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Abstract

This paper presents the existence proof of unemployment equilibria
where the aggregate equilibrium is compatible with an individual worker's
disequilibrium. The model is a simple two-sector model with unem-
ployment and wage rigidity. In one sector, the wage is determined com-
petitively, while in the other a higher wage is set according to some wage
setting rule. Those workers who work in the second sector face with a-
risk of unemployment. We require in equilibrium that the expected wage
in this sector is equal to the competitive wage.
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1 Introduction

One of the main themes in economic theory has been to find a mechan-
ism generating unemployment. The key concepts in the study of unem-

ployment have been price rigidity and rationing of demand and supply.l)

* Authors are indebted for valuable comments and helpful suggestions to Pro-
fessors Hiroo Sasaki (Waseda University), Tomoichi Shinotsuka (Otaru Uni-
versity of Commerce), Kiyoshi Kuga (Osaka University), Kenji Yamamoto
(Otaru University of Commerce), Hiroaki Nagatam (Osaka University), Ken
Urai (Osaka University).

(271)
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The price rigidity, which plays an important role in the present paper,
can be traced back to the pioneering works, such as Benassy (1975) and
Younes (1975). They have fixed prices and quantity constraints. Benassy
considers the fact underlying unemployment as the one that demands do not
necessarily satisfy consumers’ budgets. He defines the concept of “effective
demand for a commodity” and specifies a rationing scheme which trans-
forms the vector of effective demands to a feasible allocation. Younes, on
the other hand, develops a model where consumers’ budget constraints are
satisfied and their consumption plans are subject to quantity constraints. In
his model, unemployment exists in a way that agents can not supply what
they want. Malinvaud (1977) considers unemployment as discrepancies be-
tween planned and actual trades. His approach is similar to Benassy's in
the treatment of unemployment.

In his seminal work, Dréze (1975) represented price rigidities as the res-
tricted variation of prices in intervals of the upper and lower bounds of
prices. In addition, he introduces a kind of quantity constraint called a
rationing scheme, which is described by upper and lower bounds of net
trades. The rationing scheme is generated endogenously in equilibrium,
while the price rigidities are given exogenously.

Some contributions to equilibrium theory of unemployment have found
new insights by reformulating price rigidities or quantity constraints in the
Dréze model. Van Der Laan (1984) considers the case that supply sides
only obey quantity constraints and that price bounds may depend on the

general price level. Weddepohl (1987) studies bounds for prices and net

1) Recently, the concepts, however, are not much addressd as in the earlier
works. The job search theory of the labor market and the theory of dual
labor markets have thrown new lights on the theory of unemployment, e.g.
Pissarides (1990), Davidson-Martin-Matusz (1988), and Bulow-Summers (1986). .
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trades as functions of rationing indexes. These models share one feature
with that of Younes (1975): Planned activities of buying and selling coincide
with actual ones in equilibrium. Their models are similar to Younes’.

Kurz (1982) and Wu (1988) offer another mechanism generating unem-
ployment. Kurz (1982) incorporates a price rigidity and an exogenous price
linkage into an exchange economy. Initial endowments may be also unem-
ployed in his model according to some probability law. Wu (1988) works
with a stochastic quantity rationing rule. Despite modeling differences,
equilibria in both Kurz’s and Wu's models have something in éommon with
those of Benassy (1975) and Malinvaud (1977): Planned trades and actual
ones may not coincide in equilibrium.

The purpose of this paper is to present a new approach to the theory of
unemployment and to show that non-null unemployment is generated en-
dogenously in a simple two sector model. Our equilibrium model contains
part of Benassy (1975) and Malinvaud (1977) in the sense that planned trades
and actual ones of individual agents may not coincide in equilibrium. Fur-
thermore, our model shares one feature with Younes (1975) and Dréze (1975)
in that the sum of planned trades is equal to that of actual ones in equilibrium.

In this paper, we assume a wage setting mechanism in one sector of our
economy. The mechanism associates a list of prices and a rate of em-
ployment with a wage level of the sector. We call it a wage setting func-
tion. This function differs from the price indexation rules in the existing
literature in that it incorporates the employment rate of the sector. Our

formulation is of some intuitive appeal from the real world point of view.?

