Economic Review (Otaru University of Commerce),
Vol. 67, No. 4, 5-67, March, 2017.

Supplement II to the paper “Asymptotic cumulants of some
information criteria” — Asymptotic cumulants of the studentized
information criteria and Example 1

Haruhiko Ogasawara

This article is to supplement Ogasawara (2016) with asymptotic
cumulants of the studentized information criteria and Example 1.
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Then, the expansion of ?

1s summarized as
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O‘SLi 2tr(-A"T) = o), —2q = tr(A"'T) = nE (Z ) s unchanged.

T. 12 (A -3/2
KgS(t\(’V )):n ((t)l\)/IL3 +0(n™")

(Te)y _ (T (A) — g

S1.14
(O‘(t)w3 =0hms — Apyws = (t)ML3) ( )

(the result is common to 757 (j =1, 2)).

(T — 51 (A -2 (T _ (T (A _ (A
Kea (ty")=n Ui T O(n™) (a(t)w4 =G = Gpywe = a(t)ML4) (S§1.15)
(the result is common to f$ 2(j=12) andis given as in (51.9); see the
parenthetical note after (S1.9)).

S2. Interval estimation of —270* with higher-order asymptotic accuracy

21ty

Ogasawara (2012, Equation (2.5)) gave the general result of the lower
endpoint of the one-sided confidence interval (Cl) with the third-order
asymptotic accuracy. When f\({;\ ) is used for estimation of —21—0* , the result
using the Cornish-Fisher expansion gives the following endpoint:
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L(a; ”_3/2) = nﬁlAICW —n? (&1(\411)2 v Z

AY N2 ¢ A (A A
(a( ) {a((t)lz/JLl +(05((z)134L3 /6)(2(22 -D}

32, A Iy . A(A) ~e
3/2( (A) 1/2 5 ((t/)\\)NAZ—Z(al(\/J?J)Z) 1/2

xnaCOVg {n” IAICW, A((;)\I?/lll +( A((zl)\;/m /6)(227 -1} }Zoz

i S zy  z S2.1
7(A) A(A) & Zs 1)
Hyas)” (_Ig + 3674 j + Xiyvia (EZ - gJ , (
Pr{—2l—o* Z L(d;n—3/2)} — d +O(n-3/2 )’
[P a/Vam)exp(-z* 12)dz = (0< @ <1),

where the estimators with carets except acovg (1) are consistent ones of the
population counterparts that do not depend on #; the first two terms on the
right-hand side of the first equation of (2.1) give the endpoint of the usual Wald
CI with the first-order accuracy; similarly, the first three terms give the

endpoint with the second-order accuracy; and acove(-) is the consistent

estimator of acov g(') , which is the asymptotic covariance of order 0(77_1)
for two variates and will be given next.

Note that
nacov,{n- 'AIC,, a((t’;f,m +(0?(([‘;13,[L3 / 6)(22_ -}
=nacov, {n" 'AIC,,, & (i)™ +oc((AAt;MU 2 $22)
+ (116 (@)™ (2 =)}, |
since O‘((z)l\)/ru i (O‘(A) ) +O‘((£;ML1 and
Aiims = Oag s (Oans) ™ + 6811 , where

nAICy = _2(10 Joy ~ (l_o - lo )Op(n—l/z) +0,(n” ") will be used. For the

estimators in (S2.2), the estimator of H(A_lr) is required, which is denoted
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by t(A3Ty) and tr(~1V"1$’) | and will be defined in Subsections
S2.1.1 and S2.1.2, respectively.

S2.1.1 The result using tl‘([\;x}fw)
Preliminary results including repeated ones are

~(A) \—1/2 A) \-1/2 1 1 —~
(@) = (@)™ + (O w0, L+ 0,07,

A) \-3/2 A) \-3/2 A) -1 1 1 -1
(aIE/lL)2) - I(\/IL)Z) + 3( ( )2) (V( ) ’mi))Op(rf”z) + Op (n )’

~(A)y (A (A) 3/2 (1) 48]
Oy = Oy — 2(Cog (vi7'm;’)

0,0y + 0, (1), (S2.3)

( (A) 12 al(\/ﬁ_l)z (V(]) 'mil)) ( —1/2 + 0 (n_l )7

_ (a(A) V2

nacovg{ (AT, )} = neov oA —(trm))o )

=-ncov, [, r{( ~Ag™)L - AT}

0 ( -1/2

=-ncov,| L,tr| |ATMAT —ATE_(JP){AT® A 2L e
g 0 g\vo 00
0

(A) (B)
ol
A" M, E_(G! AT — ,
z ( (J))[ 860 jj } jl

(B) (A)
= —vec' (A" TA™ )vec{ncov (M, 1)}

r| B,(J) (A TA)®{AE, o, -1,
g0 0,
(A)

- T\ A - ol +

+A™nE, (Mgl) - A 1Z*Eg((;ffgj)){z\ 'nE, (50—10} }
Jj=1 j

(A)
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g

W% meTE 4%
nacov (I, Ap)

=ncov |, —A"MAT +ATE_(JP) A AT — ol
g g aeo
=-A"ncov, (I, M)A + A"E (I AT ®{ATE a—lfz
g\'0° g\vo g 690 0j ’
7 1 7
nvarg(lo)zznvar (l )=

(A)

_aMLZ’
E {(IOJ l)} n“1213 —3n_121 l -!—213

=n 213 +n_13z o BA' 0
—3n"12{12 +21,,

l — ol -
, _00)} Zo"'{ge““,(ew_eo)}
B, 0 0,(n™)
+2[_03+{6l—02 o

-0 +0 (n!
890 1 w 0)}0 (n,l) p( )
=n" S —n'3 E o)

9,)

A—l
00,'

_3 42

Jj=

n
+6n"

. —I_+6Z_”‘2 1 -1)+0 (n
= 0j 890' 860 0 0 (0 0) p( )

nacov [/,E_{({,. -1, )3}]=covg(loj, 0/) 3E (

ol » ol
LA E, l
700, 00,
=3cov, (I, 1y My =3B, (5, )var, (1))
6E [1 o ]A‘IE [az I, jz* 61" var, (I,.)
+ . + var, (1, ),
g| "0j aeov 89 0 0 g0
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A e dl
E, (loj 6_010] =n 1;1“,} aéj
5L+ 2, -0 H 2 T, el 0,0
=n . - + n
=1 o8, ] a8, aeoaeo' v ?
al, -, 7
= [n_lzloj j {(zO A+F)[—A‘1 ﬂ]} +0,(n™)
j=1 aeo 0 o)) aeo Op(n—I/Z)
— 7k R al 1 - 81_
[nl I, + Uy, -1, )}j} —{(10 I, +TA 1)5}
i=1 0 do,m 0Jo,( ")

w_al, 7
- J S, -1, )—f} - [FA‘I ﬂj +O,(n™),
L D Jo,0) Bo Jo, )

E =8E, |y, =
g( 50, % 5 (see (S1.5)),
_ o, ., al,
neov, < L,E | =1 } =E {(l .—l*)z—’}—FA‘IE ( L] j
3{0 g(aeo 01} g | Noj 70 20, g 0, 05 .

