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When agents in the 1al)our marlret are fully lmown, labour matching process is expecteci to match

all agents in the smaller group as the size of the labour market becomes 1,arge. Moreover, its con-

vergence occurs fairly quicldy. Its implication is that there will be no prolonged unemployment,

contradicting the observation. It implies some kind of disruption of perfect infbmiation plays a

criticalroleinjchmatching.Thepresentpapershowsthatamatchingprecesswhichariseswben

thereisacosttocollectinformational)outagentsexhibitsdesirableproperdesthatfitdata:incom-

plete matching, emergence of involuntary unemployment, constant returns to scale of matcihing

function,instal)hityofBeveridgecurve,andcountereloclcrwisetrajectoryontheitvplane.

                                     1. INTRODUCTION

  It is natural to consider that stable matching will arise as an equilibrium when agents in the matehing

matkethaveperfectinformationaboutotheragents.Tlieoriginalsettingofthisproblemby?,calledstable

marriage problem, is that there are two groups of agents, men and women, each haying preference over

the agents in the other group and being single. [fhe objective of this problem is to make matches between

men and women, one by one, in a sustainable way. Namely, the matchins, i.e. a pattern of matches,

should satisfy such a property that, in equilibrium, there should be no agents who are not matched as a

pair but both of whom have incentive to form a new pair changing from tae current partnen Wk) call such

amatchingstablematching.ffamatchingisnotstable,thereisatleastonepairofmanandwomanwho
wants to and wili deviate from the current matching. In the current literature, it is usually assumed that

not only agents in the matching market but also their preferences are coinmon knowledge. This change

of setting from the original is mottvated by the fact that there are multiple stable matching equilibria in

general and those egullibria are ranked by each group. Therefore, there may be incentive for an agent

to sltift the marlcet ouicome from one equilibrium to the other. Crawford and Knoer (1981) introduced

a notion of equilibrium, called bargaining eguilibrium, when utility is transferable between agents in a

matched paii This transferable utility case applies to the matching in the labour market because part of

utility of an agent in a matched pair can be transferred to the other in the form of wage payments. In the

bargaining equilibrium, a pair egually dtvides the surplus of tota1 payoff of this pair over the sum of their

thfeats and distribute it on each threat. The threat is the payoff the agent receives in a new matching once

the original pair becomes unavailable. Since we need to know the threat in the new matching game, we

need to calculate threat recursively until we reach to a trivial matching game in which only one pair is

available. The above operation deterinines the pattern of utility transfer within all possible pairs, which

transforms the utility profile of each agent when utility is not transferable into another utility profile. The

bargaining equilibrium is a stable matching equilibrium upon this transformed utility.

[l'liispaperwasoriginallyChapler2ofIhedc)ctofiiltl}esisatKy{)loUi}iversilysubinittedon}ylarch200.':.'llieaufhQrlikes{elliankft)r

usei'ulcoRnnentsbyKenAi'iga{Kyoto¥niversity),X>shiyukiInaba{Sta{i$licalResearchandV'rainin.",lnslilute,Minis{.ryef]mternal

All'airs and Cronm}un}cations), Ryo K:unbayashi {,l-l'l{otsubashi L.Inivet'sily>. I-lisayuki Naito <Tsukuba University). Akihisa Shibala

(Kyoto{.Tniversity),MasaruSasalcl(OsakaUniversity'),llhlcashiShitnizu<KansaiUniversit,y>,'fomoichiShino:$uka(OtarLiVniversity

of()onin}erce),rl'oslii`aki'Ihchib:maki(KyetoUniversi{yl},Katsuya1['akii<Osakat.Tniversity>,ftlsoaudie!iceatJIIAConference2003,
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  Then, the question arises: can the bargaining equilibrium explain the data observed in the labour matket?

The answer is unfavourable. Dagsvik (2000) and Ybkota (2001) showed thag under certain probability dis-

tributions that generate evaluation of the counterparg such a matehing process leads to complete matehingi

when the matket becomes large in size. It implies that there should be no observed prolonged unemploy-

ment. Dagsvik (2000) assumed that the utility that an agent feels from a potential partner is drawn from a

special case of extreme value distribution. The utility to be single is also drawn from the same distribution

but multiplied by a scaling factoz Namety, when the utility of potential partners is a random variable U,

the utility to be single is aU' where U' has the same distribution function as U and a > O is a scaling

factor. The great contribution of Dagsvik (2000) is that he obtained an asymptotic but analytical formula

fbr the number of matches.2 As far as only number of matches concerns, the assumption on the probabllity

distribution is harmless because what matters is the preference order of each agent and the level of utllity

does not affect the pattern of matehing. Howeveg the assumption that utility of being single is random

may be arguable. In search context, the factors which affect the decision to stay single are the expected

utility to mateh in the next period, unemployment benefits and intertemporal discount rate, which are all

not random. However, Ybkota (2001) confirmed that the same result holds fbr the cases where the uti1-

ity of being single is constant. He also fbund that the convergence to complete matching occurs fairly

quickiy and under empirically conceivable size of matching matket, all agents in the smaller group should

be matched. Ybkota (2004) also fbund that if a researcher fits Cobb-Douglas function to the outcome of

a stable matching process, the estimated returns to scale is larger than 1.4 which is much larger than the

actual observation and strongly rejects the hypothesis of constant returns to scale. Tlie common findings

by empirical literature such as ? are that the hypothesis of constant returns to scale is barely rejected. It

casts strong doubt on the hypothesis that the matching process in the labour market can be described by a

stable matehing process.

  These stochastic models assume independence of probability distributions from which evaluation of

an agent by another is drawn. Since utility is transferred within a pair in the form of wages, this is a

fictitious story under thejob matehing situation. Ybkota (2004) showed that the bilateral utilities within

any pair after the transfer of utility will exhibit positive correlation. It has the eilfect to raise the matehing

probability and it only strengthens the tendency to reject the hypothesis thatjob matehing is described by

a stable rnatehing process. Og one may criticise that there is ranking within workers orjobs iR reality.

Graduates of good universities tend to be accepted from many firms compared to those who are not, and

jobs which are considered to haye socially high status will attract many applicants. introduction of such

ranking does not change large sample results as far as there is strictly positive probability to be accepted

for any agents. Our caiculation shows that it does not change small sample results as well significantly.

  Alltheaboveresultssuggestthatsomekindofdisruptionofperfectinformationplaysakeyroleinjob
matching. Therefore, we want to see what happens if searching agenSs cannot find others costlessly. We

will find that the matching process which arises imm there brings prolonged unemployment and unfilled

vacancies, constant returns to scale of the aggregate matching function, instability of the Beveridge curve,

and counterclockwise trajectory on the uv plape. [heditionally, it is argued that deterioration of matehing

eihciencyarethecauseoftheshiftoftheBeveridgecurveafter1970's. Ourresultplacesprecautious
warning to interpret the position of estimated Beveridge curve directly as an indicator of ethciency. The

apparent "shift" of the Beveridge curve may occur without any deterioration of matehing ethciency. [llhere

are some empirical studies which cast doubt on the validity of the Beveridge curve to represent structural

II borrowecl this tenri froin the context of the graph tiieory wiai u slight modification. Here, we define complete tnat.clihig to be a

niatching which inatches all agents in the sinallet' group. :lhe tei"i used in graph {heoiy literature ,is as fellosvs. Ilki a bipartite greq)h

C corrtprised ot]' sets .t-1 and B, if all elenients in A is marc]ied to Lhe elements in ts, it is said t]iat thei'e is conlplete matching fipm

AtoB.Ifal]elenientsinBisniatchedto{heelementsinA,thereiscompletemafchiJt.oj}omBioA.SinceiliscSbvioustha{the
number of niatches A4 does aot. exceed the mipimum number between A and IS, when we siniply say there is compiete mt'itchinpo i'n

t]}is paper, we imply Lhat M == min {l.tll,IBI}.

Thelackleontheprobleinofmatchingonagrapli'precedes?.Oneotitliemajorrestilts,IIall'stheorem,whichshowedthenecessary

and suMcient condition that, cQmplete matehing exists was obtained in 1935. Matcliing on a graph can be t'egai'ded as a special case

tl)aLthepreferenceot"niarketpafticipantsisbinary."acceptable"and'`notacceptable".Itisnotnecessarilyst,ablelnthesenseot'Gale

tmd Shupley.

2}Ie}nent.ionedthatiftliescalingfactorcfisc'losetozeroaiidthenumbei;ot'eachgrovptebeniatchediseclual,allagentsaremialched.

Bttt this result is more geneial. I),ven if a is not zero, all agents are maate1ied as aie n}a!'ket size beconies large. Moreover, all agenLs

int.hesinallergrouparemalchedeveniftlienumberofeacligroupisnoteqtLal.
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orstablerelationshipinthelabourmarlceLUsingthepaneldataofnii}eregionsinWestGermany,B?rsch-
Supan (1991) showed that the observed shift of the Beveridge curve occurred too quickly to be explained

by structural changes and that the change in the composition of unemployment pool, i.e. structural factors

on the side of workers, haye 1ittle exPlanatery power of the shifts. He raised a question on the stabllity

of the Beveridge curve under the presence of business cycles. He pointed out the possibility that, after a

shock, the trajectory on the uv plane may not converge back to the original Beveridge curve in general,

since parameters change. In the same spirit, we will find that, given the existence of fiuctuation in infiows

to the labour maiikeg the qpparent shift of the Bevetidge curve is inevitable. In our case, what iriakes the

trajectory converge to a diifferent poinds the fact that the market is in a different phase of the infiow cycle

when the market crosses the same vu rabo from above and below. It makes the trajectory on the uv plane

fOrm a cycle, especially in the counterclockwise direction. Counterclockwise behaviour of the trajectory

has been found in a number of countries. Hansen (1970) pointed out the cyclical behaviour from the data

of United Kingdom from 1953 to 1964. He explained the emergence of the cyclical behaviour using a
model, but failed to show why the direction of the cycle is counterclockwise, not clockwise.3 [[b explain

the direction of the cycle, Bowden (1980) assumed that vacancies responds more quickly to shocks than

unemployment.Mssarides(1985)explaineditfromtheasymmetrybetweenmatchingprocessandbreakup
process. He assumed that breakup of ajob-worker pair can be undertaken iirunediately, whereas matehing

is a ime-･consuming process. We wil1 show in this pqper that the counterclockwise behaviour can arise

solely kom the matching process regardless the breakup process. It comes from the time lag unti1 change

in fiows (infiow ofjobs and workers) is refiected in stocks (u and v).

  'Ihroughout the paper, words job-seeker and worker are used interchangeably. The same applies to

words (unfi11ed) Gob) vacancies and firms. It is assumed that each job is indgpendent and there is no

interrelations betweenjobs in the same firm. Thus, a firm can be decomposed into units o£jobs, enabling the

interchangeability of words and notion between ajob and a imi. We will set up a simple matehing model

underasymmetricinfomiationinSection2.Section3illustratestheimplicationofasymmetricinfermation
to the Beveridge curve. Section 4 proves the existence of cycles in the uv plane when infiows to the labour

mariket fiuctuate periodically. It aiso proves a sufucient condition for the cycle to be counterclockwise.

Section 5 proves the behaviour of the trajectory in the uv plane when the inflows to the labour market are

not balanced. Section 6 obtains a general result without assuming periodicity in inflows. Section 7 provides

some examples for various infiow patterns. Section 8 gives a strict definition of the Beveridge curve which

is mentioned in Section 3, and studies its relation to the trajectory in the uv plane. Section 9 provides some

concluding remarlcs.

                                    2. THE MODEL

  There are two groups of agents in the labour matehing rriarkeg job-seekers (workers) andjob vacancies

(furns). The objective of the matching matket is to fomi pairs from these two groups, consisting of one

from each. Howeveg pmperties oj'each qgent are not revealed automatically. Communication between

two agents, in which initiative can be taken from either side, is required to coilect information about agents

on the other side. This setting would be thought natural if one observes the difuculty to distinguish job-

seekers from a crowd in a theatre only by sight. Under such an environment, an ath,ertisementprocess,

which we define below, arises naturally as a matching procedure as shown in Appendix. At the beginning

of a period, all fiims that hold ajob vacancy place an advertisement for a wotker with the properties of

thejob. Then,job-seekers get information aboutjob vacancies in the market through the advertisement.

