
Asurveyofreductionsamongknapsackproblems

且iroshiIida

e-mail:oggi@res.otaru-uc.ac.か

abstract

Thispaperdealswithseveralreductionsamongknapsackproblems.

Todeviseareductionfromanotherproblemtoagivenproblemisausual

techniquetodeterminethecomputationalcomplexityofthegivenproblem

whilewediscussreductionswhichareemployedinordertosolvegiven

problems.ReductionsonthreetypesofvariantsoftheO-1khapsackprob-

lemareincluded.

Keywords:knapsackproblem;stronglycorrelatedknapsackproblem;subset-

sumproblem;partitionproblem;collapsingknapsackproblem

1 tntroduction

Areductionfromanotherproblemtoagivenproblemisfrequentlyem-

ployedtodescribethecomputationalcomplexityofthegivenproblemasin

Karp[111.Onknapsackproblems,e.g.themaximumcliqueproblemisre.

ducedtotheset-unionknapsackprobleminGoldschmidtetal[6],andthe

setcoveringproblemisreducedtothemax-minO-1knapsackproblemin

Yu[20].Ontheotherhand,areductionisalsoemployedtosolveagiven

probleminaframeworkalreadystudied,thatis,producinganotherknown

problembythereduction,andsolvingitbyanalgorithmalreadydeveloped.

ThispapergatherssuchreductionsonthreetypesofvariantsoftheO-1

〔145〕
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knapsackproblem.

TheO-1KnapsackProblem(KP)is哉typicalcombinatorialoptimization

problem.IntheKP,whereitemsandaknapsackaregiven,wepackthe

itemsintotheknapsacksothatthetotalprofitofthepackeditemsismaxi.

mizedwithoutexceedingthecapacityoftheknapsack.TheKPisstatedas

follows:

(KP)maxlmlze

subjectto

Σ勿乃
ノ=1

Σ 吻吻 ≦6
ノ=1

紛 ∈{0,1},ブ=1,2,_,〃,

wheretheprofitpyandweight吻foranyitemブandthecapacitycareall

positiveintegers.Wewillnotethattheterm"pro且t-to-weightratio"fre-

quentlyusedinthispaperindicates勿/吻.Withoutlossofgeneralitywe

willassumethat吻 ≦oforal1ブandΣ タ=1吻>cin・ordertoexcludeun-

promisingitemsandtrivialproblemsrespectively.Throughoutthispaper,

theset{1,2,...,〃}isdenotedbyN.Inadditionwesometimesidentifyaset

∫ ⊂ 」Vwithasolutionvector(乃 レ∈Nasブ ∈ ∫ ⇔ 吻=1.FordetailsonKP,

see,e.g.MartelloandToth【12],andChapter13inIbarakiandFukushima[71

inJapanese.

Theremainderofthispaperisorganizedasfollows:EachofSections

2-4isacasestudy.InSection2,thestronglycorrelatedknapsackproblem

isdiscussed.Thesubset-sumproblemisinSection3,andthecollapsing

knapsackproblemisinSection4.Thefinalsectionisdevotedtoconclusion.

2 S重ronglycorrelatedknapsackpr◎blem

TheStronglyCorrelatedO-1KnapsackProblem(SCKP)isaspecialcaseof

KP.IntheSCKP,theprofitpyofeachitemブisgivenby吻+んwherethe
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fixed-chargekisapositiveconstant.TheSCKPisstatedasfollows:

(SCKP)maximize

subjectto

Σ(吻+k)乃(k>o)
ゴ∈N

2]w」x」 ≦c
ゴeN

吻 ∈{o,1},ブ ∈N.

147

(1)

Whileanalgorithmf6rKPcanbeappliedtoSCKP ,theSCKPishardto

solveduetohavingarathernarrowspanofprofit-to-weightratiosasstated

inBalasandZemel[2】.

Example1.ConsideraninstanceofSCKPwitheightitems .

aregivenasfollows:

Theweights

ブ 1 2 3 4 5 6 7 8

吻 2 4 8 12 20 28 46 72,

andん=10,c二100.Itshouldbenotedthat,undertheassumption

吻 ≦ 吻+1,itfbllowsthat(吻+々)/uヶ ≧(吻+1+ん)/吻+1..

Wewillhereattempt『to丘xx1=1.First ,asaninitialsolution

obtainedbymeansofanordinarygreedyheuristicwehave{1 ,2,3,

4・5・6}・fp・ ・趾 一sum134,・inceΣ 夕一・吻 一74≦ ・<120一 Σ1.、 吻 .

