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Abstract

Thelinearprogrammingrelaxationisatypicalprescriptionforsolving

themultiple-choiceknapsackproblem.Theefiiciencyoftherelaxationap-

pliedtotheproblemhasbeenvalidatedintheliteraturewhereasitisalso

wellknownthattherelaxationdoesnotalwaysworkwellfbrtheproblem.

Inthispaperwehavedevisedanotherrelaxationfortheproblem.With

profbundregret,theresultisnegative.

KeywordS:knapsack;multiple-choiceconstraint;hnearprogrammingrelaxation;
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11ntroduction

ThispaperfbcusesontheMultiple-ChoiceKnapsackProblem(MCK),which

hasbeenintensivelystudiedinthelasttwodecades.Inaddition,theprob-

lemhasmanyapplicationsassummarizedinDyeretal[7].Recently,an

applicationofMCKwaspresentedbyPisinger[17].Also,anearlyreview

ofMCKisseeninDudzihskiandWalukiewicz[4].

TheMCKisanextensionoftheclassicalO-1knapsackproblem(KP).

TheKPis,given〃itemsofprofitandweight,topacktheitemsintoaknap-

sackofcapacitycsothatthetotalprofitofthepackeditemsismaximized

withoutthetotalweightofthoseexceedingthecapacity.TheKPisfbrmal-

lystatedasfbllows:

〔267〕
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(KP)maximize

subjectto

Σ吻乃
ゴ=1

Σ 吻乃 ≦・
ブ=1

吻 ∈{0,1},ブ=1,2,…,〃,

whereeachindexブindicatesanitem.Oncoef丘cientspy,吻andO-1vari-

able乃correspondingtoanitemassociatedwithブ:thefirsttworepresent

theprofitandweightoftheitemrespectively;thelastdoesthechoiceofit

as乃=1(packed)/0(otherwise).Foracomprehensiveoverviewofrecent

studiesonKP,seeMartelloetal[13].

Furthermor6inMCKmorecomplicated,allitemsaresplitintoseveral

classessothatanypairoftheclassesismutuallydisjoint,andwemust

selectjustoneitemineachclass.TofbrmulateMCK,weintroduceseveral

notation:TobeginwithaclassハTiofcardinalityni,i.e.Ni={1,2,...,ni}.In

addition,〃z(≧2)classesaregivenandΣi∈Mni=〃,whereM={1,2,...,m}.

111whatfbllowsweassumethatanelementinaclassisone-to-onecorres-

pondencetoanitem,andwecallanitemassociatedwithブ ∈ハ㌃theブ ーthiteM

inNi.Onthethreecorrespondingtotheブ ーthiteminNi:theprofitand

weightaredenotedbypij,wijrespectively;0-1variableisbya7ij.Also,we

callann-vectorofx=(xll,x12,_,x"z ,nm)solution.Now,theMCKisformu-

latedasfollows:

(MCK)maximize

subjectto

Σ Σ 勿吻
i∈Mj∈ ハ[i・

Σ Σzoゴ 拶 〃≦6
i∈Mブ ∈Ni

ΣXi」=1,i∈M
ブ∈ハ㌃

Vi」∈{0,1},i∈M,ブ ∈Ni.

(1)

(2)

(3)

(4)

Throughoutthispaperwithoutlossofgeneralityweassumethat:profitpij
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andweightwijforanyi,ブandthecapacityoarea且positiveintegers;〃i≧2

fbranyi∈M;inordertoexcludeaninfeasibleortrivialproblem,

蕊贈 吻≦・<蕊難 吻(5)

Atypicalrelaxationf6rMCKisthelinearprogramming(LP)relaxation

inwhichtheconstraint(4)isrelaxedasxij≧Oforanyi ,,ブ.Wecallthere-

sultantproblemLMCK,fbrshort.TheLMCKhasbeenutihzedtosolveMCK

sofar,e.g.SinhaandZoltners[18],Armstrongetal[2],Dyeretal[6],and

Pisinger[15].Moreover,LMCKitselfhasalsobeenstudiedby,e.g.Glover

andKlingman[9],Zemel[20,21],Dyer[5],andDudzihskiandWalukiewicz

[3].Both[21]and[5]especiallyincludeaIineartimealgorithmf6rLMCK.