Then, the three asymptotic covariances giving the last result of (S2.2) are
shown one by one as follows. The first asymptotic covariance for (52.2)
reduces to

nacov {n" AICy,, diy’ (dygs) ™"}
=-2nacov [ {tr(A FML) +2g3(a® )12
=-2nacov [ZO, {tr(AT'T) +2¢g — (trm))o o) W@ )

= —2{tr(A™'T) + 2g}nacov,, {I,, (&ins) ™"} (S2.4)

—2ncov (I, —tr{™ ) oggy) ™.

The second asymptotic covariance for (S2.2) is
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nacov (n"'AIC,,, Gi0)\1.72)

T oW lam (1 TV al 2
= 2nacov,| 1,200 4B _{(y, —h Y LE, | —L1,, |} |22
20,
=2nacov, | |, (ainy) " {-LE, Ay,
20,

4B {(l,,— I Y LE, oa, 2
x14E {(l;, =1, )} | 20, z;

v
=2| nacov,{k, (@)} -LE, - |A™
20,

(A)

4B {(l,, — 1, V' L.E, %
X 4B {(y, — 1))’} | 2o,

A) \-3/2 vt 7T A4
+((x( ))_ Eg 0 nacovg(lo,A;,[L)

0

+naCOVg 10,8Eg Wloj A Eg loj—ag—
0 0




Supplement 1 to the paper “Asymptotic cmulans of some iformation criteria” - Asymptotc cumulants of the studentized informtion eiteia and Example 1 29

oy
o)™ {—I,E ( )A}
¢\ 00,

x| 4nacov [1,E {(l,; —1,")’ H,nacov < [,,E, | = z2.
glh0o g W\0; 0 0 &

aevOJ

(A)

The third asymptotic covariance for (S2.2) is
-1 A (A) f S(A) \=312
nacov, {n ' AICy,, (1/6)d;gs(a%) " (25 —1)}

:—Znacovg{ _0,{ —-8E {(10])} (S2.6)
*)

300 (AL, )+ 2x4E [ 2 A E, alz
+ aMLZr( ML ML)+ X g W()'()j ML 59

2
A . A(A) A z; -1
_3tr(Al\;LrML)a]§/IAL)2 }(agﬂ%) . :|_6
(A)

:—2nacovg|: IO,{ Sm}

(A)

T N T T B
+24E§(ae:| OjJAML g{aejol J }( IE;IAL)Z) " :IT

(A)
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woa

BB % WETE H4%
:_2[ { —8nacov,[I), E,{(1;;)’}]
@A)

_ ’_él\ s (2L
+48nacov </, E : A —L,
8 L o0,"" £l o0,
al, ol
+24E I,, |nacov E | =L | {(@&)™"?
g[GBO j ( ML) (860 Ojj :l )
{ 8E_{(],.)’} +24E (alf jA‘lE (alfz ﬂ
g W\ g 890' 0 g 890 0j

2
-1
xn acov{l,, (&h)) "} }59‘—6—

S$2.1.2 The result using tr(-1I

(A)
(=A)-13(N)
wo Iy
Preliminary results are
nacov {1, ,tr(—i('A)"li(r))} nacov, {h, = (™), )}
(7
=—nacov,[],tr{(- A;"“H - A~ 1I‘(A)}O ]

=—nacov I_O,tr[ -AT'E (J“)){ (A'l ol J}F
g 00,
(&) (S2.7)
_ Lol
—A 1{ ZE ( U))(A 6—60)1}}

(A)
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=tr| E,(JS)|(ATAT)®JATE, o, — 1,
eny ' 0,

(A)

q
~A7 Y E, (G ){ATHE, o —1,
= o9, ")},

(A)
and

nacov, (l_oa_ iﬁ;ﬁ"l) =nacov, {I_O, A'lEg (Jg3)){A—l (A'l ol ]H

0,
=A"'E (J(”){A‘I@{A‘lE (%1 jH
g\vo £l 50 0j .
0

Then, the first asymptotic covariance for (S2.2) is
nacov {n"'AICy;, dy (dyys) ™%}

=2{tr(A"'T") + 2¢}nacov {lo, @By

=2ncov,(f, =t ) ainy) ™7,

where the last term is different from that of (52.4).

(S2.8)

The second asymptotic covariance for (S2.2) is
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-1 ~(A) 2
nacov (n~ AlCy, AjyiZs)

T [ S(A) \32 v -1
=21 nacov {f, ()" " }-LE, 0 A
0

(A)

'

{413 (. —-1"YLE (811' I )}
X , — , oy
g W\ 0 g 890 0/

(A) .
) {Eg(a;e ]UIML>

0

_ (Y. o,
+naCOVg 10,8Eg Wloj A Eg lojg
0 0
av(A)
+Haygs) ™" {—1,13 ( 'JA“}
ML2 g aeo

_ - _la,
x| 4nacov [[,E {(/,;, -1, )3}]’nacovg {lo,Eg (_fl J} z2,

(A)
(S2.9)

T M-t 7T AL
where naCOVg(loa—IﬁwL) ) was nacov, (l, Ay ) in(S2.5).

The third asymptotic covariance for (S2.2) is
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nacov, {n" AIC,,, (1/6)ays ()~ (z5 — 1)}

:—2[ [ —8nacov, (I, E, {(/,,)}]

(A)

_ la e (2
+48nacov, 1 4, E, | ==, [t A —1y;
20, " :\ 20,
al, ol
+24E nacov_(1,,—1Y™"E () )32
gt o i, (2, | i

. al, o (a
+| -8E,{(1,,)’} + 24E, @zw AE, a10].

2
- —1
xn acov{l,, (&))"} }Z"‘?

(A)

(S2.10)

(A)l

where #2acov ( ) was hacov ( ML) in (52.6).

s22 t57(j=1,2)
The endpoint using f J)(] 1, 2) corresponding to (S2.1) for t(A) is
L(ag;n**)=n lTIC“) n'? (a(A) 27

24 (A
(O‘(A) 12{0‘((31\3&1 +(a((t)13/JL3 /6)(2& -1}

1 .
312 4 (A) Y12 A(T ) A(A) \-172
—n Oy |:5{ Clipiinz — 2(0)
(S2.11)

xnacovg (nAIC, 6+ (A, 1 6)(z2 ~1)}
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3 3
i (Hor s e %] 12
where 02((31\/)&1 and OA‘((I%)M were 02((,})\13&1 and OAC((,/;\;/AQ in (S2.1) for t\({? ),
respectively; and O?S;A)U is an estimator of 0581311 common to
n'TICY (j=1,2).
First, we have
nacov {n” TIC, a0 0 | + (G 16)(z2 —1)}

_ -1 AT A(A) N=1/2 | A(A) 2
=nacov, {n~AIC,,, o (Cy) + QaymiZa

(S2.12)
n(A) £ A(A) NS32 2 .
+(1/6)ons (dnny) (22 - D} (j =1, 2),
where
(T (T (A =172 A . =l A) \—172 A
iy = P (oygn) ™" + a((AthL] =tr(—A F)(aixm)z +a((At§ML1
Ay  _ A (A) \-1/2 (A)
was Oy = O () + Qi

-1 A) \-1/ A
= {tr(A"T) +2¢}(anpy) " + a((At;]v[Ll in (S2.2) with the reversed sign of

tl"(A_]r) and an additional term 2¢. Note that in (S2.12) the first argument,

n AICy, | is used in place of n'lTIC%) (/=L2) and consequently, that
only the first covariance in (S2.12) is different from that in (52.2). So, in the
following, we show only different results.

