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Expository supplement I to the paper “Asymptotic expansions for the
estimators of Lagrange multipliers and associated parameters by the
maximum likelihood and weighted score methods”

Haruhiko Ogasawara

This article gives the first half of an expository supplement to Ogasawara
(2015).
1. Asymptotic expansions of the estimators with restrictions for model

identification

In this section, the estimator 0w with restrictions for model

identification is dealt with. Recall that in this case ﬁw =0. Setting ﬁw =0
in (A1.4), we have
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From the above result,
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Recalling M=L,-A,, Equation (S1.2) gives the following result:

(S1.2)
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In (S1.3),
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where A 2) = (A(Z VAL 2)) with A _]) and A i 2) being
gx{q*(g+1)/2} and gxq’ submatrices, respectively,

(S1.4)
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Equation (S1.3) is alternatively written as
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0, —0,= Y AV + ADR 1Y —n' AL g, +0, (n7)
i=1
A S1.7
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2. Properties of augmented matrices
Define column-wise ¢ blocks of a matrix A as A..; (J=1.9) ie,
A= (A(.l) A(.z) - 'A(.q)). Similarly, define row-wise p blocks of A as
A(i.) (i=1..,p) ie., A= (A(1.)' A(z.) e 'A(p.) ). Let B= (B(.1) B(.z)) s
where Bj) and B, are 5xq and bxr submatrices, respectively;
I(q) o
) G=
q>r,q=r or g<r.Post-multiply B by C' I . Then, BG
(r)

becomes (B, + B,/ C':B,)) with the colon being used to show separation
(D (2) (2)

for clarity. Matrix B is restored from BG by subtracting B(.Z)C' from the first

I

(0]
* (@)
column-wise block of BG, which is given by G = [_Cv 1 ] Since
(r)

BGG =B, G" =G, That is, we have elementary results:
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B D
Let (C' Oj be a non-singular (¢ +7)x(q+7) matrix, where the

q < q diagonal block B may be asymmetric and singular.

-1
B D
Lemma S2. The first column-wise and row-wise blocks of (C' OJ are

B+DC' D\
equal to those of C' O | - respectively. Equivalently, the two

matrices are different only in their second diagonal blocks.

B D\(1,0 )| (B+DC' DY
Proof. Since Cvo Cv I() = Cl O ,

B D\ (I, O )(B+DC' DY
col | I, C' o) - Using Lemma S,

I,0 \BD) (B+DC' D)’
el I() C'O = C' O | - Noting that pre-multiplication of a

I, O
(9)
matrix by [_Cv I J does not change the first row-wise brock of the
")

multiplied matrix, we find that the first row-wise blocks of the inverted
matrices are equal. Similarly, from

{(1@, D ](B DJ}_I _£B+DC' D]_l
o I,)lC'O C' Q) wehaw

B D\ (B+bC'D)'(I,D
C'0O = C' 0 0 I(r) . Using Lemma S1,
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B D\'(I,-D) (B+DC' DY'
C'O o 1, = C' O] »which shows that the first

column-wise blocks of the inverted matrices are equal. Q.E.D.

B D\
When B is non-singular and when g=>r, (C' OJ is straightforwardly

obtained by the formula of the inverse of a partitioned square matrix
EF)' (E'+E'FIGE" -E'FJ
(G HJ _[ ~JGE" J
the assumption of the existence of the inverses, which gives
B D) 3 B'-B'D(C'B'D)'C'B"' B'D(C'B'D)"
[C’ 0] B ( (C'B"'D)"'C'B" ~(C'B'D)" ] '

], where J=(H- GE_IF)*1 with

B D
When B is possibly singular, and (C' Oj with ¢=r and B+DC'

are non-singular, we have
Lemma S3. Let A=B+DC'. Then,
B D) (A'-A'D(C'A'D)'C'A" A'D(C'A'D)’
C'0) | (C'A'D)'C'A” I, -(C'A"D)" ):
Proof. Using the result in the proof of Lemma S2, and the formula of the
inverse of a partitioned matrix,

B D\ (1,0 }B+DC'DY"
co) |\lci,\ ¢ O

=[I<q> 0 ](A‘ ~A'D(C'ATD)'C'A" ATD(C' AID)~1]

c' 1, (C'A"'D)"'C'A™ ~(C'A"D)"
A"-A'D(C'A'D)'C'A” A'D(C'A™'D)” QD
| @©A'D)'C'A I,-(C'A™D)") T

In the case of the augmented information matrix per observation I, with
q > r, we have
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-H,' O C'O 1821) Igzz) where
Iy may be singular; A=1, +CC' gnd C'A™'C are non-singular. Then,
o A"T-AT'C(C'AT'O)'C'A! A'C(C'AT'C)!

0o - (C|A—1C)—lch—1

I, - (C'A“C)“] :
Proof. Use Lemma S3 with B=I; and D=C.Q.ED.

It is known that the asymptotic covariance matrix of (nl/zéw “n

—I/Zﬁw v)l
I -1 IO O I*—]
under correct model specification is givenby "0 | o o | whose
alternative expression (see Silvey, 1959, Lemma 6; Jennrich, 1974; Lee, 1979)
is given by the following:
Corollary S1. When Ly in the augmented matrix may be singular,
- (IO OJ - (15)11) 0 ]
0 o = 22) |.
00 0 -1
Proof.

*_1(10 oJ y (A”I—A“C(C'A‘1C)‘1C‘A‘1
I I =
0 O O 0

(A-CC))
(CUA—IC)—lch—l
x(A"T-ATC(C'ATC)'C'AT ATC(C'ATO)Y)
[A*l ~A'C(C'A'C)'C'A™

- o)

0
(C'AC)" -1, J
1" 0
={0 —IE,”)J QED.

inverse of a partitioned matrix as

When I is non-singular, since I:l is obtained by the formula of the
-1

*-1 = I() C =

* (co

I,-1;)C(C'T,')O)'C'l, I,'C(C'T,'C)!

(C'I;'C)'C'T! ~(C'L'C)” ]’“
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follows that
o [IO 0]1*_1: I,'-1,'cCc',)o)'C'1)! O
‘loo)”’ 0 (C'I;'C)™

(1o
lo -1 )

which is also known (Aitchison & Silvey, 1958, Theorem 2).
The result If,“)lolf,“) = If)“) in Corollary S1 shows that Io isa

11
generalized inverse of If) ) . However, the reverse is not true (Jennrich, 1974),
which is shown as follows.

