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Supplement I to the paper “Asymptotic cumulants of ability
estimators using fallible item parameters”
— Proofs, partial derivatives and tables

Haruhiko Ogasawara

This supplement includes Subsections A.2 to A.5 of the appendix of
Ogasawara (2013) and additional Tables A1 to A4.
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A.3 Asymptotic cumulants of 0 : Proofs of Theorems 1,2 and 3

Define Er, () similarly to Emo () under p.m.m., where the true

marginal multinomial distribution for 2" response patterns is employed for the
expectation associated with item calibration. Denote the two-fold expectation
ETGO {ETao ()} by E1() for simplicity. The notation like (/E)' (1) is for
ease of finding correspondence.

(a) Proof of Theorem 1 under Condition A:
N=0(n)(c=n/N=0(Q))
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Recall W= ”11/2(9 —0,) . Then, from (2.10) the following results are

obtained and give Theorem 1.
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0 _ p(0) -1 .
Define A1 =0+ 190 Mg, . Then, the constant term with no

expectations in [-] s
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- A
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(b) Proof of Theorem 2 under Condition B: N = O(nm)
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where ﬂ1 (0) = nETeo{(Y(Z) 'léi) op(,,—l)} _)“9_017760 (ﬁ—l(A) =0)
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Ko (W) =71 {(quo()"%”))z} ks {(q(o1 a()N-”Z )} +nEqq {(q(oio()n—l))z
R G, 0 B 400

B A LIS, o B + 06

0
Eﬂz(())‘i‘n_lmﬁ_}f?)‘*‘n_l (O)+O(n—3/2)
= B +n % Y + 0 B + O,

Q) _ 32 (H7(AD)
where Pnz” =7 ET%[{(J/% 190 ) }0 (N'l)

ﬂ_z = ,32(0) (the order 0(7’2

n {(q(oitz)nq/zN-l/z ) )Op (5 }2 ).

b =0(1)>0 gpq

K (w)=[ n3/2[ {ETeo {(q(olo()n—uz )3}}0(,{2)
3B, {0 (o)) 0 oy Hop, =307 BT 1m0
— —1/2 (O) +O(n—1)

/33(0) (,B(A) 0) (the order 0(77_1) rather than 0(7’2_3/2)

where ,33

. . 3/2 -5/2 n(0) B (A
the residual is due to 7~ (=3n .81( )ﬁéz )) and
2 _(20)

3n3/2ET{(q(Olpa()N 12y ) qo o~ 1)}
Denote temporarily the expressions ‘]g)() by q(') Then,
Kk,(w)=r’[ Er{(¢™)* +6(¢")(¢") +(¢"")" +4(¢") ¢

+6(4")" (4"’ +4(¢") ¢}

?) ratherthan O(n™>) of the residual is due to

of

_3n—2(ﬁ2(0) )2 _S/ZﬁZ(O)ﬁ(A) 6n—3ﬁ2(0)ﬁé02) _ 3n_3(5}f§))2

47’1_3 1(0)* 0) 6n—3ﬁ(0)(ﬁ(0)*) ]O(n_3)+0(n—3/2)
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= [ [[Br{@™)] | +4[Bc (6" g ™)
6Ey, (4" (@™}, +6n BB +3n” (B
S4{E; (@Y =3 (B0 =6m BB

_3n—3 (ﬂ—h(zA) )2 _ 6n—3ﬁ2(0)ﬁé02) _ 4n—3ﬁ1(0)* 3(())
—onBP(BYY 1 1 0™

B) Mowm™

=B+ 0",

. 0 A
where the sum of the underscored terms is zero, and ﬂ4 ﬂi ) (B BY = ).

(¢) Proof of Theorem 3 under Condition C: NV = 0(7’12)
(Z“** =n*/N = o))

From (2.12), the following results giving Theorem 3 are obtained.
K 9) = 1B (g2, ) = 07 25 g ) g} + 00T

_ 2) 14(2) 1241 312
=1 [Erg {(75, 'L, O(n‘l)}]oor‘)_n Agy Mg, +O(n"7)

— n—1/2 (0) +0(n—3/2)

where By =B = nET%{(ym 1) 0, (,,—1)} 7790 (B> =0).