Next, ajob-seeker qpplies to his best choice among advertising firms. At the end of the period, he receives

3A slmplMied version ofl'Itmsen's inodel is

                                   tt<t) =: 1-e<t)

                                   v<t,> ,mm: 6<t>--･e<(･>

"'here u<t.) }s lhe uneniployinenl iute at thne L ze{t) is the Ni"acaiicy rate, e(t,) is tlie einployBient tat.e and (F(t.) is lhe giie of kihour

cleniancllntern}sofinentobeet}iplo>re(1(desire{len]plo>nnent).I･Ieassuiped

(1) 6<t,) :---, (:･eost･-}- y3
where (x and f3 ai'e pninmeters {o obtain couiiteiz;lockwise cycles in the ･t{'v plane. I-Iosvever, as ea$ily observed, 6(t') =･: {x sin t ･l･ f3,

whichisobtainedbysin)plysl}lft,ing.{lieinitial{in]efi'omzeroto7v/2kiegu`ation(1).willgivecl()ckwisecyclesnndthereisnoreasoii

te assun}e the ft.)iiner ver$ion.



ellglishoNTHEROLEOFASYMMETRIC.INFOIeevliyrloN]NTHEAGGRE6A:rEM?yrcHINGFUNcTroN 4

a notification of qppointment or rejection. If he is appointed, he leaves the labour market and engages in

production from the next period. ff he is rejected, he remains in the labour market in the next period. FOr

sirnplicity, we put a memoryless assumption. A wotker who has iejected by a firm can apply to the same

job next period if the vacancy remains unfilied. This simplification would be harmless when the market

size is suihciently large, or it may be thought as a case in which passage of time changes the evaluation of

the wotker We assume that a firm will assign one of applicants to ajob if and only if the evaluation of the

best applicant exceeds the threshold value. Job-seekers will apply if and only if his evaluation of the best

job posted exceeds his threshold value. Their threasholds are affected by the discount factor of each agent,

unemployment benefits or cost to keep a vacancy, and the expected value ofbeing unmatched in the next

period.

  When an agent obtains the profile of a matching candidate, he makes evaluation of the candidate in

the fbrm of utility. The evaluation by a particular agent is drawn ftom an i.i.d. probability distribution

for any encounteL Agents in the same group are ex ante homogeneous before a matehing session begins,

in the sense that they share the same probability disbibution. We denote a firm's evaluation of a wotker

by x and a wotker's evaluation of ajob by y. The threshold value of a firm is denoted by x' and that

of a wotker is denoted by y'. If evaluation of the best applicant by a firm is x 2 x', it wil1 employ

him. if x S x', it will employ nobody and leave the position vacant for another period. The sarne holds

fbr a wotker. We assume that each agent is risk neutral. x and y are random variables that haye i.i.d.

probability distributions F(･) and C(･) respectively. We denote the number ofunfilledjob vacancies in the

labour matket by v and that ofjob-seekers by u. [flie threasholds x' and y' increase when the number of

candidates is expected to increase in the next period and decreases when it is expected to decrease under the

assumption of constant retums to scale of the aggregate matching function. If the number of candidates is

expected to increase, the probability to match does not change when matehing technology shows constant

returns to scale. Howeveg conditional expectation of utility after match increases because the utility of the

best candidate fo11ows distribution "i (x)n or G(y)" where n is the number of candidates. Therefore, x'

continues to rise and y' continues to fall in recession and vice versa in boom. The pattern of the fiuctuation

depends on the shape of b' and C.

Proposition 1. 17iene are v vacancies and ujob-seekens in the labour markeL On each encounte4 the

evaluation m ofa worker hy aj7rm is dnawn.flom an i.i.d distribution F and the evaluation y qfa.17rm by

a wonker is diuwnfiom an i.i.d distribution C. lfthe evaluation qfthe best candidute is lower than the

thneshold value x' ory', the agent chooses not to match andstays in the labour mai:ket 17ten, probability

fora vacanqy to mateh a is given by

(2)
         r
.t-z, -i- [i -

(1 - I,' (x")) (1 - G (y

v

*)v)

]
u
.

jFIurthenuone} R, converges to

(3)
a =1- exp (- 1-F(¢

e *
)
)

asthenumberqlragentsincreasesforgivenvuratioe.

J'roqf the probability that the evaluation of ajob by a worker is above the threshold is l - C (y'). When

there are vjeb vacancies, a wotker will qpply to one of them with probability 1 - C(y')V. Let's call

A the event that exactly mjob-seekers apply to one of the vacancies when there are ujob-seekers in the

rriatket･ Then, the probability of event A to occur is Pr(A) = (k) [1 - C (y")V]M a(y*)V("-M). on

the other hand, each vacancy is homogeneous ex ant¢ in the sense that its evaluation is drawn from the
same probability distribution. Conditional upon having m eikctivejob-seeking applicants in the whole

Iabour market (u - m wotkers do not apply), the probability that n wotkers apply to a particular vacancy is

equal for all vacancies and Pr(B 1 A) = (X) (1/v)n (1 - 1/v)M-n, where B is the event that a vacancy

receiyes n applicants. The firrn assigns one of those n applicants whose evaluation is the highest, only

if his evaluation exceeds the threshold. We denote by C the event that a fum assigns ajob-seeker out of

applicants. Then, a firm approvesa wotker with conditional probability Pr(C1A A B) = 1 - F (x*)n.
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  The event that mjob-seekers actualty apply and n among them apply to a particular firm is exclusive

each other fbr different (m, n) pairs. Tlius, the probability that a fimi assigns ajob to a worker is given by

(4) Z2Pr(A)Pr(BlA)Pr(ClAAB)-22Pr(A)Pr(BlA)Pr(ClAAB)

       m=ln==1 m=en==O                                          ,., i - k - (i - F (x')) (i - c (y*)v)1"

                                                L VJ
[Ilie first line uses a convention 1 - F (¢')" = O when n : O.4

  Thelimitofequation(4)asu,v-+cokegpinge=v/uconstantgtvesequation(3). M

Corellary 1. Probabilityforajob-seekor to match R, ts given by R, = (vlu)Rb. As u,v - +oo keeping

e constan4 .PU converges to L = ePU.

Corollary 2. 17ie aggiegate matchingjunction p is gtven by

`c5
gr{)iiary3(Existeiice"oSUilie6'i{,Iiig;y)Iii-'ieiS,gproy=m[ktT.epXroPghTbi;ity[iiafZ(;)B/i]l]c"eivesatieastoneappii-

cation and nEzl'ects all applicants is given by

(6) [1-(1-.l7i(x*))(1-G(y*)V)IU-ll-1mc(y*)vlu

                   L V jL Vj
jFleinhermonel thisprebabiliry becomes

(7) e-(i-F(x'))/e-e-11e
when market size goes inLfinityfor given vu ratio e.

Pivqtl The probability is calculated by Xk.., £ .., Pr(A) Pr(B l A) Pr(d l A A B). Taking a 1imit of

equation (6) asv --+ oo keepingeconstang we have e-(i-F(x±))le-e-ile. g

  Note that, if .F (x') > O, probability for a fum to receive at least one application and reject all of its

applicants is strictly positive even asymptotically. When this event occurs, fob-seekers are involuntary

unemplqyed since deey applied because thQy had a will to work and rejected. On the other hand, a firm is

voluntarily unmatched.

  One may expect that a decrease o£ e induces a firm to accept wotkers more easily, since it tends to
have more candidates. However, it is not true. Figure 1 shows that the asymptotic probability of rejection

(7) is maximised at e == -.I7 (x') 1 log (1 - .F (m')). If e is suihciently high, a decrease of e increases

the probability of rejection since the vacancies which previously had no qpplicants become to receive

applications and reject. This effect is larger than the effect to reduce the probabllity of rejection by having

more applicants in {hose vacancies which previously had some applicants. We immediately have to add that,

in this analysis, we considered only direct e£fects when the change of e is not expected. If it is expected,
a tim will update their threshold va!ue x'. If it is expected to rise, then it reduces x' since passing over

an applicant at hand becomes more costly, because the conditional expected utility after mateh in the next

period decreases. It results in the decrease of -' (x'). [I]herefore, the expected change of e going upward

in the graph induces the change of b' (x') going leftward in the gr.aph. It compensates the direct impact of

the decrease in the probability of voluntary rejection.

PirepositioR 2 (Asymptotic non-existeRce of voluntary unen}ploy]nent). lfC (y') < 1, probability that all

job-seekers apply converges to one as u and v go iiVinityfor given e.

Pivoji Obviously; u > O and v > O for the matket to exist. The probability that all wotkers apply to a
vacancy is [1 - a (y')V]tt. Wb define a notation r :=: G (y')e. As u and v go infinity keeping e constant,

4'l,'Iie case when ,f.i{x") ,= O i$ sallely inclu<le{l by setting h' (,ai") --" ･i･O.



ellglisliONTHHROLEOFASYMMETRICINFtOIVviAIrlONINTHEAGeREGA:l'EMIYIrCHINGFUNCTION 6

e

10

1

O.1

FIGuRI].. I . The efliect of the cbange of e on tbe re.jection rate

l,fffifi/im/imZ'tsi/,ue'/im#/kj iik'tiua/gitt6ti:

¥!'11k,k gllz

         iI .'I      l

 il

7Z]liilZiii]/i'l･ttti

  "fi lii ;2i..

l
･

l
･

l
l
l
l

ii
1
1
l
i
li
l
il
l

I
I
s

i
i
･
i
l
l

i
l
l
･lkl
#

le!/･i

i
'
i
Iig. I''i･

}
/I

g
l
I
i
･

,l-g

.,
ili

 '･'' . l
iil

'ki,2/me'eete,1wh',k,,'aseaig

'
l

i.li
li
}
lI
I

i

I

I
i

I
Ii･ l
i l
i

!
ll

l

lI
i
i
i
l

l

l
. li/
l
.

-l,i

i
l
･
l
i
l
i

iii'

i
l

 xt
1..;
 '
 l
l
'
Illl,

Note:

  O O.2 O.4 O.6                          .tf'(m')

The vertical axis is measured in log scale.

O.8 l

the probability that all workers apply to a vacancy becomes

      .,.l-iM+.[1-C(Y')V]U.l...e = .gyF..[1-{C(y')e}U]"

                            == exp{limulog(1-r")}
                            = exp(limll.Mg IUt-.. )

                            = exp(1im(1-r")r.[l?.gg(1.mrU)]2)

                            " eXP(klim,M+,(l-k)£1?.gg(.1-k)]2)

                            = exp( 1iM[leg(1-kk:I.i.1iMIOg(1-k))

                            =1
In the fourth 1ine, O S r < l holds from a (y') < 1 and v > O. 'Ilius, .!/g}.. rU is equivalent to limk--,+o k

  Theincreaseofrriarketsizehastwoeffectsonthesideofjob-seekers.Increaseofvhasaneffecttooffer
more choices to ajob-seeker, which makes it easier to find a candidate above the tiireashold. On the other

hand, increase of u means increase of evaluation uials, which brings higher probabllity that at least onejob-

seeker's evaluation falls below the threshold. The above proposition says that the fbrmer effect is 1arger. It

implies that involuntary unemployment tends to disappear as the market size becomes 1arger for any e > O.

A small sample result is shown in Figure 2 for a (y') = O.1 and e = 1/2, l, 2. Almost all Japanese

historical data falls in the region 1/2 S e S 2. Consideting the fact that a typical graduate of Japanese

universities samples more than seventyjobs, the probability for voluntary unemployment to exist is literally

negligible. The pathological cases, which is observed in reality, such as NEA:r and the homeless should

be understood as having exceptionally high threshold y" so that the assumption of the above proposition

a (y') < 1 breaks down. It is probablly brought by their too high personal unemployment benefit. [l]hey are
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FIGURE 2. Probabi]ity tbat there exists voluntary unemployment when G(y') = O.1
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Note:lhehorizonta1axisismeasuredbyalogscale.

pathological because most part of such high unemployment benefit can be explained only by psycological

facters.