ILI'I, =(A—CC){A' —A'C(C'A'C) 'C'A"}(A-CC)
=A-2CC'+CC'A™'CC'
~(A-CCYA'C(C'A'C)'C'A ' (A-CC))
= A-2CC'+CC'A'CC'
—{C(C'A'C)'C'-2CC'+CC'A'CC"}
=A-C(C'A'C)'C’
=1, +C[I,, - {C'd, +CC)'C}'IC’

<I,,

()

which indicates that If)”) is not a generalized inverse of Io .
Noting that Theorem S1 holds when Io is non-singular as well as when
Io is singular, we have
Corollary S2. When Io is non-singular and A= Io +CC' R
A" -AT'C(C'AT'C)'C'AT AT'C(C'ATO)!
( (C'A'C)'C'A™! I, - (C'A‘C)‘l]
(' -L'CC''O7CL L'CCE'C)y
) ( CL'o'cy —(Cr'o)’ J
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Proof. An alternative direct proof of Corollary S2 is given as follows. First, we
derive the equality of the second diagonal blocks of the above equation. Since

C'A'c=C(,+CccH’'C
=C'{I,' -I,'C(C'I;'C+1,,))"'C'I}'}C
=C'I'C-C'I'C(C'I,'C+1,) ' (C'L,'C+I,, -1,
=C'L'C(C'T,'C+1,,,)",
I, —(C'A"C)"' =1, -(C'L,'C+1,))(C'L'C)"
=—(C'1,'O)".
The equality of the lower-left (or upper-right) blocks is given as follows.
(C'A'C)'C'A™
={I,,+(C'I,'O)"}C{I,' - I,'C(C'T,'C+1,,))"' C'I}}
={I,, +(C'TO) }[C'T} - {I,, - (C';'C+1,)) }C'L,']
={I,,+(C'L,'C)"{C'L,'C+I,)"'C'L
={I,,+(C'L,'C)"}[ (C'T,'C)"
-(C'L'O{(C'L'O) " +1,} (C'T'O) " IC'T)
={I,, +(C'L'O) H(C'T'O) " +1,,} (C'L'C)'C'T
=(C'L,'C)'C'T,.
The equality of the first diagonal blocks is given as follows.
AT-ATC(C'ATC)'C'A
=A"-A7C(C''O)'C'Ty!
=1, -I,'C(C'I,'C+1,)) "' C'L’
—{I,' -I,'C(C'I,'C+1,,))'C','}C(C'L,'C) ' C'L’
=I,'-I,'C(C'I,'C)'C'I,'. QED.

A different expression of the result of Lemma S3 when B is non-singular is
given from the result before Lemma S3 as
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Lemma S4. When B is non-singular and A =B+DC'as in Lemma S3,
B D) (A'- A'D(C'A'D)'C'A™" A'D(C'A'D)"
[C' Oj h [ (C'A'D)"'C'A™ I, - (C'A_ID)_I]
3 B'-B'D(C'B'D)'C'B' B'D(C'B'D)"
- ( (C'B'D)'C'B" —(C'B"'D)" j
Let C and D in Lemmas S2, S3 and S4 be partitioned as C = (C(.]) C(.z))
and D=(D,, D.,)), where C(.l) and D, are gxs submatrices, and

C2 and Dy are gxt submatrices with s+7=r after possible
simultaneous permutations of the columns of C and D. Assume that

B+ D(.Z)C(.Z) "is non-singular, where B may or may not be singular. The
quantity 7 (0<t<r) isnot necessarily the minimum value to yield the

non-singular B+ D(.Z)C(.z) " when B is singular.
B D)’
Lemma SS. The first and second row-wise blocks of C'0 and

(2)™(-2)

B+D_,C.,' DY
C' o) corresponding to the first q rows and the following s

rows are equal. Similarly, the first and second column-wise blocks of the
matrices corresponding to the first q columns and the following s columns are

equal.
Proof. From the identity,
I(q) O O ) -1
B D o I o B B+D,C." D
C' O ' (s) - C' o) ,
C('2) o I(f)
I O O _
B DY | | o |[BPeCeo’ DY
wehave |C' O) © C' (0]

Similarly, from the identity
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-1

I, O D

()] (-2) -1
B D B+D( »Cepy' D
o I(S) o ' '
C'O C o),
o 0 I,
using Lemma S1 we have
I O -D -
B D)'| ¥ “1_(B+D,Coy' DY
co)|® 0 C' o
0O 0 1

®)
The above results show the required equalities. Q.E.D.
Define A, =B+D,C.,". Then, using Lemma S5, we have

Theorem S2. The three submatrices other than the second diagonal block
on the right-hand side of the identity

-1
(B+D( 2)C( 2) D]

c 0
_[AG-AGDC'AGD)'C' A D(C'A; D)
(C'AZD)'C'A, ~(C'AZD)"

are unchanged irrespective of the choice of C( 2y and D (-2)-
Theorem S3. Theorem S2 holds even if B+ D( z)C( 2) "is replaced by

B+D,)EC .., where E is a non-singular txt matrix.
Proof. From the identity

1
I, 0 O -1
B D B+D, »EC.,)" D
(0] 1.0
C' O ®) C' O/ ,we obtain
EC..'O 1

» I, 0 O a
B D B+D,EC.,,' D
= 0 I, O .
o 1 C' O ) - Similarly,
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-1

O D _E -
o 7B DY _(B+D,EC, DY’
o I, O )
: cC' O C' 9) gives
o o0 I,
4L,y O D,E
B D' (B+DEC,' DY'| €2
o I, O
CcC' O C' (0] . These two results
O 0 1

1
show that (Cv 0 C' OJ are the same except

their second diagonal blocks. Q.E.D.
Crowder’s (1984, Lemma 6) result for the augmented matrix derived in a

B DJ_I ) (B+D(2)EC(2) D\
an

different way is a special case of Theorem S3 when B=1, and

D =C=—H . Note that the arbitrariness of E corresponds to the arbitrary
expression of the restriction Eh = 0 with E being non-singular.

Using Lemmas S1, S5 and Theorem S2, we have

Corollary S3. When B is possibly singular,

. (1, 0 O .
B D B+D_,C.,' D
=0 1,0
C'o ' C 0
C(°2) o I(t)
AZ ~-AZDC'AZD)Y'C'  AZD(C'AG D)’

= 00 L
(C'AZD)'C'AQ o1 |(€CAsD)"
®

Equating the results of Lemma S3 and Corollary S3, we find that

00 C'A,D)"' = C'A'D)"
o1, —( D) = ( )" or equivalently

(CVA—IDf C'A- 1D71_ I(S) 0
)= ( @ ) = 00 . When B is non-singular.
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(O 0 ]_ (CvA—l D)—l _ _(CvB—lD)—l
5 =
o) I(t) (2 .