Ontheotherhand,twotypesofLagrangianrelaxation(see,e.g.Fisher

[8])wereexaminedbyNauss[14],ineachofwhichtheconstraint(2)or(3)is

absorbedintotheobjectivefunction(1).Onacomparisonbetweenthetwo,

computationalexperimentsin[14]explainsthatanalgorithmwhichincorpor-

atesthefirstrelaxation,i.e.basedon(2),dominatesanotherwllichdoesthe

second(plusonemore).ThefirstrelaxationwasaIsoemployedinAggarwal

eta1[1]andtheaforementioned[7].Infactaspointedoutin[14],thedual

ofthefirstrelaxationisequivalenttoLMCK,whichisalsoimpliedin[1]

(p.221),andcanalsobeseeninanalgorithmproposedin[7]tosolvethedua1,

Theremainderofthispaperisorganizedasf6110ws:InSection2we

brieflyreviewthecompetitorLMCK.InSection3weconstructarelaxa-

tionproblemwhichwillgiveaboundtighterthanthatofLMCK.

2Linearprogrammingrelaxation

Apointfbrsolvingagivenproblemistoreducetheproblem,inother

words,toeliminateitemssanswhichtheobjectivefunctionvaluecanbe

maximized.Thefbllowingwasprovedin[14],whichisef丘cienttoreduce

MCK(see[18],TABLEHinp.511).
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Theorem(Nauss,1978)1[fpijl})pikandwij≦wik,thenaddingtheconstraint

vileニOtoMCK,hasnoeffectontheoptimalsolutionvaluefortheMCK.

Nowwemayassumethatineachclassthereexistnotwoitemssothatone

hasthesameprofitorweightastheother's.MoreoverforLMCK,thef61-

lowingwasprovedin[18コ.

Proposition(SinhaandZoltners,1979)Letブ,ん,1∈ ハTiwithω が くwik<wil

andρ ガ=≦1)ik=≦1)iland(Pik-Pij)/(Wik-zo〃)≦(Pil-Pik)/(Wil-Wik);

thenanoptimalsolutiontoLMCKexistswithxik=0.

ByTheoremandProposition,itfollowsthatpromisingitemsforLMCKform

anupperconvexboundaryineachclass,seeFigure1.Inthefbllowingwe

reviewanupperboundgivenbyLMCK,thatis,itsoptima1(solution)value.

ForsimplicityweassumethatLMCKhasalreadybeenreduced,andineach

classallremainingitemsareorderedsothatwil<wi2<…<wini,which

alsoinducespii<pi2<…<pini.NotethatsinceeitherTheoremorProp-

ositiondoesnotruleoutanitemofminimumweightineachclass,thefirst

halfof(5)isstillvalidwhileweassumetheIatterhalfagainifnecessary.
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Figure1:promisingitemsinIViforLMCK

Firstofallwedefineaslopesijニ(pi,ブ+1-pij)/(wi,ブ+1-wij)fori∈ 砿
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1≦ ブ<ni,whichisasinFigurelagradientofthelinejoiningtheブ ーthand

(ブ+1)-stitemsin罵.Asseenin,e.g.[15],itisknownthatobtainingtheopti-

malvalueisfindingaslopeskisatisfying月7≦o<」7V-wkl+wk ,1+1,where

略{wl・+{Σ ブ13ガ>Skl}(耽 ブ・・-Wi」)}
(6)

(We .assumedforsimplicitythatthereexistsnoslopeequaltoski).TheW

reducestoaweightsumofmitemsinwhichnotwoitemsareinthesame

class,sinceineachclassslopeshavealreadybeensortedindescendingorder

bytheassumption.Tofindsuchskl,first,wesortallslopesinnonascend-

ingorder,andinitializel717withΣi∈Mwi1.Next,ontheheadofasequence

oftheslopessorted,says41,wereplacew41includedinア 「withzo42,andex-

cludethes41fromthesequence.NamelyweaugmentWalongtheslope

s41,sincethegreatertheε 〃,thegreatertheprofitgainedproportionaltothe

increasedpartofWbyareplacementwith∫ 〃.Similarly,whileW≦cdo

thereplacementastheheadofthesequencesays.Consequently,with口7

(6)of口7≦c<確 一wkl+wk,1+1,weshallfindsklasaslopeconcernedwith

thelastreplacement.Oncetheskiisfound,theoptimalvalueisobtainedas

PVa+skl(c一 肩7),where1)wisaprofitsumofmitemseachofwhichcontri-

butesto12V二Itshouldbenotedthatinthesolutioncorrespondingtothe

optimalvaluejustobtained,atmosttwoxij'sviolatetheintegralityas

{Xkl=(w-Wkl+Wk,1+1-cXk.1+1・1-Xkl=(c-W)/(Wk)鵬 一 ωん1),,

eventhoughtheintegralityfbrall吻'swasrelaxed,whichdistinctly

accountsfbrtheef丘ciencyofLMCK.