2) For instance, the wage rate in the Japanese steel industry is determined by
the economic state of the industry indicated by its employment rate and profit
level, and so on, as well as the overall state of the economy summarized by the
general price level, et.c.
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Mathematically, our wage setting function is capable of generating pricé
rigidity discussed by Dreéze (1975), Van der Laan (1984), and Weddenpohl
(1987). The function also allows us to handle the Keynesian relative wage
hypothesis, argued by Summers (1988).

The essential structure for the generation of unemployment equilibria in
this paper consists in the coexistence of two different wages. The wage set
by the wage setting function is higher than the competitive wage. The
wage difference caused by the function will generates workers’” movements
from the law wage sector to the high one. The workers who want to work
in the high wage sector may not get jobs. Thus possible equilibria will re-
quire that the competitive wage is equal to the expected one. Harris and
Todaro (1970) introduce such an equilibrium condition under a dynamic
migration setting. The equality condition can describe an equilibrium in a
static equilibrium model® and it will turn out to be very useful in the sec-
tion 2. 4. That is, we can establish a relation like Walras law by the condi-
tion. By this, the sum of planned trades coincide with that of actual ones in
equilibrium, while planned and actual trades of individual agents may be dif-
ferent. In this sense, our equilibrium concept may be regarded as a hybrid
of two groups, i. e, Dréze-Younes and Benassy-Malinvaud. .

In Section 2 below, we introduce notations and assumptions and explain

our model. In Section 3, we establish the existence theorem.

2 The Model

In this section, we shall develop a simple two-sector model with an en-

dogenous unemployment in labor.

3) See for example Miyagiwa (1988).
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2.1 Assumptions

Assume that there are two commodities and that one sector produces
one commodity from capital and labor. The production technology of each
sector is linearly homogeneous. Each worker supplies one unit of labor.
Let K, and L, denote the total amount of capital and the number of workers,
respectively. K, and L, are positive constants. We assume that
(P) the production function F;: (K;, L) €R? —y: € R.is continuous, concave
and homogeneous of degree one, and F; (K;, L) =0, if K,;=0or L; =0,¢ =
1,29

Every consumer in the economy has an identical utility function #(x;, x)

defined on R%. We assume that

(U) the utility function #(x:;, x2) is continuous, quasi-concave, homothetic and
non-decreasing in R? and strictly quasi-concave and strictly increasing in R:. .

Furthermore, it holds that
u(®,, %) =inf {ulo, x2) | (0, x2) € B2 if and only if =0 or 2,=0.

This assumption may sound restrictive, but makes the situation much sim-
ple. By this we can obtain the result that the demand for the product gets
arbitrary large when the product price goes to zero and when the con--
sumer’s income remains positive.

We assume that all the prices but the wage of the first sector are deter-
mined competitively. In particular, a competitive wage prevails in the

second sector. We also assume a wage setting function that sets the wage

4) R.(resp. R..) is the set of non-negative (resp. positive) reals. R (resp. R}.) is
the # times Cartesian product of R. (resp. R.+).
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of the first sector, which is denoted by w,, depending on commodity prices
1. D2, a competitive wage w. of the second sector, a rental of capital », and an
employment ratio £ of the first sector. Let the wage setting function of
the first sector is given by W(p1, p» w, 7. £), which is continuous and de-
fined on R! X [0, 1] We do not discuss how a wage negotiation process,
which underlies such a wage setting function, could be made and why the

wage setting function should be formed in the first sector. We assume that

(WR) the function ¥ (p,, ps, we, 7, £) is bounded from below in the sense that
WPy, po ws 7, £) = Sw,, for some constant &(=1). Let A be a bounded
subset of R? whose generic element is (p;, w», 7). There exists a sufficiently
large number b depending on the set A such that Wby, po, ws, 7, £) = b for
any (b, o, wn, 7, ) € R.X A X [0, 1].

This assumption implies that the wage of the first sector is bounded when
the competitive sector’s prices are bounded. The upper and lower bounds
of the wage b and Jdw: correspond to the price rigidity discussed by Dréze
(1975), Van Der Laan (1984), and Weddepohl (1987). The functional relation
that the wage of the first sector depends on the other prices corresponds to
the exogenous price linkage discussed by Kurz (1982). Further, we assume

that

(H) the wage setting function W(p,, p. w,, 7, &) is homogeneous of degree

one with respect to (p,, ps, w,, #) for each fixed £.