Next,bythelinearprogrammingrelaxationproblemofthegiven

instanceofSCKPwithx1=OweobtaintheDantzigupperbound

(Dantzig[4D

L・4+・8+22+3・+38+(1・ ・-72)×7/J-・56>134・

Consequentlywecannotfixxldespiteamaximumpr面t-to-weight

ratio.

Recently,aspecializedalgorithmincorporatingareductionofSCKPwas
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proposedbyPanditandRaviKumar[14】.Thepointofthereductionisthat

theobjectivefunctionof(1)canbeviewedas

Σ 吻 乃+β ん,
ゴ∈1v

wheretheβindicatesthenumberofpackeditems.Bythis,theprol)1em(1)

isequivalenttothegroupofsubset-sumproblemseachofwhichisofan

additionalconstraintonthecardinalityofanoptimalsolution.Aswillbe

discussedinthenextsection,thesubset-sumproblemisaspecialcaseofKP,

where吻=吻forallブ ∈ハ乙Theproblemequivalentto(1)isstatedasf6110ws:

maximizeΣW」X」+β ん

ゴ∈N

subjecttoΣ 吻 η ≦`

ゴ∈1v

(2)

ΣX」=β ≦UB
ゴ∈N

吻 ∈{o,ll,ブ ∈N,

whereUB:=max{ゴ1Σ ダ=._i+1吻 ≦o}under,theassumptionthatwi≧w2

≧ … ≧wn.TheUBindicatesanUpperboundofthenumberofpacked

items,thatis,ifwepackmorethanUBitemsi夏totheknapsackthenit

alwaysturnsoutan、infeasiblesolution.ThepointofSCKPisthatthe

largerthenumberofpackeditems,thelargerthenumberofthefixed-

chargeんalsocontainedintheknapsack.Therefore,theprocesstofindan

optimalsolutionof(2)shouldbeindescendingorderofthecardinalityofa

solution,e.9.inthePascalprogramminglanguage:fbrβ:=UBdownto1.

Theaboveequivalencyisalsoused.insucceedingstudiesonSCKP:

Pisinger[171andIida[9].Ontheotherhand,MartelloandToth[13】prop-

osedanalgorithmforKPbutalsoapplicabletoSCKP.Thealgorithmprop-

osedin[17]namedscKNAPsolvesequivalentsubset-sumproblemsbydyna-

micprogrammingwhiletheonein[9]namedxscemploysbranch-and-bound
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approach.Also,thescKNAPinvolvesapromisingheuristicwhichattempts

to丘ndanoptimalsolutionundertheconditionβ=UB.Acomparisonof

scKNApandthealgorithmin[13]ispresentedin[17】,andthetwoalgorithms

scKNAPandxscwerecomparedin[9].Summarizinginaword,thescKNAp

showsthebestperformanceamongthethree.

3Subset-sumproblem

InthissectionwediscussareductionoftheSubset-SumProblem(SSP),

focusingonanapproachbyIidaandVlach[8】.Tobeginwithweshould

liketostatethat,aswehaveseenintheprevioussection,theSSPisusedto

solveSCKP.Inaddition,theSSPisalsousedinPisinger【18]tosolvethe

multipleknapsackproblem.ThenecessitytosolvetheSSPthusarisesin

severalsituations.Hence,notonlyinatheoreticalbutalsoapracticalpoint

ofview,itisnevermeaninglesstostudyanalgorithmforSSP.耳erewe

willformallystatetheSSP.

(SSP) maxlmlze

subjectto

Σ の吻
ゴ∈N

Σ 砂紛 ≦c
ゴ∈却

紛 ∈{o,ll,ブ ∈N.

SincetheSSPisaspecialcaseofKPasmentionedintheprevioussec-

tion,analgorithmforKPcanbeappliedtoSSP.Thebranch-and-bound

algorithmf6rKPhowevershowscatastrophicbehaviorwhenappliedtoSSP,

soitissimilartocompleteenumeration.ThisfactwasreportedbyAhrens

andFinke【1].OntheSSP,thepointisthattheDantzigupperboundis

alwaysequaltothecapacitycduetotheconstantprofit-to-weightratio

equaltoone.ForfUrtherdetailsonSSP,see,e.g.Chapter4in[12],and

Chapter10inPisinger[16】:Atailoredalgorithmisalsoproposedineach.
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In[8],agiveninstanceofSSPisreducedtothePartitionProblem(PP).