  Fromequation(3),I%isadeereasingfunctionofF(x').ItimpliesthatLismaximisedatF(x')=O
withmaximumvalue1-exp(-11e)E(O,1).ffamatchingmarketattainscompletematching,A=7(e)
where ･trlo (e) = 1 ife s 1 and ･v, (e) == 11e ife 2 1. 0bviously, .Pb (e, .F(x')) < tr, (e) fbr al1

e E (O, oo) and all .F' (x') E [O, 1].It implies that the uni(lirectional advertisementprocess does notattain

complete matching for any vu ratio. Fbr example, if the matching market is balanced, a unidirectional

advertisement process matehes only 1 - 1!e = 63.21 percent of agents. The other 36.79 percent was

rejected if he is a worlkeg or either rejected irpplicants or did not receive any applications if he is a firm.

TheprobabilityfbrafirmtorejectapplicantsisgivenbyCorollary3.Theprobabilitythatitdoesnotreceive
any applications is gtven by Pr (no apps) = [(v - 1 + a (y')") /v]" for small samples. If C (y') = O, it

is minimum at [(v - 1)lv]" > O for any v and u. ln large samples, limu,v-.+oo [(v - 1)/v]Ul.1.=e =

exp (-11e) > O. Therefore, Pr (no apps) > O for any e in both small and large samples.

  a (1!e; F (¢")) and R, (e; F (x')) when .F (x') = O are drawn in Figure 3. P- and R, for other
values of F (x*) are smaller than this, Tb emphasise the asymmetry between .Pb and R,, the graph of

l ts is horizontally fiipped. The horizonta1 axis of k is measured by a log scale of e whereas that of Pb is

measured by a log scale of 11e. The rightward direction of the axis shows a favourable market environment

for the particular agent The matching ratio ofjob-seekers ,Pla is strictiy increasing in e and the matehing

ratio of vacancies Pb is strictly decreasing (strictly increasing in the graph as it is fitpped). Note that they

are solely determined by the vu ratio and F (x'). Particularly, the threshold of wotkers y' does not affect
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the matching ratio at all whereas the threshold of firms x' does. It is because all workers apply any of firms

in a Iarge marlcet.

  'Ihe effect of e on each matching ratio is asymmetric for given I' (x'). In general, deviation frum e = 1

affects more the matching ratio of vacancies than the matching ratio ofjob-seekers. Ila remains better

when e changes from 1 to 1/2, compared to the change of .ets when e changes frem 1 to 2. ContrarM the

increase of .kZ, when e changes from 1 to ln is not so 1arge compared to the case o.f .eta when e changes

from 1 to 2. Roughly speaking, the matching ratio ofjob-seekers under slump is sti11 better than the

matehing ratio of vacancies under boom, but it is not so good in boom as the matching ratio ofvacancies

under slump.5 The asymmetry appears more sharply when vu ratio becomes fatrourable to either agent

(the rightward direction of the graph). Matching ratio of vacancies quickly converges to one as vu ratio

goes to the rightpane of the graph, but the convergence ofmatching ratio ofjob-seeicers is not so quick. If

vu ratio fluctuates symmettically around one, it means that unemployment cannot decrease with the same

pace as vacancies since, when the economy is in slump, unemployment cannot absorb the relative loss

of eihciency when the market environment was favourable. It in turn makes the vu ratio impossible to

fiuctuate symmetrically around one. It suggests that even if the fluctuation of the inflow into the labour

maricet fiuetuates symmetricallM the matket environment expressed by vu ratio tends to spend more time

unfatrourably tojob-seekers. The relative deterioration of the matching eihcicncy for ajob-seeker when the

market environment is favourable in comparison to the case of a vacancy appears more signhicantly when

e' (x') becomes positiye. Figure 4 shows the difference between the matehing ratio ofjob-seelkers and of

vacancies for some values of lt' (x'). If e'(x') is strictly positive, the matching ratio ofjob-seckers does

not corrverge to one even if vu ratio goes to infinity. This is because x and y are independently disuibuted.

The increase of the vu ratio means that for ajob-seekeg there wil1 be less competitors. As it goes infinity,

it is more 1ikely that he is the only applicant to a particular vacancy. And, since the applied vacancy is the

best position for him, the increase of the vu ratio means that he evaluates the position even more highly

fbr each given size of the marlcet. Howeveg since x is independent from y, he sti11 has the possibility to be

rejected with probability F (x").

  Rgure 5 cornpares the matching ethciency between a stable matching process and a unidirectional ad-

vertisementprocess.Thematchingratioofvacanciesinastablematchingprocessisgivenbymax{1/e,1}

for a large matkeg which always exceeds the matching ratio in a unidirectional advertisement process. We

writeny:==max{1!e,1}.Thegraphshowstheeraciencylossratiowhichisdefinedby-(Pb-RS)/ny.
In the graph, three examples for different values of F (x') are drawn. The loss of matching eihciency is

5Calculating the fdllewing ecluat.iQn

d"
de

dR,

ee
='L

 i- (i -+-b+6t}T)eTiie > o,

wehaveidJL/dOl > dP./del.
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FIGuRE 5. Deteriora{ion of raatching etlficiency caused by disrtiptioR of perfectinliormation
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largest when u and v are equal fbr every instances of .F' (¢'). The loss of the ediciency decreases signifl

icantiy if 1/e becomes larger and away from one, and is obviously asymmetric taking one as the centre.

When F (x') is strictly positive, the ethciency loss ratio doesn't converge to zero but converges to Ii" (m')

as 11e goes to infinity Thus, .F' (x') can be regarded as the efuciency loss when the friction between job-

seekers becomes negligible. If the vu ratio becomes smaller than one (1/e larger than one), the complete

information case gives complete matchiRg fbr vacancies and even for the incomplete informaticn case, the

probability that all vacancies receive some applications and there is at least an applicant who is above the

threshold level becomes closer to one as the vu ratio converges to zero. If the vu ratio becomes larger than

one,thematchingratiofbrthecompleteinformationcaseis1le<1asthenumberofmatehcannotexceed
rr}in{u,v}.Therefore,theabsoluteamountofthelossbecomeszeroasthevuratiogoesinfinity;although

the ethciency loss ratio doesn't.

  [IThe same Kgure 5 applies to the loss ofmatehing ethciency forjob-seekers too, since - (L - P r) /.F r ==

---
 (1-la - ll;)/I] where IIJ :== max {e,1} is the matching ratio ofjob-seekers in a stable matching pro-

cess.6 That is, the ethciency loss ratio is completely symmettic between the cases for vacancies and job-

seekers. wnen F (x') is away from zero, the matching loss ratio ofjob-seekers remains strictly positive

when the marlcet environment becomes favourable for him, although the matehing loss ratio of vacancies

is away from zero when the market environment becomes unfavoqrable fbr it. This symmetry does not

hold for the amount of loss. Note that the loss in this region should not occur fbr job-seekers in a stable

matehing process. It happens when the matket gives one hundred percent matehing forjob-seekers, so it

means that the loss doesn't disappear when the matket environment becomes infinitely favourable in terms

of both the matching loss ratio and the absolute percentage point of the loss. Figure 6 shows the amount of

the eihciency loss for the case of F (x') = O.3.

GIt is obtained by

1i?,, ･-- J)il･

R,T,

l --

l --- exp{---b g --- 1? <tit'"))}

]
･

      mill{$,1}

O [E -- exp{--S{1 -- I;i f:℃'))}]

F)t, ･-- Pl

iiiin{1,G}

le,:
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  In Proposition 1, note that R, and Its depend on e, but not on the value ef u or v themselves. [IIhe

following proposition shows that most of ordinary presumption about an aggregate matcking functioR are

supported but not all.

Proposition 3. Ilhe asymptotic trggnagate matchingjunction pa (u, v) has thefollowingpmperties:

   (1) pa is homogeneous of degree one,

   (2) pa (u, O) = pa (O, v) ==O

   (3) m< min (u, v)

   (4) g/÷.,, Il/÷.,, a,2$ .,

   (s) as2.f <oifand oniy ifgS i-;(..)

Pioojr Property (1) is obvious from pa (nu, nv) = k (nu/nv) ･ nv =: nl-ts (u/v)v = npa (u, v) fbr

arbitrary n in the asymptotic aggregate matching function (5). Since O S .FU S 1, property (2) is obtained

frdm m = p(u, O) == ,Pb･e = O. Also, fromL (O) =O, we have pa (e, v) = A (O)･v = O. Property (3)

is obvious from Pb < 1. Property (4) is obtained as fOllows. Since

                ao-i.IJ .. iH£(X*)..p{-g(i-F(x*))}>o

                lll.liv : -g･il(i-F(x*))..p{-:;(i-fat(.*))}<o,

we have

         []÷/ = .a6"l.IJ ,,.(1wa"T(.*))..p{-g(1-F(.*))}>o

         g/÷ = Oaa..+I2b..1m[1+i.g(1-F(.*))]..p{-g(1-F(.*))}

             == i-(i+e)e-A>o.
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Here, we use the fact that A = g (1 - F (x')) > O and the last line is obtained fact that (1 + e) e-A is

a decreasing function of v in the region A 2 O. Furthermore,

                     aa2.f..ww(1nvF.(X'))2exp{-g(i-F(x'))}<o '

FOr property (5), from

           a62.f..-[:(1-F(.,))-2]i,go-F(.+))..p{-g(1-F(.*))},

we have Oo2.: ;oasg(i -F(x'))i2･ es
Since most o£ aggregate matching models are based on the assumption of homogeneity of degree one of
the matching function, property (1) of Proposition 3 may be of special interest. It gives ajustification of

such a presurrrption. It excludes the possibility ofmultiple equilibria caused by increasing returns to scale

of the matching function.

                        3. IMPLICafION TO THE BEVERIDGE CURVE

  In Section 2, we obtained matching "technology" constructed on information asymmetry. We are now

going to investigate the effect of such technology on statistics which can be summarised as a plot on a uv

plane. Investigation of the beharviour of the statistics is not only of statistical interest but also because it

has real effects through the wage bargaining process. When ftiction exists in the labour marlcet, wage rate

is determined by the current status of v and u. If the matehing technology causes nontrivial behaviour of

the uv plot, it can raise nontriyial behayiour of real factors.

  IMportant characteristics of a matching process is that it matches two stocks and outputs fiow. It is

analogous to a vector field on the uv plane. If there is no infiow to stocks, the vector field autonomously

determines intertemporal behaviour of the uv plot. One might naturally want to know the ultimate temiinal

of the plot for given starting point. The set of such terminal points for various starting points are called

a Beveridge curve. 'Ib be exact, a Beveridge curve thus defined is a theoretical correspondence to the

empirically obtained Beveridge curve. It has a name of "curve" since the plot of historical data on the

uv plane was roughly a downward sloping curve. Howeveg a theoretically-defined Beveridge curve is

not guaranteed to be a smooth curve as wil1 be shown immediately. In addition, note that it is a set of

stable fixed points in an autonomous vector field. When there is forced oscillation to the system, the set

of stable fixed points is not the same as those in an autonomous vector field.7 And, there is such forced

escillation in the empirical labour market in the fbrm of infiews ef new job-seckers and vacancies. It casts

doubts on qpplicability of the notion of the Beveridge curve, since we ane applying a notion deYined on

an autonomous system to aforeed ,oscillation system.8 We will study how addition of forced osclllation

changes the "B everidge curve" in Section 4 and 5. Befbre proceeding, I will show how traditionally defined

Beveridgecurvedi[fersforastablematehingprocessandaunidirectionaladvertisementprocess.

  Firsg we bqgin with a stable matching process. We assume that infiows are stationary so that n : 4 =: n

where n is infiow of vacancies, 6 is infiow ofjob-seekers and n is some constant. A stable matching process

attains complete matching. If the initial state of stocks is balanced v == u = n, all of v and u are matched

with no leftovez At the end of the period, there is no one in the labour marlcet. At the beginning of the next

period, new infiows restore v == u = n immediately. Therefbre, measuring at the beginning of each period,

there are always n vacancies and njob-seekers in the labour market.

  Now; suppose that one time shock occurred in unemployment so that 6 ± n only for one period. If e >

n, g - n job-seekers cannot match (a match is a one-to-one pair!). They are passed over to the subsequent

7Il'iheexternalt'orceisnoL1)eriodic,wecttnnotexpeclteliRvestablet}xe(lpomls.

