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Abstract

Theasymptoticstandarderrorsofseveralindicesforunrotated

androtatedfactorsarederived.Theseareobtained丘omthe

augmentedinfommationmatrixfbrparameterswithrestrictions.For

unrotatedfactors,theasymptoticstandarderrorsofcommunalitiesare

presented.Inthecaseoforthogonalrotation,theasymptotic

standarderrorsfbrcontributionsofrotatedfactorsareobtained.For

obliquerotation,theasymptoticstandarderrorsofloadings,structures,

factorcorrelationsandfburtypesoffactorcontributionsarederived.

AccuraciesoftheseestimatorsareeYaluatedbytheMonteCarlo

simulationwithtruevaluesofparameters.
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Resultsoffactoranalysiscanbedescribedbyvariousindices,i.e.,

factorloadings,factorstructures,correlationsamongfactors,

communalities,factorcontributionSandsoon.Forevaluating

estimatesoftheseindices,informationontheirstatisticalbehavioris

required.Somestandarderrorsoftheindicesinfactoranalysisare

available.Lawley(1967)derivedtheasymptoticstandarderrorsof

thefactorloadingsofunrotatedfactors(canonicalsolution).(See

alsoJennrich&Thayer,1973.)J6reskog(1969)providedthe

asymptoticstandarderrorsoftheparametersintheconfirmatory

factoranalysismodel.Theasymptoticstandarderrorsofthe

IoadingsoforthogonallyrotatedfactorsweregivenbyArcherand

Jennrich(1973).Subsequently,ArcherandJennrich(1976)showed

theaccuracyoftheirresultsbysimulation.Theasymptoticstandard

errorsforobliquelyrotatedloadingswerederivedbyJennrich(1973a).

Forcommunalities,Ichikawa(1992)gavetheirasymptoticresults.

Theseresultsaremostlyfbrthefactoranalysismodelin

covariancematrices,thatis,thescale-dependentmodelfbr

unstandardizedmanifestvariables.(Themodelwillsimplybecalled

``covaria
ncemodel"hereafter.)Forunrotatedfactorloadings

(canonicalsolution)basedoncorrelationrnatrices(standardized

loadings),LawleyandMaxw .ell(1971)derivedtheirasymptotic

standarderrors.(Modelswithstandardizedloadingswillsimplybe

called"correlationmodels"hereafter.)Jennrich(1974)obtainedthe

asymptoticstandarderrorsoforthogonallyrotatedfactor40adingsfbr

thecorrelationmodelbyusingtheaugmentedinformationmatrix.
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However,theseres近ltsfbrrotatedloadingsarenotutilizedin

typicalpackagedprogramssuchasSAS(SASInstituteInc,,1990),

BMDP(Dixon,1992)andSPSS(SPSSInc.,1988).Ontheother

hand,factoranalysismodelcanbeseenasoneofthemodelsof

covariancestructureanalysis.Inthecomputerprogramsfbrthese

models(e.9.,LISREL,J6resko9&S6rbom,1984;EQS,Bentler,

1989;
.CALIS,SASInstituteInc.,1990),severalmethodsfbrfactor

rotationinexploratorymodelareavailable,butthestandarderrorsof

theirresultsarenotprovided.

Thispaperaimstoshowthesimplederivationofrestrictionsfor

rotatedparameters,wheretherestrictionsindicatethosefbrjust

identifyinganexploratoryfactor-analysismodel,andtopresentthe

asymptoticstandarderrorsofseveralindiceswhichareusedinfactor

analysis.

orthogonalFactorModel

TheorthogonalexplQratory-factor-analysismodelfbrthe

covariancematrixΣof .pmanifestvariables(thecovariancemodel)

is

Σ=AA'+Ψ,(1)

whereA(P×k)istheloadingmatrixfbrkorthogonalcommon

factorsandΨ(p×p)isthediagonalmatrixwiththediagonal

elementsofthevariancesofuniquefactors.

Thecorrelationmodelfbrorthogonalfactorsisdescribedas
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follows(Jennrich,1974):

・ Σ=D(AA'+Diag(1
,-AA'))D,(2)

whereD={Diag(Σ)}112;Diag(・)indicatesthediag・narmatrix

withthediagonalelementsofthematrixinparehtheses;a血dlpisthe

P×Pidentitymatrix.withoutapPropriaterestrictionsfbrA,the

loadingmatrixAhasrotationalindetemminacy.Lettheequation,

g(A)=Ω(m×1),representthemrestrictionsforAand

ql(P×1)beth,n。n.負xedp㌶ ムm,tersinΨ 。,inD.Assumethat

themanifestvariablesarenormallydistributedwithcovariancematrix

ら
Σ.LetLbetheWishartlikelih。 。dfbrtheparametervect・re,

i.e.,

lnL-一 量{lnlΣ1+tr(Σ 一'S)}+c・nst・,(3)

wheren=N-1;1Visthenumberofobservations;andSisasample

covariancematrix.Thenthe(i,ノ)thelementoftheinformation

　 の

matr1×1S

1[θ,,θ 、]=E(-51nL/∂ θ 、∂ θ 、),(4)

whereθiisthei-thelementofθ.Further,theaugmented

infbmlationmatrix(seee.g.,Silvey,1975)isdescribedas
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∂9'
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1(A;q),
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∂(vecA)'

1[A,A],

1[!22,A],

∂ 茎

,
∂(vecA)'

1[A,{2!],

1[旦,の,

0,

∂9,

∂vecA

O

O

(5)

where1(A;g)standsfortheinformationmatrixoftheparameters

AandQ;vec(・)indicatesthecolumnvectorconsistingofthe

・・lumn・ ・fth・par・nth・ ・izedmat・ixin・ ・n・ecutive・ ・d・・;∂91β 亘

denotesthematrixwhose(i,ノ)thelementisthepartialderivativeof

theノ ーthelementofthevectorgwithrespecttothei-thelementofthe

vect・・ θ;and∂9/∂e'==(∂9'/oe),.

Thevectorgvarieswithmodels.Asimplecasefbrjust

identifiedunrotatedfactorsisthattheappropriate(k2--k)/2elements

ofA(e.9.,theupPerrighttriangleofA)aresettozerosand

remainingelementsarefreeparameters.Inthiscasegin(3)

vanishesand1オissimply1(A;q).SupPosethatwehavesome
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Th・nth・inverse・f1、i・

1*[A,A],

1*[α,A],

#,

1*[氏 釧,

1*[α,切,

#,

#

#

#

(6)

wh・ ・e.]ainlガ1c・rr・ ・p・ndingt。th,

parametersinbracketsandthe#'sindicatethematriceswhichwillnot

beusedhere.Notethat1*[・,・]doesnotindicatethatitisthe

且mctionoftheparametersinbracketsalone.Thematrix

1*[A,A]istheasymptoticvariance-covariancematrixofthe

loadings.HenceitsestimateisobtainedbyreplacingAbythe

ノ　 　
maximumlikelihoodestimateA.LetθbethefunctionofAand

　　ノ 　 　

Q.Thentheasymptoticcovariancematrixfbre,1*[亘,e],is

obtainedbythechainruleofderivativesasfbllows(Efron&

Tibshirani,1993):

バ 　

～ ～ ∂θ ∂θ'
=-1*(A;旦)-1*[亘,亘](7)

∂((vecA),,q,) ∂((vecA),,旦,)

Inthefbllowingsections,thisbasicresultwillbeappliedtoseveral

indices.