The homogeneity of ¥( - ) implies that the wage of the first sector is indexed
to the whole prices. We have recourse to assumption (H) to obtain a demand

and supply system that is homogeneous of degree zero with respect to
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prices.
We can find the simplest example of the wage setting function defined

above such that
W b wa 7, £) = ow..
Another example is provided such that
Yy, po, wa 7, §) = (1= p(E)w2 + p(&) maw,

where o(¢) is a continuous function whose range is [0, 1] and #(> 1) is a
positive constant. A few comments will be in order on this example. Sup-
pose that negotiations are made with respect to wage determination be-
tween the employer and the employee in the first sector and that the func-
tions p(¢) and 1 - p() represent the employee’s and the employer’s powers in
the wage negotiations, respectively. The employee prefers the high wage
nw,, © > 1 to the law wage w:, while the employer oppositely. It is reason-
able that the value of () gets arbitrary small when & goes to the vicinity
of zero. The power of workers rises as the number of workers increases,
that is p({) increases as ¢ increases as long as the number of employees is
small. Finally, o(£) begins to decrease' when ¢ exceeds some critical value
because the high. employment ratio implies that the labor market becomes
competitive. And thus we can assume p(¢) is reversely U-shaped.

We can interpret the wage setting function W( - ) as a variant of the
wage determination according to the relative wage hypothesis. We restrict
the class of wage setting functions satisfying
(WR) the function ¥(p,, ps ws, 7, €) is bounded in the sense that

ow: < Wby, po, wo, 7, &) < Swe,

for some constants dand 6(d = § = 1).
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It is easy to see that the condition (WR’) implies (WR). By the condition
(WR') together with (H), we restrict the ratio of wages w,/w, in a closed in-
terval. And thus we can regard (WR') as an expression of the Keynesian
relative wage hypothesis when & = J is the case (see Summers (1988)).

The role of government here is to give unemployment benefits to the
unemployed. Suppose that the amount of unemployment benefits is index-
ed to the competitive wage such as aw. where «a is a constant and 0 < a <
1. The expenditure is financed by a revenue raised by the capital and the
labor taxes on producers. Let #x and ¢ denote the capital'tax rate and the
labor tax rate, respectively.

Let @; denote the set of all pairs of the capital and the labor inputs
(k;, A) by the use of which the i-th sector can produce one unit of the s-th
product. We assume that each sector minimizes its production cost. Let
k{Tiw; Txr) and A{Tiw; Tx7) be capital and labor demand functions to pro-
duce one unit of the #-th product respectively, where w; and » are factor
pricesand 7. :=1+ f and Tx:=1+ t? We assume @; has enough curva-
ture so that the correspondences 2{Trw; Tx#) and A{T.w; Tx») are single
valued, ¢ = 1, 2.

The product price of the i-th sector is defined as
pi = Tka,'(T]_w,', TK?) + TLw,- A;‘(TLwi, Txf’), = 1, 2.

We assume that
(B) for any sequence {(w?% #") | m=12..} , whose limit is (w5, #), the following
conditions are satisfied

(i) if wy, > 0 and » = 0, then k(T Txr™) — © as m — o0,

5) The symbol “:=" implies that the left hand side is defined by the right hand
side.
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(i) if w, = 0 and » > 0, then AT w?%, Txr™) = © as m — o,
(i) if w, = 0 or » = 0, then pA T2, Txr™) — 0 as m — o,
The assumption (B) implies that the unit isoquant € is unbounded and that
& has two axes as asymptotes.
Let y; denote the s-th sector output level. Let K{(Tw;, Tx7, ¥) and
L{T:w; Txr, y) be demands for factors of the i-th sector and be defined such
that

K{Tw;, Txr, y) := yk{Trw;, Txr), ¢t = 1,2,
L(Tiw;, Txr, y) := y:dTw;, Txr), i =1, 2.

Let I denote the income of a consumer. Utility maximizing behavior of

a consumer such as
max #(x, x;) subject to pu+ pars = 1,

leads us to demands for commodities x{p,, p=, I ), ¢ =1,2.

