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A supplementary note on the paper
“Asymptotic expansion and asymptotic robustness of the
normal-theory estimators in the random regression model”

Haruhiko Ogasawara

This note is to supplement Ogasawara (2007), and gives (1) the matrix
expressions of the partial derivatives of the parameter estimators with respect to
sample variances and covariances, and (2) the direct proof of Theorem 1 using
cumulants.

1. Matrix expressions of the partial derivatives
1.1 The regression coefficients
(a) The first partial derivatives

Let Sy =V(Sx), then

OB O(sy '®I,)vecSyy

osy' Osy'
, " _1OvecS rael 4
:—(SXY ®Ip)(s)0(®s)o()—,=_{(sxy SXX)®S.XX}DP’
Osy (A1.1)
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where for (), vec(-), ® and D, see Section 4 of Ogasawara (2007).

(b) The nonzero second partial derivatives
Let A and C be uxv and pxqg matrices, respectively. Then, the

commutation matrix K,, is defined as vec(A') =K, vec(A) with K,=K,,,
which yields

vec(A®C)=(I, ®K , ®I )(vecA ® vecC), (A12)
(Magnus & Neudecker, 1999, p.47), where I, is the vxVv identity matrix.
Let A =A®---®A (ktimes)and VeCA®:--=(vecA)®---, then

(235)
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A 1 -1
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- (vecSy, ® vecSyy)
Sy (A1.3)
~(D, ®s,,'®L )1, 8K, ®1,)

x{(Sz>D,)® vecSyy, +vecSy, ® (S D,)},
N Q-1 -1
avec( op ] 35y =—(D, @1 ) 26 ) @S}
ds,' 08,y
Q-1
— _(Dp '® Ip){w)“—)® VeCS;CIX}

0S8y
-(D, ®L,)(Syy ® vecSyy ).
(c) The nonzero third partial derivatives
Let p*=p(p+1)/2,then

A -
ovec dvec op /0sy'r/0s,'=0vec A os,'
Os,' (Os

» v)<2>
=[1,.®{(D,'®s,, (I, ®K,)}®1]

(Al.4)
xovec{(SyyD,) ® vecSyy tvecSy, ® (S D,)}/3s,
where

avec{(Sy D) ® vecSy;, +vecSy, ® Sy D,)}/0sy '
=[vec(S D, ® vecS

+(K , »®I, ){vecS, ®vec(Syy D ,)}1/ds '
=J{(D,'®1, yvecS 7 1 ® vecS, + K, .®L))

x{vecSy, ®{(D,'® I, yvecS 57111/,

(AL.5)
=0[{(D,'®I,)I,®K,® I,)(vecSy, ® vecSy, )}
®vecSyy, + X, .®L, ){vecSy, ®{(D,'® 1)
x(I, ®K, ®1)(vecSy, ® vecSyy)}}1/as, '
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=-{(D,®1.)I,®K,® 1){(S1D,)® vecS3,
+vecSy, ® (S;Cl;pr)}] & veeS:,
(D, ®L)(1, ®K, ®1,)(vecS )} &(SD,)
~(K , . ®I)[(Sx D,)®{(D,®I,)I,®K, ®I)
x(vecS )™}
_(Kp*,p2 ® Ip2 )[Vecs;& ® {(Dp '® Ip2 )(Ip ® Kp ® Ip)
x((Sx”D,) ® vecSy, +vecSyy ® (S D))},

of P
veetavec| 2P |18s, "\ 15s, . ‘= oveed —SP__L1gg 1
ec{ ec{asx'] Sy } Sy ec{(as)( ')<2>} -

=([{(D,'S35™) ® vecSy; +VecSyy ® (D, 'Sy™)}
X(IP ®Kp ®Ip)]®1p*,p)aVeC(Dp '®SXY '®Ip)/as)(y I,

ovec(D,'®s,, '®1 )/ 0s ;'

:6(1172 ®K,,2,p* ®I,){vec(D," ) ®vec(sy, '®1 )}/ 08y, '
= (Ip2 ®K,,2,p* ®I )[vec(D, ) ®{(Osyy /084, )@ vecl }]
= (Ipz ®Kp2’p* ®I,){vec(D,)®I, @ vecl }.