3. Applications of the general formulas to Example 2.1 (Example 1.2)
3.1 Non-studentized estimators

— n ny
ol 1 X 0, Z,»=1 Xy — 1,0, J

690 001(1_001) ’ 902(1_002)

— | M —mby, , my, — 1,0 J ,
601 (1 - 6)01) 902 (1 - 002)
L my, — 0,
o’1 _ 0 (1-6y) {6, (1-6,)} (1=26) °
06,00,' 0 —n, My —-n,0,, (1-26,) ’
002 (1- ‘902) {902 (1- 002)}2 v
_m
E( 'L j: | O =60
00,00,' n,
‘902(1 - 002)
4
_ O (1-6,,)
_ S
602(1 - 6’02)

=1, (¢, =n/n=0(),c, =n,/n=0(1)),
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27 27
M= 0T g ( 91
00,00, 00,00,'

my, —n6,,

————(1-26,) 0
| eaa=G0y T
My, — 0, ( ~26,)) ’
(1=,
G
E, _E_?L ol ! G, (1-6,,) =n4110,
00,00,' c,
‘902(1_902)
ol 4 ¢
E,| (M), — |= -—1 - (1-26,), 0|,
MG ( Gu-a7 j

I,

al _ ol ¢, 3
’ (M)ZZWO']_" (0’ TRERT 29"2)}’

_E ((M)ZI o J 0,

Since 901 = 902 , define 00 = (90 )1 = (90)2 = 901 = 902 . Then, using

0 ¢ o
:;{6& j I =0,0- 0){ _1]
0,0-0)\0 ¢, 0 ')

25
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—Ig‘+1 {( DI } (1,-DL' sym
Ay = L
.o } -y, {(1,—1)151 )
_0 cﬁ1 0 1l
b (1—=6,)< — O &' +e6,| 1 (c1 ,—C, ) ¢ Sym.
- ¢,c ’
ce,(ct,—c") el
I 1626 2 00(1_90)
=g, 1 .
c 2
) 0,(1-6,) » : 1-g (_qj
CZ
L)
] (¢,—) 8,(1-6,)
11 )
| o} 1) (_)
_ 6% ’
@ G-

q*_[i_ kK k k _k( 1-26, 1-20, J
’ 601 1_001 ’ 002 1_002 601(1“901)’ 902(1_002)
_ k(1-26,

( )( ).
6’(1 6,)
A - A —-ap 2T -00-00(1 1) |2
00, (¢3,—¢;) 600

where AL =AD = A = _(AID AP 1D =57 /080,
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a 11 )
! [Ao Jq; _ {6’0(1—490)(1 1)}(1] k(1-26,)

A7 —(c,,—¢,) 6(1-6)
2
=n" l: 2 k(1-26,),
(¢,—¢,)/{6,(1-6,)}

* 1
where Agl)qo = _(1)2k(1 ~26)) .

J(3)

For nonzero elements of Jg
3)

(Jo )(91,0101)

:n_l{nlz(l—zeo)_(m“_nlgo)(_ 21-26) 2 ]}

6,16,y 6,0-6)) {6,1-6))

=2n" {inl(l—200)2 +(m“—n190)[ (1-26,)" T+ ! 2]},
{6,(1-6,)} 6(1-6)y {6,(1-6)}

E, {(Jgj))(ol,elal)} =2c

_l_ﬂ
'6,1-0,))’
{J?) - EB(JE)3))}(91,9191)

:2,1—«,”“_”190)[ (A-26) ] ]
{90(1 - 00)} {90(1 - 90)}

Similarly,

1-26.
E, {(Jff))(ez,azaz)} =2c .

2{0,(1-6)y’
J9-E,(I)} 6, 60,

=2n""(m,, —nzﬁo)( (1-26,)° + ! )

{90(1 - 90)}3 {00(1 - 90)}2
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4
Nonzero elements of J E) ) are

Ea{(Jg4))(al,alalal)} =2¢ (_

31-26,)° 3 ]
6,0-6)y {6,0-6,)¥

((123)+ 1 )
6,0-6)F {6,0-6)¥)

E *) =_ (1- 200) 1
6 {(Jo )(92,029202)} 602 [ {490 (1- 90)}3 ! {90 (- 90)}2 .

- — N\ <2>
Ag;)lE)Z) :A(2) (2) (A(z D AC- 2)) v(M) ol ’ ol
00,' '\ 00, >

where

(A g = T A, AR
2 —9 (1- 2-0,
=Z{ -6 1)} % 6,0-6))

@) (¢y,—¢,)

~ 6,1-6)¥(2-6,)
: _zfij)g"(l —0))(cy,—¢,),(2-6;)/2

} (1<i<j<2:k" =1,2),
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; 1 [ Ey(I9)
i =g g Jasn o)

1
S ATES DA, B (AL), )

1
11
z_%{—%ﬂ—ﬁo(l J}wgﬂ» Hioa-6)y

(¢;,—¢))

1
11 |
| O1=00){1 1) |(¢)1-20,)=|1 |g,0-6,)1-26,
[ (Cz,_c1)( )}(%)( g 0 o X .
(i, j=1..,9).

B3NGB - AG)B) (A) ,~-11(W)
ADIY = A1 1 AR 1Y),
A(3) 1(3)

ML™0

ol
— A(3 1) A(3 2) A(3 3) A(3—4) M |<2>® v
=( ML ){ (M) 69 -, v(M)'® ( 76

29

— \<2>
v] ’
0

— \<2> —_— \<3>
(ol ol
vec((Jé”—ET(Jf,”»®(690.] ,[aeo,] }
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A(“A,)n—llgW) _ (A(\ﬁ'l) A(\s—z))n“l { 51 }
(Agil)).(y’k*l*m) = Z Z (A( 1)) y (A(“)),k* k*l* (A(ll))l*m
() (k*1*)
2 2._ _ 2-6)2-0,..
) R (e ){00(1—00)}2
(i) (k*1%) (¢,—¢ y 4

-0 -3

_z;)(cz,—cl),.{(z — 5,;) 1 2346,(1- 90)}2
(1<i<j<uI<k <I"'<2;m=1,2),
(A(3_2)) o (ik*1¥)

-y, ( AR, (TP ) (AL).0 ®<A<“’),*}j

@)

+A( g (J(3))[(A(”)) " ®z{(A(11)) i (A(ll))ﬂ*}:|

@)

(2= Gpu)

J

=S A, A, (& )a-20)

@)

CAL (? )200(1 —6,)(1-26,)(2=5))
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-y -4,0-0) )Egiemuk%m—mo

@ (635—¢)
-6,0-6)(1
(¢;,—¢))

Cﬁ@—@xaa—%»%va%>

o

(? )2‘90(1—90)(1 ~26,)(2-6,)

2

2-9y
Y e 5 6,1-6,)1-26,)
(1<i<j<xk,l :1,2),
I
(AR qeormy = = (A“U<A“Umovm»w

-6,(1-6
[ ( ) {90(1_90)}2
6,1

(029 cl) o

°)(1) 6,(1-6,)¥’
‘(cz,_q) .i
G, 7.k, ,m=12).
(A$£4))-(yk*)
1

_1
2

— S APE I (AL), ©{ALE, (DAL, © AL 3} ]

|
+ EAE) I)EQ(JE)4)){(AE)11)).1 ® (Agll)).j ® Af)ll)).k*}a

where the first term is

31
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—%AS"EQ(J?)[(As“b.,- ® {Aé“) (? )2(1 - 200)}}
2