2.2 Equilibrium Conditions

A worker chooses in which sector to work by comparing the expected
utilities he would gain. Let prices and the first sector employment ratio be
(P, b2, w1, wy) and &, respectively. The worker who wants to work in the
first sector faces the probability of employment &. The expected utility 2"

from working in the first sector is

u = é”(xl(Pl’ Do w1 + R), 2Py, po, w1 + R))
+ (1= &)ulxipy, po s+ R), xaloci(py, po, aw, + R)),

where R is the income from capital. The utility #* from working in the
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second sector is
u = u(xl(pl, D2, w2 +R)v xz(Pl, Do w2 +R))

Note that the utility function of every worker, here, is identical and thus
all workers want to work in the first (resp. second) sector if the situation
w'>u’ (resp. w'<wu?). If every worker is indifferent to the choice of the
sector for him to work, then there exists a possible equilibrium which
satisfies the condition #' = #>

Instead of these expected utility formula, we assume for simplicity that
the workers supply their labor to the sector that offers the higher expected
wage. The equilibrium condition we use in this paper then is the following

equality,
fuh + (1_ é)awg = Wo.

Moreover, one should also note that both two conditions
Cwi+(1— &)aw, =w, and »' =u* are equivalent when the utility function is
homogenous of degree one. This implies that the workers are indifferent
between the expected and competitive wages in the sense that their utility
depends on their expected incomes. This may be a slightly different from
the usual risk neutral presentation.

We shall discuss the boundedness of the price setting function after de-
fining unemployment equilibria and give an example where no reasonable
equilibria exist when ¥( - ) is not bounded from above.?

The labor market equilibrium condition is stated as

6) Note that the equality does not hold if wi( = ¥( - )) is strictly less than w, for
any (i, ps ws 7, &), this relates to the boundedness of the wage setting func-
tion.
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_L_(TiET_KuL, LTsw, Tt v) = Lo

The first term in the left hand side of the above condition is the sum of the
employed and unemployed workers in the first sector. Note that there are
no rationing schemes of labor in the equilibrium condition defined above.
Therefore the questions of who are unemployed or employed among work-
ers are not involved here. In this sense, we do not discuss the micro struc-
ture of labor market, but concentrate ourself to the aggregate labor balance.

We can rewrite this into a stochastic equilibrium formula as follows'
L(Tw,, Txr, y;) = é(Lo — LT w,, Tr, yz))-

The right hand side of the equation is the expected supply of labor to the
first sector and the left hand side is the labor demand. That is to say, this
is a stochastic equilibrium, which is similar to Wu (1990).

Let the total income of workers be given by Xw,, w,, 7, £). We have

L, ws, 7, &) := 7Ky + woly, if Sy + (1 —2)aw: < w,,
Ky + ( éw1+(1_ é)awz) L,

if wy + 11— &)aw, > w,.

l

Il

The assumption (U) of homotheticity of the utility function enables us to
write total demand X; for the /th commodity as a function of the total in-

come and two commodity prices, i. e.
Xips, po, wr, we, 7, &) := xdpy, po, Lawr, wi, 7, £)), 1 = 1,2,

Finally, we consider the government budget. A triplet (7% Ti, @) is
called a fax scheme. A tax scheme (T%, T}, ) is called feasible if the gov-

ernment budget is balanced, i. e.,
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1-
ow.L(Trws, Tgr, y1) TC= K (Trw,, Txr, 1)
+ KT ws, Txr, y2)) + t(enLo(Trwn, Txr, 31) + woloTrws, Trr, ¥)).

The right hand side is the tax revenue. The left hand side is the gov-
ernment transfer to the unemployed since the number of unemployed work-

ers is Li{Tww, Txr, ) (1 — £)/& when the labor market is balanced.

2 .3 Definition of unemployment Equilibria

We are now fully equipped to define unemployment equilibria.