0

1, (W) = nE1{(gg) ) )} + 1B (g )
240 ) (0 1y + g )b =1 (BT +O(n™)
= B0+ 17 B + B, {515, ")} ) ]+ O
=B 417 By + B {085, ") Yo v Mooy +O7)
=B+ 07 (B + By +0(n™)
=" +n (B +€ B )+ O(n™),
where IBI-(IA) = anTuo[{(V(gi)léfl)) }OP(N‘I)] = -C_**ﬁl(fz) >0, Ez = 2(0),
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0 A 0
.B .B o ﬁ( ) }(12) , and the underscored term after taking the

expectation leaves only the quantity associated with )BHz

K'3(W) = [ 1’23/2[ {ET {(qgj(n—1/2))3}}0(n—z)
+3ET{(q(ol)(n‘l/z))zq(;)(n_l)}}O(n_z —3n2 B B loorin, +0(n™?)
=n""BP + 0™,

where ET{'}:ETeO{‘} and ,33 /33(0) (ﬂ(A) 0).

Using simple notations like ¢ “
Kk, (W) =n'[Er{(¢")" +4(¢")q (2)+6(q(1))2(q(2))2+4(q(”)36](3)}
S0 (BPOY —4n” BB —6n” BV (B + B
6B s, +0(1)
=7 [Brg, (6"}, +4[Eq, (@Y™},
+6[Eqy, (") (¢")}] |
o)
+4[Er, (4" | =307 () —4n” B B
0 —3)
6 BB + B) ~6n" BB 1 1, +O017)
(O)+O(n'2)

(%)

-3 (0) 3(A)
+6n="B," By,

. 0 A
where the sum of the underscored terms is zero, and ﬂ4 ﬁi ) (ﬂ BN = =0),

A.4 Asymptotic cumulants of the studentized O : Proof of Theorem 4
under Condition A: N =0(n) (¢ =n/N =0(1))

Define the asymptotic cumulants E,k (k =1,..., 4) and the higher-order

asymptotic variance Bz with the associated quantities for ¢, which are
independent of », in the following equations.
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k(0 =0 P By () ) = 201, By )} O )

-1
Op(n

— n—l/Z {ﬁ_l _2—11/2 + ET (nq(l) b(l) _1/2))} + O(n—3/2)

~1/2
0,(n""7) " 0p(n

_ 1250 p-12 (10) (10)
=n {:Bl 21 + ETBO (nqop(n—l/z)bop(n~1/2))

+ EETHO (”q(m -1 B )} + O(n_m)

0,(N"")0, (N2
n—uz(ﬂ—1 —2—]1/2 n Bl(m) n El(m)) " O(n_m)
n—l/z(ﬁ“1 ‘2—[1/2 " ﬂ1<x0) " Eﬁl(m) + O™
n—uzgtl +On™?)
_ n—vz(ﬁ—1 —2—11/2 n ﬂl(m)) " N—1/2E1/2ﬁl(m) " O(n_m ),

24-1. @-l2 . . . 1273 A-12
where the term —# 19 Up) 1821 is included in 72 ,81 2
0 0

1l

11

7 S m-le
Let By =DBu+2 05,55 . Then,

K, (l‘) = ET {”(q(olj(n—l/z))z }B_z_Il + nET [ {(l‘ézp)(n’l))2

2 2+ 1 Wg ~ B +00)

Op (n—l/z Op (n—l Op (n—3/2
_ R R-! (2) 2 @ . 2 (3 R-1
- ﬂZIBZI + n[ET {(qop(n*l)) + 2q01,(n'1/2)(q0p(n_1) + qop(n—3/2))}ﬂ2[
= a* A =1/2N\2 — ¥ Y —
-n (B, B,") ]O(n_z) +0(n™?) (recall that B, = B, +2,901n90)

(10) (10) 2 (10) (10 0y 712
+n (L) ET@o {(qop(n’m)bap(rfm)) + 2q0p(”_1/2)b0p (n-uz)qop(n—l) 27

+ ET {(q(lo) b(ll) )2 + (q(ll) b(lO) ))2

Op(n—1/2) OP(N‘”Z) OP(N—l/Z) 0, (w2

a0y paoy _(n an
+ 4q0p(n—1/2 )bop (n—l/Z )qop (N—I/Z )bOP(N—1/2)

+ 2( (q(lo) b(ll) (11 b(lO) ))q(Zl)

- a2y T - ~ 12—
0,0 0, (N2 qOP(N 12y% (n12) 4o, (n2n12)