0'ntheotherhand,LMCKincludesanissue.Speci丘cally,theoptimal

valueissensitivetothedistributionofitems.Whenpro且tsandweightsare

randomlydistributedina且xedrange,Propositionplaysacentralroleand

LMCKworksef且ciently.InExamplelbelow,however,Propositionresults
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inneglectingcharacteristicsofthedistributionofitems.

Example1.ConsideraninstanceofMCKwithtwoclasses;Itemsineach

classare(pil,wi1)=(1,1),(pi2,wi2)=(2,9),(pi3,z砺3)=(10,10)f6ri=1,2

(seeFigure2).Inthisexample,theoptimalvalueofLMCKisalways

equaltocapacitycsolongas2≦c<20.However,thatofMCKwith

c=10is3,andwithcニ19itis12.Inbothcases,thegapbetween

thetworeachesupto7.More6ver,ifmanyadditionalitemswerein

thelower-rightquarterofFigure2,nothinginfluencedLMCK.

n
川
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(
∠

ー
ユ

1
Wij910

Figure2:Examplel:thedistributionofitemsin.〈110rN2

Especiallyinthecasewhereslopesareconstant,LMCKmakesnosense.It

arisesforinstancewhentheprofitisequaltotheweightfbranyitem,we

callanMCKinwhichcase(i.e.pij=wijforanyi,ブ)Multiple-ChoiceSubset-

SumProblem(MCSSP).Aseasilyobserved,theLPrelaxationappliedto

MCSSPbringsthecapacityastheoptimalvalueintheexactlysamewayas

thattoaKPinwhichcase.Therefore,thehithertoproposedmethods

whichemployLMCKwillshowpoorperfbrmancetoMCSSP.Computation-

alexperimentsofapplyingastate-of-the-artmethodtoMCSSParepre-

sentedin[15].
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3AnalternativetoLMCK

SinceasmentionedinIntroductionthereexistsalineartimealgorithmf6r

LMCK,itwillnotbeeasytodeveloparelaxationproblemsolvablemore

ef且cientlythanLMCK.Hence,toattainthetitleofthissection,therewill

benoalternativebuttodeveloponewhichgivesaboundtighterthan

LMCK.Inthissectionweconstructsuchaproblem.

Throughoutthissection,ineachclass,weassumethatthereexistno

twoitemssothatonehasthesameprofitorweightastheother'sby

Theorem,andallitemsaresortedinascendingorderofitsweight,i.e.wil<

Wi2<"●<瓶f・ranyi∈M

TobeginwithweapplyapreprocessingtoMCK:Supposethatanitem

ofminimumweight(alsoofminimumprofit)ineachclasshasalreadybeen

packed,andcoef丘cientsofremaining〃-mitemsaretransformedasfollows:

{麟識、
Accordingly,thecapacitydiminishesbyΣi∈Mwi1.Asaresult,thecon-

straintsofMCK(3)一(4)arereplacedwith

κ∫

ΣXij≦1,ゴ ∈M

ブ=2

Xij∈{O,1},i∈M,ブ=2,3,_,ni,

whereΣ 饗2吻=OimpliesthatthelstitemisselectedinハTi;otherwisethe

ブーthis,providedxij=1.Moreover,thoseofLMCKcdrrespondingtothe

aboveareasfollows:

πゴ

ΣXi」s;;1,i∈M
ブ=2(7)

∬ガ ⊇≧0,i∈ ノ砿 ブ=2,3,_,ni.
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ThisrepresentsLMCKjustbef6reaugmentinginitializedWasdescribedin

Section2.

Fromatheoreticalviewpoint,ouraimofaboundtighterthanLMCK

willbeachievedbytheoptimalvalueofaprobleminvolvingconstraintsof

intermediatestrengthbetweenthetwoabove,inotherwords,constraints

definingafeasibleregionwhichcompletelyincludesthatofMCKandis

strictlyincludedinthatofLMCK.InviewofLMCKpermittingofupto

twovariablesofpositivevaluewithinsomeclass,onesf6rouraimareun-

iquelydetermined.Weherebyformulatearelaxation ,probleminvolving

theones:

maxlmlze

subjectto

πゴ

Σ Σ 錫 吻+ΣPi1
ゴ∈Mブ=2i∈M

"∫

Σ Σ 瞬 吻 ≦o一 ΣWil
i∈Mj=2i∈M

πゴ

Σ 吻 ≦1,i∈M
ブ=2

Xij≧ ≧0,i∈M,ブ=2,3,_,〃i

Xi」2rik=0,i∈ 砿2≦ ブ く ん ≦ 〃i'