ThePPisstatedasfbllows:Givennpositiveintegerscl,_,cn;find/asubset

ofNsothatitminimizes[Σ ブ∈ノoブ ー Σブ∈N＼ ノc7'1.Bythedefinition,itis

clearthatifJisoptimalthenN＼ ノisalsooptimal.

ThereductionfromSSPwithnitemsa1,...,anandcapacityctoPPwith

n+2itemscl,...,cn+2isdefinedby

=の
・

Cn+1=2c

Cn+2=Σ ブ∈Naj・

forallブ ∈2V

(3)

Notethat,foranoptimalsolutionofthePP(3),itcontainseitheritem〃+1

0rn+2:Amongallsolutionscontainingbothitemsn+Iand〃+2,amini-

mizedobjectivevalueisobviously2cachievedby{n+1,〃+21.Also,the

objectivevalueoftheset{1,〃+2}is2¢-al),sincec≧al.Then,the

positivenessofalcompletestheargument,thatis,wehave2¢-al)<2c.

Thereduction(3)suggeststhat,forsome∫ ⊂.〈乙ifthesetノ ∪{〃+2}is

optimaltothePP(3)thentheset∫willsolvetheoriginalSSP.Indeed,if

thesumofcl・correspondingtothesetノ ∪{〃+2}isexactlythehalfofthe

overallsumofc]'sin(3),i.e.c+Σ ブ∈!v㊥,thenZ7'∈ ノの=cfollows.

Example2.ConsideraninstanceofSSPgivenbyn=3,al=3,a2=4,a3=8

andc=9.Usingthereduction(3)weobtainthefbllowinginstance

ofPP:c1=3,c2=4,c3=8,c4=18,cs==15.Theoptimalsolutioncon-

tainingitemn+2is{3,5},anda3・8≦9=c.Then,{3}isfeasible

fortheoriginalinstanceofSSP,andindeedoptimal.

Example3.ConsideraninstanceofSSPgivenbyn=3,al=3,a2=4,a3=8

andc=10.SimilarlyweobtainPP:cl=3,c2=4,c3=8,c4=20,c5=

15.Theoptimalsolutioncontainingitemn+2is{1,3,5},however,

al+a3=11>10=c.Therefore,{1,3}isinfeasiblefbrtheoriginalin-

stanceofSSP,anditcannotbeoptimal.
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AsimpliedbyExample3,theoptimalsolutionofthePP(3)doesnotalways

deliveranoptimalsolutionoftheoriginalSSP.Thefailurearisesinthe

casewhere

Σ1Ci>Σ 傷 ノ⊂亙
ブ∈(ノV＼ノ)Ullt+1}ブ∈ノ∪{〃+2}

Inlightofthis,thereduction(3)isnotcompleted.Asaresult,analgorithm

employedin[81inordertosolvethePP(3)wasslightlymodi丘edtoensure

theoptimalityofafinallyyieldedsolution.

Acomparisonofthealgorithmsproposedin[12],[16】,and[8]respective-

1yispresentedin[811nconclusion,thealgorithmin[8]hasoutperformed

theothersonlyfbrafewhardinstances:problemsToddandAvis,the

definitionsofwhichareinChvata1【3].

4Co開apsingknapsackproblem

PosnerandGuignard[19】introducedamorecomplicatedproblemthanKP

namedCollapsingO-1KnapsackProblem(CKP)withanonconstantcapacity.

IntheCKP,theknapsackwillcollapseaccordingtothenumberofpacked

items.Forinstance,eachitemisanantique,andshouldbecoveredwith

somethingstrongrespectivelywhenpacked.Thenthelargerthenumber

ofpackeditems,thesma11erthecapacityoftheknapsack,duetothestrong

coveringeachitem.TheCKPisstatedasfollows:

(CKP)maximizel£p」Xi
ノεN

・ubjectt・ 湯 購 ≦ わ(黒 り(4)

吻 ∈{o,1},ブ ∈N,

wheretheb(・)isagivenmonotonenonincreasingfunctiononthedi$crete

domainIVasb(1)≧b(2)≧ … ≧b(n).
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Intheliteratureseveralalgorithmsf6rCKPhavebeenproposed,e.g.

FayardandPlateau[5】,andPferschyeta1[15].Inparticular,Pferschyet

al[15]proposedtwosimplebutefficientalgorithms,inwhichwediscussthe

firstoneinthissection.