(10) (10) (22) (11) (11) (20) n-12
90,000, 0, 00 T 9o, (v 00, (v o, ) Par

11 1n 2 11 11 (22) Q-2
+Eq,, 1(q by vny)” 29 b }

Op(N—IIZ) OP(N—I/Z OF(N—UZ) OP(NAl/z)qOP(N‘l) 27
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+2ET9° {(Q(Olpo()”_l/z)) bgo()n'llz)}’B2 = + 2ETu0 {(q(ol 1()N-I/Z)) bgl()N—l/Z)}:B_l/2
2B {007 n )RS L VB + 2B {2407 n g )

Op(n‘llz O (n—l) O (n —1/2)q0 (N~l/2) O ( ~1/2N~1/2)

+ (q(IO) ) b(zz) + (q(ll) ) b(zo) L },B_l/z

0,7 o, T Mo,
2 (B + BB
—1 le 0 aBZI 2/ 1 + N~ 1.82 i aﬁZ[ A ]
2 06, % T 2 da,
+2ET0 (q(w) pRO  pU0) ) )B—1/2

0,70, (n") 0,(n
10 21 11 22 10
+2E {q( )‘1/2 (6]( ) b( ) (22) b( ) )

O (n—1/2N—1/2) 0 (N—I/Z) qo (N‘l) 0 (n—l/Z)

an (10 (20 paD —_12
+ qO (N2 (qO (n'mN'm)bo (nV2) qO (n'l) 0,(N" 12y )}ﬁ

+2ET.10 (q(ll) (22) bél 1()N_1/2 )B n-12 27/1—12“9 779

0, (N-“Z)qo (N7

10 10 11 11 n-1/2
X {ETHO (q(o ()n I/Z)bé ()n 1/2 )+ ETao (q(o ()N 1/2)bc() ()N 1/2 )}ﬁ (])
A)o(n™?)

n_l(ﬂﬂ) +n_1(ﬂ1 _1/2) +O(7’l—2)

= BBs; +17 BuuBy) + 107 BN +O(n7)
= ﬁz + n—lﬂer +0(n?)
= ﬂtZ +n ﬁtHZ + O(n_z)

where 7 BV =n [ 1=-n"'(B) +n (BB, )
(A) (A) ’

K3(f) = n3/2[ {ET {(t(ol)(n-m )3 + 3(t(01)(n‘”2 ) tg)(n_l)}}o(”‘z)

- 3n_2ﬁt1ﬁ12 ]O(n-l/z) + O(Vl 3/2)
— n3/2 [ET{(q(Olp)(n—I/Z))3 + 3(qg:(n_1/z )2 q(oz)( ) } 3}’1—2[31 ﬁZ]O(n‘z) R 32
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note that B, = f3, + 4, 1779 and
2-12 —1/2 (t0) , p(tA) 2-12
ﬂ ﬁ11+ neo 21 :31 +B7 + By +)~ y Mo, Par

-1/
— ,Bl 12 +ﬂ1(t0) + ﬁl(tA)

3/2 10 10 n-1 -2 (DI}
+n [3ET90 {(q(op()nﬁl/z)) bé ()n-l/z) _3n ﬂl(t )ﬂﬂ]o(n-z)

+n3/2[9ET {(q(IO) ) )2 (11) B

0,(n qo (N—I/Z) 0, (N2
11 2 (10 10
+ (q(opsN-m)) q(o ()n—-l/2) é ()n—l/z)},B
11 37(11 250N 7 =32
+3ETu0{(q(O ()N—l/z)) bép()N—uz)}ﬂzz —3n :Bl(t ):Bx2 ]O(,,~2) +0(n™")

_1/2(ﬂ3 n-3/2 ﬁ(IO) + E;IA))+O(H—3/2)
n—l/Zﬁt3 ++0(n 3/2)

III

I

KO = LB, 0 =3 BB + 400 100
1 2 2 !
+6(t(0p)(n_1/2)) (r(()p)n_l)) +4(ZL( )< -12y ) t<3)( 32 }}O( 3

_4n_3B—tjﬂ_tS _672_35:2511{2 _6n_3[3t2(ﬂ11) ] o) +O(n_2)
(note that 'Bt3 ﬂ3 ”3/2 + 183(’0) + ﬂ(m) and ﬂtHZ :BH2ﬁ i ,B(tOA))