Wecallthisone-fractionalrelaxationproblem(1-frp,forshort).Thename

comes丘omitsproperty,viz.,wemayassumethatitsoptimalsolutionin-

cludesatmostone吻ofvalueneitherOnor1(Suchxijisashortwhilesaid

tobefractional).Indeed,whenanoptimalsolutionof1-frpincludestwo

fractional吻's,say{xrs,a7tu},profit-to-weightratiops/wsofanitemcorres-

pondingtoxrsmustcoincidewiththatofanitemtoxtu.Theref6rewecan

modifythesolutionsothatitincludesatmostonefractionalxij.

Althoughasolutionof1-frpisan〃 一 〃zvector,itcanreadilybetrans-

formedbackintoanoriginaln-vector:Foranyi∈M,xij=p、/q(ブ>1,0<p

≦q)impliesxi1=(q-p)/q;otherwisexi1=1,whichisinterpretedthatthe

valueofthe吻indicatesthelocationofapointwhichdividesalinesegment
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joiningthelstandブ ーthitemsinNiintheratioofp/q:1-p/qasAdepicted

inFigure3.Further,raisingthepointAverticallyuptotheAt,wewill

obtainafeasiblesolutionofLMCKduetotheconvexityofitemspromising

forLMCK,whichillustrates1-frpgivinganupperboundnotgreaterthan

LMCK.Inparticular,onanMCKwithni=2fbranyi∈M,theoptimal

valueof1-frpcoincideswiththatofLMCK(Alsointhiscase,aproblemre-

sultingfromthepreprocessingbeingappliedtotheMCKisaKP).

鳥

1,ー

.×

Figure3:thegapbetweenl-frpandLMCK

Inthefbllowingwestatethreepointson1-frp.Inrepresentingasolu-

tionappearedinthestatement,weomitxijofvalueOforconvenience.

1.ThetotalweightofanoptimalsolutionofLMCKisalwaysequalto

thecapacitywhilethatof1-frpisnotalwaysso.

Example2.ConsideranMCKofm=2;Itemsineachclassarethe

sameas(pil,wi1)=(2,・1),(pi2,wi2)=(6,3),(pi3,wi3)=(10,11)for

i=1,2.Afterthepreprocessing,the2ndand3rditemsineach

classremainasinFigure4.Withc・16,theoptimalvalueof

LMCKis17byasolution,e.g.x13=1,x22=3/4,x23=1/4while

thatof1-frpisl6,sinceafterthechoiceofthe3rditeminone
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class,toselectthe2nditemofprofit4isbetterthantwofifthsof

the3rdofprofit3.2intheotherdespiteremainingcapacity2.

珪
Opt.ofLMC
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Figure4:Example2,cニ140r18afterthepreprocessing

AlsointhesameMCKwitho=20,thatofLMCKis19by,e.g.x13

==1
,x22=1/4,x23=3/4while1-frpgivesL18.4」=18.Onthe1-frp

inthiscase,fourfifthsofthe3rditemisbetterthanthewholeof

the2nd.

2.The1-frpwillbelesssensitivetothedistributionofitemsthan

LMCK.Moreprecisely,thereexistsanitemwhichisredundantfbr

LMCKbutisnotfor1-frp.

Example3.ConsideranMCKofm=2;Itemsineachclassarethe

sameas(pil,wi1)=(1,1),(pi2,wi2)=(10,2),(pi3,wi3)ニ(11,4),

(.pi4,wi4)=(13,5)fori=1,2andc=9.Itemsineachclassafter

thepreprocessingareinFigure5;Alsothecapacitycdiminishes

by2.Then,theoptimal『valueofLMCKis25byasolution,e.g.

x12ニ1/3,x14=2/3,x24ニ1whilethatof1-frpis24by,e.g.x13=x24

=1 .Thus,the3rditemvalidatesthepoint.
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Wij
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Figure5:Example3,0=7afterthepreprocessing

Hereaquestionarisesthatwhichitemsarescreenedoutfor1-frpbe-

sidesthosebyTheorem.Itisobviousthatthefbllowingholds:

Observation.Iftheブ ーthandん 一thitemsinNisatisfywi1<wij<wik

and

Pij-PilPik-Pil≦

吻'-WilWik-Wi1・

thenthereexistsanoptimalsolutionof1-frpwithxij=0.