Definition A triplet of an allocation (X%, X3 »%, 35 K%, K3, Lt L3,” prices (w?,
w}, 7*, pt, p3) and an employment ratio of the first sector &* (0 < &* < 1) is an
unemployment equilibrium relative to a wage setting function ¥( - ) and a
tax scheme (7%, T%, «a) when the following conditions are satisfied.
(a) [market equilibrium]
(1) LTtwt, Ter v)/& + L{Ttws, Tir*, y) = L,
(2) K(Ttwt Tir*, y) + KATtws, T, %) = K,
(3) Xuph p3, wt, wt, , &) = yhi =12,
(b) [price setting and wage expectation]
4) wt =P wt o, &),
(5) Cwt+ (1~ Eawt = wh,
(€) [government budget]
(6) the tax scheme (7%, T% a) is feasible.

7) The values of X%, X3, K, K3, Lt and L} are those of corresponding functions
evaluated at (¥4, 33 &%, (wt, w?, 7%, pt, p¥) and (T%, TY).
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Equation (1) implies that employed and unemployed workers sum into Lo,
which illustrates an equilibrium statement incorporating unemployment.
The capital market clearing condition is (2). The equalities of demands and
supplies for commodities are stated in (3). Equation (4) is the first sector
wage setting. The equality between the competitive wage and the ex-
pected wage is described by (5). The statement (6) characterizes the gov-
ernment budget constraint.

One characteristic feature in the definition is that the employment ratio &*
is endogenously determined. That is, workers have a belief on the em-
ployment ratio in advance which coincides with the resulting ratio. There,
we assume some belief forming mechanism similar to the one in the rational

expectation theory.

2.4 Walras law

Walras law is one of the usual building blocks in the existence proof of
general equilibrium. Our model so far developed describes a disequilibrium.
In addition, there are two wages w;, and w,. And thus we can not expect
Walras law holds. We can, however, establish a quasi-Walras law when we
restrict wages appropriately. This makes the existence proof much easy.

Let (31, y), (w2, ), &) be any element of R%, X S° x (0, 1], where S° is the
relative interior of the set S:= {(w, 7) € R¥ | w, + » = 1}. Let @& be a func-

tion of w, and ¢, such that

W N
1= n(&) n(&)= -l &)

b

Replace every wn with @1 and we can confine ourselves to the state that the

expected wage of the first sector, which is &, + (1 — &)aw,, coincides with
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competitive wage w, In this circumstance, we can regard the total income
as a function of w, and 7, such that

f(wZ, 7’) = szo + rKo.

Let X,(p1, po w2, 7) := 24Dy, o I(wn, #), i = 12. Let Ex and E; be the excess

demands for capital and labor, respectively. We now

Ex:= KJ(Tsz/ﬂ ( é ), Txr, »n + KZ(Tsz, Txr, yz) - K,
EL = LL(Tsz/n ( é ), TKY, yl)/é + Lz(Tsz, T}d’, yz) - Lo.

For simplicity, we write X, K, K, L, and L, instead of X: (b1, ps ws 7),
KI( Trwy/ n ( é )Tk, J’l), KZ(Tsz. Txr, ,yz), El( Tsz/fI ( é ), Tyr, ,yx), and
LAT,w,, Txr, ). By consumers budget constraints and the linear

homogeneity of production functions, we have -

p(X — ) + pAXe—y2) +woEL +7Ex
= X1+ pXo — woLo — 7K,
= (1~ Trw.Li/n( &) — TwrK))
— (pye— Tow,L,— TxrK)
-+ wLi/E = Tow,Li/n( &)+ woly— Tyw, Ly~ txr K + K)
= aw,l, (1 - & )/E =ty L+ wolo) — terlK, + K.

Finally, let E¢ be the net revenue of the government defined as
E¢:= tiwLi+w.l) + terBy+ K) — awL(1-&)/E .

We have then,
X~ ) +p X~ y) +woEL +7Eg+E; = 0.

This is our Walras law. Note that the relation holds when w: = @,
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2.5 Uniform Boundedness of the Price Setting Funetion

We discuss, here, analytically the reason why the price setting function
must be uniformly bounded from above. We present an example in which
there are no reasonable equilibria under a price setting function that is not

uniformly bounded from above. Let the wage setting function be
W (D, P, Wo, 7, é) 1= vw/E,

where v is a positive constant which is strictly greater than unity. The
function is not bounded from above and does not satisfy the condition (WR).