=1 [{Er{(gy) un))" =307 Bs +4(qy) o)) 0
ST/ L G R Ca D 7 T § S
—4n7 BB, 6n B, By, - 6n‘3B;<E;‘>2 Joos, Bat +O(™)
411" [ g, t(dg,0,10))" B, Bai”” + 6o, )' By, B

0,(n 0,(n™"?) 0,(n 0,(n

+ 12(q(10) ) b(IO) (200 =32

Op(n'l/z) 0, (n-uz)qo (P21
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R

BO%E 64 W2 - 3%

+4(g80) )"

-1/2
O,(n

n-32 A n-32 Aap
(20) -1 Far aﬁZI -1 -1 ﬁz[ aﬁzz -1 7 -3/2
bo oy T 5 _80 /’Lgoneo+N T 5g Nt B

P 0 uo

+ 4(q(10) )3(q(20) _n—l%—olngo X F-32 )

Op(n-uz) Op(n—l) Op(n—llz) 27

X

+ET (i) 16(q(10)n_1/2))3q(11) pI» =372

0,( 0, (N2 0, (NV2yP21

-3/
+24(q51 0 Gy i) ) (B0 ) By )BT

-1/2 q -1/2 ~1/2
Op(n™"7) 20, (N7'7) O, (N

) 3 (10) (10) a-3/2
+
1 6(q0p(N‘”2 )) qop(n—l/z )bop(n-m) 27

(10) 4,711 2 31 an 4,7(10) 2 -1
+6(q0p(n-1/2)) (bOP(N_m)) ﬂﬂ +6(q0p(N-1/2)) (bOp(n_m)) ﬁu

(10) 2, (11) 2 ¢/ 1.(10) 2 an 24 A-1
+36(q0p(n_1/z)) (qOF(N—uz)) {(bop(n‘l/z)) +(b0p(N'”2)) }ﬁz[

+24q(10) (11) "1/2){(q(10) ))2 + (q(ll) )Z}Zb(l()) b(ll) i,

Op(n"l/z)qOP(N 0,(n™"? 0,(N7"?) 0,(n"*) 0, (N %)
(10) 3,7.(10) (22) 11 21 2302
+12(q0p(n—1/2)) (b0p<n—1/z)q0p(N-1) + bop(N-uz)qop(n—mN-l/z)),sz

an 3,711 (20) 10) 21 32
+12(q0p(N-1/2)) (bop(N'm)qu(n‘l) + bop(n‘”z)qop(n‘”zN'Uz))’321

(10) (11) (10) (10) (21
+3 6q0p(n-1/2 )C]Op (N2 (qop (712 )bOp (n12 )C]OP (nV2N12y

(11) 1n (21
+ qop(NA/z )bOP (N41/2 )qop(n—l/zN—l/z)

(10) (11) (22) (11) (10) (20)
+ qop(n-l/z) Op(N’m)qu(N'l) + qOP(N-uz)bop(n-l/z)qop(n-l))ﬂ

+4(q<10) ))4b(22) B2 o 4(6](11) )4b(20) =32

-1/2 -1 -1/2 -1
0,(n 0,(N"HIF21 0,(N7?) 0,(nH"21

-3/2
21

+16q(10) (11) {(q(xo) )z n (q(n) )z}b(m) 312

Op(nfl/l)qop(N%/Z) Op(n—I/Z) OF(N—I/Z) Op(n-l/ZNAl/Z) 27

Op(n—l/z)qOP(Nﬂ/Z) 0, (n™ Op(N—l)

+24(q(10) (11) )2 ( b(ZO) + b(22)

+n—1 [32_13/2 aﬁz[ /'L—l 6, +N—1 32—13/2 aﬁz[ A—l n-3/2

2 o0, " Da, ' ol | P21
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+4((](10) )3((](22) 500 +q(z1) B » )ﬁ-z/z

Op(n—l/Z) O (N~ ) O (n —1/2) O (n —1/2N—1/2) O (N

+4(q(11) " ) (q(zo) BV +(](21) p(O o )ﬂ—s/z

OP(NV O ()1‘}) O (N—I/Z O (n —1/2N~1/2) O (

(10) (11) (20) (22) -19- (11)
+12(q0p(n4/2)) qop(N*‘”){(qu(n*) 9o, <N‘1> —7 ’190 (o )bo ()
21 n-3/2
+ 6](() () —1/2N—1/2) 0 (n—1/2 },B