$2.2.1 The result using tr(—A3T,)
The first asymptotic covariance in (S2.12) is

-1 A(Ts) r A(A) 172
nacov {nAlC,, (@)™

=-2n acov, {l_o s tr(_A;/}Lf‘ML )(dliflAL)Z )_”2 }
= —2}7 aCOVg [l_o > {_tr(A_lr) + (trgm) )OP (n—l/z) }(df\/ﬁ; )_1/2]

= 2tr(A"T)nacov, I, (6432} (s2.13)

Az

~2ncov, (f, "™ e ).
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S2.2.2 The result using tr(ii;;A)_li(v?)
The first asymptotic covariance in (82.12) is
nacov {n” 'AIC,,, A (@S )™

=—2nacov {l , tr(I(_A)_II(r))(dﬁAAL)z )7y

= —2nacov [ {- tr(A"lF)+(tr(T2)) 0,6 HEARS A

=2tr(A”' Dnacov {7, (a53) "} (82.14)

—2ncov (l ™) (el

S3. Asymptotic cumulants of the studentized estimators of —2Eg (I_v;)
S3.1 n_lAICW

Recall that
W HP(nTAIC, +21)) wr 1T AIC, +2E (z )
by’ = (A(A))uz and fw (A(A) 172 (S3.1)

where 2E, (Z\;) = 210* +n ' tr(ATT)+O(n™) . In this subsection, the

+ . A .
asymptotic cumulants of féé\ ) corresponding to those of f\(;v) are given. Only
the following two asymptotic cumulants are different from the latter. First,

o = oYL ™ o
= 2tr(A7T) + 2} ()™ + ol (83.2)
for l‘\({? " while earlier we had
05(%1 aﬁ/ﬁ% (a(A) )—1/2 + OC((AAt;MLl
= {tr(A7'T) + 24} (apy) ™" + oy (53-3)

for f\(;\? ) The above results give
Ay _ o (A) -1 (A) \-1/2
Ciywr = Epywr T (A" T)(opgn) " (S3.4)
Note that in (S3.2) under correct model specification,

ald” =2tr(A"'T) +2g =0,
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it 78 HEeTE 4w
Second,
A)* A A - 2 T (N2 1 1 A
Oz = Onna (@) +20°E {(4F ) v 'mP Y (o)
2
+2n Eg

-1/2
v ML2)
ZN?L) { TN([E) v rm® +l—(1)(n

)+ v )
(B) (83.5)
+77 g+ (AT VO 'mP L ()"

(B)
+7’l2E {2[ (2)( (A) )—1/21(1) (D (1)+(l (€] (1)l (1))}
A A N-12 (A A
_{2(0‘( ) 2Q)(O‘( ) a((AthLl +(a((At;ML1) }

for 12" where the factor (2¢+t(A™T)) in [ ] was 2g for Cywaz
(A)

(A)* (A)
Aiywar = Fywaz

(A)
of Iy~ (see (S1.7); the factor (0515//11)1 =2q)(=nE (Z_(z))) in the last term
—{} is unchanged), which gives

+2tr( AT (e, ) R (i 1D m® yy®

As mentioned earlier, the other asymptotic cumulants for #
same as those for

(S3.6)
i " are the
s
a((t/;\;\lz = a((t?bzle - a{t?\;ﬂ = a((tI)Al\)/ILZ 1
(A (A)* (A) _ (A _ . S3.7
OC(,)\;,] a(t)ML] a(t)wj a(t)MLj (] —3, 4)- ( )
§32 #'TICY (j=1,2)
Recall that
AT _ n'?(n”'TICY +21,")
N (A(A))l/z (S3.8)
T n"? ' TICY + 2, (I,)}
and Tw

Gy YT
where as before 2E,(fy) =2, + 7' tr(ATT) +O(n™) . In this subsection
the asymptotic cumulants of f&; ”

corresponding to those of { G are given.
Note again that only the following two asymptotic cumulants are different
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First,
(Tey* — ,(Tey*r (A) \-1/2 (A) _ o (A) (To)* _
Crywr = Oy (o) T %Mt = Yanme (oyy =0) (S3.9)

Te)* . T* .
for f§V ) (the result is common to t&;v w, J =1, 2)) while we had
(T (T (A) 172 (A) _ -1 (A) \-172 (A)
Ay = O (On )+ S = (AT (o n) ™ + upan (S3.10)

T. .. (T _ (Te) -1 (A) \-1/2
for 1y~ giving %mwi = %ow + (A T (g5) "

Second

Ty T/ (A) NI 2 TN L 1 A) \-1/2
a((:)\{v)Az = a\(NAjz)(als/lL)z) +2n Eg {(ll\/gL)) vl 'mi)}(aIE/H‘)Z)

2 TMf 7@ G W 7WM-1.0) (2) (2)
+2n Eg[ M BP v m® + 10 (n 7'y + v ')

®) (S3.11)

+n” (AT v 'mP} }(aggg)-“
(B)
2 72 A) \-127(1 1 1 7@ 1 1)\2
+n°E 207 (o)™ A v ml? + (v 'miP)?)

~{2(ay) 2t (-A" D))" el + (@)’

ML2 CanmLi (AYML1

for 1y (j=1,2) , where the factor tr(—=A"'T) in (1[3). (1]3) was

2tr(-A"'T) for Ot((gé})ﬂ of tﬁJ 7 (see (S1.13); the factor
(O‘SL? —2tr(=A"T))(=nE g@f) )) inthe lastterm —{} isunchanged),
which gives
a((g\{,)zz = 05((3\{,),32 +2tr(ATT) (e, Y2 nE ‘ (Z\,?L) m') v (S3.12)
As mentioned earlier, the other asymptotic cumulants for # &}A " are the

A
same as those for tiv) :

(Tey* _ _(T* (T _ (T _
Loz = L = Xz = Fopne = L

(T (Tey (T _ (T _ _(A) _ _(A) _ (83.13)
Ciywre = Copvnr = Xywr = Fovre =~ Cywe = Fmrk (k=3,4)

(the results are common to £y’ j=1, 2).

S4. Interval estimation of —2Eg (l_\;) with higher-order asymptotic



38 ]

g

%8 ReTE W4
accuracy

(AY*
tW

S4.1

. 32y . ~(A)
In the endpoint L(&;7 ") in(S2.1) by ff{? ) , replacing &yme1 and
G L GU Aol . .
waz with Yeumr and Hpywaz, respectively, we have the corresponding
endpoint for _2Eg (lw) :
L(é;n?)=n"'AICy, —n"* (&igh)" z,

Sl ACA) N2 ¢ A(A) ~(A 2
—n (al(VIL)Z {Olfoﬁm +(a((t)13/lL3 /6)(z; —1)}

1
312 7 A(A) \1/2 A (A A(A) \-1/2
=1 (A {5 Ciywaz — 2(on)

— AV . S4.1)
xnacovg {n" AICy,, &\, + (G 1 6)(25 — 1)} }Z& (

3 3
~a) 2| _Zg O s | Za %
+a Y| ——%+—z, [+ -
(OML3 ( 18 36 J <’)W(24 8
This change gives the following changes in 72acovg{-} of (S4.1).