Substituting w, in (5) with this ¥( - ), we have
vw, + (1 = &E)aw, = w,.

Assuming w: is positive in reasonable equilibria, we obtain

_v=1+a
¢=—45 >L

This is, however, impossible. And thus we néed the uniform boundedness

of the wage setting function unless the competitive wage is nil.

3 Existence Proof

Our main result is stated as follows:

Theorem Suppose that the wage setting function W( - ) satisfies (H) and (WR)
with 6>1. If the assumptions (P), (U), and (B) hold, then there exist the un-
employment equilibria relative to a wage setting function and a tax scheme.

We can immediately obtain the following lemma.
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Lemma Under the assumption (U), for any (p,, p., 1) it holds that

PD)if I >0and p;> 0,7 =1, 2, then Xy(pr, po, 1) > 0,7 = 12.

For any sequence {(p", p% I" | m = 1, 2.} in R}, whose limit is (p,, ps, 1), we
‘have

BD) if p; = 0 and I > 0, then X{p%, p% I") — o0 as m —00.8

Note that all the tax rates can not be determined exogenously, since the
rate « is a given constant and tax rates are determined in (6). We intro-
duce a relation such as #x = #f;, where ¢ is a non-negative constant. This is
not a restrictive assumption at all but is a convention to determine two tax
rates by a single variable. Below, we use an auxiliary endogenous variable
7 in an interval (0, 1], and define 7, := 1/7 and ¢, := T:— 1.

It is easy to see that for any given ¢l > a = 0), there exists a suffi-
ciently small positive number e ( <1) such that (1— a)/7 —1 > 0 for any 1

satisfying e = 1 > 0. By this property we can restrict possible tax rates to

8) (PD) is obvious. To prove (BD), first we consider a case that both prices, p; and
P2 are zero. By consumers’ budget constraints, we have

PIXT A+ piXs = I

"

It is easy to see that at least one of X" and X% goes to infinity. Second, we con-
sider a case that either p, or p, is zero. Without loss of generality, we suppose
that p% — 0. Soppose that the sequence (X", X%) have a upper bound. We can
assume that a subsequence of {(X", X% converges to a point (X, X;). We
choose a point (X;+1, X,) such that #(X,, X2 < #(X,+1, X,). Given sufficiently

small &> 0, we have
PiXi+1-¢) + pUX, — &) = piX,+ piXe + pi(l—€) — pie.

The value of the right hand side is less than I”* for m sufficiently large. For
every 2¢ neighborhood of (X; + 1, X)), there is a point (X, +1—¢, X,~—¢) that is
in the budget budget set for sufficiently large m. Since € can be taken arbit-
rarily small and since #( - ) is continuous, it follows that (X", X%) <w(X,+1—¢,
X:—¢). The consumption bundle (X,+1-¢, X,—¢€) is in the budget set for (p%,
%, I™). This is a contradiction.
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a compact set :
{(t t) ERY | be =t 1 = 1/71 =1, T €[e, 1]}

when the wage in the fist sector is @,. In fact, let 7 satisfy 0 < 7t =< e. De-
fine &, =1/t — 1, tx=t4. Suppose w,=@, Then we can see that for any

(O ¥, (w2, 1), &) in RE X S % (0, 1],

tax revenue — government expenditure
z L, — awli(1 ~&)/&
=t ~al=¢) = all - Olwoli/g
>0 - ) ~ dwl/&
= {1 —a)r —Uwl./E>0.

Thus the tax revenue always exceeds the government expenditure as long
as w; = @, This together with the fact that the tax revenue is nil when
tx=1,=0 (i. e, T =1) enables us to put the inverse of 1 + #; in the closed seg-

ment [e, 1].

Proof of the existence

Let I" be the attainable éet :

I:={(n ) € R?] there exist (K, L;) and (K, L) satisfying
M = Fl(K1, Ll), V2 = Fz(Kz, LZ).
K1+ Kz = Ko and L1+L2 = Lol .

It is clear that I" is a convex compact set. We can find a sufficiently large
number M such that if (K, L)) is a pair of factors satisfying F{(K; L) = M,
then it holds that L; > Ly or K; > Ko, ¢ = 1, 2. It is obvious that T is a sub-
set of Z:= [0, M] x [0, M].