+12(q(11) )2 (10) {(q(zo) (22) n—l%—o neo)b(m)

OP(N—1/2 qo (n—l/z) Op(n_l) qo (N_l) Io) (N—X/Z)
(21) (11) n-3/2
+ qO ( —1/2N—1/2)b0 (N—I/Z }ﬂ (é)

+ETao {4(q(11) ) b(ll) —3/2 +6(q(ll) ) ) (b(ll()N_l/z )2 ﬁ_z—ll

0,(N7")7 To, (N7 0,(NT2) o)
+120g5 00 V08 5 B
+4(q(011()1v‘”2 )4
332 5 n-32 Al
X b((i)zz()N’ b +n 221 692[ ) 7790 +N” %I_%A;; a _2_13/2
0

+ 4(61(01 1() N2 )3(‘](022(),\,— 1 lieo er)bé”() N2y 2_13/2 }
A (B + BB + BB (B + B)
6 BB,
—6n{(B"" + BB,
+ B BB+ BB, ] +0(n™?)

Ao
=n"'(B.By7 + B)+0(n™)
=n" ,8,4 +0(n™).
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A.5 Partial derivatives

A.5.1 Partial derivatives associated with the non-studentized € under
m.m.

Note that under mm. Tk(k =1,...,7) are assumed to be not functions of
0. . Define

I, (0,0)) =n" Y {U,log B, + (1-U,)0,}
k=1

A
W1 = y O = 31 T

1) Yo

o ay<‘>_ Oy 0% ., 0 %1,

Ve, - == “)“90 “)*90 ETeO 2
oa, oa, ou, Ja, 00,

2
- _ OP,
9"6 WZZM ( JJ“_
k
P,

k=1 P(Q)

2
b 2 [ OP, 1 8° OP,
=g, 1 DIPIRH F(”—kj :
k

k=1 P(Q) 00, P2 892 5(1_0

P? 00, 06,00, P, 0620

2 0P, o°P, 1ap}

2

where 1%) indicates the sum of two terms replacing P by Q with other

summations, shown later, defined similarly. Note that under c.m.s., the above
result becomes

2
e s|l2fony _1onlen 2o o
v S| | B oe, P, 90; | 6w, B, 06, 06,00,

On the other hand, since P, (k=1,..,n) under c.m.s. are functions of @,



Supplement I to the paper *Asymptotic cumulants of ability estimators using fallble item parameters” ~ Proofs, partial derivatives and tables 119

04y,

-2 —2 —1 C I el 2
%, da, & du, ;%{ (aa)}

s i aP 2 oP, &P,
“ 8a0 ~ P? 06, 06,00, |

which is different from the former result under m.m.

<2>
(aa1) azyé;) =2 _3[816"} + 272 0%,

6y (a O)<2> aao By (aa0)<2>
6/1 <2>
:_219‘03( f’°j
ou,
2 2 <2>
Y b, o), 2R |(on
o “ptles,) P oo [\ oa,
4asz o 0P _1i6P® &P,
"8, 8(10 6908(10 2 L dg, 9020,

NEIEA ‘1| @p
P loo,) P’ o6 [(fay)”

2 |( o T op &P 1 &P,
- + +— :
P2\ 26,00, | 36, 06,(00,)” [ P, 067 (0a,)”

o, _Oh, _ 0N 22: U, of
86,00, Ooa, S F P, 06,
(@,1-U)

n 2 2
N D A LR S Wil |
P2 06, 0a, P, 00,00,
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(AABT) 831_90 S & 2 aP 8Pk h
190 : 2 N Z Uiy o5
06,(0a,) rerlirr P, 6(9 oa,
2 2 2 3
_—1? zapk@ oL +8F;c 6Pk<2> +_1' aPk<2> >
P \%'0a, 00,0a, 06, (0a,) P, 00,(0u,)

— <3>
Z(AAAbl) : 54190 — N i __6_% _a.}_)k_
% P} 20, \ oa,
U)

60,2a)” " 3 7

3 2> 2 2
R ) P S . P
P 5|\ oa, 00,00, 06,00, (Pu,)>

23: Fh__ &R R

2\ 20, © 30,00, 2600, - (@ay)”
op, &P, | 1 &P,
+ - ’
26, (0a,)™ | P, 06,(0a,)™

where the corresponding expectations are given by replacing U with

P Tk (k=1,..,n) , which hold in the following similar results.