_ _%Agl)Eg(J?)){go (1-6,) (%) ® (i) 6,(1-6,)2(1- 290)}

_ _%Ag">4(?2j(1—290)2

1
=2(1]90(1—90)(1—200)2
0

and the second term is

1

A6( % 1120 +6,0-6))

1
= _(1 J[go(l —6,)(1- 290)2 +{6,(1 _90)}2]'
0

Then,

1
(Ag\ffz4))-(y'k*) = (})] [00 (1- ‘90)(1 - 290 )2 - {90 (- 00)}2] )

AGD) 0 = 3 (A, 22 (A ),

@)

- Z(A( 1>) 279 — T {2k(1-26,)}

@)

= Z[ 6,(1- 0)( )J (2-5,)k(1-26,)
@) (02, )

0 (1-6,)2(2=5))

2(02’ cl)i(z_é‘ij) k(1-26,)

@)

(1<i<j<2),

ol
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q, = 02260 (g gy pe0 2 { 90(1_‘9")(% })

0 tl
where 6,(1-6,) () ] and consequently,

Af)“)q:) - _ (1) 2k(1-26,) s used.

~ : . W oq.
(AL, =—ASE,(IO){(AL), ® (AL )} + AL %(Ag‘“ ).
0

= _AYE, (Jff)){(—eo(l - go)(%)j ® (— (})2k(1 - 29@)}

ACD| 2 a- 20) (A(“)).
" 6a0-6) H,0-6)r | @ "

— —-A(.l) (Cl ) 4k(1 - 200)
*\a) 6,(1-6,)

(s1) 2 (1_200)2 B )
* {ﬁoﬂ—%ﬁ{eoa-eo)}z}kg"(l )

1 2
=4k(1-26,)’| 1 { 2, (1-26) 2}
0 90(1_00) 16,(1-6,)}

_60(1 - 00)2]

x k6, (1 - 90){—90(1 ~6,)2

6 =G
(-46,(1-6,)+2(1 - 290)2}(1)

=k 5 (i=12).
{2+—-—(1*29°) }(Cz—cl)
90(1_90)

3.2 Studentized estimators
3.2.1 tyy (*wg and fws,)

Using 901 and 002 rather than 90 for differentiation,
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I, -H,)
I'={-E (A*)}*:[ o ]
0 [ 0 _HO 0

-5 () fa-on (_11)}1 005 s |

. {(1,—1)151 (_11)}1 L-DE - {(1’ Rl (—ll)}_l

1

G 0 i 0, (1-6,,) 0
= 0, (1-6,,) _ G
where c, 0 6,,(1-6,,) |.
6, (1-6,,) )

‘ I_l( 1): O (1-6,1)/ ¢,
Then, noting ~0 |—1 -6,(1-6,,)/c, and

a, _1)151 ( 11) _ 6, (1-6,) N 6,,(1- 002)
B G c,

1 Ab
I, = b'd , where

Q-6

, it follows that

-1
A= G _[ 001(1_001) +‘902(1_002)J
0 0, (1-6,,) G )
)
001(1 — 001)
x ¢ (601(1_901) _Hoz(l_eoz)j
_6,(1-6,,) G G

)
b:_[em(l_em) +602(1_602)J_ (001(1_001)’ _002(1_002)} ,

G C) G G
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-1
and d:_[ 001(1_‘901) +‘902(1_002)] ‘

G &3

Since direct differentiation of I*_l with respect to 90k is tedious, we use the
formula of alzﬁl /06y =— I* l(aI / 500k*)10 , Where
Cl

—— 0
001(1_001)

I*:[IO —Hoj: 0 ¢, .
’ -H, ‘0 002 (1- 602) though

-1 1 0
11 c
| seal) ()
1 =
0 ¢, after evaluation using 6 = 6,
—(¢,—¢)) -
60(1“90)
looks simple.
(.., oL .
i(l) = 1 -1 0 I 1 l-(11) -3/2
(9I j 2( 0 600] jll 0 )
1 —c,(1-26,) ~
_E{eo(l_eo)ym{go(l*eo)} v
0 0
- 21-26)16,0-6,)"
(j=12),
oy O . T C; _
(iy), = [ 169° I 1] (i) 3/2=—3’(1*290){490(1—90)} i
0/ 2
(j=L2).
That is, lél) _l() . Note that
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NYG) S ) I
=y =|r'=21r'| =—.(1-26 =1,2
[ ’ 8490]. ’ ] ( " o6, " ]22 j( o )

0j

In fyy = n' (f\flg )_1/2 6y —6,), ;3/9 is the first or second diagonal
element of I;—l with 0, replaced by Gw and becomes 9w (1- Hw) . Then,
Twe = n"’? {Hw (1 - ‘9w)}71/2 (9w - 90) , where note that fw, is defined using

1/2 . 2) .
n'"* rather than Ny, . That is, 9w and fye reduce to those of a single
group proportion with size n and pseudocounts 4k in total.

(i) e
1., 0T, ., 1.0 ., 0l
==l ———1, —%I I,
4~ 00,00, 2 06, 00y
3., OL ey O .
o=t =t | {6,(1-6,)
8[ 0 69 0 ]11( 0 6901(* 0 j“{ 0( 0)}

0j

:{aﬂz{ugﬂ}_l%w}%a_90)}m
ol ea-6)] 27" 6,0-6)

I:)_l] {90(1 - 90)}_3/2

+ %c e (1-26,)" {6,(1- 6,)}

(j,k =1,2),

_ Cl(l _290) 0 0 0

o, Ga-6)y oI, ¢,(1-26,)
where 5001 B 0 0p %Z 0 - {‘90(1—00)}2 0
0 0 0 0 0 0

and non-zero second derivatives are
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[ERERVEAT
azl; 1 {60(1 - 60)}2 {90(1 - 90)}3
(6901)2: 0 0 0 ,
i 0 0 0
"0 0 _
B 0 20[ L + (1-26,)° J
(89 0)2 = ’ {00(1"90)}2 {90(1—60)}3
270 0 0]

i =i —49(1 O)s (i) eny = 05Dy

Incidentally,

2) (2)
Z;kzl (i) )i Z,kZ (g, ) av
Jj=1 k*= j=1 k*

6,1-6,)| 2 6,(1-6,)

) [ ve {1 )
2
26 e +a)1-20) (6,161

1 _ 3 -
=5 160-6); ¥t g~ 26,){6,(1-6,)}"
= 152),
which is a scalar in the case of a single group.