For any element (31, ), (w2, 7)., &, 7) € Zx 5% (0, 1)x]e, 1], let us define
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b= 11 =1ty =ttt W = w/(E), pr = Trk(Teiby, Twr)+ Tot MT1e0, Tir)
and py := Turkd Toaws, Tr) + Tow, A Trts, Ter).

The set A = {(p2, ws, P | (w2 7) € S} is bounded. In fact, for some fixed
(B, 12) € @, we can see that p, < Twk, + Tiw.hs = (1+Dk, + 1.)/e since
Tx < (1 + HT.. By (WR), we can see that W (p,, p» w2 7, €) is bounded for
any (py, ps, we, 7, £) € R.X A X [0,1]. And thus | ¥(p,, po, ws, 7, &) — w2 | is
also bounded. We can assume that M > 1 and M > | ¥ (py, po, e, 7, &) —un |
for any (P, ps, w2, 7, ) € R X A X [0, 11.

And thus‘ the following mapping

(1) $:= min(X'l, M),
(8) % := min(X; M), )
(9) @, := (1/f)min(w, + max(p, (X, —y)/w, + E;, 0), M),

10 7:= (1/f)min(> + max(p, (X~ y.)/7+ Ex, 0), M),

w .- E+min(max(— WPy, Py, wy, 7, E)+wy/ (&), 0), M)
' 1+min( [P, po. ws 7. EY— w2/ (&) |, M)

max 1+ max(Eg, 0) e‘) 1‘
l1+max(~E; 0 |’ ’

(12  := min

~
|

19 B := min(w,+max (X, — y)/w, + E., 0), M)
+ min(+ max(p, (X, — y)/7 + Ex, 0), M),

leads us to
Bu3), @, P, &, 5)€Z xS X[0,1] X [e 1].

This procedure defines a continuous function f defined on the set Z X §° X
(0, 1] X [e, 1] into itself which is a dense subset of the compact convex set
Zx S X [0,1] X [e, 1]. That is,

Fi(0n 3, (ws, 1, & 1) = (G, F), (@2, P, €, %)



On the Existence of Unemployment Equilibria under Wage Rigidity 289

By the extension of mappings we can obtain the following correspondence

f_:ZXSX[0,1]X[e,l]—>Z><S><[0,1]><[e,1]kand

f is an extension of £,

In this event, we extend the function f to f so that the graph of f may be
the closure of that of fin (Z X S X [0, 1] X [e, 1) X (Z X S X [0, 1] X [e, 1))
and be upper semi-continuous and closed convex valued (see Theorem 4.7
and Corollary 2 to Theorem 4.8 in Nikaido (1968, pp. 72-73)). By Kakutani's
fixed point theorem (Kakutani (1941)), there exists a fixed point ¢* := (%, 3%),
(w3, 7), £, 1%), where the variables with asterisks are those evaluated at the
fixed point. If the fixed point is not in Z X S° X (0, 1] X [e, 1], then there ex-

ists'a sequence

g = (LY w ), &7t EZ XS X]0,1] X e 1], m = 12,...
satisfying

149 f(g")— q" and ¢" — ¢" m as m —>©,
since the graph of £ is the closure of the graph of £,
(Step 1) The first problem to be solved is the boundedness of pt. Suppose
that pT can not be defined or simply that pi=o0. By the definition of the
first sector product price, this is the case only when ¢* is not in the set Z X
S x (0,1] X [e, 11. Let g™ := (W1 %), (w3 ), &, 1), m = 1, 2.... be the

sequence in Z X S° X (0, 1] X [e, 1] which satisfies (4 and the property that
P71 o, (as m — ), Note that the equality

= Tirk(Tran, Ty + Tra' W Tran, Trrr)

holds for every m. This together with the fact that 77 and T7 are uni-
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formly less than (1+#)/e and 1/e, enables us to know that &% = wi/Mm(E™ —
oo, (as m —+0 ). The necessary condition for this to be true is that {” — 0,
(as m =0 ). Then by (1) and (WR), we have 0 = M/(1+M) > 0. Thisis a

contradiction. Thus pt is bounded.