TheStandardErrorsforCommunalities

Ichikawa(1992)hasderivedtheasymptoticstandarderrorsof
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communalitiesinthecovariancemodelusingtherelationshipamong

ゆヘ ハト ノヘ ハト

parameterestimates,Diag(AA,)・=Diag(Σ 一 Ψ),withthe

AA
variancesandc。variances。ftheestimatesΣandΨ.Sinceinthe

caseofthecorrelationmodel,acommunalityanditscorresponding

uniquenesssumtoone,thestandarderrorsofcommunalitiesareequal

tothosefbrcorrespondinguniquenesses,whichareavailablefromthe

resultsofLawleyandMaxwell(1971).

Thoughtheasymptoticstandarderrorsofthecommunalitiesboth

fbrthecovarianceandcorrelationmodelsarealreadyavailableas

describedabove,theyarefbrtheexploratoryfactoranalysismodel.

Thefbrmulacamotbeusedwhenrestrictionsbeyondrotation(e.g.,

equalitiesamongloadings)areimposed.Thus,thefblIowingsimple

methodispresentedusingthestandarderrorsoffactorloadings.

Whenweareinterestedinstandarderrorsofcommunalities,thosefbr

factorloadingsarealsooftenofinterest.LetthefbllowingA

,ep,esentth,Ain(1)。,(2).L,t乃lb,thec_unality。fth,

i-thvariable.Then

乃1=(AA,)i、,(8)

where(.)
,ノindicatesthe(i,ノ)thelementofthematrixinparentheses.

L・tユ(,)b・thec・lumnvect・ ・c・n・i・ting・fth・n・n一 丘x・dpa・am・ters

inthei-throwofA,then
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・*[翻=懸

)・*[ム)・ユ(・)]舞)(9)

・=4」L,
(,)1*[ユ(り,∠L(ガ]ユ(ノ)

isobtained.Substituting4(i)andム ゴ)bytheirestimates,wehave

thee・timates・fthea・ympt・ticc・va・iance・f彦and石1.

StandardErrorsforContriblltionsofOrthogonallyRotated

Factors

Theloadingmatrixoforthogonallyrotatedfactors,jB(p×k),

is

・B=A7,(77,=T'T=1,),(10)

where、Boptimizesacriterionoforthogonalrotation,乃(B).This

optimizationgivesriseto(k2-k)/2restrictionsfbrrotatedfactors,

whichwereprovidedbyArcherandJennrich(1973).Ontheother

hand,therestrictions,whichmustbesatisfiedbyestimates,havebeen

utilizedinmethodsofestimatingrotatedloadings.Inparticular,the

severalexpressionsoftherestrictionswithrespecttorotatedloadings

bythevarimaxmethodhavebeenpresented(Hotst,1965,Chaptersl8

and19;Sherin,1966,p.537,(18);Magnus&Neudecker,1988,p.375,

(12)).Furthermore,generalconditionfbrobtainingrotatedloadings

includingthevarimaxrotationwasgivenbyTakeuchiandYanai

(1972,p.230,(7.78)),whichiscloselyrelatedtotheresultsofArcher
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andJennrich(1973).

Inthefbllowingcorollary,theresultispresentedwiththeminor

extensiontothecasewhereseveralloadingmatricesare

simultaneouslyrotatedbythesamematrixT.Theoptimizing

五mctionfbrrotationisassumedtobethesumofthevaluesof

individualfhnctionsfbreachloadingmatrix,(Foractualexamples

seee.g.,Hakstian,1976andOgasawara,1997,)

C…11ary1.Letan・ 肋 ・η・・加・1吻燃7(ん ×k)〃 αη吻 加

M2姻oε εA、(Pi×k),_,A、(ρ 、× ん)舷 ・

、81=A17,_,B、=A、7.8卿 。、ethatthe。 。謝 。刀げ

ヨ
r・嬬 。刀 ゴ、'(B,,_,.B、)=Σ',(B、),w乃 ε,θ1、(、B,)'・an

'呂1

加伽 ∂〃α1・加 ∫・ゆ ・ 、B、.Thenthe・ θ伽 ガ・η伽 励 ・〃1∂ゐθ

・ati・fiedbyBl,…,」B、 ノ・

客(∂ti(B,B'、∂B
,)一 響)B,)一 ・(11)

TheproofwillbegiveninAppendix1.

Whens=1,byforming(11)inavectorwithappropriateorderand

rewritingBlasA,wehavegin(3).Foractualforms,Archer

andJennrich(1973)providedthecaseoftheraworthomaxrotation

andOgasawara(1996)gavetheresultoftheorthomaxrotationwith

Kaiser'sno㎜alization.Pa丘ofOgasawara's(1996)resultswillbe
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showninAppendix2.

・Theasymptoticstandarderrorsfbrthecontributionsof

・rth・9・nally・ ・tat・dfact・rs(9=幼,A=(B)IY,ノ ー1,...,k)
'電1

fb110winasimilarmannertothestandarderror『fbrcommunalities.

Forsimplicity,wedealwiththecaseofs=1.Theasymptotic

ノヘ ム
covarianceofCiandC/isobtainedas

・'[・・Cノ吻 ・*[互・場

:
(12)

-4E'
,、1*[E,、 ・E、 、]Eノ,・

wh・ ・e互. .d・n・testh・i-th・ ・lumn・fB.R・placingEi、byth・ir

estimates,wehavetheestimateoftheasymptoticcovariance.For

thecaseofcontributionsofunrotatedfactors,BisequivalenttoA

andactualformsofgvarywithmodels.Forinstance,inthecase

ofusualcanonicalsolution,thevectorg(A,Ψ)consistsofthe

unique。ff.diag。nalelements。fA,Ψ 一1A.

ObliqueFactorModel

LetAbethe1・adingmatrix・funr・tated・ 曲 ・9・nalfact・rsand

Tbethetransfommationmatrixfbrobliquerotation.LetBandΦ

denotetheloadingandcorrelationmatricesofobliquelyrotated
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factors,respectively.Then

、8=A7▼ 卜1,Φ=7,7andDiagΦ=1、.(13)

Thecovarianceandcorrelationmodelsfortheobliquefactorsare

Σ=BΦB,+Ψand(14a)

Σ=D(・8Φ ・B'+Diag(1,-BΦ ・Bt))D,(14b)

respectively,whereΨandDarethesameasthosefbro曲ogonal

rotation.Letr(Pxノ ヒ)denotethecovariancesorcorrelations

betweencommonfactorsandmanifestvariables,thenwehave

r=BΦ=AT.

Wehavetwotypesofoptimizationfbrobliquerotation,thatis,

thoseforBandr.Historically,theoptimizationfbrrpreceded

thatofB.Therestrictionfbr」Bwithdirectoptimizationfbr」Bwas

providedbyJennrich(1973a),thoughthederivationwiththeresultof

thestandarderrorsoftheloadingswascomplicated.Here,thesame

restrictionisderivedbyusingLagrangemultiplierswiththesimilar

minorextensioninCorollary1.