S4.1.1 The result using tr(—;\\_;l;w)

The result by ti,,A a corresponding to the first asymptotic covariance of

(S22) by 1y is

nacov, {n”' AlCy, d ()™}

=2nacov [, 26(Ay Ty ) +243 (@)™

aMLZ
=-2nacov [}, 2tr(A7T) +2q - 2(try™ )Op ) A Il

Oy

_ - A _ S4.2
= —4{tr(A"'T) + g}nacov I, (Gns) ™" } (542)

—4ncov (I, —tr{™ Yongy) ™,

. A S
where the last two terms are different from those by té, ’ for estimation of
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=21, (see (S2.4)).

S4.1.2 The result using tl’(‘I(\x_/A)_li(vg))
The result by f%? ” corresponding to the first asymptotic covariance of
($2.2)by 14"
nacov  {n- 'AIC,,, a7 (&)Y
=-2nacov [l Qtr(—I5Y ) + 20360 ™

5(A)

= —4{tr(A"T)+q}n acovg{ s (@A) (S4.3)
(T2) )( (A) )—1/2

is

—4ncov (70, —tr,

where as before the last two terms are different from those by f\{? " for

estimation of —210 (see (S2.8)).
From (S2.4), (S2.8), (S4.2) (corresponding to (S2.4)) and (S4.3)

(corresponding to (S2.8)), we have

nacov {n AlCy,, dun, + (A /6)(z; =D}

= nacov {n-lAICW,dg;;‘;m (Qons 1 6)(zz — 1)}
- 2tr(A"'T)nacov, {4, (dy) ™"} (S4.4)

~2ncov, (G, — ")) (=1, 2),
where j = 1 and 2 correspond to the results in Subsections S4.1.1 and S4.1.2,
respectively.
s42 " (j=1,2)

In the endpoint L(@:7 ) in(S2.11) by 15”(j =1, 2), replacing

~(T) ~(TJ) 5 (T j)*
Cyvrs and a(t)WAZ with a(t)MLl and a(t)WA2 respectively, we have the

corresponding endpoint for —-2E 2 (lw) :



40 o R %8 WETE B4
L(@;n™?)=n""TICY —n™"*(a{}))" z,
=17 ~(A)Y \1/2 ¢ A(Te)* 2 (A 2
-n (ar(va)z {(x((t)l\BlLl +(a((t)13/LL3 /6)(z; — 1)}

1 .
23024 A(A) NI2 A (T j)* A (A) N—1/2
A (v {5 Coywaz — 2(ayn)

e

xnacovg {n" AICy, a5 +(Qius / 6)(25 =1} }z&

n Zg 5 n 2z .
+(a§,§@3)2£—ﬁ+£zd + 2—2—? (j=12).

This change gives the following changes in #ac0Vg{:} of (S2.11). Since

STy (T
Oypy =0y = 0 5

(S4.5)

T A(T* A(A) \-12
nacov, {I,, a7 (Gyk) "7} =0 (S4.6)
corresponding to the first asymptotic covariances in (52.13) and (S2.14) for the
estimators of —2/, by 147 (j=1, 2), which gives

nacov {n" AICy,, di i, +(Gims / 6)(z5 =D}
=nacov  {n" AIC,,, &\, + (s 1 6)(z5 —1)}
= 2tr(A" Dnacov {1, (&) ™"} (84.7)

—2ncov, (I, -t ")) (=1, 2),

where j = 1 and 2 correspond to the results in Subsections S4.1.1 and S4.1.2,
respectively (compare (S2.13) and (S2.14) with (54.6)). Note that the last two

terms in (S4.7) are equal to the corresponding terms in (S4.4) by f\({? Vand

(A)*
ty' .
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S5. Example 1: The exponential distribution with the MLE of its
parameter when the gamma distribution, whose shape parameter is
unequal to one, holds

S5.1 Preliminary results
J( =x]20) = Ay exp(=24%) (x> 0),
g(x" = x| A,a)=x""27 exp(—4,x) / T(@) (x>0, a#1),
O,=4y =2/, O, =1/%,
(B, (x)=1/4,, nvar,(x)=1/ 102),

& =(a.4),
E (X)=a/l =1/4, nvar,(X)=a/A, (S5.1)
(navar, (0, ) = (80, / &% |,_,,, V' nvar, () = 434, = A7),
navar, (0, ) =00y, /&% |,_,, )’ nvar, (¥)
=Jy (@l 20y = (A a) () ) =2 1 o

Forj=1,....n,

Iy, =1og{ A, exp(=Ayx )} = —Ayx; +log Ay, I, = —A,X +log A,

7 27 2
o _1 . |;.& ,A:),:a 12 =__17:_%:_0‘_2,
a90 00 //Ll 890 //LO )'l

I'=y=nE {[i) }an {(L—fj }:—a—,
g 660 g 90 212
(nvar, ()= A, var,(x,) =4, (1/ A)) =1),

nvar, () =2 var (x,) = A5(a/ 17) = (O | ) (@) A7) =1/ o,
Iy =B, (1) =E,(l;,) ==X (a/ &) +log A, =log(% /&) -1,




12 o B R OeTE 4w

I | Y=-20/ 2}
g 8—9—0— ——Kg3(x)——oa /’Ll

(note the formula Ky (x ) =(k—Dla /A (k=1,2,..)),
tr(-A"T)=-A"y =( I A (a/ ) =1/,

@) _ 'l 2 2 2a°
O B KR WS L
0
a7 4
Jg4):](4):a I :—i:— 6 606

N L TG WP G L

*

LT mdfy —E (e
L=ty ==2ix, —E, (x )} a(xj }J,

K 3(1()‘):(_&] ey=tle 2

& J a g 063 213 aZ

E (8]0]. ZO.]zﬁvar (x*)zﬁi:i,

&g 890 J o g a/llz }VI

E {(,-§)"}= (*%) [, (x") +3{var, (x)}*]

) 2 AqS OM,I
(VA ey h2a 2
Eg{(loj' Iy )[ on } g3(x) 213 }12’
Kg4(10j):(_£j Koo (X ):i:g:%’
a a a
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VM =4(n —1)_1_2(101' —1)" =2(n"* —n)" z (o, =l )

Jok=1

E (V(()A)) Ol(A) =4pnvar (l) 4var (l )=4/a,
A) al 2.(A)
E, % =8B, |l E:E 8v2 8)/—8 =
26, ‘06, ) A ¢\ a6, 2
) a1 \)?
E, (av ] :64{Eg[loj—f)} +O(n_1):§il+0(n‘1),
06, 20, A
(A) ' -3/2 5\
vO = (OC(A> Yo e ov 21h = l(i) -1, 8 __q&_z_
i 00, 2\« X A
a? 84, ' 1 :
= _1’__ —_ ,— -1/2 ,
16 ( oﬁj ( 16 2" A‘)

(A)
v = 3 a™ )—5/2 _3_( (A) )ﬁ5/2 ov 1_1’
8 4 6,

A

_l( (A) )—3/2E (A) (l )
2 (39

1 ™) )32 v Ly yan Py
— E ATE -—(a E

{ 4( 2) 50, (o) 4( wia) B 207
(B)

@y, {(i:;j }+0(n_1) }(A-l)z,-;—<a§;‘32)'3%l }

(B) (A)




44 o R % HeTE 4y
- E i -5/2 _3 i -5/2 8 o -1

8\ T Ma
(A)

eI I C I
CoRei et

1(4)” o 3(4j_5/264 ( azr
: Sy Sl B e sy Rl BT d Bl I
W) e PR e

2\ o

}.’12
A
3 5/2 —5/2
= o , _?,..al/Zﬂ'l,_a .
256 " 16

5 _0[5/2_055/2 +Ea5/2 ﬁ_a '
2 L 24 4 4 ot 16
5/2 —5/2 '
_[ 3« , icxmil,—a

256 7 16

_ Alz}
205 ﬂfj.