322 ty,

-1/2
N _pmy 2| 2] GG
Expand (—iy') " about 4" [ {90(1—90)} ],

14 _ 1 *~1 | GGy
where aVar(n T]W)_n (~IO )7777

37

(-26,)" }—1@. re)e e )w]{eoa )"
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( 17777 -1/2 (_igﬂ)—l/z _%Z[I; ! 66;0 I* 1] (—ig”)_3/2(ﬁw —Go)j
J=1 nn

0j
S L O g Lpa Oy e Oy )y
S| 47 00,00, 0 20 06, " 06, " ) "7

0j

0 0 0
8 ° a6, ° ) el .

X (6W - eo)j(éw - Oo)k* + Op(n_yz)
= (—igﬂ)—l/Z + ig]l) v(éw _ 00) + iE]Z) ‘(éw _ 90)<2> + Op(n—:s/z)’
where
[I;I o, p,j L e020) 1226,
6001 {9 (1 o, )} {00(1_90)}

e Ol Ly e 1-26,
I, —1, =—¢ 2—_“2“7
00y, ' ), 6,(1-6,)}

consequently,
oI,
m I 0 ™1 7 \-3/2
i I, =i
'), = [ 06, * ] 4")
m

-3/2
(e’ 1-26, { ¢c, }
2 ¢ {90(1_90)}2 6,(1-6,)

B l (cc, )”2 1-26,
2 ¢ {6,0-6)

J

I* —1 an I *_] _ (CICZ )2 1 - 200
where 0 - 2,
6, " ) ¢, 16,1-6,)

0j J

1/2 (.] =1=2)a
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. 5‘k* (c C )2 1 (1 - 200 )2
2) | _ J 172
() ey = { 2 ({00(1 -6,y " 0,0-6)Y ]

1 =G 2 (1_200)2 o) -
H D Taa) {00(1—9())}3}{90(1—00)}

-5/2
+§ cle, (1-26,)) { o) }
8 CiCrs {‘90(1"00)}4 00(1"00)

S ()" 1 .\ (1-26,) J
2 ¢ \{6,0-6)1" {6,(1-6,)y"

+1<—1>”W (cicy) (120, 16,(1-6,)} ™"

3 (clc2 ) 2

CiCh

22— (1-26,)*{6,(1-6,)} "

200~\-1/2 1 A -1/2 —1/2 A
Note that while Zfyyg —nm( ) 12(0w -6)), ty (=ty i

/ V2, -l
Alternatively, fw, = n 2("1\;7/ﬂ) (n" 71y ) , where

wh = Ny CwiCwr (Pw, = Pwi1) -0 (n—l/Z)

" 0,(1-6,)

4. Results using special properties of Example 2.1 (Example 1.2)
4.1 Partial derivatives of ﬁ with respect to 131 and ﬁz

A . . a 66 (D, - D)
Note that @ =¢,p,+¢,p, and * 1= é(l—é) , then

” Lo {( LD b =h (—2é>(cl,cz)}

0(1-0) (6(1-6))

=cCy——" LD’
6,(1-6,)

p=9,
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o] e)E)ed)

(0p)*> b, = (0(1-0)y

o) iy ]
ek )
_ cc,(1-26))

= m(—ZCI,CI—02,01—02,202)',
0 0

n_l—ajﬁThe :2clczl: 1 _+ (1—2490)23}
(@)= " 6,(1-6,)}" {6,(1-6,)}

A()e(a) (2 )e(De(s)+() e ()}

=2qq{ 1, 0_2%Y3}
{90(1_90)} {00(1_00)}

2 2 2 2 2 2\1
X{(—2¢; ,—2€,C,,C] —C€,Cy,C,Cy —C)yCf —C1Cyy CiCy —Cy 5 2C,Cy 5 2C5)

(1-26)

2 2 2 25\1
+ (_cl »C =16y, 66, —CC,, GGy, (5, Gy ) }

=2qg[ 1 . O_Z%ys
{60(1_00)} {90(1"90)}

2 2 2 2 2\1
2¢,c, —¢;,0 —2¢,6,,2¢,, —C5,2¢,C, — C5,3C5)

2 2 2
}(—301 ,¢ —2¢c,,¢ —2¢c,,

where

<2>
(j ®(‘1)=(cf,clcz,clcz,cb'@(—Ll)’
c, 1

(22 _ 2 2y
=(—c;,¢; ,=€,Cy,C,Cy,—C1Cy, C1Cy,—C 5 C )

4.2 Asymptotic camulants of 6 and 7] by ML
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n

Since &=¢,p,+¢,D, isausual sample proportion of size n,
x,(0-6,)=0,
5,(0)=n"6,(1-6,),
K,(0) = n6,(1-6,)(1-26,),
K, (0) = n76,(1-6,){1-66,(1-6,)}..
On the other hand, since
_49% (P~ P1) _ 6 (P, — P)
0(1-0) (e, +e, D)1=, py— ¢, ;)

-1

n1

we use

K (f’) =0,

K, () = 76,16, vee diag(er’, 5",

K, (p) = n6,(1-6,)(1-26,)(c;*,0' .57,

x,(p) = "ﬁ3‘90(1 —-6){1-66,(1 _90)}(01_3’0'(14)7053)'
(n cov(p) = 6,(1-6,) diag(c; ", ;"))

sy L n—1az770 A <> -2)
=— E - +0(n
Kl (n 77) 2 (ap ,)<2> 9{(p p)} ( )
1 n'd? _ . a4 - _
=5 (61)')2‘; n7'6,(1- ) vec diag(c;',c;") + O(n™)
-1 0102(1_290) {(—1) (C ) (C ) (—1)} . -1 -1
=—n ——— Q1)+ 1® vec diag(c; ,c
" 26,(1-6,) 1 &) \& 1 gae)
+0(n™)
— M(_l +1)+0(n™)
6,(1-6,)

=0(n) (e, =0).

41
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= ) 19
') =0 10,16, ding(cr ;)
p op
-1 —-1A2 -1~2
+ n ala’?o K3 (f)af) |<2>) n a 770 +l n a 770 ALD>S A g<2>

n_laz%
<2> n<2> K p ’p ) <2>
@p)*> 4 @p)” (@p)°

_ 1n'on,
—n 26!:1 +§ 0

s n—laS
Kz( 3 ) 770

) ——3; 0 N
o' @ o)

L (LD Ly
=n"'cc, m%(l —6,)diag(c;",c;" )e,c, ————

6,(1-6,)
leiyela et e

2
x6,(1-6,)(1 _290)(0;2’0'(6)’0;2)'

2 _-1A2
n- nomn,

n—laZU
+———{ncov(p)} ¥ —*
2 (ap)” (op)”
-1 -113
L1 0n, A . Ay PO, 3
—2[ncov(p)® vec'{ncov(p)}] - +0(n™)
op' (0p)°
_ 2
— ! €6 _ n—2 2(0102 )2 1 (1 260)
00(1 - ‘90)