Corollary2.」 乙etthe〃latrix/broろliguerotation7(k×k)

transf()r〃2smatricesA、(P、 ×k),_,A、(P,×k)into

B1=Al7▼ 卜1,...,B、=・A、7ト1.Supposethatthecri彪rionof

ヨ
,。tati。nisU(、B,,_,Bs)=ΣUi(B,),whereUi(B、)isan

ゴ=1
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individual・riteri・nf・r、B,.Th・nthe.fre・t・i・ti・n・ ・vhich・h・tZldbe

satisfiedbyB,,_,.8、is

客 β,'響)Φ1=五 ・・(15)

w乃 ε・θL、i・adiag・ η・1脚 かix.

TheproofwillbegiveninAppendix3.

T・dat・th・ ・est・i・ti・nf・rrwhi・h・ptimizess・mec・it・ ・i・nha・

notbeenprovided.ThoughTakeuchiandYanai(1972,p.233,

Theorem7.8)showedanequationwhichisessentiallythesameasthe

fbllowingTheorem3,theviewpointofrestrictionamongestimators

wasnotemployed,northederivationwasgiven.Accordingly,we

presentTheorem3.

Theorem3.Letthematrixノ ～)robliguerotation1「(k×k)

transfor〃2s〃latricesA、(ρ 、xk),_,A、(ρ 、×k)ゴ 班othe

structuresr1=AIT,...,r,=A,T.Supposethatthe

ぶ

criteri。n。fr。tati。ni、V(r1,_,r、)=・ ΣV,(r,),whe。e・ レ、(r、)
'=l

isanindividualcri彪rionノ ～,rr,.刀'7entherestrictionwhichshould

ゐθ50殉?θ4のr,,…,r,∫5

離)r・ Φ1-L・ ・(16)
1
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where、 乙 、i・adiag・nalmat・ix.

TheproofwillbegiveninAppendix4.Amongapplicationsof

Corollary2andTheorem3weconsiderthecaseofs=1fbrsimplicity.

L,tg=Ob,th。vect。,。f,e、t,i、ti。nsf。,Bandαb,th,vect。,。f

th・pa・am・tersinΨ ・・D.Th・nth,inverse。fth,augm,nt,d

informationmatrixbecomes

ろ 一1=

1(B;Φ;塵),

∂9
,

∂(vec・B)'
0,0

一1

∂9,

∂vecB

O

O

O

1*(B;Φ;q),

#,#,#,

・(17)

where1*(・bmatrixoftheinversecorrespondingtothe

threematricesinparentheses,istheasymptoticvariance-covariance

matrixoftheestimatesoftheparameters.Inthecasewhen _a

、。nsist、 。fth,diag。nal,1,m,nts。fΨ(i.,.,thec。va,iancem。d,1,

(14a)),th・inf・ ・mati・nmat・ixl(B;Φ;Ψ)i・d・ ・c・ib・dinva・i・u・

literatures(e.g.,J6reskog,1969).Forthecaseinwhichαconsists

・fthediag・nale1・m・nts・fD(i.e.,thec・r・elati・nm・d・1,(14b)),the

informationmatrixisgiveninAppendix5.

Wh・nrest・i・ti・nsa・eimp・sed・nr,(14a)isrepa・am・t・ ・izedin
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thefbllowingway.Forthecovariancemodel,

Σ=BΦB'+Ψ=rΦ 一ir'+Ψ,DiagΦ=lk.(18)

Forthecorrelationmodel,

Σ ・=D(1「 Φ1P+Diag(1,-rΦ 一1P))D,DiagΦ=Ik.(19)

Letgand _abedefinedsimilarlytothosein(15).Thenthe

inverseoftheaugmentedinformationmatrixbecomes

∂9,

∂v㏄r#

・k-1-1(「;Φ;α)・0-1*(「;Φ;の ・#1(2。)

0#

∂ξ
,α α 。#・#・#・#∂(

v㏄r)'

Theinformati。nmatricesl(r;Φ;Ψ)andl(r;Φ;D)willbe

giveninAppendix6.

Fortheactualexpressionofgfbrobliquerotation,Jennrich

(1973a)providedthecaseofthegeneralizedCrawfbrd-Ferguson

familyWhichincludesthedirectoblimincriterionasaspecialcase.
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StandardErrorsforLoadings,Struc加res

訊ndCorrdationsofObliqueFactors

Inthissectionwedealwiththeindicesfbrobliquefactorswhich

areobtainedasfUnctionsofinitialparameters.(Factorcontributions

willbetreatedinnextsection.)Themethodofsimplifyingrhas

beenusedasanindirectmethodfbrsimplifシingB,wherethe

structuresofreferencefactors(factorsinreferenceaxes)areinitially

obtainedandthentransformedintotheloadingsofcorresponding

primaryfactors(seee.g.,Harman,1976).Thoughthismaybeseen

asahistoricalmethodwhenthedirectsolutionwasnotavailable,it

stillhasthetheoreticalmeaningasconstructingrescaledanti-image

factors.

Webeginwiththedirectmethod.

1.r(=BΦ)When」BisSimplified

Itisnoteasytoimaginetheconfigurationofobservedvariables

inthecommonfactorspacewhenBandΦaresimultaneously

considered,especiallyifthenumberoffactorsismorethantWo.For

thesecases,structuresrmaybeofhelptograsptheconfiguration.

TheasymptoticcovariancematrixfbrI「iseasilyobtainedas

…(r)一 ∂vec「 ・ ・(B;Φ)∂(vec「)'(21)

∂((vecB)',(veΦ γ) ∂((vec」B)㌧(veΦ)サ)「

whereve(・)denotesthevectorconsistingoftheuniqueoff」diagonaI

elementsofthematrixinparentheses,whicharearrangedinan
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apPropriateordersuchas

(veΦ)'=(φ21,φ31,φ32,…,φ 、ρ.

2.B(=rΦ'i)Wh・nri・Simplifi・d

Thisisthecasefbrloadingswhenstructuresaresimplified.

Usingthesimilarnotationinprevioussubsection,wehave

・*(B)一 ∂vecB・*(r;Φ)∂(vecB),.(22)

∂((vecr)㌧(veΦ)') ∂((vecr),,(veΦ),)サ

3.LoadingsofPrimaryFactorsWhenrisSimplified

ThisisthecaseforsimpleIoadingsobtainedbytheindirect

method.Fromtheidentity

AA'==r(b-1r』r(DiagΦ 一1)1!2(DiagΦ 一1)-112Φ1

×(DiagΦ 幽1)-1/2(DiagΦ 一1)1/2r,

=E(DiagΦ 一1)-u2Φ 一1(Diag¢'1)-1!2・Et

withthedefinitionofE=r(DiagΦ 一1)1/2,wehave

・ ・(E)一 ∂vecE・ ・(r;Φ)∂(vecE)'.(23)∂((

veCr)㌧(veΦ),)∂((VeCr)㌧(veΦ),),

4.C・rr・lati・n・am・ngPrimaryFact・rsWh・nri・Simplifi・d

Usingthenotationinprevioussubsection,wehavethecorrelation

matrixoftheprimaryfactors

1)=(DiagΦ 一')-1!2Φ 一1(DiagΦ 一1)-1!2.Whenん=2,ρ21=一 φ21.