$Moi'eever, a niatehing pr<>cess widiout kifiows is a daml?ing systen}. 'Yl)e effect of ndding t'orced oscillntion en a phase is i}K}r¢

t'undamental for a dainping systeJn than {lie cnse of iien-<lamping sysiem. Consider a simple exnmple of' pendulum. Undei' llie

presence ot' graxFit.y, l{s s"'in.n is dampecl tin(l stops a{, botlem fuinlly. }'lowever. if llie exl)eri}uenter periodically shakes his Iitmcl

supporling t]ie 1rendulum, it will continue {e swing. Ifthere "'ere ne{ gf:vil.y, ci}ange oft]ie pliase is not so drastic, "titJ)out ts,ravlty.

thel)encluliuncentinvestoswipgwitliou{shakinghand.
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FIG{JRI], 7. Dynamics oli a stable ma{'ching process
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period. Ifg < n, g - n vacancies arecarried over to thenextperiod. The simple butimportantfact is that

these unmatched agents are not nesotvedforever unless a new shock arrives. In the former case, number of

job-seekers next period is u = n ÷ 6 - n =6 because of carry-oveL Number of vacancies is v = n since

all vacancies are matched. Thus, the same state as previous period is restored. For the latter case, we simply

swap vacancies andjob-seekers of the former case. Therefbre, after one time shock, the labour market

alwaysstaysat(u,v)==(n+6-n,n)=(6,n)ife>nand(u,v)=(n,n+g-n)=(n,2n-g)if
4 < n. Thus, after ahistory of various shocks in infiows, the Beveridge "curve" will be on the kinked 1ine

XYZ in Figure 7. lke initial state with u = v = n is point Y in the figure. Any balanced shocks to, say,

point A or B are absorbed immediately and return to point Y. Howeveg an asymmetric shock preserves

the difference between n and g. A shock to point C today leads to point I' fbr infinite future. A shock to

point D leads to point H. Tlierefore, except those periods a shock occurred, the market will stay on the

kinkedlineXYZ.ThepositiononthekinkedlinedQpendsontkehistoryofshocks.
  Any shocks have absorbed iimnediately for the stable matching process. The adjustment process of

a unidirectional advertisement process is much slower than this. Suppose that initially u = v = O and

n =: g = n in each period. We assume .F' (x') iiE O fbr simple rppresentation. By Theorem 1, probability

to match is 1 - e-i for both firms and wotkers. e-i of agents do not match for 1arge samples. In period

O, ne-i vacancies andjob-seekers are left over. There are u = v = (1 + emi)n vacancies andjob-

seekers at the beginning of period 1. Again, e-i of those u and v are passed over to period 2. Thus,

u = v = (1 ÷ e-i + e-2)n at the beginning ofperiod 2. Such a multiplier process leads to point Y'
in Figure 8. TIhe coordmate of Y' is (n/(1 - e-i), n/(1 - e-i)). The multiplier coethcient equals the

inverse of matching ratio. Obviously, Y' is located upper right of Y. Similar process works fOr an arbitrary

initial value of (u, v). The imbalance of the initial (u, v) is preserved forever. Since total number ofmatehes

is equal forjob-seekers and vacancies, uv plot must be always on a 45 degree line offSet from the origin

which passes through the initial point. When the initial point is A in the figure, the market is always on 1ine

AC during the adjustment process which is parallel to the 45 degree line OY'. It is convenien{ to fbcus

on a set of parallel lines to the 45 degree line in the fbllowing analyses. We shall call those lines isoinj7ux

lines. Fbr initial point A, the matket converges to point C which locates lower right of Y'. Beginning from

any initial point on the same isoinfiux line like B, the path converges to the same point C.

  Matching ratio depends only on e once F (x') is given. if e is higher, the matching ratio of vacancies

becomes smaller Suppose that the initial value of v is strictly positive whlle the initial value of u stays

zero. Then the initial point is D instead of Y in Figure 8. The matehing ratio of vacancies varies each

period since e is not constant every period. However, for any periods, it is higher than the case when the

initial values of u and v are zero since e < 1 always hoids. It appearrs a smaller angle of elevation arctan e

at each point. [IThe higher matehing ratio of vacancies implies lower multiplier, making the v coordinate of

point C smaller than that of Y'. Since C is on the isoinfiux 1ine AD which is right to the 45 degree line,

point C must be lower right of Y'. All paths with any initial values on the same isoinfiux 1ine converge

to the same point. Thus, the set of convergent points becomes X'Y'Z' in the figure. As is shown lateg
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the curve is downward sloping and conyex to the ortgin. Its shape is simllar to the empirically obtained

Beveridge curve.

  Note that the Beveridge curve is not a function which relates uneimployment with vacancies. It is only a

set of stable points. For the Beveridge curve to be visible on the graph, infiows must be always fiuctuating

going off balance. But such fiuctuation kself impedes the convergence to the Beveridge curve. There is

a contradiction here. Infiows iriay fiuctuate regularly keeping baianced average with very long cyeies. In

such a case, the trajectory of uv plots provides a good idea of the existence ofBeveridge curve. Especially,

if cycle is long enough including sufucientiy many matching sessi' ons within a cycle, the plot wil1 not go

very fatr away from the Beveridge curve. However, if the cycle is not regular; if it contains subcycles or if

cycle period is too short, the trajectory can be complicated or going fat away from the Beveridge curve.

Sticking to the notion of the Beveridge curve in such a case is not very usefu1. The data Beveridge curve

predicts contaiR too much error.

                                  4. INFI.OW CyCLES

  Eimpirical data show that inflows of newjob-seekers and vacancies to the labour market fluctuate persis-

tently and fairly regularly along with business cycles. I said `:fairly regularly" but in general, it is hopeless

for the infiows to have strictly regular cycles. Nevertheless, it is still useful to fbcus on a case in which

infiows have regular cycles, since what is important is the recurrence nature of cycles. If we leave infiows

arbitrarM it is very dithcult to obtain a general result. At most what we can do would be simply to trace

the trajectory for each inflow pattern by doing calculation. We need some kind of restriction imposed on

external fbrces which affect the system. In this section, we assume infiows n and e to fiuctuate and to have

same averages over a cycle. Tliey are balanced in long run although the length of a cycle may not coincide.

then, a trajectory on the uv plane beginning from any initial point converges to a unique cycle, the period

of which is the least common multiple of the period of vacancy infiow and the period ofjob-seeker infiow.

In the subsequent proof, we use the following extension of the contraction mapping theorem.

I.emma 1. Let {T(O), T(i),..., T(k-i)} be a sequence of contnaction mappiirgs ivith modulus P,, G

(O, 1) (rc == O,1,...,k - 1).fivm a Banach space X to itseij jFbrany initial value xo e X, we deLfine a

dynamics by

                          xt+1=:T(tMOdle)xt. (t=1,2,...)

17ien, the sequence {-lnv(K)}:I.l has a unique and globally stable cycle {di(O), al(i),...,hi(krmi)} E xk

itheiehi(")(rc=O,1,...,h-1)isa.fixedpointqfthemalzpingT("-i)o'l-(rcnt2)o･･･T(O)oT(k)oT(k-i)o
'･･ o T(K).
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1'Jvq/: A composite mapping of contraction mappings is a contraction mapping. Namely, for any k =
o,1,...,T(kmi)oT(k-2)o･･･oT(e)isacontractionmapping.Foranyx,yEX,

           T(kri)oT(k-2)o･･･oT(O)x-T(k-i)oT(k-2)o･･･oT(O)y

            S 6k-i T(k-2)oT(k-3)o･･･oT(O)x-T(k"2)oT(le-3)o･･.oT(O)y

            < ---
            S; X3k-iXSig-2･･･X3b11x-yll

holds. Applying the contraction mapping theorem, sequence {xo, xk, x2le,...} has a unique fixed point

hi(O) E X which is globally stable.

  The above result holds for any mappings which can be obtained by permutation of the above map-
ping: T(O) o T(k-i) o T(k-2) o ･･･ o T(i), T(i) o T(O) o T(k-i) o ･･･ o T(2), ･･･. By the same logic,

{¢i,xk+i,x2le+i,...}hasauniqueandgloballystablefixedpointhi(i)EXforanyi=1,2,...,k-1. 0

  We denote the state of the labour marlcet at the beginning of each period t = O, 1, 2,... by (ut, vt) E

Ra+ where ut is the number ofjob-seekers and vt is the number of unfi11ed vacancies in the labour mar-

ket. The initial value (uo, vo) is arbitrarily given. At the beginning of each perlod, firms advertise their

vacancies andjob-seekers apply to a vacancy which they think best. Successfu11y matched mt pairs of a

job-seeker and a vacancy exit the matket and the rest remains in the market. At the end of the period, new

infiow ofjob-seekers 4t and new infiow of vacancies nt are added to the remaining stocks, forming the

stock ofjob-seekers and vacancies (ut+i, vt+i) in the next period. The tirning is shown in Figure 9. We

denote by LCM(¢,y) the least common multiple of integers x and y.

Theorem 1. Suppose that the injlow oj'new vacancies into the labour manket has a cycle ofperiod S G N.

17te inj7ows with in a qycle ane gtven by {nO, ni,..., nSmi} G Rfi. 1]he inj7ow oj'newfob-seekers into the

labour manket has a cycle qleperiod T E N. 71he inj7ows within a cycle are given by {60, ei,...,eT"i} E

RU+'. T7ten, ifthe condition

                               £,S･,.mo'n(i) 2Z･=-oig(i)

is satisyied a tnv'ectory on the uv plane baginning.from aay initial value (uo, vo) E R3 convei:ges to a

q]ycle oj'period LCM (S, T).

I',vqfi The transition of (u,v) plotis given by

(9) vt+i = vt+n(t MOdS)-mt
(IO) ut+i = ut+e(tmodT)-mt
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for any t : O, 1,.... Denoting the least common multiple of S and T by M, it implies

oi) vt+M = vt+¥lill'iiliop(i)-M2'!m,+,

                                         i=o                                                  i=o

<R) ut+M : ut+iilllil'ilie(2)-M2'imt+,.

                                         i :o                                                  i=o

Subtracting equation (12) from equation (11) side by side and using equation (8), we obtain ut+M =

ut - vt + vt+M. Recursive operation gives

(13) ttfi+Mn "Urt-VK+Vn+Mn.
foranyrc==O,1,...,M-1andforanynGN.Namely,thedatapickedupfromtimeserieswithinterval
M stay on the same line. As obvious from derivation, it is one of isoinfiux lines.

  Fkom equation (5), for any t,

a4) vt+ixn(tMOdS)+exp{-litl[l-e'(x')]}vt

               .,,n(tmodS)+exp{-(1wwVtMOdMitUtMOdM)(l-F(¢'))}vt

vvherevtmodM-utmedMisaconstantobtainedbyvtm.dM-ut..dM=:vo-uo+£:..M.oOdMm2(n(i)-
  Equations (l3) a'nd (14) describe the dynamics. Since (13) is continuous, u converges as v does. Defin-
ing the right-hand side of (14) by T(t MOd M)vt, we obtain

         dT(tMdOvlM)Vt .., {(1ptF(x*))(1-V(tmodM)itU(tmodM))+.ptr(x*)}

                          ×exp{-(1-"'(x*))(1-V(tmodM) U(tmodM))}

e(i)).

                                                           vt

(l5) == (A+k')exp(-A)G(O,em{imE(X')}]c(O,l)

where A: = (l - .F' (x')) ut!vt > O. For any a,b G R++, there exists c E (a, b) such that T(t MOd M)a -

T(t mod M)b == (dT(t Mod M)c/dc) (a-b) by the mean-value theorem. However; O < c < exp {- (1 - I'(x'))} <

1. Thus, fbr any a and b, IT(t MOd M)a - T(t MOd M)bl < PIa - bl where O < fi < 1, i.e. T(t MOd M) is a

contraction mapping.
  Ilrom Lemma 1, the sequence ofmappings {T(K)}iY..5i has a unique cycle {o(O), u(i),,..,u(M"i)} G

RY and the paths from any initial value (uc, ve) converge to it. Furthermore, V(rc> (re = O, 1,...,M - 1)

is a fixed point of T(rc). This proves that the asymptotic cycle has a period no greater than M. Howeveg

the period of the cycle should be exactiy M as shown below.