-3 37 7 = \2
,Ygz).l(z) l{gzj_}_eo_ETe 51930 mal%’ ol,,
(@2 "% % 0 2 "\ 06, 06, | 00,
o°l,
recall m=—=-4,
00, N E
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m) ay<2> . 3/1—4 537 Oy,
: 212,
b 26; || oa,'

1

831_90
ao "1 a6 )|’

+<0,—

where

ol Iy,
06;

n1 iP{

P, i OP, &°P, 1 o°P,
aa =55 06,) P?0o6, 007 P, 06;

3 2 3
_n_lzzpm 4(511] LS ORTR 1|0k
S5 B}l 06,) B o6, 00} B} 00; |oa,

6(or,Y 3 aB| &P
+ - _— P L —
P\ 26, P’ 26; | 06,0a,

3 0P, &P 1 84Pk:|

P? 06, 9630w, P, 06:0a, |

l(eAa2) 1(462) l(AAa2) [(A882)  j(aac2)

om L, 0k, O Oy,

121

In da, 59 8(1 da, > 8(9028(1 is given by da, shown earlier

with P, Tr replaced by Uk:
37
o, g

2
2 oP, 1 8*P,
-—— p U + 2k
86200, 6(10 ; Pz "{ P’ (aa} P, ae;}

(9,1-U)
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n 2 2
— ! Z U, % % 12 0? P, aPk
k=1 PU P; 890 P 59 oa,
(0,1-U)

20 PR 1 2R

P’ 36, 06,00, P, 30;0a, |
Om o (O ) O,

and in (aa0)<2> T6, 8902(6(1)<2> (aa0)<2> ,

o'l
™ 862 (6a)

2 <2>
i oP, 2 &*P |( oP,
Y T"H P4(89kj +Fa¥}(ﬁ}
k=1 P(Q) 0 k 0 0
2 2 3
+Z 43 OP, 6P 0°P, _iz OP, ® asz
s \ B, 00, ou, 8906(10 P’ da, 00,0a,

1R | &R
PkZ 6902 (aa0)<2>

2 (op Y

+ RSN —_
P\ 86,
O°P,

op, o',

<2>
2
-= +
P’ {(6906(10 j

06, 96,(8a, )™

i

13“

P, 80 (aao)@

|
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(a.3)

313
yeo 190

53, , Aoy
= _1903’ 5)*604ET90 (]33))9 __3“’

-5 -4
. A .
- §° {ET%(]&”)}?+—§’—ET9@<J(§“>,

~ ,0m . .
{/’1“0027790 > /’)”902 a@go - A’@fETQO (](53) )7790 }

0
2

_ _ — \2
ol ol ol
2 77 6 +(3) +(3) 6

x| m*—2 m| —~ |, -E — 1,
26, 20, o TGO(.]O )} 26,

az90 3 -1 az90
s no|m,
20, 20,

(©) . —_ . . ® .
For Vg, , no partial derivatives are required since Vg, is not expended.

(Aa3)  3(Ab3)  3(Ac3) .
lgo ,190 ,l(90 :

0%, o [k
In 8(10 5903 T8, 5903 , the following is required and is given
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2 2 3
N Z 0P, 0P, +8ﬁ 0P,
o 00, Gaoaao(k)aao(k)

1 > OP, o°P, 0P,
-(1-2P, k
+@gf{( »{Z(

) Gao(k) 00,0 oa,

(I10)

(OB 0B _ ¥R, ]

06, Oy, Oa 00

0(k")
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06, o, a0 06, oa, o, 0

LoP 0P 0P, }+26Pk oP, oP, P,
0(k") ao<k‘)

L 20-2R)' op, OB, 0P, 0P,

(k=1,...,n),
(PO, 06, da, 0ty O 1

Oy

3
62G0 _ N_1 i 0 Za(m*) alt:t(m")
0ty 01y ol 00,00, 10,y Oay,'

a(m’) a(m’)

ol . ol . ol o’l
a(m) a(m ) +
(j,k)aaoaaom oa,, 'aao(k) oa, Oa, ’8ao(j)6ao(k)

(J,k=1,..,n).