Since・PisthefUnctionofΦ,weobtain
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・*(P)=
∂餐e奉 ア・*(Φ)偲 ・(24)

Thepartialderivativesfbrtheabovefburtypesofparametersare

showninAppendix7.

StandardErrorsforContributionsofObliqueFactors

Contributionsofobliquefactorsaredefinedinseveralways.

Hereweconsiderthefollowingfburtypesofcontributions(seee.g.,

Harman,1976;Yanaietal.,1990).Thoughtheresultsarerestricted

tothecasewhenBissimplified,theyapplybothtothecovarianceand

correlationmodels.

1.DirectContributions

cバ β ∴、E、、,C=1,・.・,ん).(25)

2.ContributionsNeglectingOtherFactors

Pた
c。,=Z'Z .、、=Σ(Σ 互,φ,、)2,σ=1,…,k),(26)

'=艮ノ=1

whereγ. .isthe'-thcolumnofr._置.

3.ContributionsEliminatingtheEffectsofOtherFactors

C,i={互'、 、(グ)『112}{(φ1)一童12Ei、}

一 互 ㌧Eノ φ㌧(i1,_,k),(27)

wh・ ・eグ'=(Φ1),,.Thisi、th・ ・um。fthe・qua・e・ ・fth・

covariancesbetweentheobliquefactorsandnormalizedanti-image
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factors.

4,JointContribution

c,ノ=2φ ヴノ3㌧,∠1ノ,,(ち ノ==1,…,k;i>ノ)・(28)

Fromthedefinitionofdirectcontribution,wehave

κ κ ρ

撫+各 ・ノ曙 乃1・(29)

Theasymptoticvariancesofthesecontributionsareobtainedby

thesimilarmethodtothatinprevioussection.Thatis

∂c* ∂c*1*(
c*)=

∂((vecB),,(veΦ),)1*(B;Φ)∂((vecB)㌧(veΦ)・),・(30)

whereo*indicatesoneofthefburtypesofcontributions.The

partialderivativesin(30)areinAppendix8.

NumericalExamples

I)a加andMethods

Theproposedmethodsareappliedtotwosetsofdata.Oneis

thecorrelationmatrixofHarman's(1976)TwelvePsychologicalTests

(N』355).TheotheristhecorrelationmatrixofLawleyand

Maxwell's(1971)SixSchoolSu切ects(押 』220).Themethodsof

rotationarethenomlalvarimax,rawdirectoblimin(quartimin)and

rawindirectoblimin(quartimin)methods.Thefactorpattems

includingtheusualcanonicalsolutionareshowninTable1.We

observefairlysimplepa賃emsintherotatedloadings,thoughthe

loadingsofFactor皿intheTwelvePsychologicalTestsarenotso
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clear-cutasthoseofFactorsIandI[[.

Toevaluatetheaccuraciesoftheestimatorsfbrthestandard

errorsproposedinthispaper,theMonteCarlosimulationwascarried

out,whereatruefactorstructure(threeandtwocommonfactorsfbr

thefirstandseconddatasets,respectively)wasassumed.Basedon

thecorrelationmatrixwhichwasreconstructed丘omtheresultsof

exploratoryfactoranalysisappliedtothetwodatasets,thesame

numbersofrandomobservations(N=3550r1>』220)weregenerated

withtheassumptionofmultivariatenormaldistribution,wherethe

reconstructedmatrixwasregardedasapopulationcovariancematrix.

Fromthegenerateddata,theparametersinfacteranalysismodelwere

estimated.Thisprocedurewasrepeated1,000timesand1,000

estimateswereobtainedfbreachparameter.Thestandarderror

obtainedbythesimulationwasdefinedasthestandarddeviationof

the1,000estimates.

Thesimulationwasca∬iedoutbothfbrthecovarianceand

c・rrelati・nm・dels.F・rtheunr・tatedA,thejustidentified

c・nfirmat・rym・delwasused,where(k・ 一一k)/2elementsinAwere

settozeros.Table2showsthenumbersofirregularcases.The

Heywoodcases(denotedbyHinTable2)hadoccurreduntil1,000

regularcaseswereobtained.Asfbrtheresultsoffactorrotation,the

casewithoutconvergencebeyond50iterations(denotedbyNDin

Table2)inthedirectquartiminmethodwasdeleted.

Afterregularsamplesareobtained,thereremainsindete㎜inacy
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ofthesignsandpermutationsofcommon'factors.Theinitialrotated

resultsweretransformedtothepatternswhichareascloseaspossible

tothoseinTablelbyClarkson's(1979)method.Thenumberof

caseswhichrequiredanytransformationin1,000casesisdenotedby

PinTable2.

Tablel

UnrotatedandRotatedFactorLoadins
1

Unrotated No㎜al Direct Indirect

Variable (Canonica1) Varimax Qua震imin Quartimin
No. 1 H皿 1 H皿 1 H皿 1 H皿

1

1 .68 .38-.07 .27 .73 .14 。11 .74-.04 .10 .75-.06

2 .72 .45-.00 .22 .80 .20 .Ol .83.04 一.02 .84 .03

3 .64 .45-.05 .19 .76 .13 一.00 。80-.03 ㌦01 .82 一.04

Twelve 4 .54 .43.04 .10 .66 .17 一,ll .72.07 一.14 .73 .07

Psycho. 5 .73 一.26-.22 .75 .27 .15 .84 .07-.13 .89 .06 一.18

Testsa 6 .64 一.31-.01 .62 .15 .31 .65 一.05.13 .66 一.08 .13

7 .75 一.38- .06 .76 .17 .32 。82 一.06.09 .84 一.09 .07

8 .78 一.30-.10 .75 .26 .29 .79 .04.04 .82 .02 .02

9 58 一.12.24 .36 .24 .47 .24 .12.40 .18 .08 .45

10 .54 一.04.24 .29 .28 .44 .15 .19.38 .08 .16 .43

11 .51 一.14.46 .23 .15 .65 .04 .04.66 一.08 一.01 .76

12 .34 一.12.38 .14 .08 .50 一.01 一.Ol.54 一.11 一.05 .62

1 .55 .43 .23 .66 .04 .68 .01 .69

2 .57 .29 .32 .55 .17 .53 .16 .54

Six 3 .39 .45 .09 .59 一.11 ,65 一.13 .66

School 4 .74 一.27 .77 .17 .81 一。03 .82 一。05

Su切ectsb 5 .72 一.21 .72 .22 .74 .03 .75 .01

6 .60 一.13 .57 .21 .57 .07 .57 .06

Note:a.Harman(1976,p.401)basedonHoItzinger'sdata
,N』355.

b.LawleyandMaxwe11(1971,p.66),N』220.
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Table2

NumbersoflrregularCases
l

Rotation

I

l

No㎜al

Varimax

Direct

Quartimin

Indirect

Quartimin

Data HP HPND HP

TwelvePsychological

Tests

11 111 1384(352)

SixSchoolSuhlects 124 1270 1290(78)

Note:H=thenumbersofHeywoodcasesuntil1,000regularcaseswere

obtained,

P・thenumbersofcaseswhichrequiredpermutationoffactors,

ND=thenumbersofcasesofnoconvergenceindirectoblimin

rotationuntil1,000regularcaseswereobtained.