Piv(tf Suppose that the period of the cycle is M' < M. Then, Ad' must be a divisor of A4. 0ther-

wise, it contradicts the above fact that any v (mod M) share the same fixed point. Fbr such A4' to exist,

iz.[Ohi,v-,`t.l･i};k;(Y.1;.',i.yrm(>(:'1',9.(:.[;,",//'d2/5`ZMI ,'iaS,g,{XOij 3`1';i;r1",(:rmi',}.=.,, ,.id.

It implies that u(.) - v(.) = u(M,+.) - v(M,+.) for given n. Fhrom equation (14), for (E("+i), ij("+i)) =

(ti(M'+n+i),u(M'+n+i)) to hoki, the condition n(n) == n(M'+") must be satisfied. On the ether hand,

u(n) ww v(n) : u(M,+n) - v(M,+n) requires £,M-..5Min(i) =: Z)i･I,{.6-ie(i) for all n, which implies E(n) =

g(M'+n). The result (n(n), e(n)) = (n(M'+"), g(M'+")) contradicts the fact that M is the least common

a
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  Itisanestab}ishedfactthatthetrajectoryontheuvplaneempiricallymovesaroundtheBeveridgecurve.

Duringarecession,ugraduallyincreaseswhereasvdecreases.Thus,thetrajectorymovestothelowerright

of {he uv plane. On recovery, opposite pressure carries the trajectory to the upper right. However, when

recoverytakesplace,udoesnotrecoverquicklywhereasvbeginstoincrease.Thus,thetrajectoryduringa

recovery phase goes above the one during a recession phase. Often, this asymmetric response of the labour

market to business cycles is atuibuted to loss of skills of unemployed workers. In recession, the average

lengthoftheunemployedperiodbecomeslonger.Unemployedwotkerslosemoreskillsastheunemployed
period becomes longer. It makes dithcult for unemployed wotkers to be matched since they tend to be

evaluated low and rejected. There would be such an effect working. Howeve4 Theorem 1 shows that cycle

in the uv plane can emerge even without the existence of loss of skilis. Only cyclical fiuctuations of new

vacancies and newjob-seekers causes the emergence ofa cycle in the uv plane. There are indications that

the deviation of the cycle from the Beveridge curve is too 1arge to be explained by loss of skills. First of ali,

skills may not deteriorate much even if unemployment period becomes longer. They are not a simple pile of

pieces of knowledge. Essence of ski11s is tacit synthesis of them. Ostensive knowledge and their ostensive

synthesis may support it, but opposite is impossible. Accumulation of ostensive knowledge does not create

skills. In general, memory of ostensive knowledge fades away relatively quicklM but tacit knowledge to

synthesise ostensiye knowledge doe not. Even if ostensive knowledge is lost, they can be quickly recovered

if tacit knowledge is alive. Second, even if the skll1 of workers has deteriorated, it is unlikely that a firm

candetectsuchdeterioration.Unlessafirmimposesaperiodoftrialemploymentoranexamination,direct
observation of loss of skills is quite diihcult.

  Theorem 1 does not tell anything about the shape of the cycle. Especially, it does not te11 to which direc-

tion the cycle circulates. Wk) wil1 study conditions that bring counterclockwise trajectory on the uv plane

now. The dynamics when infiows periodical fiuctuates are given by equation (14). Note that T(t Mod M)

depends only on v(t ..d M) - u(t ..d M) and n(t MOd M). v(t ..d M) - u(t ..d M) determines the po-

sition of the isoinfiux line to which sequence {(u(t mod M), V(t mod M)), (U2(t mod M), V2(t mod M)),

(u3(t ..d M), v3(t ..d M)) ,...} belongs to. The initial point in the sequence v(t ..d M) - u(t ..d M)

is calculated by the equation

                                                 t mod M
(16) v(tm.dM)-u(tmodM)=vo-uo+ 2 (n(i)-g(i)).
                                                   i= o
Once the isoinfiux line is determined above, T(t MOd M) solely dQpends on n(t mod M).

  Consider a simple example that the infiow of vacancies is fixed at n = 1 and the indow ofjob-seekers

fbllows g = 1 ÷ sint. This is a good example to begin with since constant n makes mqpping T(t MOd M)

fixed for ali periods. Note that it has balanced inflows. Suppose that there are four matehing sessions within

a cycle of the infiows as in the figure below.

                              B
                                      g=!+sint
                              I
                              I

                              I/

                              I. C ., E
                 " uaX<<In-i l
                                                       i
                                                       l
                                                       l
                                                       i
                                                       l
                                                       l
                                                       D

                          v-udecreases v-uinereases
                     (movestolowerisoinflowlines) (movestoupperisoinfiowlines)

The matching market opens at points A, B, C, D and E. We assume that initial point is balanced: v = u.

We plot the status of the matching market that corresponds to points A-E in Figure 10 that shows recursive

application of functions. We label correspondmg plots in the figure as points A-E as well. Point A in the

uv plane (it represents all periods O mod 4) is on the 45 degree line v == u. At point B (period 1 (mod 4)),
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job-seeker infiow 6(i) is larger than vacancy infiow n(i) by one. Thus, the labour market is on isoinfiux

line v = u - 1. At point C (period 2 (mod 4)), infiows are balanced. It does not change the isoinflux 1ine

the point belong to, so point C stays on the same line as point B. At point D (period 3 (mod 4)), vacancy
inficyw g(3) is less thanjob-seelker infiow n(3) by one, thus the isoinfiux lille shifts up by one returning back

to the 45 degree line. In sum, point A and D and point B and C are on the same isoinfiux line respectively.

We use the fbllowing small lemma.

Lenanaa 2. Let )( c R lfT: .)( - X is a contraction mappin& then Tx - ¢ is x a strictly decneasing
fiInction.

Pfvqt if Tx - x is not a decreasing function of x, then there exist a, b e X such that a > b and

Ta - a 2 Tb - b. Howeveg it implies Ta - Tb 2 a - b. Since a > b, it means 11Ta - Tbll ) 11a - bll.

This contradicts the fact that T is a contraction mapping. TherefOre, the leruma holds. [l

  We characterise the limit cycle by the following proposition.

?ropositioii 4. Let fS = {T(O), T(i),..., T(kmi)} be a sequence ofcontiuction mappings.f}vm X c R

to itselfwith modulus X3. e (O, 1) (N = O, 1,...,k - 1). Simpose each mamping is an incneasingfitnction.

Cbnsidera dynamics defined by

                         xt+1==-r(tmodh)xt, (t==1,2,...)

foraayinitialvalue¢oeX.LetyM(")(re=O,1,...,h-1)bea.fixedpointqleT(")andatleastforonepair
qfi, o' -- O, 1,..., k-1 (i 76 j), y-(i) 7E! Y(J'). 77ten the unique stable limit cycle {di(O), di(i),...,di(kmi)} E

xk qf'{T(")}ft:-ii sati £ties the condition

                            min y-(i)<di(K)< max y-(i)
                         i=e,1...,k-1                                             i=O,1,...,k-1
where re = O, 1,...,k - 1.

I･'tvoj]ff we show inini..o,i,...,haviy-(i) < hi(K) (N = e,1,...,k - 1), then
al(") < maxi=o,i,...,k-i y-(i) can be shown by a similar argument.

  We define yM(P) := mini..e,i,...,k-iy-(i) and denote by T(P) the operator that has y-(P) as a fixed point.

Also denote by fS (T(P)) a composite operator T(P-i) o T(P-2) o･･･o T(O) o T(k-i) o T(krm2) o.･･o T(p).

Suppose that di E (-oo, yM(P)] n X is a fixed point of fS (T(P)). Then, fbr arbitrary n E Z+, (T(P))n di E

 [di, y-(P)] holds. If the fixed point y-(P+") (mod M) of T(P+n) (mod M) satisfy y-(P+n) > y-(p), T(p+n) o

(T(P))" di > di holds by Lemma 2. Since any operator T(i) where i 7E g has a fixed point yM(i> h y-(P),

hi :.,, T(p-2) o･..o T(O) o T(kmi) o T(k-2) o･･･o T(P)di }r T(P+n) o (T(P))n di > di. For ym(P)to be a fixed

point of S (T<P)), there must exist i E $ such that di == thi holds. It means Tth - di =: Tth - fhi < O. Then,

from Lemma 2, the fixed point yN of t satisfies g < e S 9(P). This contradicts to the definition of yN(P).

Therefore, in the region (- oo, y-(P)] n X, the fixed point of ES (T(P)) cannot exist. By a similar argument,

itisshownthatitdoesnotexistintheregion[ maJc ij(i),+oo>nX. B
                                                     1                                    Li :O,1,...,h-1

  In our example, there are two contraction mappings. We denote them by T and !. ! operates on

points B and C and =i= operates on points A and D. In general, T(t MOd M) is a function of n(t med M) and

v(t mod M) - u(t mod M)･ Since n(t MOd M) is fixed for the moment, let us write the operator T(t mod M) as

T(t MOd M) (v(t ..d M) - u(t ..d M)) to be explicit on the pairameter Consider two cases T(t MOd M) (Ki)

and T(` MOd M) (Kl)) where Ki > Kii. Suppose vt 7E O. From (14), we can show

                  :l::g:l[K.ilgi=...,{(i-F(.*))Kii,K32}.,.

Thus, T(` mod M) (Ki)vt > T(` MOd M) (K2)vt for fixed n. This fact implies =i= > Z. It is shown in Figure

10(a).

  By Proposition 4, all points on the limit cycle is between y and Y. Thus, points A and D are on the

left-hand side of the fixed point of T. Point A is obtained by operating T twice on v4 in the graph whereas

point D is obtained by operating it only once. Thus, point A is closer to fixed point V. By the same reason,
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point C is closer to fixed point y than point B. Tlaerefere, vi > v4 and v2 > v3. If the economy begins ftom

point C, not A, the diagram changes. It is shown in Figure 10(b). Now, points B and C relates to operator

T and points A and D relates to operator [[. Roles of T and ! are swapped. Note that we cannot relabel

points since the related isoinfiux line of each point is different.

  The dynamics of v is translated to the dynamics of u by isoinfiux lines. Thus, we haye a dynamics of

uv plots. It is shown in Figure 11(a). Point A7 corresponds to point A in the previous figure and so on. As

easily observed, the direction of the cycle is opposite to the empirical cycle. The fact does not change even

if we change the direction of the fiuctuation of g so that 6 fiuctuates downwards fust instead of upwards.

Such a changes moves the uv cycle above the 45 degree line, but does not turn the orientation of the cycle

(Figure 11(b)). This is obvious from equation 14. If v - u is greateri the slope of equation 14 is larger.

Since n is fixed, it implies that the corresponding mapping T is located above of other equations that have

smallerv-u.Ifv-uishigherinperiodtthanperiods,itmeansthatthepointofthetrajectoryatperiodt
isonanisoinfiuxlinewhichisupper-leftoftheisoinfiuxlineatperiods.Whenthepositionofanisoinfiux
line is relatively above of other isoinfiux lines that the trajectory visits, then v in next period wil1 be larger

than the current period. Thus, in the uv plane, as the trajectory goes to upper left (i.e. visits an isoinfiux

line upper-left) the path tends to shift outward. Note that only relative position among related isoinfiux
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lines is crucial in deter mining the direction of the shift The absolute position of the isoinfiux line, namely

the value ofv - u, is not related. 'Ibis observation suggests that the fiuctuation of vacancies o is necessary

to generate an counterclockwise behaviour of the trajectory in the actual data. 'Iherefore, we take another

simple example in which n fiuctuates.

  Consider an example as shown in the figure below. Again, we assume that four matching sessions open

within a cycle of infiows. The pattern ofjob-seeker infiow is unchanged frorn the previous example. Here,

vacancy infiow fiuctuates countercyclically to thejob-seeker infiow. It is given by q = 1 + sin (t + 7r).

