Theequivalenceof(ii)and(iii)isanimmediateconsequenceof

Theorem 3･landProposition3･2･If(ii)holds,itistrivialthat(i)holds･
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Soitsu凪 cestoprovethat(i)implies(ii)･Infact,supposethatgBLJ⊂BLU･

Forarbitrarya ∈ D,letha(I):- /.Zポ 両 dり･ Andletka(I)‥-
1

ha(I)-ha(a)･ ThenweseethatkL(I)- 両 ,ka(a)- 0andka∈

Bwbecauseofsupz,a∈D駿 裂 く+∞･soforaanalyticonD,-ehave1
(gka)′(a)-a(a)抑 JByusingtheboundednessofMgonBwandthe
subharmonicpropertyoflLJ(1- 瓦Z)Ir(gka)′(I)landtheassumptionthat

foranyaED thereisaconstantC>0(independentofa)suchthat

鰐 謝 ≦cforal1Z∈D(a,r),

lg(a)l-lLJ(1-Fal2)lI(gka)′(a)l

≡K/D(a,r,lw(1-az,Ii(gka,I(I)

dA(I)

(1-lzl2)2

≡KC/D(a,r)lu(1A ,=(gka,I(I)
dA(I)

(a,r) (1Ilzl2)2

(1-lzr2)2

(1-回2)2

"MgkallBw

HMgHFrkaHBw

llMg HsupJlka"Bw<+∞･
(1-lzl2)2日▲'一g ■■aU蒜

Hencewehaveg∈H∞･ByTheorem 3･1,g∈H∞ ifandonlyifZgis

boundedonBw･SobytheboundednessofIgandMgonBLJ,WeSeethat

JgisboundedonBLJ･ □

Remark Carefullyexaminingtheproofoftheabovecorollary,weseethat

theequivalenceof(i)and(ii)Canbeprovedbyusingtheassumptionof(〟

inTheorem3.1only. □

BasedonCorollary3.3,wefurthermoremakethefollowingconjecture.

Conjecture Let0<r<+∞.LetLL)beasProposition3.2.Andsuppose

thatl等 耕 一o(lzl- 1-)･ThenforganalyticonD,thefollo-ingare
equlValent:

(i) gBLJ⊂BLJ;

(ii) ZgisaboundedoperatoronBw;
(iii) g∈H∞.
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SupposingtheassumptionthatthereisaconstantC>0(independent

ofz)suchthatlw(llEzl2)l烏zl同空所 ≦C(1-Lzl2)forallz∈Dwhich

isstrongerthantheassumption特 許 -o(lzl- ll),Weseethatthe
aboveconjectureholds.

4･ TheproductoftheoperatorsZfandJgdefinedontheα-Bloch
SpaCe

lnthissection,Westudytheboundednessandcompactnessofproducts

ofIfandJgdefinedontheα一Blochspace.

Theorem 4.1 LetIbeananalyticfunctiononD andgbeananalytic

functiononD･Supposethatsupz∈Dlf(I)I<+∞･ThentheoperatorIfJg
isboundedonBifandonlyif

zs:S(i-Lzl2)(log古 )Ig,(I)Ilf(I)1く れ

Letα>1･ThentheoperatorIfJgisboundedon Bαifandonlyif

sup(1-lzl2)Lg′(I)llf(I)L<+∞.
Z∈D

Proof.Letα-1.LetibeafunctiononD･First,supposethat

zsEuB(1-1zE2)(log言 辞)lg,(I)lLf(I)L<･-･
Thenwesee

IfJgh(I)-Lzh(()g′(()I(()d(

Sincelh(I)A≦CHhLIBlog毒 forh∈B,wehave

(1ILz12)I(IfJgh)I(I)I

-(1-lzI2)lh(I)g/(I)I(I)l

･zs:B(1-Lzl2)(log毒 )lg,(I)Ilf(I)I"hlEB･

Hence

‖IfJgh‖B -< zs;S(1- lzl2)(log千古 )lg,(I)=f(I)lLlhLIB･
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Toprovetheconverse,WesupposethatZfJgisboundedonBIFor

a∈D,itisclearthatthetestfunctionh(I):-log(1-瓦Z)∈B･SinceZfJg
isboundedonB,foranyIED

(1-lzE2)Flog(1一面Z)Ilg'(I)llf(I)l

-(1-Ezl2)lh(I)llg′(I)llf(I)I

≦llZfJghHB≦llZfJgl川hllB≦K<+∞･

ApplyingI-a,wehave

(1-(a)2)(log毒 )Fg,(a)llf(a)I≦K,

foranyaED.Hencewehave

zsEB(1-lzl2)(logi毒 )lg/(I)Alf(I)I<+-･

Ⅰnthecaseofα>1,wecanproveitaswell.Soweomitit. ロ

Theorem 4.2 LetfbefunctiononDandgbeananalyticfunctiononD.

Supposethatsupz∈Dlf(I)l< +∞ .ThenikeoperaiorZfJgiscompactonB
ifandonlyif

虎 _(- ･Z･2)(log古 )rg,(I)=f(I)I-0･

Letα>llThentheoperatorIfJgiscompactonBαifandonlyif

詣 -(1-lzl2)Ig'(I)IIf(Z)I-0･

Proof.Letα-1.Thenwehave

rlIfJgh=B≦zs;S(1-lzl2)(log古 )lg/(I)=f(I)l‖hllB

･zs諾 げ(I)IZSEB(1-lzl2)(logTjw )lg,(I)I‖hEIB･

ByusingthefactthatAIA2iscompactoperatoronBforanybounded

operatorAIOnBandcompactoperatorA20nBandthefact(IfJg)**-
ZfJg,Wecanprovethistheorem aswellastheproofofTheorem2･3･Inthe
caseofα>1,wecanproveitaswell. D
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