! ) ) ¢.c, {190(1—90)}2
n* (¢c,) (1-26,) )
+— 6(-86 -2¢,,¢, —C,,¢; —C,,2C
2 {eo(l_go)}4 { 0( 0)} ( 1°~1 2°%1 2 2)
x diag %,L,L,% (—2¢,,¢, — ¢y, —C5,20,)'
€ GC 66 G

1

g e (3— 2;1J®(Cf ‘,0,0,02-1)}
1 (1_260)2 B .
’ {90(1—00)}2+{90(1—90)}3}{9o(1 6,)}

2 2 2 2 2 2

x(=3c;,¢; —2¢,6,,¢; —2¢,¢,,2¢,c, — €5, ¢ —2¢,,,2¢,C, — 5,
2 25\1 -3

2¢,c,—¢;5,3¢;,)'+O0(n™)
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GG g (1-26,y
172

6,(1-6,) i {6,(1 —6?0)}22

S (00126 [, 2q—c,)
2 {6,(1-6,)} G%
1, (-26) }

6(1-6,) {6,(1-6)}
x(~L,1)(=3+2=¢"c,,¢,c;' =2+3)'+O0(n”)

+4

+n722(cc,)

S R L TR 1y P (- 290)2
6,(1-6,) 6,0 6)¥
+n? {4(c,c, )+ cc,(c,—c¢,) }%%
+n2(c,c,) l: ! + (1-26,)" 2+¢'c, +ec)+0(n™)

0,(1-6,) {6,(1-6,)¥

R RN TS PN (1-26,)
90(1_90) 00(1_00) 90(1_00)
a,+n"a,, + on™),

on™)

2 2 -1 -1 _
where 4(cc,)” +cc,(c,—¢c,) =cc, and 2+¢ ¢, +ce, = 1/(cc,)
are used.

1 <3>
K3 (n_lﬁ) =n” (%) n2K3 ()

+n—2%{(”a‘;?;gg ®( alf)”o] }%{vec neov(p)} ™

23 3n'd? n o,
2 (a 1)<2>

———Lvec ncov(p)a,, + O(n™)
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R CTY
0,16,y

+n‘23——n O, cov(p) n 0y ncov(p) 770 +0(n™)

(LD 6,1-6,)1-26,)(c;”,0',¢,")'

-2 €6 (¢ = (:2)( 0)_n‘23-ﬁ)—2(l—290)
{6,(1-6,)¥’ {6,(1-6,)}

¢’ 0 V(-2 ¢—¢,\(¢' 0 )(-1
(LD | ( ¢ G Cz) G 1 [ j+0(n‘3)
0 ¢;' \a—¢ 2¢ 0 ¢ 1

_ 2 66(6 - 2)( 290)__"‘23——(0-152)3—2(1—200)
{0,1-6,)} 6,(1-6,)}

o (2¢, ¢,—¢c,\ ¢ -
X(—Cfl,czl)(c _1c2 12022){ le ]+O(n D)
2

_ 2 a6(e—6) IS LY Py
G,a-6)y T g aceyr VT

X {—20{ -2 Clc;cz +2¢;' } +0(n”)
172

= n’zclc2 (¢,—¢,) 1——200—2 + O(”l%)

{6,(1-6,)}
= n_zﬂ”3 + O(i’li3 ),
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<4>
0 n
K, (') =n [ 6p’,’°j 'k, (p)

n“lan <3> n*16277 (10) R 5 A
ton 0 ® 0 z {vec ncov(p)®n"x,(p)}

op' ©@p)™

1 <2> _1A2 <2> 1 <3> 1A3
3 0 ®(%j +3(n 67"] @2 oM
2\ op' (@p") 30 op (@p")

()]
x Y {vec ncov(p)}y* —6n"a e, +O(n™),

where the first term is

1 <4>
n’ [ﬂ] 7', ()
op

— 3 (0162)4 <4> 3 o 31
sy (L) 6,16, {1-66,(1-0,)}(c;*,0' 11, ¢;”)

= n”3(clc;1 + 01462)

1-66,(1-6,)
6,-6,)y

-3 . 1 1 -
=rae-36G) o o {eoa—eo) 6}’

the second term is

45
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B <3> -142 (10)
on {["af)?oj P 01l }Z{Vec ncov(p) ® n’x,(P)}

(@pH*

4
= —nﬁ%(l -20){(-1L,1)¥ ®(2¢,,¢, — ¢,,¢, — €,,2¢,)}
0 0
10)

x{By(1=6)Y (1-26,) ) (c;",0,0,¢,)'® (¢,%,0',6,)’

4
=— ’QLCZ)— 1-26)*{(-1,D)* ®(2¢,,c, —c,,c, —¢,,2¢,)}
n {00(1_90)}3( ) A( ) (2¢,¢ = 6550 -5, 2¢,
(10)
><Z(cl’l,O,O,c;)@(c;2,0'(6),02_2)'

and the third term is

- E[”_laﬂo J<2> ®( ’1_182770 J<2> +z[n_la770 j<3> ® n—153770
20 op' @)™~ 30 op' @)™

as)

x Y {vec ncov(p)}

-3 3 (Cl C'Z )4 2 <2> <2>
= ——127 __(1-26, -1, ®(2¢,,¢, —c,,c, —¢,,2cC }
n [2 {00(1_00)}6( ) A( ) (—2¢,¢,—¢50 ¢, 2)

+% (0102)4 2|: 1 2+ (1_200)23j|
3 {90(1"90)}3 {00(1_90)} {00(1_00)}

<3> 2 2 2 2 2
x{(-L1)* ® (-3¢ ,c; —2¢,c,,¢; —2¢,c,,2¢,¢c, — ¢, ¢ —2¢,C,,

(s
2¢,c, —¢3,2¢,¢, —6‘;,30;)'}{00(1_00)}32(61—1,0,0,0;1 <> }

Then,
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sl ee,(1-3¢c,) 1 3
alrm=n [ 6,0-0,) {90(1—00) 6}

)

(0102)4 2 <3>
-2—12- _(1-26 -L,D™ ®(2c¢,¢c, —c,,c, —c,,2c
B 72 (LD @ (2~ —e2e)
10)
><Z(cl_l,O,O,cz"l)@(cf2,0'(6),c2'2)'

3 (1-26,) <> <>
Eﬁ))?{(—l,l) 2 ® (20,6 — €y, ¢ — €5,2¢,) 7}
0 0

+(0102)4|:
(B)
2
+i[ 1 2+ (1-26,) 3}

3 {00(1_00)} {30(1"90)}
x{(=1,1)* ®(-3¢c},c} —2¢c,c,,cf —2¢,¢,,2¢,¢, — €3, ¢f —2¢,C,,

(15)
2¢,c, —¢5,2¢,c,—¢3,3¢2)'"} }Z(c{l,o, 0,¢,' ) —6a,,c,,, }+ o(n™)

(B) A)