Thenumbersinparenthesesindicatethe丘equenciesfbr

thecorrelationmodel,whentheydiffer丘omthosefbr

thecovariancemodel.
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Table3

UnrotatedandOrthogonallyRotatedResults

fbrTwelvePscholoicalTests

Variable

No.

(StandardErrors)

Unrotated(Cov)(Cor)

(canonica1)(N)(N)

(StandardErrors)
Rotated(Cov.Model)(Cor.Mode1)

(varimax)(NS)(NS)

Loadingsl

fbr5

FactorI9

.685(.054)(.036)

.733(.051)(.031)

.582(.051)(.039)

.270(.042.042)(.039.040)

.751(.047.047)(.031.032)

.364(.058.059)(.054.055)

Loadingsl

fbr5

FactorH9

.381(.046)(.046)

一.263(.050)(.050)

一.120(.057)(.057)

.725(.046.046)(.030.030)

.267(.041.042)(.038.039)

.237(.049.049)(.047.047)

Loadingsl

fbr5

Factor皿9

一.069(.044)(.044)

一.224(.044)(.044)

.239(.062)(.061)

.140(.047.047)(.046.046)

.145(.048.046)(.047.046)

.472(.067.070)(.062.066)
■

1

Ψ5

9

。381

.344

.589

(.038.036)Thesameas

(.039.040)thosefbr

(.052.051)co㎜unalities.

Communa-1

1ities5

9

.619

.659

,411

(.074.073)(.040.039)

(.077.076)(.042.043)

(.067.066)(.049.048)

Contribu.I

tionsH

皿

4.813(.394)(.235)

1.189(.120)(.114)

548(.086)(.082)

2.540(.230.234)(.148.154)

2.520(.211208)(.106.105)

1.491(.189.191)(.160.159)
1

Note:Cov=covariancemodel,Cor=correlationmodel,

N=norrnaltheory,S=simulationwithtruevalues.
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Table4

UnrotatedandOrthoonallRotatedResultsforSixSchoo1Sub●ects

Variable

No.

(StandardErrors)
Unrotated(Cov)(Cor)

(canonical)(N)(N) (varirnax)(N

(StandardErrors
Rotated(Cov.Model)(Cor.Model)

S)(NS)

)

Factorl

I4

.553(.086)(,073)

.740(.077)(.058)

.232

.770

(.063.066)(.061.063)

(.076.079)(.059.063)

Factorl

H4

.429(.085)(,084)

一.273(.066)(.067)

.660

.173

(。091.099)(.079.087)

(.060.060)(.058.059)

Ψ1

4

.510

.377

(.097.106)Thesameas

(.083.085)魚rco㎜unalities

those

Co㎜una-1

1ities4

.490

.623

(.118.130)(.097.107)

(.116.120)(.085.090)
Contribu.I

tionsII

2.209(.262)(.174)

.606(.115)(.108)

1,606

1,209

(.196.194)(.119.124)

(.170.165)(.124.121)
β

Note:Cov・covariancemodel,Cor=correlationmodel.

N=no㎜altheory,S・simulatienwithtnユevalues.
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Table5

RotatedResultsbyDirectQuartiminMethod

fbr Twelve Psychological Tests

(Standard

:

Errors)

Variable (Cov.Model) (Cor.Model)
No. Estimates(N S) (NS)

1

Loadings1 .107 (.053.052) (.052.052)
fbr5 .837 (.056.057) (.041.042)

FactorI9 .244 (.082.083) (.081.082)
Structures1 .479 (.052.051) (.043.044)

fbr5 .802 (.047.047) (.026.026)
FactorI9 .537 (.052.052) (.042.042)

φ、、 .531 (.046.045) (.045.045)

φ,、 。583 (.067.065) (.066.063)
φ、, .404 (.068.069) (.067.067)

DirectI 2,520 (.238.245) (.128.140)
Contri.■ 2,452 (.217.217) (.103.105)

(Cdt)皿 1,084 (.177.178) (.149.149)

SSofI 4,046 (.379.380) (.236.237)
StructuresH 3,656 (.361.362) (.238.240)

(Cni)皿 2,786 (.438.433) (.376.374)

Anti-1 1,401 (.187.192) (.168.167)
ImageH 1,727 (.168.170) (.127.129)

(o,,)皿 .702 (.110.109) (.100.098)

Joint(II,1) .090 (.042.047) (.041.044)
Contri.(皿,1) .283 (.076.069) (.073.065)

(。,、)(皿,■) .122 (.038.040) (.037.038)

Note:N=no㎜altheory,S=simulationwithtruevalues.
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Table6

RotatedResultsbyDirectQuartiminMethod

45一
Variable

No.

(

Estimates

Standard

(Cov.Model)

(NS)

Errors)

(Cor.Model)

(NS)

Loadings

FactorI

1

4

.036

.806

(.088.084)

(.083.087)

(.087.084)

(.066.071)

Stnlctures

FactorI

1

4

.393

.789

(.072.071)

(.073.076)

(.066.065)

(.053.057)

φ、、 .525 (.088.083) (.086.081)
Direct

Contri.

I

H

1,563

1,167

(.205.205)

(.186.175)

(.127.141)

(.141.135)
SSof

Stmctures

1

■

1,969

1,682

(.253.242)

(.262.247)

(.167,164)

(.204.194)
」

Anti-

Image

I

H

1,133

.846

(.201.209)

(.155.150)

(.172.177)

(.134.128)1

Joint(■,1) .085 (.065.058)

1

(.063.054)
1 [

Note:N・=normaltheory,S・=simulationwithtruevalues.
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Table7

RotatedResultsbyIndirectQuartiminMethod

一
1

( Standard Errors)

Variable (Cov.Mode1)(Cor. Model)

No. Estimates(N S) (NS)1 1
Structures1 .068 (.038.039) (.038.039)
Refbrence5 .587 (.050。050) (.045.045)
AxisI9 .119 (.067.072) (.067.072)
Loadings1 .103 (.059.061) (.059.061)
Prim.ary5 .895 (.070.073) (.056.061)
FactorI9 .181 (.097.104) (.097.103)
Cor・am・ngφ 、、 一.346 (.090.101) (.089.099)
Re免renceφ,、 一.597 (.078.081) (.076.079)

Axisφ
,、

一.181 (.098.105) (.097.103)

C・ 鵡am・ngA 、 .575 (.046.047) (.046.046)
Prima!yρ 、、 .715 (.060.065) (.058.063)

Fact・rsρ
、、

.515 (.066.073) (.065.071)

Note:N=normaltheory,S=simulationwithtruevalues,

φ、ノ=correlationbetweenthei-thandノ ーthreferencefactors・

p,ノ=correlationbetweellthe武handノ ーthprimaryfactors.
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Table8

RotatedResultsbyIndirectQuartiminMethod

fbrSixSchoolSubjects

47

Variable

No.