                             B

A

g=1+sint

/
/
f

xsttt

xf
f
'
'
'
'
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!
/

x
y x
of '

t
k
,
t × /･

s'x '

xt/x.x.x's- fi"'""/Xn=1+sin<t+X)

o

E

    v-udeereases
(movestQlowerisoinfiowSines)

     v - u mereases
(movestoupperisoinfi(vvvlines)

interceptofT
 decreases

interceptofTinereases inteteepe ofT

 deereases

 This pattern of 6 and n is similar to the data observed iR the actual labour market. In general, C is coun-

  tercyclical and q is procyclical against business cycles. We will see later the symmetric infiow pattern is

  critical for the emergence of counterclockwise cycle. Figure 12 shows the limit cycle of v and the same

 movement in the uv plane. The cycle in Figure 12 (b) shows a counterclockwise movement. This property

  appears not only with the specific functional form used here but appears more generally. We wM provide

  a suihcient con(lition for the emergence of counterclockwise Beveridge curve. Before doing so, we prove

  the fbllowing leinma.

  I.cmma 3. Let X c R thnsider afomily ofcontraction mappings T(n) :X - X which has n G R as a

 parameten Suppose that T(n) is continuous on the parameter and ifn < n' then T(n) < T(n'). Simpose

  n is a continuousfitnction oft e R and thene exists T e R sttch thatfor all ap E Z, n(t + nT) = n(t)

  Pick iq) s points ti G [O, T) where i == O, 1,...,s - 1 and consider a dynamics dczfined by xk+i ==

, T(n (tk mod s))xk. T7ien, it has a unigue stable limit qycle {digO), diSi),..., digS'i)} and ifs incn7ases

  such that maxlti+2 - til - O holcls, then digi) - y-.(i) hokts where ym.(i) = T (n (ti)) y-.<i>.
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Pyvqfi Suppose that there exists some i such that higi) 7L> ij.(i). Flrrom Lemma 2, there exists some E > e

such that -l' (n (ti)) higi) - higi) 2 E. All T's are contraction mappings, thus

(17)

                 T(n(t,-,))digi)-higi) digi+i)-digi)-T(n(t,))afgi)mT(n(t,-,))digi)

   higi)-higi-i)> p }l x3 '
Define Y := [y, Zi]. Then, since T is continuous and monotone in terms of the parameter, as s in-

creases so that maxlti+i - til - O holds, it is possible to achieve that, for any n > O and hi E Y,

 T (n (ti)) higi) - T (n (ti-i)) higi) < n (Dini). Now; suppose that s is sufuciently large so that, for all i,

IT (n (ti)) -- T (n (ti-i))l < n holds. Then (17) becomes, for any o',

                                          higJ'+i) m diSo')

                            digj)-digj'-i)> &-, .

Using this recursively, we obtain

                        ,g,)-,g) . digiil'l,l=i,igi) 2 n;t.e,,&

On the other hand, since T(O) = min T, di(O) > y holds, i.e. T(O)hi(i) - di(i) < O. Then,

           T(n(ti))hi(')-T(n(to))di(i) == hi(2)-hi(')+hi(')-T(n(t,))nf(i)

                                      > hi(2)-m(i) )fl;.ti&'

[[his contradicts to the fact that, for any n > e and i, 1T (n (ti)) - T (n (ti-i))1 < n. Tberefore, fbr ali i,

Theorem 2. Suppose that n and g are time continuous and dn/dt l O s, d6/dt g O. Ilhen, ifmatching

sessionsareheldsuLfiiciently.f}eguentlywithinacycleqfnandg,thenthepointthatthetizv'ectoryontheuv

planecrossesaparticularisoinj7iutline.ficmtherightcomesupperrightojCthepointthatthepathcrosses

itjiom the Loj} in the uv plane.

Pfvojl Since n is time continuous, fOr any E > O and t, if the interval of the matching session is made suM-

cien6y shorg then it is possible to make1n(t mod M+1) - n(t MOd M)1 < E. That is,

n-e+ exp {- (1 - V(t MOd M) it U(t MOd M)) (1 - e' (x'))} vt

< Vt+1
< n+g+exp{- (1- V(t mod M)-

  vt
(n(i)

U(t mQd M') ) (1 - lii (x*)) } Vt･

Fromv(tm.dM)-u(t..dM)=vo-uo+X:･,.MiOdM -g(i))anddn/dtiOed6/dt;
differentiation by n(t MOd M) of the left-most or the right-most hand side of the above eguation gives

1 + (1 - .F' (x')) Ki exp {- (1 - V(t mod M) U(t mod M))(1-F(x'))}>O

O, the

                                             vt
where Kt is a positiye constant. Therefore, taking e suMcientiy small, T can be ordered by n(t MOd M).

Namely, if n! > n2, then T (ni) > T (n2)･

  Now) suppose that the uv path passes over the isoinflux lines v - u == ki and v - u = k2 where ki < k2,

and it is currently on the 1inev-u = k where ki < k < k2 after passing over v-u == k2 for the first
time. Then n(t mod M) - 4(t Mod M) < e. Since n and g cyclically fiuctuates, the path must return to a

point on v - u == k2 from Theorem 1. It means that the path crosses v - u = k with n - e > O. From
dq/dt l O e de/dt g O, the n in the latter case has larger value. lkom Proposition 3, it implies that, if

matching session is held frequently enough, then the fixed point of v in the latter case must be larger than
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  TThe theorem says that when the trajectory forms a simple cycle, namely when it crosses any isoinfiux

line at most twice within a cycle, then the direction of such a cycle is counterclockwise under the conditions

provided by the theofem. Generally, when the path crosses any isoinfiux line frdm the right, its crossing

point should be upper right of any points where the path crosses it from the left, and vice versa. Note

that we assumed no changes in matehing technology. The cycle is brought by the asymmetry between

job-seekers and vacancies embedded in the matching process.

                              5. UNBALANCEDINFLOWS

  In this secbon, we consider a case where inflows are not balanced in long run. We define norm IITII of

an operator T : X --+ X by IiTll := sirp.Ex ITxl. The fbllowing lemma allows the operator notbeing

constant in the contraction mapping theorem.

Lemma 4. Let {Ti, T2,..., T.,...} be a sequence ojCcontraction mappingsj}vm a Banach space X to
itself"7ith modulus P G (O, 1). ]Fbran ar:bitnczry initialvalue xo E X, consider a dynamics of{pti},oo･.,e E

xOO deLfined by

                             Vi--1,2,..., xi=:Tixi-1.

lf{T.}.OO--i converges to Too under the nonn dej7ned above, then the sequence oj' openatons {T.}.OO=i has

a imigue stabie.fixedpoint x- E X and M is a.12xedpoint ofT...

  jFlirthermone) ijrone takes sufiiciently large n, thenforaay initialvalue x G X andatryE > O,

(18) llTn'Tn-i'''Tixe-di11<6nll¢e-di11+s
holds.

J'iwqfi Fbranyn = 1,2,...,

                11xn+1-xnll = 11Tn+ixn-Tnxn-ill

                            = 11(Tn+ixnmTnxn)+(-l-nxn-TnXn-i)1[

                             S{ 11Tn+i¢n-Tnxnll+IITnxn--rnptn-ill
                            S 11Tn+ixnm-E-nxnll+P#mnrmXn-ill

holds. The third line is from the triangle inequality and the fourth line if ftom the fact that T. is a contrac-

tion mapping. Using this recursively, we obtain

    11xn+i-xnll S 11Tn+ixn-Tn¢nll+6IITn+ixn-Tnxn#+62#Tnxn-i-Tn-ixn-ill
                    + ･･･ + 6n-2 llT,xi - Tixill + pn-i IIxi - xoII.

Since {T.} converges under the norm defined above, it is a Cauchy sequence and there exists maximum

in the di£Eerence. We denote it by K := maxi..i,2,...#Ti+i - Till. On the other hand, since {Tn} is a
Cauchy sequence, fbr any n > O, there exists IV, fbr any y > IV,

                             Vln e X, 11T.x - Tv-imll <n

holds. Now; if one takes n large enough corresponding to the value of n, then one can find N S n which

satisfies the above condition, and obtain

    #xn+i-xnII < op+6n+･･･+Bn-Nn+Pn-N+'K+･･･÷P"-2K+6n-'11xi-moll
                 = i-iBSMpN+in+6n-N+iifgN6-2K+6nmi"xi-xo#.

If we take n ;N, then

                                     1 - pn-2
                                             K + p""i 11xi - xo 11･                   llXn+i ww xn 11 <n+B
                                       1-6

If we take n sufucientiy small so that n + PIL l(.21?Ep 2K < g holds and take n suihciently Iarge correspond-

ingly, then the condition (l8) is satisfied. Then, {xi},O..O.o is a Cauchy sequence and haye a 1imit point

hi E X.
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  Next, we show that di is a fixed point of T... For any n,

                llToodi-hiII S{ HToehi-Tndi11+IITnth-¢nll+ll¢n-hill

                            S llToohi-Tndi11+6IIdi-xn-ill+IIxn-hiII

Thefirst1ineisfromthetriangleinequalityandthesecondiffromthefactthatT.isacontractionmapping.
Since T. converges to T.., the first term of tke last line converges to zero and, from the proof in the

previous paragraph, x. converges to x-, which means the second and thiixl terms converges to zero. Since

n is arbitrarM it implies 11T..hi - hiII = e, i.e. T..hi = hi. Thus, di is a fixed point of T...

  By a sirnilar argurnenL one can show that the fixed point of T.. which is also a 1imit point of {T.} is

unique. if there exists another fixed point di 7E hi which is a limit point of {T.}, then for aRy n,

               11t-hill ": IIToote-Toohi11

                        S{ IIToodi-Tndi11+11Tni-Tnhi1[+ll-l-nhi-ToohiII

                        SII IITooth-Tndill+X3llth-hiII+llTndimTcohi11

holds. The {irst and third term in the las{ line coRverge to zero, thus taking suthciently large n,

                                 llte - dill f{; x3 11di - diII

holds.Since6<1,theaboveinequalityholdsonlywhenlla-beII=e,namelyth=hi. M

  In the above lemma, each -IZ. is a contraction mapping, but it is not guaranteed that T.. is also a

contraction mapping. Therefore, all the fixed points of T.. need not be a lmit point of {T.}, but its

inverse is true.

  The following lemma is a straightforward extension of the generalised contraction mapping theorem

proven above.

Lemma 5. Let {To, Ti,..., Tn,...} be a seguence qiecontnaction mappings.fit}m a Banach space X to

itselfwith modulus K3i G (O, 1) where i == O,1,.... Suppose that there exists some k such thag foratry

rc =O, 1,･･･,k- 1,1imn-,+oollTn+kn11 =: TS'5) existsandholtts. DeLfineadynamicsby

                             Vt=:O,1,..., ¢t+1 :Ttxt
for any initial value xo E .)<. Ihen the sequence qf openatons {-rt} P.,i has a unique stable limit cycle

{hi(e), hi(i),...,di(kmi)} E xle and di(rt)for rc = o,1,...,k - 1 is ajixedpoint oj'Tg6'-i) o TS'5M2) o･･･o

Tg6t) o T£6M) o Tg6t"i) o･･･o Tg6'>. ]Flderthermoie) for atry initialvattie x E X;

                           11Tnx, - di11 < (IO:OI=,Bi) ll¢o - hi11

holcts.

Pioojl From Lemma 1, the composite function of contraction mappings is a contracbon mapping, thus

the composite mapping of the subsequent k periods Ti := Ti o Ti+i o･･･o Ti+M-i for Vi == O,1,...

is a contraction mapping. Therefore, for any i == O, 1, ..., k - 1, consider a sequence of operators

{Z, Ti+k, Ti+2k,...} and Lemma4 irnplies the proposition of this lemma. []

  Using these lemmas, we can explore the behaviour of the trajectory on the uv plane when the infiows

are not balanced.

Theorem 3. Stimpose that inLflbiv ofvacancies to the labour manket has a qycle ofperiod S V-2i denote
a series oj'vacanq>, inj7ow within a cycle by {n(e), n(i),..., n(S-i)} E RS++. Also, suppose that inj7ow

ofjob-seekens has a cycle qfperiod T and a series oj'job-seeker inLflbw within a qycle is denoted by
{6(O), g(i),...,e(T-i)} G RT.. 77ien, if

(lg) £iS'tso'n(i) E{ET..Ii,i6(t)

holcts, then v converges to a cycle ofperiod S and u --} +oo. On the other hand if

&'n(i)2x;k-iok(z)
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holda then u converges to a qycle ofperiod T and v - +oo.