— 3 4
=n"a,+0(n"),
4.3 Asymptotic camulants of ?, and 7, by maximum likelihood
B n1/2 (é _ 90) ) )
0 {9‘(1 _ é)}l/z ,where @ isthe MLE. The asymptotic cumulants of

reduce to those of the studentized sample proportion (see e.g., Ogasawara, 2012,
p-12):
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R
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pEG(),qu_eo:

-1/2
k(1)) = _a (qu) (1-2p)+ O(nfm) =n 1/2agl) +O0(n 213y,

K(t,)=1+n" {% (1-2p)(pg)" + 3} +0(m ) =l+n"'al, +O(n?)
(a(t) - 1)’

K, (1) == 2 pg) " (1-2p)+ 00 =1 e+ O(w™),
(1) = n*{(pqu +9(1-2p)(pg)”" + 6} + 0Gi™™) =) + O(™),

nacov(0, a"))— 70- 2p)*(pg)™"”? +(pg)"”,

nacov(9,8%)) = (1 2p)*(pq)™"* +4(pg)"”.

1/2

(n"'%) _n"cie, (b, - p) /1 {6(1-6)}

TET e /{é(l—émm
1) (B, =p) _ b=
6a-6)" {6(1-6)/ ("016‘2)}1/2
Hi=n clczA(ﬁz —p P) . fmo____G%
where 6(1-0) is the MLE and 4(1-0)
01-6) (1 1)+, -
Noting that cc, - ("_1 + Z] 0(1-0) and

P 1 1
var(p, = p,) = [Z + n_j 6 (1-6,) , we find that 7, is the studentized
>

D, — D
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a(ﬁz—ﬁ1):(_1 1)' Qé:a(clﬁl-i_cZi)Z) :(C c )v
813 s s A 6f) 1>~2/ >
ot -1L,1)' p, — P A
e 1/2(0162)1/2 ,\( A) — Apz 61 _ (1-26)(c,,c,) | »
op {01-0)y" 2{6(1-0);
o’t,

@)~

e i (ofe) (3o )

. 1 i (1_20'\)2 ¢ <2>
+(P, p1)|:{é(1_é)}3/2 +4 {é(l—é)}S/Z:I(CZ) i|,

Ot un 1 3 (1-26)
@ e [{«90(1—00)}3’2 "a (1—90)}5’2}
R)e(e) (@)ool )(2) o)
(@ )—%(;%Eg{(ﬁ—pfbwom*%
; (5flz')<2> _190 (1-6,) vec diag(c, " c, N+om™?)

+0(n"?)

_ n"(cc,)" (1-26,)

()3 o] e

246,
— 0(n73/2)

(1_9)}1/2 -1+D)+0(mn")

(af? =0,
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ot ot
K, (tﬂ) = 6_1;7,"_100(1 - 6’0)diag(cl_1, c;l)a—;

2 2 2

T B L O
op' (@p)> 4 (@p)” (op)*~
1 ot . O ) B

+§6_p”,’fz(l),l)' ’ )(—Op#_n ()’ +0(n™),

where the first term is

e, ¢! 0 )(-1)\_
meo(l—Ho)(—l,l)(ol Cz—lj( 1)—1,
the second term is
! cc,(1-26,)
2{6,(1-6,)¥

(e ]7)e(a)+()e ()] vmer

80200y (1226

6, (1-6,)(1-26,)

90(1_00) 90(1_90),
the third term is
0%t o't
2Tl ooV
2 (op") (op)

_ 166 0-26)"
8{6,(1-6,)¥
xdiag(c;?,¢i'e;', 65,6 N(=26,,¢, = 6,6, = €3, 26,)'
_ a6 2_00)2 ppla=a) g
86,(1-6,) )
_ 1 126,
46,(1-6,)
and the fourth term is

{00(1_00)}2(“261501 —C),C = Cy520,)
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. 1 { 1 3 (1-26,) }
GG 12 wm T 5/2
{90(1_‘90)} {90(1_60)} 4 {00(1_90)}
x (=1, D[ncov(p) ® vec'{ncov(p)}]

[ele)” +()e(He () () e ()}

3(1-26,) 60 ot g
=n C1 2{1+4m}( 1,1){(0 cz_l)®(cl ,O,O,C2 )}

2 2 2 2 2 2
x (=3¢, ¢, —2¢c,,c; —2¢c,,2¢.c, —¢5,¢; —2¢,C,,2¢,c, — €5,

2 2N\1
2¢,c,—¢;,3¢5)

=n"cc, 1+3—(l 26,)
46,1-6,)

=n"'cc, 1+3£1——2—0—)— Q2+c'e,+cc)
4 6,(1-6,)

_ 2
il 30200
4 6,(1-6,)
Consequently,

K5, (1) =1+n" {1+( 1+4+4)%£2_%}+0(n_2)

=1+n" +0(n?)
=l+n'al, +0(n?) (af) =1).

}(—1,1)(—3 +2-c/'c,,cc, =2 +3)!

51

(t,) [ 7 ]<3> p)+ o', ®(6t ) (23) {vec cov(p)}*”
K =L
3\ 5[)' KSAp (a |)<2> 6p p

—1/2~ () -3/2
—n 3a, +0(n7),

where the first term is
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) cc. V2 G, -2 o -2y1
n 1/2 _‘_{_0((11—2____#}3/2_00(1 — 60)(1 - 290)(_191) 3 (cl 2, 0 (6)’022)
0 0
=pn V2 (clcz )3/2 (1 - 200)
{00(1 _ 00)}1/2
—n? (6 —¢,)(1-26,)
{cc,0,(1-0,)}'"

the sum of the second and third (actually 0) terms is
2

2, 2
(¢ +c,

o,
3_6;)—' OV(P)a o -COV (P)
3/2 _
:_3n—1/2 (CICZ) {00(1_00)}2 1 200 —
6(1-6,) 2{6,(1-6,)}

xemngfgqﬂﬁy%Qy{gyAMKEJgjﬁﬁ
-y 2(0102)3/2(1 -26, )(_ (—261 ¢ - 02)( ¢ j
2 0,0-0)" 0 Ne-q 20 ) o

=0,
where the quadratic form on the left-hand side of the last equation is 0.