(

Estimates

Standard

(Cov.Model)

(NS)

Errors)

(Cor.Model)

(NS)

Structuresl

Re£Axi.14

.009

.675

(.065.072)

(.081.086)

(.064.072)

(.071。074)

Loadingsl

Pri.Fact.14

.011

.817

(.079.084)

(.085.091)

(.078.083)

(.069.075).

A1(一 φ、、) .564 (.080.083) (.078.079)
1

Note:N-rriormaltheory,S=simulationwithtruevalues,

φ2、=correlationbetweentworeferencefactors,

P2i=correlationbetweentwoprimaryfactors・

Results

InTables3and4areshowntheresultsofcanonicalsolutionand

rotatedonesbythenormalvarimaxmethod.Thecanonicalsolutions

areincludedfbrcomparisonwiththerotatedresults.Thepattemsof

thejustidentifiedconfirmatorymodelswhichwereusedasunrotated

patternsinsimulationweredifferentfromthecanonicalsolutions,but

theycanberotatedtothem.Thestandarderrorsofcommunalitiesfbr

thecovarianceandcorrelationmodelscoincidedwiththoseby

Ichikawa's(1992)andLawleyandMaxwell's(1971)methods,

.respectively,withinreasonableaccuracyofnumericalcomputations.

TherotatedresultsinTables3and4showthatthetheoreticalvalues

obtainedbyourmethods(denotedbyN)areclosetothoseby

simulation(denotedbyS).InTables3and4,thestandarderrorsin
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thecorrelationmodelsseemtobesmallerthanthoseinthecovariance

models.

Tables5and6givetheresultsfbrtherawdirect
.quartimin

rotation.ThevaluesforNinTables5and6areclosetothosefbrS,

whichindicatestheaccuracyoftheoreticalvalues.Amongthefbur

kindsofcontributionsinTable5,thevaluesofthejointcontribution

aresmallestandtheratiosoftheestimatestotheirstandarderrorsare

alsosmallest.Fromthefactthattheestimatesand[estimates/

standarderrors]ofthethreetypesofcontributions(Cdi,CniandCei)

forFactor皿aresmallerthanthosefbrFactorsIIandI,itis

concludedthatFactor皿hassmallereffectthanFactorHand

FactorI.Asfbrthestandarderrorsfbrstructuresandthosefbr

correspondingloadingsinTable5,weseethatsomeofthemare

similar,butthatsomevaluesofstructuresareabouthalfofthosefbr

correspohdingloadings.

InTable6weseethatthejointcontributionsaresmallerthan

othertypesofcontributionsbothinestimatesand[estimates/standard

errors】.Thestandard'errorsofstructurestendt6besmallerthan

correspondingloadings.

InTables5and6,thestandarderrorsfbrthecorrelationmodels

seemtobesmallerthanthosefbrthecovariancemodels,whichisa

similartendencytotheresultsoforthogonalrotation.

Tables7and8showtheresultsoftherawindirectquartimin

method.Thetheoreticalvalues(N)aresimilartothosebysimulation
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(S).Theloadingsofprimaryfactorsareproportionaltothe

structuresofreferencefactors.Thestandarderrorsseemtoreflect

thisrelationship.Asfbrthecorrelationsamongfactors,theabsolute

valuesofthecorrelationsamongtherefbrencefactorsinTable7are

smallerthanthosefbrtheprimaryfactors.However,thestandard

errorsofthecorrelationsamongthereferencefactorsaregreaterthan

thosefortheprimaryfactors..

Itisofsomeinteresttocomparetheresultsofthedirectand

indirectquartiminmethodswithrespecttothestandarderrorsof

correspondingestimates.IntheresultsofTwelvePsychological

Tests(Tables5and7),thestandarderrorsofloadingsbythedirect

methodseemtobesmaller.But,withrespecttothestandarderrors

ofthefactorcorrelations,theyaresimilar.IntheresultsofSix

SchoolSubjects(Tables6and8)thestandarderrorsoftheloadings

andfactorcorrelationsbythetWoquartiminmethodsaresimilar.

SomeConcludingRemarkS

ThenumericaleXamplesindicatevarioustendencies,thoughthey

arebasedononlytWocorrelationmatrices.

1.Fromthetheoreticalandsimulatedresults,theaccuracyofour

methodofestimatingstandarderrorsisindicated.Inadditiontothe 　
twodatasets,thedataofEightPhysicalVariables(Harman,1976,

p.22,N』305)wereanalyzedandtheresults,whicharenotincludedin

thispaper,showedthesimilartendency.Ifafactoranalysismodel

fitsdatawellandthedistributionofthemanifestvariablesis
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approximatelynormal,itislikelythatthestandarderrorsestimatedby

ourmethodapProximateactualones.

2.Thecaseinwhichthestandarderrorsoffactorloadingsare

reducedbyrotationisknownasWexlerphenomenon(Jennrich,

1973b).Inthetwonumericalexamples,neithertheresultsof

orthogonalrotationnorthosefbrobliquerotationshowthe

phenomenon.Thestandarderrorsforunrotatedandrotatedresults

aresimilar.However,itisobservedthatthestandarderrorsofthe

contributionsofrotatedfactorsareequalizedaswellasthevaluesof

thecontributions.Itcanbecalledlevelingeffectofthestandard

errorsfbrthecontributionsofrotatedfactors.

3.Thoughthecontributionsofobliquefactorsaredefinedinseveral

ways,theyareofusefbrunderstandingthereIativeimportanceofa

血ctortogetherwiththeirestimatedstandarderrors.

4.Itcannotbesaidthatthestatisticalbehavior(stability)ofthe

indirectquartiminmethodisinferiortothatofthedirectone.

5.Thestandarderrorsoftheparametersinthecorrelationmodels

tendtobesmallerthanthoseinthecovariancemodelswithunit

populationvariancesfbrmanifestvariables.



StandardErrorsofSeveralIndicesforUnrotatedandRotatedFactors51

Appendix1.TheProofofCorollaryl

Proof1.Let、 乙(k×k)bethesymmetricmatrixconsistingof

Lagrangemultipliers.Theorthogonalmatrix7isobtainedby

optimizingthefollowingfUnction:

1

〆'=t(B,・ … ・B・)一 デ 「(L(T'T-1・))・

Takingth・d・ ・ivative・f!,with・e・pectt・T,w・hav・

df,-t輪 幽)-tr(五7・dT)

-tr{(£ ∂t` A、-LT')dT},
・-1∂B,

i

where',=ti(B,).F,。m∂!,/∂7=Oandtheab。v,

equε 峯tlon,

£ ∂ltilL.A,一 ∬ ワー ・
司 ∂B,ノ

fbllows.MultiplyingtheaboveequationontherightbyT,wehave

Σ ∂ オ'B,一 五.
i・1∂

、B"

Fromthisand、 乙 一 ∬=0,(11)isobtained.