16
2B, (hy, —hy) =1 2t(A"' D) +17% (¢, +¢, +¢,) +O(n™)
=n"'b +n7b, + O(n™),
where since 4, is the canonical population parameter, €, =C; = 0 and
consequently b, = ¢,
2
b = 2tr(A_1F) =——,
g _ ol
bZ = =- { Z (A(z 2))(c:a,b)n2Eg(
a,b,c=1

ol ol
00,, 00,, 00,,
a,b,c,d=1

q
+ Z (A(3_4) )(d:a,b,c) (yab}/cd + yacybd + yadybc)

} (S5.2)
T R

6
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L e

M =20, -1, =21, {F~E,(D)}] =%[E—ﬁ}
(04

— 2
T -9 A—lﬂ__iz(f_ﬁj ,

e, 80, ol A
A aY|_ ¥
nEg(lNﬁ))z—;—nEg (f_zJ =——2V3_1‘g(xj)
A a 1 -
S A 'T)),
1 a \ 1 or
1_(3) _ = "YE J(3) A—l___ - '(3)/1-3 s
ML 3VCC{ g( 0 )}( 890] 3J0 (aeoj
2@ @Y (e Y _2A(__a)
3240 A ) (A 3o’ A
- 2 A7 o 242 4
PR =3 ) =3 5 S =g

— N\ <4>
Lyt = vee (AYAPIP) —-l—vec'{Eg(Jg*))} A oL
12 28,

—\2)? — 4
_al e 2L DL sl a0l
27 7 26, 127° 06,

—\4
1 1 ol
ISR EFONNNLIP R0 ’
{4 (o) 1 Jo }(390}

o

212

/|

45
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(i 1)

+0(n™)

= (—1 +%)3a‘2 +0(n™")=-

g

BO%E TR B4
)l e
)l ) U A )

-1

~1

o (4 3V
WE, () +1N;é>>=(5—§j?+o<n =

$52 n'AIC,;
n'AIC,, = —-ZZAML +n'2q = —2ZAML +n7'2,
S5.2.1 Asymptotic cumulants of n_lAICML before studentization
For estimation of —2E ( ),
K 1{n‘lAICML +2E (IML)}

=k, {n'AIC,; +2E (IML)}+2E (s -

ha)

={-2E (IML)+n_I2q+2E (ZML)}+2E (Z ML)
=n"'2q-2E (lML
=n2q +n7'b + 17, +0(n7) (b, =2t0(ATT) =247y = -207) (85.3)
=n"'(2q+b)+n"c,+O0(n>)

=y (2- 205"1) —-n o+ 0(n’3)

-~ (A (A -3
=n aMLl +n aMLAl +0(n™),

i)

while for estimation of —21_0*

K, (n'AIC,, +21))

=n"2¢+tr(A"T)} +n” {an (L JASE Ly W N +0n™)
=n'2-a)-n7(1/6)a” +0(n) (S5.4)

=nlal +n oy, +0(n™),
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K 2(n"lAICML)
=n"'[nE, {(l LY +n ‘[2n°E, (I (1)1(2))+2n2E (AU
+n’E {4 [y~ {nE, (4 L9V 0(n™)

=n"! (%j var,(x")+n”’ [ 221( j Ko (x) (85.5)
o

2)“1( Gy J3{Var (x )Y +(—£j 2{var, (x")} }+0(n‘3)
a\3o a

=n-‘i+n-2{—4ﬂ2[2“3] 8’114 ( j 2)“1( 2j}+0(n‘3)
o o A’l 3(X /’1“1 /'L[

! 2 _ _ _ _
=n"'—+n? S+ 0 ) =n"aly, +r oy, +O(n7),
o’

a

ks (n7AIC,,,)
[ n’E {(l (1)) }+3n2E {(l (l)) Z(Z))} 3nE (Z (2))a(A) ]
+0(n"3)

-2 H%) Kga(x*)+6(%) (_izj{varg(x*)}z}rO(l’f})
a a o
{&2_06&( o }0()io<)
a \ A «

=n aIEAAL)3+O(n ).

(S5.6)

K, o (nAIC, ) =17 i, (b)) +47°E {(L) L}
+6n°E {(L0 Y (DY} +4n°E (L) )} — 4nE (W e
ol —6aly) {nE, (LY 1+0m™),

- 6aML2aMLA2
where
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%

OTE 4y

e ~{2) 15 828
o

4P (LY TP = 4(%j ( 2 JlOvar (X e 5 (x) + O(n™)
06

L ﬂqsi2_a -1 __@ -1
_32005/1}10() +0(n™),

1

on’E _{(}, LY (1YY= 6( ﬂ“j {_A_j 15{var, Y +0om™)
o

j*16 a 3 -1 -1
=24 x15—"1- =— ,
(ﬂqj O(n™) O(n™)

4n’E {0V Ty = 4[%j 2k

e 15{var, xHY¥ +0m™)

_30h | & -y 2320 L o
_ 6&) +00T) === +00™),
—4nE, (1)), =

el

o
4 2
6020y, = 6 = -5,
aao o
2
—6OC(A) 2B, (hy (2))}2 = —6i(—l) = —2—21,
a\ «o «o
consequently,

Kg4(n_1AICML)

-3
=2 _(96-640+360+320—32—-48-24)+O(n™)
o

(S5.7)
—3+O(n_4) ol +0m™).
o

S$5.2.2 Asymptotic cumulants of i’l_lAICML after studentization for
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estimation of —21_0*

) _ n'>(n” AIC,, +21,")
ML T (A(A))I/Z

Kalhe)=n"" {onm (oans) ™ + o} +O(n ™)

al,
=0 o® (@) —2v 4 (1 _[ E, L]
v () el =67, 08," " (S5.8)

+ O(n_m)

oy e
aja 16 2 a ) A
+0(n™?)
=n"? (2 - éj%z— +0O(mn>)=n"" (am - %a_m) +0(n™"?)
=20, O (@, =B, GV 'm{) =0),
K ()

:1+n_1[ a® (@) 4207 {0 )PV 'm" ) (o), )y

(A)

+ 2}’12Eg I: l_l\/(l{) (Z\,([E)V(l) 'mgl) + l_l\/([i)v(z) ’miz) + }’l_1 2QV(1) 'mg)) :|

(B) (B)
(A) \-1/2
x (i) (85.9)
2 T2 ¢ (A) N=12T (D), (1 1 T (D, (1 1)y\2
+n°E 2050 (e, L v ' m + (1 0v0 ' mY)?

—nE (Y e + (@) }ooﬁ).