1.2 The partial derivatives of the residual variance
(a) The first partial derivatives

L7 YT LU AT I
Osy

S xy

(b) The nonzero second partial derivatives
Using (Al.1),

oMy
0s,0sy'

=D, [{0vec(SiSyy)/ 08, '} ® vec(Sisyy)

+VeC(S S 1y ) ® {0 vec(S xSy )/ 08, ']

=D, T ({81 'Sx) @S }D,) ® (SixSr)
+ (S8 ) ® ({5 'S ) ®S % )D,) 1.
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Similarly, we have

829& 9s,, 'S ¥ _
=_2 XY XX =2D [} S ls ®S 1 ,
08,08, " 08y o (oS O}
2 (A1.10)
ﬂ_z_zs;r
08,708 4y '

(c¢) The nonzero third partial derivatives
From (A1.9),

2 A 2 A
dvee| 0¥ |/s,'=0] 2V Ly 1
08,08, (Osy)°

-—(1,.®D,)
[ {Ovec({(Syy 'S ) ® Sy 1D,)/ 085 '} ® vec(SiyS 1)
+vec({(Syy 'Six) ® S }D,) ® {0 vec(Siy 8,y )/ 05, '}
+(K,., ®L){ (3vec(Siysy)/ 08y ) (AL1D)
® (vec({(sxy 'Six) ®Si}D,))
+Vee(S7h8) ® (B vec({(syy 'S ) @Sk D) /08, ) } 1.
In(Al.11),let U* and V* be defined as follows:
Ovec(SySxy )/ 08y ' =—{(Sxy 'Sy )® S )P, =-U* (A1.12)
used before, and

dvec({(syy 'Sy ) ®Si1D,)

1

Osy
ovec{(S,y 'S ) ® Sy}
Osy' (A1.13)
=—(D,"®L)[ ({(s)y 'S;&)@S;Q,(}DP)Q?VecS;&
(S8 ®SHD,) ]=-V*,
Using (A1.12) and (A1.13), (A1.11) becomes
2. A
avec( oV 'J/asx'

SxOSx

=(D,'®1,)

=(I,,®D, ) V*®(SiySyy)+(vecU*)@U*
+(K ., ®1 ){U*®@vecU* +(Sy 85, ) ®V*}].

(AL.14)
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Similarly,
6vec£asiza‘/}sX']/6sXy'=6{(a§:%}/6sn'
=—(,.®D,")
[ {O({vec(syy 'S ) ® S5 3D, )/ 08, Y ® (SiyS 1)
+vec({(Syy 'S ) ® S 1D,) ®{8(SiyS 5y )/ 08y '} (AL15)

+(K,., ®L){ (O(SSxy)/ 08 4 N® (Vec({(S 4y 'S ) ® Sy 1D,))
+(S;CXSXY)®(6vec({(sXY'SH)®S D)/ 08y ) } ]
Using
avec[{(sXY'S}é()®S}£X}Dp]/65XY'
ovec{(s 'Siy) ® S}
08,y (A1.16)
=(D,'®L,)(Syy ®vecSyy),
(A1.15) becomes
avec( il J/@sXY’

SxOSx

=(D,'®1,)

=—~(L,.®D,")[ {(D,'®L )(Si ®VecSy;)} ®(SiiSyy)
+vec({(s 'S ) ® S iD ) ®S 3,

1 : . (A1.17)
+(K e, ®L){ S3h ®vec({(s,,'Siy) ®S5yID,)
+(SS) O (D, '®L )(S ®vecS)) } 1.
From (A1.10),
2 A
6vec[a—w’)/asxy'
SxOS xy
—20 @D, 'SP NK. 1 )| 22 @ vecl
P T 2P Bsyy ! P (A1.18)