Pr。 。f2.Thepartialde,ivative。f!,with,espectt。VeCTis



52商 学 討 究 第49巻 第1号

directlyobtainedbyusingthechainruleinthefollowingway:

∂f '一 £ ∂(veCB,)'∂t` -vec(TL)

∂vec7▼i;1 ∂vec7▼ ∂veCBi

-2∂(vecT)'(1・ 叫)∂t` -vec(TL)

i=1∂vecT ∂veCB
i

一客(1、⑭A響
～)∂缶vec(TL)

-1
.,Vec(A・ 」生'∂

、B、)-vec(TL)

-vec(客 へ・島 一πL

wh・ ・e〈9)d・n・t・ ・th・ ・ightK・ ・necke・p・ ・du・t.Sinceth・ab・v・

equationmustbezero,

客A,・舞 一皿 ・

Multiplying・nth・1・ 丘byT'andusingL・Lv,(11)f。ll。w、.

AppendiX2.TheRestrictionforOrthomaxSolutionwith

Kaiser'sNormaliZation(Ogasawara,1996)

Forsimplicitywedealwiththecases・ ・1。Thecriterionfbrthe

orthomaxrotation'withKaiser'snormalizationisdescribedas
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'(B)一去婁蟻
)「券絵)・]

m=1〃;=!

wherewistheorthomaxweightFrom(11)andaboveequationwe

have

grs-(∂t(BB,∂ β)一 響)B)rs

一珊 釜ヂー幾 綬2
m=1m=1m=1

(r,s=1,_,k;r>s).

Thus,thepartialderivativesof9,、withrespecttoBareobtainedas
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嵩=-4嚇

+竺2鐸41-A2
P(Σ 逐

m2)2ノ=1Σ,6,m2
m=1m=1

+重 孕 β#is2(A2-!匁2鳶 .)β'
同2i

r6,.2(Σ6,m
2)2

m=lm=1

(r,s,'=1,_,k;r>s;i=1,_,P),

whereβ1、inthe,ight-hand、ide。fth,1a、t,quati。ni、equiva1,ntt。

6、s,whi、hwasmistypeda、 β,、in・ga、a_(1996,P。124),whi1,

thecomputationfbrnumericalexampleswascorrect.

Appendix3。TheProofofCorollary2

Let」 乙dbethediagonalmatrixconsistingofLagrange

multipliers.ThematrixToptimizesthefollowingfUnction:
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1
fu=u(B1・ …・Bs)+S,「(Diag(T'T-1・)L・)

s1
=答 働(B ,)+iiit「((T'T-1・)L・)・

Takingth・de・ivativ・ ・ff.withre・pectt。T,w,have

df・ ・=tr
∫;1(∂〃∫dBi∂B'i)+tr(脚)

一 一.trS](∂Ui A、T卜1(dT,)T卜1)+tr(L,T,dT)
同 ∂B'

i

-tr{← 客7-1緩 卸+L・T')dT} ・

whe・eUi=Ui(B,).Sinc,thepartiald,,ivatives。ff。with

respectt・Tarezer・,

客7-1瀦 プ ーL・Te

f・ll・ws.Multiplyingtheab・veequati・n・ntherightbyT(T'T)一',

(15)isobtained.

Appendix4.TheProofofTheorem3

ProofLet」 乙dbethediagonalmatrixconsistingofLagrange
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multipliers.ThematrixToptimizesthefollowingfUnction:

1

!v=v(「1・ …・r・)+St「(Diag(T'T一1・)五 ・)

・1
=署 脇(「 ')+lit「((7'7-・ ・)L・)・

Takingth,d,,ivativ,。f!。with,e、pectt。T,w,have

d!v-tr
,茎1(∂VidTi∂T'i)-tr(闘

一tr{輪 八一岬} ・

whereV,=V,(r,).Sincethepa而alderivatives。f!,with

respectto1-7arezero,

Σ ∂腸A-L,T,
'・1∂P

.謬
fbllows.Multiplyingtheaboveequationontherightby1「(T'T)-1,

(16)isobtained.
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Appendix5.TheInformationMatrixfortheCorrelationModel

VVhenBisSimplified

Thepossiblevaluesofsubscriptsareomitted,whichareobvious

fromthecontext.

Model:Σ=D(BΦ ・8,+Diag(1P-一 、B(1)B'))D=DRD,

DiagΦ=1た,andDisdiagonal・

Let〆=(R-1)
りandσ=(D)。.

・(β
、・6mn)=雪tr{R-'(・ ・(bBt+BΦL,-2L'(BΦ),、)

×R-1(1加.Φ8,+BΦ 」1.m-21溺m(BΦ)mn)}

=n{〆m(ΦB,R-1BΦ)
ノ.+(R-1・8Φ)mノ(R-1jBΦ)、.

-2(BΦ)
iノ〆加(R-iBΦ)i,-2(BΦ)m.〆m(R-1・8Φ)mノ

+2(・8Φ)り(β Φ) m.(〆 り2},

1(φ
、・β。♪=9tr{π1(B(ム+1・,)B'一 一Diag(B(L、+L,)B,))

×R"i(1
加.ΦB,+BΦZ.m--Diag(」lm,ΦB'+β ΦInm))}

=nt{R-1(B(1國
、ノ+1ノ,)BL21)iag(・B.ZI,ノB'))

×1τ1(・BΦ1
.m-1脚m(・BΦ)m.)},
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1(φ ノ,φ
。.)=窪tr{・π1(B(ム+ゐ)Bt-Diag(B(ム+ゐ)Bi))

×R-1(B(1脚+1。m)BLDiag(B(1脚+1。m)B,))}

=刀tr{R『1(B(1
、ノ+1ノ,)B書 一21)iag(B1、 ノB響))

×R-1(β ム 。βLDiag(Blmn、Bt))},

・(σ,β,.)一窪廿{酬 即+蜘)が ズ

×(1mn(DB+BΦ1nm--21mm(五 ≧Φ) 脚)}

一 丑{〆 ・(B¢)
、n+δ 。(R-・B(1))一 一2δ 。(βΦ)-7-},σ

・(砿)一 雪tr{R"'D"(L,RD+町)∬'R")

×(B(lm.+2「.〃)B'-E旺ag(B([m.+11.m)」B蟹))}

一 丑{(R-'B)
im6、n+(π1β)肋 β 。-2ノ β 。β3,

σ

1(σ},σ ン)=刀(〆7,ノ+6
,ノ),

σ σ}

where1りisthematrixofanappropriatesizeinwhichthe(1,ノ,)th

elementisoneotherwisezero;andδ'加istheKroneckerdelta

(δ,加=1,i=〃7;δ 、m=0,'≠ 吻.
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Appendix6.TheInformationMatricesWhenrisSimplified

Thepossiblevaluesofsubscriptsareomitted,whichareobvious

丘omthecontext.

1.TheCovarianceModel

Model:Σ=r¢'ir,+Ψ,DiagΦ=1、.