P,voji The theorem is proved by a similar argument to [[heorem 1. Iirom equation (19), fOr some K >- e,

(2i) Xi.,-,sei n(`) +K .,, Xl=-T,i e(`)

rhen, (M!T) X･k-,i gi-£M･.,,Ui mt+i = .Xt+MK holds where Xt::(M!S) :,S･.-.,i ni-2)#･x5imt+i,

and equations (11) and (12) afe denoted by

                              Vt+M =: Vt+Xt

                              ut+M =: ut+Xt+MK

Ptitting xn-i := £Z･=-oi Xh+Mi, it becomes, for any o' -- e, 1,...,M - 1 and n e N,

(22) Vj'+Mn = VJ'+Xn-1
(23) Uj+Mn = Uj+Xn-1+nMK
where vi,...,vM-i and ui,...,uM-i are obtained by recursive application of equations (9) and (10).

Then,

                      Ut = Ut mod M " vt mod M + vt + (t divM)MK

where tdiyM :=: Lt/Mj. Using this,

     vt+1.,n(tmodS)+exp{-(1mVtMOdM-UtMOvdtM-(tdiVM)K)(1-F(x*))}vt

         =:Ttvt

Since vt mod M - ut mod M is bounded as t --, +oo, the coeMcient of the second term of Tt becomes
limt-+co exp [- {1 -' Ivt mod M - ut mod M -- (t divM)Kl /vt} (1 - F (x') )] = O. Then, if we take a

boundedandsuMcientlylargedomainthatincludesallsequenceanda1imitpoint,then11Tt-Tt+sll--,e.
[EThen,fromLeirma5,thesequenceofoperators{Tt}P=ehasauniqueljmitcycle{D(e),vm(i),...,ij(S-i)}E

RS. It means that v converges to a cycle of period S. On the other hand, since v converges, equation (22)

implies x.-i - O. However, since nMK . oo, (23) implies that u diverges to infinity.

  'Ilie second half of the theorem is proved by applying a simllar argument on the transition equation of

u. Eguation (20) means that now we have K S O in equation (21), which implies

                      Vt = Vt mod M ww ut mod M + ut - (t divM)MK

where K S O. From (2),

         ut+i : 6(tMOdT)+[1-ilit(1-em[i-F(m')lutlvt)]ut

               .: 6<t Mod T) + [1 +A(ut, t) (1 - exp{[1 - F(x')] A(ut, t)Mi})] ut

where A(ut, t) := Iut m.d M - vt m.d M + (t div M)MKI /ut -1 S O.
Since limt-+oo A (･, t) (1 - exp {(1 - F(x')) A (ut, t)rmi}) = O, then fbr a bounded and suihciently

large domain that includes all sequence and a limit point, 11Tt - Tt+Mll . O. Then, from Lemma 5, the

sequence of operators {Tt} 9.,o has a unique limit cycle {hi(O), hi(i),...,hi(M-i)} e XM and a uv path

which begins from any initial value (ue, vo) converges to it.

  Since u converges, (21) implies x.-i + nMK -" O, which means ¢.mi --+ +oo since nMK --+ -oo.

Thus, (22) implies thatvdiverges to infinity. D
  [Ihe theorem shows that when there is imbalance in infiows, the trajectory tends to shift outside. The

sign of the imbalance decides whether the shift occurs upwand or righnvant, but nover shifts the path insicle

(i.e. downward or leftward). As seen in the previous section, abstracting cyclical effect, shit never occurs

when infiows are balanced. Fbr a path once shifted out to come back, infiows must balance and one must

wait until the matching process brings it back onto the Beveridge curve.
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                                 6. GENERALINnOWS

  'Ilie following theorem refers to a general case where periodicity of infiows are not assumed. In the

previous theorems, we employed the notion of isoinfiux line to reduce the problem into the one which

includes only one variable. In a general problem, there is no guarantee that a future point regresses to a

given isoinfiux line which past points visited. The notion of isoinfiux 1ine is not very usefu1. However, we

sti11 use a similar notion, but we cannot reduce the number of variables to one.

Theorem 4. Cbnsiderseguences{nt} P=o E R9P+ and{gt} P,.o E REiP+. Both are bouncledandhave strictly

                          co
positive lowerbound. 77ien, if£ (nt - et) is bounded then {(ut, vt)} P=o is globally stable in thesense

                         t=o
ql'Liapnou

PJoqf [flie transition equations of u and v are

a4) vt+i = nt+exp{-IIIt' [i-F(x')]}vt

                 ut+i = gt+[i-(i-exp{-ilt'[i-F(x')]})ilt'lut･

Defined the right hand side of the simultaneous equations as Tt (::) : Rl - R3. First, we show that ut/vt

is bounded away from zero. The intercept of the isoinfiux line at time t is giyen by

                                           tt
(2s) ut-vt=uo-vo+2&-2oi =: Bt･
                                          i:o i=o

Since £ge.,o (nt - gt) isbounded, there existEandB such that Bt E [Zl, P].If Bt 2 O, then g ) 1 > O.

If Bt < O, then ,4t < e. We denote the lower bound ofn by n > O and the lower bound ofC by n > O.

Then, we have

                 infg=i+ inii {IL' 2i+ inlii. )i+ .ax {gE- -B, z} > o･

Therefore, ut/vt is always bounded away from zero. We denote {he lower bound of ut/vt by S > O.

  By a syinmetric argument, vtlut is also bounded away from zero. It iinplies that ut/vt is bounded

above. We denote the upper bound of ut/vt by B < oo.

  We define T by

  .fi( z ) .. ( {ti ) + ( eXP{-S(io- "b'(X'))} i-i-exp{-tt-Bp -iii (x')]} ) ( Z )

'Ihen, Tt satisfies

                                 T,(Z)sT(Z)･

The inequality shows that inequality holds fbr each element of the vector. Since T is a monotonically

increasing contraction mapping from R2 to itself, it has a unique fixed point. We denote a fixed point ofa

contraction mapping T by U (T). Then, u (Tt) S o (T).

  Denote aprejection onto v axis by SU[･] and a projection onto u axis by "[･]. If vt 2 M jo (=i=)],then

fbr any T }l t, v. < M [=i=vt] holds. ff vt sll M [U (T)], then for any r }l t, v. < SU [v- (=i=)]. Similarly, If

ut ;) £t [a (tri )], then for any 7 }l t, u. < " [=i=ut] holds. If ut s{ " [a (T)], then fbr any T 2 t, u. <

" [a (T)]. Then, (u, v) has an upper bound (max {M I=i=vo] , M [o (T)]}, ma[)c {" [=i=vo] ," [vm (=i=)]}).

  On the other hand, ve ) O and Ttvt is a mapping from R++ to R++. Thus, vt has O as a lower bound.

The same holds fbr u. Therefbre, {(ut, vt)} P..o is bounded. B
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                                     7. ExAMpLES

  Our matehing market model is open-ended. We do not consider other mechanisms working outside.

Even wage determination process is external. Tlterefbre, the model is applicable to either state of equllib-

rium or disequilibrium. The results obtained so fari especially in Section 4 and 5, provide a guideline how

the trajectory look like. However, it does not give an idea about the actual shape of the path. in this section,

I'd 1ike to provide somae examples for typical infiow patterns.

  Figure 13 illustrates some examples when the condition of Theorem 1, :fi･.-.oi nilS uz £Z･=-oi gi/T,

holds. figure l3 (a) shows the trajectory in the case that the infiow ofjob vacancies is constant at n = 1

and the infiow ofjob-seekers fiuctuates to satisfy 6 = 1 ÷ sint. All figures assume that the labour market

opens with a time frequency ofO.2. In (b), infiows have the same frequency and ampiitude: n == 1 + cost

and 4 == 1 + sint. (c) is the case in which infiows of vacancies andjob-seekers are symmetric, i.e. the

condition in Theorem 2 dnldt l O e dg/dt ; O is satisfied. (d) is the case when there is a di£ference in

frequency between the infiows. Such difference in ftequency makes the trajectory to circulate gradually.

(e) is the case wheR the frequency of infiows are increased compared to (d). (D is the case when the inflow

is not a simple harmonic motion but show a complex oscillation. The vacancy infiow is fixed at n = 2 and

thejob-se6kers infiow follows 6 = 2 + sin(2t) + sin(3t).

  Ngure 14 shows the cases when the infiows are not balanced. Figure 14 (a) shows the case when the
condition X,S･=-oi nilS 2 El;-oki/T in Theorem 3 holds. As it predicts, v diverges and u converges to

a periodic cycle. Similarly, Kgure 14 (b) shows the case that the condition X,S･---oi ni/S s £:..inoi &/T

holds. u diverges and v converges to a periodic cycle.

                                 8. BEVERIDGE CURVE

  Finally, we wi11 provide more fOrmal illustration of Section 3. It confirms the common understanding

that Beveridge curve is a collection of fixed points. As a special case of Theorem 1, we have the fbllowing

result.

Corollary 4. Suppose that nt = gt = k hoLclsforanyperiodt witere k > O is a constant. Cbnsicier two
sequences {(ui, vi)},O･Ome and {(u;･, v;･)},O･O--o such that (uo, vo) # (u'o, v6) and vo - uo == v6 - u'o. Ihen,

rwo sequences converges to the same.lixedpoint on the uv plane.

Pivoji PutS =T=lin Theorem l. :
   Ehe corollary says that any two trajectories beginning from ditferent points on the same isoinfiux 1ine

converges to the same point on the isoinfiux line if infiows are constant. Thus, we can well-define the

Beveridge curve as follows.

Definitien 1. The Bevericige curve B(k) is a set of fixed points in the uv plane to which the trajectory ffom

any initial pointconyerges when nt == gt = k for all t.

Proposit.ioii 5. rlhe Beveritige curve is continuous and strictly convex to the origin.

Pir)qfThe Beveridge curve is a set of fixed points of a mapping
Tv == k + [1 - b(v, K)l v on u = v - K for any K E R, where b(･, ･) is the matehing ratio of vacancies

and b. > O and bK < O. At the fixed point (a, U),

(26) e=k+ Il-b(v-, fi-ti)] v"
holds. From the implicit frEnction theorem, U = ti(ij) is a continuous function and satisfies

                               ElftL ., b+(bv+bK)U<o

                               dv-                                            bl<U

                              d2a b
                              dv-2 "" -bKv-2>O'

The Beveridge curve is a decreasing and convex function. 'Iherefore, the Beveridge curve is strictly convex

  The fOllowing proposition says k can be interpreted as a shift parameter of the Beveridge curve B(k).
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         FIGuRl]. 13. Examples of trajectories when the infiows are balance(}
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Prepesition 6. When k' 7tl k", B(k') fi B(k") : ¢. JFberthermone) the higher k the Beveri`ige curve B(k)

has the more upper-loj} it is located in the uvplane.

Pjvqfi Applying the implicit function theorem on 26, we have

                               dv- 1
                               Mt=-b+v(bi+b2)>O

for any fixed le. 'Iberefore, on the same isoinflux 1ine, the Beveridge curves with different k do not share a

point and theBeveridge curve with higherkhas higherVon the isoinfiux line. D

  Beveridge curves B(k) that haye different value of h does not cross. Note that the Beveridge curve

shifts out if we have more infiows.

  Fbr the Beveridge curve not to degenerate, maJc£nt - lil 6t $ min]I£nt - £gt is necessary If

lmax{£nt - Z) gt}- rnin{: nt - X6t}l - O, then the path converges to an isoinfiux 1ine, which
means the path converges to the intersection point of the isoinfiux 1ine and the Beveridge curve. I{ means

thatastheaMplitudeoftheinfiowcycleconvergestozero,thefrequencythatthelabourmarketopensmust
increase to infinite.

                                    9. CONcLUsloN

  In this papeg we studied a matching process which arises when there is a cost to collect information

about agents iR the labour market. We found that its implication is consistent with data in many ways

including the behaviour on the uv plane. The main reason that the behaviour on the uv plane becomes not

so trivial is that the it plots two stock variables. It is considered that wage rate under the existence ofiabour

marlcet friction becomes a function of the uv ratio. Since a shock does not refiect iiimiediately to the uv

ratio, wage rate responds slowly. It deteriorates the adjustment power of wage rate between inbalance of

labour supply and demand.