=2{I,®(D, 'S}_l;b)}(Kp ®I,)I, ®vecl ),
which becomes, when the order of derivatives is changed,
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azl/; [ -1<2>
6vec(m]/asx =28 D,. (A1.19)
2. The direct proof of Theorem 1
(a) Asymptotic robustness of avarNT(ﬁi)
It is known that
(D) isca = Kaea + (nt)apca = Kavea + Oxrapcas
(p+1zaz2b2Lip+12c2d2>1),

(see e.g., Stuart & Ort, 1994, Equation (13.44)). As was derived in (4.2), we
have
B,

n avar(f,) = ZZ ( Juy 5> (=L p), (A2.2)

14

(A2.1)

where z and Z denote the summations over the ranges:
U v

Ue{(ab), (e,Y), p>a=b=>1e=1,..,p},
Ve{l,d),(gY), pz2c=2d=1, g=1,..,p},

respectively Using (A2.1), (A2. 2) becomes

; o op;
:_Z Zﬂ " (k abV+wNTabV) +ZZO' (KYeV+wNTYeV)_ (A2.3)

ab=1V 14 e=1

In (A2.3), Ky, isthe multivariate cumulant of Y,X, and the two Varlables inV,

say Vi and V,, which is equivalent to that of B'x, X,» V] and V, due to the
property of cumulants and the assumption of the independence of x and €.
That is, using the notation 4( * ..., *) for the multivariate central moment of
the argument variables,
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p P
KYeV:#{Zﬂkxk7xesvlav2j (Zﬂxk’ ) VI’VZ)
=

(iﬂkxk")l] 7v2)_,u(i:ﬂkxk’v2)ﬂ(xe’vl)

Zﬂk{ﬂ(xk’xeavlavz) (X, x,) (V5 v,)

(A2.4)
- ,u(xk, vl),u(xe, Vz) - u(xk, v, ),u(xe s V1)}
P
= Z Bk ey
k=1
Using (A2.3) and (A2.4), we have
A V4 ) 8,8 .
navar(f,)=— z Zﬁao'b O\rap, "5 -t Zz Oxrrey 8
ab=1V i e=sl1 V 14 (A2.5)
=navar,(B,), (= ,...,p).
(b) Asymptotic robustness of abisNT(B,-)
In a similar manner, we have
nabls(ﬂ)_ zz ( Vo
=— ———— 8 (D) 7
pZ;)Zl pz;zl aaaba bed p>;d>l; oo ,,ba Ye -
(A2.6)
z B.o “o"( Kapea t wNTab,cd) Z o*c”( Kbey + Onrap er )s
a,b,c,d=1 a,b,e=1

(i=1L..,p).

v
Since Kaper = Z BiKaser (see (A2.4)), (A2.6) becomes
k=1

p p

_ da __bi ea _bi

= z B.o“ 0" Oxrapea — Z O O Oyrgper
a,b,c,d=1 a,b,e=1

= n abis (4 =0.
(¢) Asymptotic robustness of abis; (1)
Noting that Syy in ¥ does not contribute to the asymptotic/exact bias of
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i/, we can use the same ranges of U and ¥ as before:

n abis(y) =— ZZ l// ( .y

:_ Z Z 80‘ 5 ( )abcd Z z ( )abYe

p>a>b>1 pc2d>l1 p2czd>1 e=1 6O-ab

L Oy
Zl 90,00 Dy

¥
= Z B.o“By( Kopea + Onrap,ea) (A2.7)
a,b,c,d=1
+2 z o-eaﬁb( abYe NTab Ye) Z O-Ef( Ye}f +wNTYe,Yf)
a,b,e=1 e,f=1

=n abis,; (),

p
where Kreyr = Z B iems B is used. Q.E.D.

1,m=1
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