(A)
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(i) the first term in ['] of (S5.9)

3 A |
alsﬁ)Az(a(A)) (05) =T

(ii) the second termin | * | of ($5.9)
(A)y (A)
2 TMN2 Dy (1) (A) \-1/2
2n°E {(hy)) v 'm o)

ML2

_8v0 | di (1), E, | L (ly, 1) (a<A> )
g4\'0; /> g 890

—8J— o’ la_mﬂq 4£ _i '(ij_m

- 16 2 @ ol )\

_ 4(_%([3/2 +O£_3/2ja”2 = 2a7,

(iii) the first part in znﬁzE 1(enh)™ ofthe third termin [ 1 of

(B> ® (A) (A)
(85.9)
2 TH7T @M (1) (A) =172
2n Eg(lML IMLV ’mv )(aMLZ)

4 — ol
:—4{1 y{ncovg(lo,mv),Eg(loja—%]}
+2Eg (loj gg’;jl—l {ncovg [%,mv],yﬂ (1)(a<A> )y -12 +Om™)
Pt MR
AL A ak ) 2 16 2 o

+0(n™h)

2| 16 2 a1 a -1
=2a (?’_E]( T ,2 ),IJ +O(m Yy =0+0(mn™"Hy=0(n™),
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(iv) the central part in 2”—2Eg [-] (O‘(A) of the third termin [ 1 of
(B) (B) (A) (A)

(S5.9)

2B ATV m Y o)

al vN ol
=2| o | navar,(m ),ncov_ | m,,— |,0,7,ncov — | [v®
{ ML2|: g( ,) g( v aeoj 4 g 26, " 06,

(<)

ol
+2[ {ncov, (hy',m )} 4ncov, (I, m,)E, [o, 20 ] 0,
(D)

2
ol — o ol ~
4{Eg [loj “8(9]0}} ydncov, (105—690 ]Eg [10]' agfoj },(2) }( (A)) 12
(D)

©)
+0(n™")
farfoe B3]
o o a o, A4
©

+2(onpy )" {64(—%}2, 16(—%}i, 0, 4%,32[——2—)% }vm
a a )k A aky ) 2

(©)
+0(n™)
2 (96 32 8 o 16
:2{ o [as T PR _'07}:’ 0, E’ _?J
©

(256 32 4 64
tot | s 0
a'ah A ak

(®]

B -1/2
(30&5/2 3 o™ oV

Ly 3 0,—
256 16 A 2 & 16
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4x96x3 _, 4x32x3 4x8x3 , 4xl6
= o+ - o+ o
256 256 16 16
N 2X256X3a’1—2X32X30¢“1+2X64a_1 o™
256 16 16
9

= Ea_l + % —60” +4a” +6a7 — 1207 + 8 + O(n7)

= ga"l + 3 +0(n™),
2 2

(v) the last part in 2n_2Eg [-1(onn»)™ ofthe third termin [ 1 of
(B) (B) (A) (&)
(S5.9)

=172
2n'E {n"12q(o¢(A) Y2 IOvO m®) = 4(ij x0=0,
o

(vi) the first half of the fourth term in (/E)' (/1) of (S5.9)

(this is equal to the result of (iii))
ang {2IN([5)( (A) )"”21 Wy “)} 0+0(n™")=0(n™),

(vii) the second half of the fourth term in </[«>' (1) of (85.9)
n’E {(hy'v!" 'm)?}

navar,(m,)  ncov, (m,,0l 180,)
ncovg(mv,al_/at%) 4

+2{nE, (hym" W +0(n™)

(A)

— (D
=0y

v
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16{[134)_17} 4(__2_]
4 a1 a o) «a ak,
il H 162" }“)}

(24

o, A

a3/2
Sl 16\ os0r0m™

_a—llz

5%
476 (47 —1 -1
=—| —+—=-2x—+—|+0 =—+—+0n"),
a(16 2 j (n™) (n™)

(viii) the fifth term in ['] of (85.9)

72 (A) 1/2 (A) (A) 2
_{2”E (ha Mong's AamLl +(a(At)MLI) }

-l a)a] oo}

then

1 9 3 1 1
Yy =1+n"{—=2a7" + —a‘1+—)+(—+—) +0(n”
Kpalha ) =14n {2(1 (2 2) \2a 2 )

=l+n" (;a +2j+0(n Y=1+n"ay +O(n™)

(85.10)
(s =1).
(I(A)) e {a(A) (a(A) )—3/2 +6a((£§ML1} +0(n_3/2)
8 4 -3/2
—p 2 ___2_(__) +0obs O(n—s/z) — g2 0(n_3/2)
a’\o (S5.11)

— 512 (A) =312
=1, TOMTT).
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g

aO%E BeTE 4
g4(t(A>)
:"_{ i () +4n’E Ay 1y y e m"} (™) )27
(A)

+12n°E {(l_(l))3[_(2) B0 () )2
+61n°E {(](U) (v m Y Y (o)

(55.12)
+47°E {(l (1)) 1(2) ON (1) +(l(1))4 @)1 (2)}(06(A) )—3/2
HAnE, (I org + 60!1(\?3206(\@2 + 6051, (1B, (Lt )Y M) ™
_4{0‘((;;12&1 —-2q (0‘1(\/111)2 2 }a((t?lz/lm
~6{atinan —4qnE, (Lym’ v (o) ™)
~6{0tyuns —29(angs) ™Y }r o),
(A)
(i) the first term in /E 1 of (85.12)
)
al® (o™ )2 = (4j _2
s\ Oy =
o a
(ii) the second term in [-] of (85.12)
A) (&)
4n'E, {(ha ) v 'mP} ()
=4{ 2405154‘1)2
B)

4 1), E alf A AN
Kg4(01)’ g 6—90(01'_0)

32Kg3(loj)nEg([_N§i)mil> ) jl VO (@@ )32 £ (™)

(B
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2 ) o’ _1_ 12 | i o -1
{96><— 4x— Olﬂqj O}{ [16 ,2a )ﬂ)} (oc) +0(n™)

—5/ 2

1 a3/2
( —96x96% +96x8x5a_5/2]7+0(n_1)
=(-6x12+48)a” +O(n™")=24a™" +O(n™"),

(iii) the third term in ([)- (]) of (85.12)
12n E {(1 (1>) 1(2) (D (1)}(O£(A) )—3/2

— 2
=12| |3a® A7y +6{ncov l];g,i A7
¢ 26,

(B)

xqncov, (L, m,),ncov I_N(I‘L),i
e\ M50,

ol ol
+6aM neov | 1P, A ncov, | —, m, |, v (™ )32
ML2 [ 800 j { g 800 v y (aMLZ)

®)
+O(n_1)

e 5T 2D
al 2 )\ % oy )72

a3/2 1 i ' 4 -3/2 .

x{—[ T ,Ea %J} [&-] +0(n™)

55
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- 484, ___8 o o’ l -1/2 | i o -1
-2 {a&,ﬁj{ (16 La A]}(a) 00

3/2

=12(24-24)a ™" ‘%Jr O™y =0+0(n™)

(iv) the fourth termin [ - ] of (85.12)
_ (A) (A)
6m’E {(hx)' (v ' m" )} (e,

=6[ 3oy, v 'nacov, (m" W +12{ncov (4, m WY 1+ O(n™)

2c o
(see (vii) for (S5.9)),

=6{3(L+%j+12x0}+0(n-‘)=3+9+0(n-1)

(v)the fifthtermin |~ 1 of(85.12)
(A) (A)

recalling that 72COV, (I_I\gamil) W =0 , and using (iii) and (iv) for (S5.9),

4'E, ()Y bt v 'mP + () v 'mP} (o)™

_ 2
=4 3ai A7y +6<ncov l_bj{),ﬂ 27
s\ M3,

B)(©)