  The actual matching process may contain more ftictions than the simple information asymmetry pro-

posed in Section 2. The matching ratio ofjob-seekers in 2000 was 6.25% and the matching ratio of vacan-

cies was 10.13% in Japan.9 These numbers do not change drastically irrespective of the phase of business

cycles. Thqy look much lower than our matching model predicts. It may simply refiect the fact that the

interval between matching sessions is too long. Og it may be because of other factors which belong to the

behavioural pattern of marlcet participants. The average matching ratio of a maniage br6ker is also more

or less 10%. Brokers can theoretically attain coirrplete matching by screening and they do adopt meeting

after screening as a major mediation method. Even so, the matching ratio is as low as 10%. The last case

suggests that people think important the way to be matched, at least in certain matching processes.

                  APPENDIX. RATIONALE OF THE ADVERTISEMENT PROCESS

  Note that communication necessary here is only mutual revelation of agent's own properties. It is only

a bundle of "advertisement" of the self properties in opposite directions. The psoperties may be a result of

bilateral negotiation, but we can safely abstract it as though it is found on encounter if the advertisement

includes suracient information.iO The advertisement does not necessarily have to be rnade independently in

pairs. Only fequirement is that adverdsement becomes bilateral between agents who are searching before

maichingismade.Vatiousmeasuresofadvertisementwithvariousscopeareayallable,withdi£ferentcosts.
A personnel section chief may invite his friend engineer to a newjob opened in his company while talking

in a pub. Advertisement cost is almost negligible in this case (rnaybe a pint of beer), but the scope of

advertisement is minimal. Unless the personnel section chief chances to know an appropriate person in

advance, he would rather choose media of broader scope, probably paying additional cosg because such

personal contact with unknown people sums up to huge amount of cost. Howeveg by the economy of

scale, there are efucient media whose scope is suMciently wide and whose cost is suthciently low such

as newspaper ads andjob-placementjournals. [[b abstract the difurence of prior knowledge of matehing

candidates, we assume that no agents haye personal connection. In addition, we assume that there are only

9'Ilie source of tiie data is the recor(1 of #}e Public Employment Securit}g Ot'tlce excluding new school graduates.

10When the receiver ol' advertisement olr)serves its conieiu, lie cnn cor]'ectly expec{ the ottl,coine ol' negotiation as he knows the

cliaracterlsli¢softheaclve{'tiserandalsol}iinseltl
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"IZABLE 1. Advertisementstrategy

F'irm

Advertise NoAdvertise
Worker Advertise (S)/iv'czu,S)S-r;f) (g)[X-c.,s)',;)

NoAdverh'se (szz.,s")g･-cf) (li,o)

two types of advertisement media ayailable, the one whose scope covers all searching agents with low cost

and the other whose scope is minimal with no cost, simply contacting one of candidates already known.

  Now; wotkers and firms each have two choices, to advertise or not to advertise, which is shown in

Thble 1. 0nly representative worker and firm are written in the mauix. Corresponding to the state who

advertises, the different matching process arises. If both worlcers and ims do not advertise, then no

one can find candidates. No production occurs, no profits in the hand of fums, wotkers only receMng

unemployment benefit B ) O. We assume that no cost is needed to keep ajob vacancy. If both wotkers

and firrns advertise, we obtain a stable matching as an outeome. If only one side advertises, advertisers set

deadline and wait for application from readers of the advertisement. If only some of each group advertise,

then the same procedure occurs. The expected monetary utility obtained when entered in the matehing

marlcet which arises for a particular combination of Advertise and No Advertise is denoted by 9's in the

table. Expected utility ofa worker is denoted by a subscript w and that ofa im by f. When both advertise,

the arising matching is a stable matching and its expected utility is denoted by superscript s. wnen only

one side advertises, the matching process becomes such that readers of adyertisement which advertisers

makerespondtoit.Theexpectedutilityofanadvertiserisdenotedbysuperscriptaandthatofareaderby
superscript r. The cost of advertisement is c. 2 e fbr a wotker and cf ) e fbr a firm.

  Consider next the case that both wotkers and ims advertise. Firms know all wotkers and their profiles,

and the same holds to wotkers. TherefCre, the search process is undertaken under perfect information,

which implies that the outcome is one of stable matchings.

  In general, when there are multiple stable matchings, there is at least aR agent who has incentive to

misrepresent his/her preference to obtain a better matehing. Howeveg Roth (1984) showed that a stable

matehing obtained by misrepresented preferences is also stable under true preferences. Therefbre, the pos-

sibility of misrepresentation would not interfere the presumption that the expected outcome is stable. We

denote by std the expected discounted value of future wotker's utility measured by money when Matched

through the stable matching process. Similarly, that of a firm is denoted by 9;. Advertisement cost fbr a

worker is c. and that for a firm is cf. Then, the payoff is S)a - c. for the workor and S)} - cf for the firm.

The results by Dagsvik (2000) and Ybkota (2001) suggest that a stable matching process asymptotically

matehes aft agents in the smaller group. In addition, the utility of each agent after matehing process is

highestamongfaasiblemates.AgentAisfaasibleforBifallagentsrankedhigherthanBbyArejectsA.
Therefore, 9a and 9; are higher than other st's in the matrix.

  In the offLdiagonal elemen{s of the matrix, only one group advertises. The advertisers do not haye any

information about the advertisement readers, whereas the readers do obtain information about the adver-

tisers through the advertisement. If one of the readers wants to make a pair with one of the advertisers,

he must "visit" the advertiser.ii If he does nog nothing happens. The "visit" is a type of advertisement

with minimal scope and we assume that the readers can do it with minimal cost (1ike that personnel chief

in the pub). 'Ihis is sufucient fOr readers since they already know that the advertiser is seeking for a part-

ner: After the advertisement, the matching process canies on as fOllows. Advertisement readers decide to

which advertisers they qpply. 'Iltqy apply to an advertiser who they think best. After application, selection

procedure begins which binds the applicant and prevents him from joining selection procedures of other

advertisers. Advenisers select the most preferable candidate from the applicants and form a pair with him.

Therestisrejectedandgoestofindanewadvertisement.Inthismatchingprocess,anadvertisementreader
will apply to only one firm, since he cannotjoin multtple selection procedures that subsequently fo11ow.

The assumption that the selection procedure does not allow an applicant tojoin other selection procedures

1lrlhe reader neec] not physieally xrisit the advertiser. I{ewever, he nee(ls to sh()w Iiis will to be matched with the advertiser c'uul also

his prefile which is necess2uy t]or sele.ction. In n'iaiiy cases, the require(l protlles include nonverbal lractoi's which camiQt be writt,en

(lownonaresuine.1[hereaderwou'Ldhavetobeintet'sii'ewedatleastbeforetinalselection.
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may be too strong. Even though the nuraber is limited, an applicant can, and will,join different selection

procedures in realityl taking into account the risk of rejection. In this case, an applicant wil1 be qpproved

frdm multiple advertisers, some ranking him top, others keeping him as a substitute candidate. Then, the

final stage of the selection becomes a varian£ of stable matching problem where the list of preference order
of each agent is truncated. Tlae length of the preference list is restricted by the physical condition that

how many selection procedures an agent can join in simultaneously. Tb do so, there must exist multiple

selection procedures proceeding whose expiration date is almost the same, above all. This condition is

easily satisfied fbr a matching market of newly graduating wotkforce, but may not hold for other matehing

processes. Given that there exist suthcient number of selection opportunities, the upper limit of multiple

attendance is determined by various conditions such as the occupying time in a day and the frequency of

each selection stage, transportation cosg and the advertiser's policy whether he gives priortty to confrenting

his competitors or he gives precedence to candidates' welfate by giving insurance against risk. The upper

lmit is physically predetermined by these conditions. It does not increase when the market size grows. in

general, when only one group advertises and attendance to other selection procedu!es is not allowed, the

matehing does not reach to complete !natching. Utility of an applicant conditional upon match is the same

as the case of stable matching process since both obtain the highest feasible mate. Utility of an advertiser

conditional upon match is lower than or equal to the stable matching process. In the unidirectional adver-

tisement process, readers who are feasible in the stable matching process may not visi£ the advertisen A
reader who are not feasible in the stable matching process will not visit the advertiser again in the unidi-

rectional advertisement. AnywaM the utility ofan agentconditional upon rnatch is lower than or equal to

the case of stable matching process. Because of lower possibility to match, the expected utility that can

be obtained through the unidirectional adverdsement process is generally lower than the stable matehing

process. The possibllity to attend multiple seiection procedures enhances its expected uulity, but stt11 does

not change the property of incomplete matching. I]herefore, the superiority of the stable matehing process

    '                      '                'isimmutable. '
  We wrtte the expectedutility measured by money ofan advertiser by st,a･ (i == w, f). wuen the advertiser

is a wotker, it is sta and when it is a fum, we write stf. Similarly, we denote by stY･ (i = w, f) the expected

utility o£ an advertisement reader measured by money. Then, the advantage of a stable matching process is
expressed by the conditions fl;･ > 9g･ and stg･ > st?･. An advertiser must pay advertisement cost, ctu if he

is a worlcer, cf if he is a firm. An advertisement reader does not have to pay any cost. In the unidirectional

advertisement process, how accurately advertisement media can transmit necessary information plays a

cri{ical role. Necessary infOrmation fOr a worker to choose ajob would be: kind of work he is going

to engage in, speciality thejob requires, wage rate, fringe benefit, working hours, so on. All of these

can be written down in the advertisement. Contrarily, many properties a firm wants to know about a

particular worker belong to nonverbal factors. Especia!ly, when thejob is a moderately general wotk, the

measure to evaluate a wotker's ability beloRgs to tacit knowing (Polanyi (1958)).i2 TherefOre, if wotkers

are advertisers and firms are readers, there is a huge risk on the side of firms that the top-ranked wotker

evaluated through the advertised infbrmation was not actually so good. Taking into account this errog we

expec{ st7 <K st;. There is no such big error for workers, so stZ < 9a but their di£ference is not so big

as the case of firms. Ratheg since additional information of wotkers via advertisement is not much use for

firms,weexpectstZ'=stS.Theasymmetryofrequiredinformationbetweenworkersandfimsalsobrings
asymmetry in cost structure. A fimi only need publicise objectiye data of thejob if ir wants to advertise. In

addition, many properties about a firm are aiready known to people through everyday production activities.

It will save the cost ofjob advertisement for a firm. However, a wor]rer must promulgate various supporting

evidences which hint his property. If workers advertise, they are forced to make exertions to distinguish

120nce,lhaveengagedinrec!Mitingnewgi"nduatesloajob,wliichrequiresfiexibilityimdadaptationtonewsiluations,severaltinies.

'{k)c"11ec{inlk>iinationabou{s{uclentswiilcliwouldbeuse<llates-i{}t]iese'Sectlenprocess,weca'iledinterestedstudents{oanint'onnal

ineeting. tu}G proinpted theii't to (liscuss vtu'}otis probleTns wliich loosely relate to the.iol>, while giving. ilillorination aboul thejeb to

lhe sledents. Ainout ten colleagues were observing the meetins, in{lependently, sometimes motivntins students. Afier the session, wc

evaluate(1 an{l rtinked students t't'o]}i the spiew point of aptitu(Je fot' thejob. With a few excepiioRs of students ranked at bol{{>]n, the

rank}ng:tniazinglycoincidedtunongcolleagtte$witiioutknowingTs,h.v",erankeclstuden{.sinthat,way.Theewiluationcouldbeshared

only by the colleagues who attende{l. If we wei'e Rsked to show the output of' {he session, aien "'e ceuld Qnly show the ixmklng ot"

studenis as an ob.iec{ive result. Wt) i}As,ht has;e been able to provide additional conin)ents abou£ eac]] sTuclent, but they would have

renia}tied onl}i supporting evidemces.
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themselves from others. The cost of advertisement for a worker tends to be high. Therefore, we expect to

haye the relations st; - cf > st? and sta - c. < stZ. We assume that the advertisementcost ofa firm is

not so high that it exceeds the benefit which is obtained from advertlsement: cf < st;. Thus, st; - cf > O.

Then, the unique outeome of 'Ihble 1 is that firms advertise and wonkers do not advertise.
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