(Step 2) Either w? > 0 or #* > 0 is true, so that * > 0. By (7),(8)and Step 1,

we have
0<M=Xtand0< M= X%

(Step 3) Suppose that wt = 0. There exists some sequence ¢” € Z X §° X
0, 1] % [e, 1], m = 1,2,... satisfying (14 . By the fact that ¥ > 0 and by the
assumption (B) (i), we must have L% = v A, (Trw?, Tgr”) —oo, (as m —>0 ),
This implies that E/* —co (as m — o0 ). This leads us to w} > 0 by (9) .

This is a contradiction.

(Step 4) Suppose that #* = 0. There exists some sequence ¢” € Z X & X
0, 1] X [e, 1], m = 1,2,... By the same reasoning as in Step 3, we have K7 =
VikAT7w’s, T#r™) —+oo, (as m —oc ). This implies that E% —>00, (as m > ).

This leads us to #* > 0 by (10). This is a contradiction. Thus we have
w:>0and 7 > 0.

(Step 5) Suppose that £* = 0. There exists some sequence ¢ € Z X §° ><m
0, 1] X [e, 1], m = 12,.. satisfying (4. The fact that £~ — 0, (as m —0 )
together with w? > 0 leads us to w3/ (<™ =0, (as m —>0 ). Since p? is fi-
nite, the set {(%, w% »”) | m = 1, 2,..} is bounded. By the assumption (WR),
W, pr. wh, whi, €7 is uniformly bounded. Then by (1) we have 0 =
M/(1+M) > 0. This is a contradiction. We obtain £* > 0. This together



On the Existence of Unemployment Equilibria under Wage Rigidity 291

with @} > 0 and #* > 0 deduces that p* > 0 and pt > 0.9

(Step 6) Furthermore, suppose that £* = 1 were true. Define s:=
W(pi, phowh 7, &) — wi/m (&Y =W p wh 7, &) —wd It must hold that s
> 0 by (WR) with § > 1. And thus we get 1 =1/(1 + s) < 1. This is a con-

tradictibn. Here we obtain
i 1>&>0.
And thus, it holds that form (1)

E'min( | PO 93 wh, 7, & — wim(EY |, M)
= min(max( — P, p} wh, 7, &) + wi/m( &N, 0), M).

The relation above leads us to
PPt ph w7, & — wim(EH = 0.

(Step 7) By 12 we see

1) t* = min Imax(t* l+max(E5.0))' ) 1‘

1+max (—E% 0
Suppose that t* = e. By the fact that the output of the first sector is posi-
tive and 0 < &* < 1, the discussion made immediately after Lemma enables
=us to see that £z > 0. This implies that right hand side of (12) is strictly
greater than e. * This is a contradiction.
Let us study the case of 0 < a. In this case we know that Et = 0 and
e < 1* < 1 must hold. The other case is ¢ = 0, that is, the government ex-

penditure is nil.. Thus we have 7* = 1 since positive tax rates imply posi-

9) Professor T. Shinotsuka pointed out that we should have shown the positivity
of pt in the earlier draft.
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tive government revenue. We summarize these as

160 0<a<l=>E<t*<1land Et = 0)or
a=0=>(1"=1and E%t = 0).

(Step 8) By quasi-Walras law and (16), we have
ws P, — v ws + Ei} + »#p3X, — v)/7 + E¥ = 0.

Then either the first or the second term must be less than or equal to zero.
If the first term is less than or equal to zero then w! = w3/B* By this

together with w? > 0, we have
@m B*=1

If the second term is less than or equal to zero, then we have (7 by the same
discussion. B* = 1, it holds that

19 piX, — ") + wiEr = O and p¥X; — 3) + 'Ek =
Suppose that ¥t = M. Then by the definition of M, It follows that
Kr>FKyor [ > L,

This contradicts the equalities in (8. And thus ¥ < M, 7 = 1, 2. Finally

we can establish :
9 Ex=0Er=0y=Xi=12

A pair of the allocation (X, X3, vt % Kt K3, L1 I3) with 0 < £* < 1 and
the price vector (w?i, w?, #*, pt, p?) is an unemployment equilibrium relative to
the wage setting function ¥( - ) and a feasible tax scheme (T% TI, a).
Q E.D.
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