Clearlythisisobtainedbyingachclassfixingtheブ ーthitemtothelst

intheassumptionofProposition.

3.The1-frpiscompletelyuselessforMCSSPwiththesameb6havioras

LMCK.Onthissubject,wesuggestthatitwillbemorepromisingto

deviseatailoredmethodbyanargumentsimilartothatfbrKP.The
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KPwiththecondition,thatis,theprofitisequaltotheweightforany

itemisparticularlycalledSubset-SumProblem(SSP),andseveral

methodstailoredhavebeenproposedsofar,e.g.IidaandVlach[12],

Pisinger[16],andSomaandToth[19].ThetermofMCSSPis

accordingto[16],inwhichanalgorithmtailoredforMCSSPhas

actuallybeenproposed.

Then,howshouldwesolve1-frp?Itmightseemthataftersorting

allprofit-to-weightratioof蕗/ω みinnonascendingorder,the1-frpcould

besolvedwithanordinarygreedyapproach.且owever,theoneappliedto

Example4belowendsinfailure.

Example4.ConsideranMCKofm=2;Itemsare(pll,w11)=(1,1),(p12,ω12)

=(8
,5),(P13,zo13)=(9,9),(P21,w21)=(1,1),(P22,w22)=(4,5),andc=

10.Afterthepreprocessing,theitemsareasseeninFigure6.A

greedyapProachapPliedtothe1-frpgivesobjectivefUnctionvalue10

byasolution(0,1,0),i.e.(0,0,1,1,0)inoriginaln-vector.However,

thegreater12isgainedbyanoptimalsolution(1,0,1),i.e.(0,1,0,0i

1),whichisthesameasthatofLMCK.

(1,1)
4 8

Wij

(1,1)
4Wij

Figure6:Example4,c=8afterthepreprocessing
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Infact,exceptf6ritsindicesstartingatブ=1,thesameproblemas1-frphas

alreadybeenexaminedbyIbarakietal[10],inwhichtheproblemexamined

iscalledP.Inaddition,Section2in[10]hasalreadyexposedseveralofchar-

acteristicsof1-frp(i.e.1))describedabove.Accordingto[10],thePisNP-

completeandtherewillexistnolineartimealgorithmforit,whichisalso

suspectedfromthatinthefirsthahfofExample2thetotalweightofthe

optimalsolutionofl-frpdoesnotreachthecapacity.

Notes.OnParelaxationproblemintroducedin[10]for∫):Intheformula-

tionof」P,constraintsnotinvolvingthecapacityarethetwobelow:

0≦tij≦1,i∈M,ブ ∈Ni,

Atmostoneofxii,Ti2,_,xin
,ispositive,fori∈M

)

)

8

Q
ゾ

(

(

Thelatterhalfof(8),i.e.rij≦1,canbereplacedvワithΣ ブ∈ハ麗 ガ ≦1,

sinceunderthefirsthalfof(8)and(9)itfollowsthat吻 ≦ Σレ∈Ni.吻=

max7'∈Ni.吻.Then,excluding(9)from1)resultsin1)involving吻 ≧O

andΣ ブ∈ 鱗吻 ≦1remained,whicharealmostthesameas(7),i.e.

thoseofLMCKtransf6rmed.BeingdifferentfromLMCK,anoptimal

solutionof1)mayincludejustonlyonevariableofnotintegervalue

duetonot2,・ ∈Ni.吻=1but≦1,alsoduetowhich1)(andPtoo)does

notrequirethefirsthalfof(5).

Ingeneral,aslightlyloosebutquicklyobtainablebou .ndismorepractic-

althanthatoftight『butexpensive,viz.ofmuchcosttocomputeit(see,e.g.

Iida[11]).Abranch-and-boundalgorithmproposedin[10]fbr1)solvesP

oneachsubproblemspawned,however,PisalmostthesameasLMCK.In

lightofthisalthoughitisunknownincomparisonwithLMCKhowmuch

tightaboundby1-frpis,yetweshouldconcludethat1-frpisexpensiveand

quiteunsuitableforMCKasarelaxationproblem.
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Atthebeginningofthissectionwestatedthatarelaxationproblemfor

MCKbeinganalternativetoLMCKwillbetheproblemgivingabound

tighterthanLMCK.Neverthelessaswehaveseeninthissectionitseems

thatthereexistsnopracticalonebetweenMCKandLMCK,ormorespecifi-

cally,betweenthefbrmerwithnovariableofnotintegervalueinanoptimal

solutionandthelatterwithatmosttwosuchvariablesinthat.
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