Thefirstalgorithmincorporatesareductionwhichproducesaninstance

ofKPequivalenttoagivenCKP,andsolvestheresultinginstancebymeans

ofanalgorithmforKP.BasedontheCKP(4),thereductionconstructsKP

with2nitemsofweightsα1,...,α2πandprofitsγ1,...,72n.Thecoefflcients

aredefinedasfbllows:

偽一{齢_ ,1:渦=ヨ1..,2。
(5)

7y一偉 ∴)c
,駕 渦 照..,2n,

whereA=Σ ブ∈!v吻andC=Σ ブ∈Npj.ThentheresultingKP,whichwewill

callSKP,isstatedasfbllows:

(SKP) maxlmlze

subjectto

　

Σ狗
ゴ=1

　

Σqa・x」 ≦B

ノ=1

紛 ∈{0,1},ブ=1,_,2〃,

(6)

wherethecapacityBisdefinedas3nA.Followingtheterminologyin[15】

wewillhereaftercallanitemwithindexinNsmallitemandanitemwith

indexin{〃+1,...,2〃}largeitem.Thefollowingvalidatestheequivalency

ofagivenCKPandtheSKP⑥.

Theorem(Pferschyetal,1997).TheinstanceofCKPhasafeasibleSolution

withobjectivevalueVifandonlyiftheinstanceofSKPhasafeasi一
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blesolutionwithobjectivevqlue7+(2n+1)C.

Pr①of.see【15].

ItshouldbenotedthatonafeasiblesolutionofSKPthecontentsofthe

knapsackcompriseonelargeitemブandブ ーnsmallitems.Inanotherview,

thechoiceofalargeitemdeterminesthenumberofsmallitemspacked,

Ontheotherhand,thesecondalgorithmin【15]istailoredfbrCKP.In

fact,thefirstalgorithmincorporatingtheabovereductionisoutperformed

by・thesecond,onereasonfbrwhichisduetothehugecoef丘cientsappeared.

Further,thecoefficientsofsmallitemsarehighlycorrelated.Moreprecise-

ly,theprofit-to-weightratioofanysmallitemisalmostequaltoC/、4,which

alsomakestheresultinginstancehardtosolve.

Attheendofthissectionwewouldliketoaddthatthecoefficientsde-

finedby(5)canbereplacedwiththefollowing,providedallitemsinCKP

cannotbepacked,viz.う(〃)<Σ ブ∈Nwj.

cri-{齢 伽)
,駕;翫1..,2n-、

若一瞬 ブ)C藩 翫1 .。2"-1,

wherethecapacityBis'2nA.Moreover,theV+(2n+1)Cinthestatement

ofTheoremisreplacedwithV+(〃+1)0.Thecontentsoftheknapsackon

afeasiblesolutionofSKPhoweverremainunchangedregardlessofthere-

placementasonelargeitemブandブ ーnsmallitems.

Itwillseempreferablethatthereplacementcontributestothedecrease

ofthemagnitudeofthecoefiicients.Inapracticalpointofviewhowever

therevisedonewillnotimprovetheperformanceofthealgorithmemployed

fbrSKP,sincethereexistsnochangetotheremainingweightf6rブ ーnsmall

itemsafterthechoiceofalargeitemブ.Forfurtherdetails,seeIida[10].
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5Conclusion

Inthispaperwehavediscussedthreereductionseachofwhichisemployed

tosolveavariantoftheO-1knapsackproblem.Insummary:First,asim-

pliedbythecasethattheSCKPisreducedtothegroupofSSP's,ahard

problemcouldbesolvedbybeingreducedtoanotherproblem.This

approach,whichcouldgenerallybecalledareductionapproach,hasstill

beeninvolvedinthestate-of-the-artalgorithmforSCKP.Second,although

thereductionapproachf6rSSPmerelyresultedinshowingaratherlimited

ef丘ciency,afewhardinstancesofSSPweresolvedmoreefficientlythanthe

otheralgorithmsduetothereductionfromSSPtoPP.Third,aproblem

couldbereducedtoamoresimpleonethantheoriginalastheCKP,which

isanextensionofKP,isindeedreducedtotheKP,thusareductionitselfis

fairlyinterestingtostudy.Furthermore,areductionapproachmostlyim-

pliesthatitisnotnecessarytodevelopanalgorithrntailored,whichalso

makesitattractive.Finally,wehopethatthispaperwilldropahintto

solveanothervariantoftheO-1knapsackprobleminquiteanovelway.
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