L・tUX,=(Ψ)、,・

・(7
,、・γmn)一 彗tr{2"1(ム Φ1r'+r¢"'・ ・,)£-i(・m・¢"'r'+r・"i…)}

=n{(Σ 一1rΦ 一1)
ln(Σ 一'rΦ 一1)。、+σM'(σ1r'Σ 一1rΦ 一1)nノ},

・(φ
、・γ。♪ 一 量tr{2'1r(一 Φ1(五 ・+・ 〃)Φ')P

×Σ一1(lm.Φ 一ir'+rΦ 一11.m)}

一一n{(Σ 一1rσ1)
Ml(Φ 一1r,Σ 一1rσ')"、

+(Σ}1rΦ 一1)mノ(Φ1PΣ 一1rΦ1),,},

・(φ
、・偽 ♪一量tr{2"'r(一 Φ1(五 ・+・測P

XΣ 一1r(一 Φ 一1(1m,+1.m)Φ 一1)P}

-n{(Φ 一ir,Σ 一1rΦ 一')
im(Φ 一1PΣ 一1rΦ 一1)ノ.

+(Φ1r'Σ'ir(b"i)i
.(Σ 一ir'Φ"'rΦ 一1)ノm},



StandardErrorsofSeveralIndicesforUnrotatedandRotatedFactors

・(%・ γ
一)一 量廿{X1ムxlσ 一Φ1r層+rΦ!・ ・m)}

一η(Σ 一1rΦ 一1》
。♂,

・(彰 .,φ。.)=量tr{2"'・,,2-'r(一 Φ1(・mn+ゐ ・)Φ1)P}

=一 η(Σ一lrσ1)
肋(Σ 一1rΦ『1)加,

1幅 の=2(の2・

2.TheCorrelationModel

Σ=D(rΦ 一1P+Diag(1,-rΦ 一1P))D

Model:
=DRD

,

DiagΦ=ゐ,andDisdiagonal・

・(r,
、・γ一)=量trm"'(ム Φ1P+r(DIL,-2ゐ(rΦ1),)

xR-1(lm.Φ 一1P+rΦ 一11.m-21mm(rΦ 一1)
m.)}

ノπ ノ

=n{〆m(Φ1PR-lrΦ 一1)+(R-iro"i)
m(R-lrΦ1)、.

-2(rΦ1)
、ノ〆m(R-lrΦ 董)、n-2(rΦ 一1)mniM(R-lrΦ1)mノ

+2(rΦ 一1)、ノ(rΦ1)mn(rim)2},
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・(φ
、・7。。)一 量tr{R"i(-rΦ 一1(・,、+L,)([)-ir,

+Diag(rΦ 一'(1
,、+L,)Φ 一'r'))

×R-1(1栩.ΦlP+r¢"ilnm

-Diag(l
m.Φ 一IP+rΦ"1。m))}

=ntr{R-1(-rΦ 一i1
、ノΦ 一1P+Dlag(rΦ 一ll,ノΦ 一丁,))

×R'i(lm。O"'r'+rΦ 一1.1.m-21mm(rΦ1)mn)},

・(φ
、・¢mn)一 雪trm-'(-rΦ 一1(・,、+L,)〈D-1r,

+D國rΦ 一1α
り+1ノ')ΦIP))

×R-1(-rΦ 一1(l
mn+1。m)Φ 一'P

+Diag(rΦ 一1(1
耀.+1.m)Φ1P))}

-ntr{πi(-rΦ 一1(1
、、+1、 、)Φ1P+2Diag(r(1)'一'Lノ Φ'P))

×R'i(-rΦ 一11
m,Φ1P+Diag(rΦ 一IIm.Φ 一IP))},
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・(σ ・r
..)一 雪tr{R"'∬1(・,,Rz)+DR・,,)D-i

×R『1(ム
。Φ 一T'+rΦ 一'1。m--21mm(rΦ1)m。)}

=ま ゼ(r(D"')
,・+δ ・(R"'F軌 一2乱(rΦ1)一 ヂ},

・(σ,φ
。.)=雪tr{RID"(.2rl,RD+DR・,,)D-i

×R-1(r(一 Φ 一1(ゐ
。+1。m)Φ 一1P

-Diag(r(一 Φ 一1(l

m.+1.。)Φ 『1P))}

一 丑{KR-'r¢-i)
i.(rΦ1)、 π一(R-lr¢ 一'),.(rΦ1)IM

σ

+2ノ(1「 Φ一1)im(1「Φ 一三)、n},

1(σ,σ り)一 ⊥(蹴+δ
、).

σ σ
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Appendix7.ThePartiall)erivativesforLoadings,Structu'res

andCorrelationsforObliqueFactors

1.r(=β Φ)WhenBisSimplified

∂ γヴ
=δ

燐φ》,(ち1η=1,…,」 ρ;ノ,n=1,…,k),∂ β』

.

銑 一(B(1mn+lnm))毘 久+躍 ・

(i=1,_,P;ノ,m,n=1,...,k;m>n),

2.B←rΦ 一1)Wh,nri,Simpli丘,d

∂!ろ.

=δ
加φ吻,(i,m=1,_,P;ブ,n=1,...,k),

∂7
胡.

∂瓦.
=一(rΦ 一i(1

mn+lnm)Φ 一1)グ∂ φ

。.

=一 β
勧φ》一β 。φ吻,

(i==1,_,P;ブ,m,n=1,_,k;m>n),

whereφ 》=(Φ 一1)。ノ.



StandardErrorsofSeveralIndicesforUnrotatedandRotatedFactors65

3.LoadingsofPrimaryFactorsWhenrisSimplified

皇"一 乱乱(の 槻・

(i,〃1=1,_,」 ワ;ノ,n=1,.。.,k),

鍋 。一{rl(Diagσ1)-1/2Diag(一 σ1(・mn+・ 一)Φ 一1)}グ

ー-7
、(φ ガ)一'12φ ノ蜘φ'",

('=1,_,」 ρ;ノ,〃2,η==1,...,k;m>n).

4.C・rrelati・nsam・ngPrimaryFact・rsWhenrisSimpli且,d

∂鳥
=-1{(DiagΦ 一1)-3/2Diag(一 Φ 一1(・mn+・ 一)Φ 一1)

∂ φ
一 × Φ 一1(DiagΦ 一1)-1/2}

び

+{(DiagΦ1)一!!2(一 Φ 一1(1
。一+1嗣)Φ 一1)(DiagΦ 一1)薗1!2}ヴ

ー1{(DiagΦ 一1)-1/2Φ 一1Diag(一 Φ 一1(・
mn+・ 一)Φ 一1)

×(DiagΦ 一1)-3/2}ク

ー(グ)並(グ多げ一グプ ーググ+φ ノ茅 げ)(蹴 ・

(i,ノ,〃2,n=1,..。,k;i>ノ;m>n).
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Appendix8.ThePartialI)erivatives

fortheContributionsofObliqueFactors

∂Cdi
=2δ

'n6mn,(i,n=1,_,k;m=・1,_,p),∂A

n

舞 一2(客蝋 ・
(i,q=1,_,k;m=1,...,P),

銑一2撫蝋 卿
(ち 吻,9=1,_,k;m>9),

∂C,i
・=2δ,

ηβ 切n/ipnn,(i,n=・1,_,k;m==1,_,p),∂ 瓦

,

癖2瓦(グ 脚 ・(卿 一1・・…k;m>n)・

翁 一2即 ノ+26」・6・・gzsiノ・

(ち プ,n=1,_,k;i>ブ;m・1,_,P),

ζ1孟一2δ・癌 βク・

(ち ノ,m,n・1,_,k;i>ノ;〃z>n).
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