Then,
2 (¢ —¢,)(1-26;) -3/2
)= aaa-ay )

—n g (t) +O(n 3/2)
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at ot & ok
t)=|—"2| x@P)+2J|—"L| ® .
K, (t,) (ap,j (D) {(ap,) (6p')<2>}

X (lzoi {vec cov(p) ® k,(p)}

a > o ¥ a " ot
N i[ﬁj of +g(_ij i
2\ op' (ep"* 3\ op' (ep")*”

(s)
x Y {vec cov(p)} —n"'6aly, +O(n™),

where the first term is

L @G e s
"l -6)7 6,(1-6,){1-66,(1-0)}(-L1)** (¢;*,0' 14, ;")

G %3 00(1_00)

2 2 3 3
>4 c_lzcl+02=1—3clcz(cl+cz): 1 3

Since , the first term

G 6 GG, 1% 91%)
becomes

w[l_gj{ ! —6}.
GG, 6,(1-6,)

The second term is
ST (cc,) 1-26,
{90 (1 - 00 )}3/2 2{00 (1 - 00 )}3/2

{90(1 - 90)}2(1 - 290)

(10)
(LD ®(2¢,¢,—¢,,¢ —02,202)}2(01_1,0, 0,6,')'® (Cl‘zaov(s)scz_z)'

and the third term is
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= {E (cc,) (1-26,)
2 {6,-6,)} 4

+2 (cc,)’ |: 1 +§ (1-26)) :l
3{6,(1-6)y" | {6,1-6,)}" 4 {6,(1-6,)}"

3 2 2 2 2 2 2
X(=LD)™" ®(Bc;,¢; —2¢c,,¢ —2¢,c,,2¢,c, — €, ¢, —2¢,¢,,2¢,6,—C,,

{(-LD)™ ®(2¢,,¢,—¢y,¢,—¢,,2¢,)}

as)

20102_02253022) }{0 (1 o )} Z(c_l 0 0 —1)v<3>

Then,

O 1 B 1 B
K4(t”)_n |: [clcz 3](00(1_90) 6]
(A)

-(q 2) w{( 11)<3>®(-201=01 Cy5C —Cy526,)}

6,(1-6,)
(10) 5 5
x> (¢",0,0,6,")'®(c;%,0' 4,5
3 (0102)2 2 <2> <2>
——12(1-26, -1, ®&(2¢,,c, —c,,c,—c¢,,2c
[ a0 (2 LD O 26,6~ -6 20) )
(B)
2 3(1-26,)
*5(0102)2{%%}
o( - o)
x(—1,D) ® (=3¢, ¢} —2¢,c,,cl —2¢,c,,2¢,c, — 2, ¢l —2¢,c,,2¢,c, —C3,
{1s)
2¢,c,—c2,3¢)) }Z(c{l,o, 0,¢,')" =60y, }+ o(n™)
®) @A)
nlal) +0(n?).

nacov(n 7,4 ()) 0 (recall that a()—O),
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b — b 1-20
nacov(n'h,6\2) = (¢,c,)"*(c, — ¢, )nacov Dy — Py J——
( 77 r/3) ( 1 2) ( 1 2) 0(1_9) {0(1_0)}1/2

(Cl - Cz)l:— 2 2 (l - 200)2 32 }
6,0-6)r" 2{6,(1-6,)}

x6,(1 —60)(—1’1)(8‘_132-‘)(01)

<3

1/2
_ (ce)

6,(1-6,)

=0.

4.4 Asymptotic cumulants of éw and ﬁw by the weighted score method
_m+2k O+n'2k _ol1- n'4k N n'2k

n+4k 1+n'4k 1+n'4k ) 1+n'4k
=0-n"4k0+n"2k+0,(n?) =0 +n"'2k(1-20)+ O, (n™).

In the following, only the asymptotic cumulants different from those by ML are
shown.

KOy — ) ="' oty + 17 2k(1-26,) + O(n™)
=n"2k(1-26,)+0(n?)
= nﬁlawgl + O(n"Z) (recall that @y = 0 ),

K,(0) = n"' ey, + 12 (aty, —8kary,) + O(n™2)

w

o 2 3 _ .
=N Qpy +1 Uy, TO(7) (Qy = Qyygas Oyypns < Uy )-

5 — PwCwiCwe (Pws — Pw1)

W éw (1- éw) , Where

n +2k n, +2k
M= = T ek
. my+tk . my+k

Pwi

m2k PV T ok
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¢, +n'2k
1+n'4k
=c,+n ' 2k(1-2¢,)+O0(n?),
n p1+n1k _ptn ek
YU 142k 1+n7¢ "2k
Py =D, +17'c'k(1-2p,) + 0, n?),
ﬁwz _ﬁw1 = ﬁz _ﬁl + n_lk{cz_l _cl—l —2(c;1ﬁ2 _01_1131)} + Op (n_z)’
6y, (1-6,)}" ={6(1-6)} ' ~{6(1-0)y*(1-20)(0,, —0)+0,(n”)
={0(1-6)}" —n {01 6)}*2k(1-20)’ +O,(n™).
From the above results,
n'hy, = (n+4k){c, +n ' 2k(1-2¢))} {c, +n' 2k(1-2¢,)}
[P, = pi+n ke, = =26, b~ p)}]
o — 1 . 2k(1-26) +0, )
o(1- 0) {49(1 0¥
_ €& (P, — Pr)
6(1-0)

H4k+2kc*(1 2¢,)+ 2ke; (1- 22)——2’;((11;2;))2-}

=c, +n'2k(1-2¢)+0(n?),

Cw1 =

=p +nc]'k(1-2p,)+ o, (n?),

) (Pz 12, R Y7 PN Py -2
X 9(1 49) +k{c,' =" =2(c; P ¢ pl)}g(l 9):| 0,(n™)

o hen| |4k + 2k 2k(1- 26)
¢, 0(1 0)

+k{c,—c,—2(c,p, —¢,P)} =

Then,

1 2
0( —Q)} Op(n ).
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(¢, —¢,)(1-26,)
6,(1-6,)

K (n'Hy —n'n)=n" {0{”1 +k } +0(n?)

-k (¢, —¢,)(1-26,) +O(n?)
6,(1-6,)

=n"'ay,, +0(n™)

(recall that 77, =0 and @, =0),

1 (1-26,) }
— aﬂz
cc, 6,1-6,)

j on’'n,
op

K,(n'Hy)=n"a,, +n” {aﬂm +4k {—2 +

2k (cl _cz)(l _2020)2
{6,(1-6,)}

- -1 -1
_4k oep,—c,p) (81 O-IJ on” 1, j| +O(n™)
op ¢ ) Op

_ 2
=n"'a,+n’| a,,+4k| {2+ 1 _(1=26) @,
! g GG 90 (1 - 90)

_ 1 - 2(,‘162 } }_}_ O(n_3)
6,(1-6,)
®) ()

-1 0
00(1—00)(c1,c2)[gl

2

@A) ®)

=n"'a,, +n oy, +0(n™) (aty,, =a,,),

1 -1
¢'0 \on M, =0
where (cl ’ cZ ) (0 cz—l J ap

and

oep,—¢,p) (0 an_lno _ c'o V(-1 ¢c,
T g =Caa)g o\ 1)ga-a)

op 2 ) op 6,(1-6,)
e g ce,  1-2¢c,

—[cl C—ZJ 90(1_90) - 00(1_00)
on'my _ cc, (—1)

are used with op 6,(1-6,)
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