X ncovg(l_wff,mv),ncovg [_Nf{)’i
06,

—n Ol ol
(A) [} -1 1) (A) \-3/2
+ 600y ,nCOV, [ZML’gJA {ncovg [5, mv], 7/} v (o)

0 0

©)
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2 (9 32 8 a 16
35| St 0y
o \a o al A A

-1/2
O = Rl
o o oA A al

y 3a5/2 i . —a—S/Z ;113 0 _a—I/Z
256 " 16 A A 1)

ﬂfj +0(n™")
(B)

6x96x3 _, 6x32x3 6x8x3 ; 6x16

=4 0+ o+ - o+ a

256 256 16 16

(B)

+6><256><3a_1_6><32><3Of1Jr6><640f1 o0
256 16 16

(B)

=4{(27r7—9+6+18—36+24)o¢"1 +Z—}+O(n‘]) =390~ +9+0(n™"),

() 7 (A) =372
where 4] - ])V ()" is one third of (iii) for (S5.12), then
) (C

K, (1) = [ 207 =240 + (9 +9)+ (3907 +9)

(A)

)
+(4x8+6x4x2+6x4)0¢_3(i}
a

4 1/2_1 -2y i o (_a—l/Z)
@ T o (85.13)

-1212
—6( Lot 2—4x0 |—6da" — Lo 22 4 +0(n™)
2 2 a

(A)
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= {( 13+39+§—2 21—%)05 +9+9- 12}+O(n )

=n"'Ba ' +6)+0(n*)=n"'a ((t')\l\)m +0(n™),
where for the factor (4 Xx8+6x4x2+6x% 4)05_3 = (32 +48+ 24)06_3 see the
three results just before (S5.7).

S5.2.3 A result for estimation of —21_0*

Aipwns
-1 W ML 2
nacov sn AlC,,, &y, + 6 (z; -1

~-1/2 -172
= nacov { “AIC,, , @ ocT_Ot6 (Zf;—l)}

1 2
_ -1 ~1/2 a 5-172
_nacovg{n AlC,,, a —[§+?)05 } (S5.14)

= NS 1 z2) _
= nacov, (nAIC,, ,d)={a ™ +| =+ 2% |g2 L =0
2 3 6
-1 N
since F7acov, (n"AlC, ,a)=0 , which is derived in the following.

nacov, (é) = nacov {(&, };)'} = _Agol

_(a/2? 14 { 1}

[1/21 v'(a )J A{W(a) } (85.15)
=(°‘ 5 J/{aw'(a)—l},

A v

where ¥ (@) =0y (a)/0a and
w(a)=0logl'(a)/da =T""(a)/I'(e) is the digamma function.
The above result was given for clarity and for later use with

w"(a)= azl,1/ (a)/oa 2 though not directly used here. Define
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I, , =log{x™ 27 exp(~A,x)/ T(a)}
=(a-Dlogx; +alog 4 —Ax, —log'(a),

then

% =1 +log A, —y (@), Ok,

—==logx; +lo a ,

aa g g '4 aﬂ,l l‘ xj

o, 1 =« ol
while recall that /; =108 4, —4,x; and Y A—_xj = Z_xj = a '
0 0
Consequently,
S . L,
nacov, (n"AlC,, ,a)=E_ {-A, —=(-2)l;
ac, 1

logx, —E (logx))
- -1 _ a
B Eg _ACO @ _ x. Z%xj - Eg {_Aco (=24, )(l—‘go ).2}1

A 1

0
=-24, {_Agol (_ACO Jah =24 (1 ] =

giving (S5.14), where (*); is the first element of a vector; and (*)., is the
second column of a matrix.

S5.2.4 Asymptotic cumulants of ”~1AICML after studentization for
estimation of —2E g(l—p;L)

ay PHTAIC,, +2B (L)}

ML T A(A)N1/2
()
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[

¥R % BeTs B4y
(AY\ 172 (A 3
gt ) =1 O
PTIMON
= {a(z)MLl

+), y(a(A) 1/2}+0( —3/2)

2 {al/Z _la—l/Z " [_l) [ij_m}_’_ on™?)

2 a )\a

— n—l/2 (al/Z _ a—l/Z) +O(I’Z_3/2),
Ko (i) =1+n7 a0 + O™
=l+n {a((t?l\)/ILAZ

=1+n" (a((t/)\I\)ALAz

+247y (@) HE < (it A m v+ 0n?)
+0)+0(n ) =1+n"a
(in this example a((t)l\)/lLA2 =ymeaz ),

(A)
a8 ="y

312 (AY (A)
Ciyps T O(n™") (a(t)ML3 a(t)ML3)
Ay _ -1 (A) -2 (A)* (A)
Kooty ) =1 a(t)ML4 +0(n™) (e = Lpyaa)-

(A) 2
nmraz T Oon™)

$5.2.5 A result for estimation of —2E (ZML)

5 (A)
_ A (A)* ML3
nacov_snAIC,, , ((;)*D),JLI +—0

2
(zz—D
0'2—1/2
_ -1 A2 A-12
=nacov sn AlC, , " -«

(S5.18)
(z2-1)p=0
6
as in (S5.14) of Subsection $5.2.3 for estimation of —2/,

-1
S5.2.6 Higher-order bias correction of 7 AICML under correct model
specification

-1
When a statistical model for 7 AICML is incorrect, the bias correction

of 7 AIC,; reduces to those of 1~ TIC{) (j =1, 2), which will be dealt
with later. So, in this subsection correct model specification is assumed. The

bias terms under model misspecification in (S5.2) can also be used with o =1

(85.17)
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under correct model specification. That is,
b = ZtT(A_IF) =-29=-2 or b=-2/ when a =1 (85.19)
and using €, =C; = 0 in this example,

L i} ol ol ol
b2 = cl = _2 Z (A(Z 2 )(c:a,b)ang an
a,b,e=1 ana 600b 8606

a,b,c,d=1

q
+ Z (A(3_4))(d:a,b,c) (Yas¥ea ¥ VaVpa 7ad7bc)}

- O —12
=—2K ;3| & TR Kps(=x) 77 (-x,))
0

=25 {x 3 (_xj)}z + %_ZKﬂ(_xj)

A 3
K\ W)\ A

which is also obtained from b, = 207 =-2 when a=1 (see (85.2)).

(85.20)

-1 -
Define 7 AICML_>0(”—2) as the bias-corrected 7 1AICML up to
order O(n™). Then,
n~'AIC

A

o = 2hg +17 2+ 07 2=n"AIC, +n72 (s521)
s53 n TICy (j=1,2)

Since the gamma distribution is used as a true distribution in this example,
define

A

n ' TICY =n ' TIC? =21, —n"2471 7.,

=0l (216, (85.22)

The notation n_lTIC&)L (= n_lTICiﬁ, J=1,2) will also be used.

S5.3.1 Asymptotic cumulants of n‘lTIC(ﬁi (J =1, 2) before studentization

For estimation of —2E ¢ (Z_I\;L) ,
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K in "TICG +2E, (hy )} =n"alh +On™) (o) =0)
=n oy +2nE, (EG)+ 07 ) = (aggh, +d) +O(n™)

= {_ 2 ay "(a)+t//’(a)}
a®  afay'(a)-1¥

(S5.23)

where 1y, =tr,” and d"” =d"(j =1, 2); and the expression of
d™ will be derived soon, while for estimation of —21—0* ,
K (rTICG, +287) = o137l + 007
=n ' (247y + A7y) +n oy, +2nE LR +0(n™)
=n' (A7) +n” {ang 9+ I_NE;‘)) +dTY+0(n™)
1 v @+ @)
60 afay'(a)-1}
(T-) (A)

-1 -1
(O =0 #0y; =2—a when a#1),

(85.24)

-1 -2
=n —+n
o

} +On™)

For d77, expand 7 times the correction term 2-A"'9)Y=2/d& in
}’Z_ITIC&I)L as

—i(d—a)+%(0?—a)2 +0,(n").

2

2
a o

Q|2

E, [g) = §+ n' {~§nabiasg (@)+ %n avar, (o?)} +0(n’)

= 2 +nld™ 4+ O(nz),
o

where navar, (@)=a/{ay (a)-1} (see (85.15)) and » times the

asymptotic bias of order O(”l_l) for & denoted by nabiasg (@) is given
below.
Noting that

N (AR
& — & _1/A'| a//ll2 ,
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a4
I'=-A;' = ( j/{al// (o) -1}
% & 2 see (85.15)),
o (@) (300 (55.19)

oL, _(1//"(05) 0y d [0 1/
00,0 \ 0 1/A2) 84,86,'04 | 1/42 —2a/ A

al,, ol
and Iéo - réo =E, Efjv = —ACo , we have
0 0
. A 1 _ ~ _
nabias, (L, ) = 3 ALE, (D) vec(A T, A7)
1, _ _
== ALE, (I )vee(=Ay)

1 1 (06 2 ) w'(a) 0 0 1/
2lay (@)1 4 w0 12 122 —2a/ A
x{at, Ay Ay i (a)A

1 1 (06 7 )(aw"(a)w'(a) j
C 2{ay (@) -1\ 4 w2 )\ A) - 2ay (@) A}
- 1 { a’y (o) —ay (a)+2 ]
- 2day (@)1 Aoy (@) +34y (@) - 24aly (@)
a’y (o) —ay (a)+2

2{ay (a) -1}
Aoty "(00) +3y (o) = 20y (@)}’

24y () -1

ie, M abias () =-

ong 71bias, (4) =~

From the above results,
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[

Ay

R %

i}

OTE 4y

. . a2 -
d™ = —?nablasg(a)+?navarg(a)
oy (@) —ay (o) +2 . 2

a” {oy (o) =1}’ a*{oy (o) =1}

_ @) ray (@) _ay @) +y (@)
a*{ay (a)-1}"
follows.

(S5.26)

afoy () -1}

Ko (W TIC ) = n” oy + 1 oy ), +O(n™)
=n"laly) 7 (o,

+4nB, (L ™)+ 0(n7),

2 -1
W4Ty — =
where 4nEg (A try ™) =—8n aCOV(ZO’ g) =0 , consequently
K, (0 TICS) Yy =n""ay, +n ey, + O(n™) (85.27)
(in this example Ofiya; = Crpras).
k("' TICG ) = n”ayy)y + O(n™),

K4 (n ' TIC ) = n"ayp), + O(n ™),
where the results of (S5.28) hold generally.

(S5.28)

$5.3.2 Asymptotic cumulants of 7 TIC{) (j =1,2) after studentization
for estimation of —210*

[T _ n* (7' TICS) +21))
ML A(AYN1/2
")
. ~1/2_(T»
Kgl (tIE/};J)) =n o

Qo T O(”%n)
— n—l/l {“‘Z./_ly(a

(A) =12 | (A)
ML2 T

(At)MLl} + O(”_m)
-172
=n"? {i[ij + O} +0(n™*) (a
o\

(A) _
w1 = 0)
12 1 + O( —3/2)
=n 2061/2 n ’

(S.29)
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where the result is generally common to ”_ITIC% (J=L2).
(t(T )) 1+n™ ((t];ABILAZ + O(n_z)
=1+n" {a((t/;gALAz + 4{(_1_17) -q} (aIE/I?L)z )_1/2 nEg (l_n/EI{)mil) ) v

+O(n?)

- _ _ 30
=1 o HHA )~ x 000y Y
=1+ n*loz((f)\]\),]L » FOm™),
where 05((,)1\3ILA2 = a((,)ﬁmz holds in this example.
T. ~1/2 _(A) -3/2 (T)y  _ (A)
Ke3 (tys ( >) no Qs t Oorn—") (a(t)ML3 (t)ML3)
Te A -2 T. A S5.31
K4 (tu \ )) n a((t)l\)/lL4 +0(n™) (a((t)]\/)IL4 = O‘((r)lxi[u) ( )
where the results of (S5.31) hold generally.
S5.3.3 A result for estimation of —21_0*
OA‘(A)
nacov,<n AlCy, diu, + (—’)6“’&—3-(22 -1
a7 g
=nacov,sn AlC,; , ——— (z2 —1)} =0
2 6 (85.32)

(nacov (n"'AICy; , @) =0),

which is a result generally common to n_lTICf\ﬁ (j=L2),

S5.3.4 Asymptotic cumulants of n‘lTICiﬁ (] =L 2) after studentization
for estimation of *2Eg (Z\ZL)

R TICS) +2E, (b )}

(A(A) 172

(Te _
ha =
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To _u * 372
Kty ) =n"al, +0(n™"?)
12 (A 32 -
=n ((At;MLl +0(n™") (O‘(T ) =0)

— 0+ O(n—3/2) — O(n—3/2) (a(A) — 0),

(AMLI

(S5.33)

which is a result generally common to n_ITIC% =12,

Sy _ To)* —
ng(tSL) y=1+n la((t)l\/)ILAZ +0(n™)

=1+n a0 + 2007 Ney) 2 rE (P mP W + O(n™?)

_ . _ _ )
=1l+n ’(0581\,),LA2 +0)+0(n>)=1+n Ia((t‘;‘g,lLAz +0(n™),
(Te)* (A)

where %pnmar = Xemeaz  holds in this example.

(Toy* 112, (4) 32 () _ o
Koy (o ) =1 Qs + O (s = Az s

g4(t(T)*) g™ +O(m?) (@™ (A ), (85.35)

XL oMLs = Znia

where the results of (S5.35) hold generally.

(S5.34)

$5.3.5 A result for estimation of —2E g(l_N;L)
o Qs
nacov,{n"AIC,, , diu, + % (z2-1)

(S5.36)

d—l/Z
= nacov, {n_lAICML, 0— c (z2 ~1)} =0

as in (S5.32) of Subsection S5.3.3, which is a result generally common to

n'TICY (j=1,2).

S5.3.6 Higher-order bias correction of n_lTIC%)L (/=1 2) under model
misspecification

g ey @)y (@)
afay (@)1}

and define ¢, and d™ as their consistent estimators, respectively. Let

Recall that ¢, =—2a” and (see (S5.23))

_ITIC;&)L Lo as the bias-corrected 77 "TICS, up to order O(n™") . Then,



Supplement I o the paper *Asymptoic cumunts of some information eriteria” - Asymptoic cumulants of the studentzed informtion rieria and Example 1 67

using €, =¢C; = 0 in this case,

“IT10® — oW 208 48 L5 4 g0
n TICML_)O({Z)~n TICy, —n~"(¢,+c,+¢,+d" ")

= n_lTIC% -n? (¢, + c?(T'))

—nTICY, +n2| 262 - WD HV(@) |
alay (@) -1
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