When the 3PLM is used, recall that

l1-c
Poc E —c +(1-¢)B, (k=1,..,n
O ap L Day 0,y U ) and
D =1.7. Then,
OP,
8—9’; =(-¢,)Da,B,(1-B,),
P,
L= (1-¢,)(Da,)*(1-2B,)B,(1-B,),
26;
63Pk 3 2
S =(1-¢,)(Da,)(1-6B, +6B,)B,(1-5,).
0

Reference
Ogasawara, H. (2013). Asymptotic cumulants of ability estimators using fallible
item parameters. Journal of Multivariate Analysis, 119, 144-162.
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Table Al. Simulated and asymptotic standard errors of the studentized 6
when the 2PLM holds, where the item parameters are known or estimated
by MML (n = 50)

Standard error f=p2 (0 0 )ﬁ_l/z
l,: . = n'? (é -0, );,11:2 Estimated item parameters
Known item parameters N=500 N=1.000
SD®@  ASE® HASE®W spW  ASE® sD  ASEW
6=-1 ML  .989 1 999 1.044 1 .984 1
BM .897 1 .883 946 1 .889 1
WL  .987 1 1.000 1.043 1 .983 1
6=0 ML 1.006 1 992 1.055 1 .996 1
BM  .938 1 916 979 1 924 1
WL .993 1 978 1.043 1 .984 1
6=1 ML .996 1 992 1.016 1 .964 1
BM 932 1 919 .949 1 .899 1
WL .980 1 976 1.002 1 .950 1
6=2 ML 976 1 981 .995 1 1.014 1
BM .893 1 .866 914 1 .929 1
WL 956 1 953 979 1 .997 1

Note. SD™ (SD™) = the standard deviation from simulations, ASE™ =
(B75)", ASEV=p3 = (BB;)"  HASE® = (B, +n" B

= {(ASE“)* + n—lﬁt(g)z 2 HASE® :(18:2190 +n~1ﬂl(§)2 Y2 _ ((ASE™)? + 17 B9 vz
Under c.m.s., ASE"” = ASE®”= 1 and HASE"=HASE®" = (1+n"'{))" . The

l:,o in l‘:o is given by 0 and known @, (%, and i, should not be
confused with ¢ and i using 6 and estimated @ in the text pages). The
numbers of deleted cases are the same as those of Table 2. See also the footnote
of Table 1.
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A

Table A2. Simulated and asymptotic biases of the studentized 6

when the 2PLM holds, where the item parameters are known

or estimated by MML (n = 50)

Bias t; _ n1/2 (é _ (90 )Z‘;:z f= nx/z (9‘ _ 00 )ﬂ_z_zm
Known Estimated item parameters
item parameters N=500 N=1.000

Sim.  Th. Sim.  Th. Sim.  Th.

6=-1 ML -.09 0 .10 .02 -.26 .01
BM 2.05 2.33 223 236 192 234

WL 40 47 .56 .50 20 49

6=0 ML .04 0 -12 .00 .04 .00
BM .06 0 -.10 .00 .05 .00

WL 32 .30 .15 31 31 .30

6=1 ML .03 0 .68 -.02 1.18  -.01
BM -1.71 -186  -1.12 -1.88 -.68 -1.87

WL -.16 -.20 49 =22 99 21

6=2 ML .00 0 72 -06  1.74  -.03
BM -4.16 -4.61 -344 -466 -2.58 -4.63

WL -.73 -.76 .03 -8 1.04 -79

Note. Sim.= n"?

times the simulated bias, Th. =, (n1/2times the
theoretical or asymptotic bias). See also the footnote of Table 1.
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Table A3. Simulated and asymptotic third cumulants of the

studentized 6 when the 2PLM holds, where the item parameters
are known or estimated by MML (n = 50)

A

Third cumulant t‘:a =2 (é _ 90 ){;:2 t=n? (é -6, )'32—11/2
Known Estimated item parameters
item parameters N=500 N=1.000

Sim.  Th. Sim.  Th. Sim.  Th.

6=-1 ML 1.14 .95 1.74 118 .62 1.06
BM 92 * 1.36 * .50 *

WL 1.18 * 1.80 * .67 *

6=0 ML .23 .60 .28 67 1.14 .64
BM .29 * 31 * 1.00 *

WL 11 * .14 * 1.00 *

=1 ML -29 -41 10 -.58 -.69  -49
BM -20 * .16 * =52 *

WL -24 * .13 * -.63 *

6=2 ML -149  -152  -178 217 -320 -1.85
BM -1.04 * -1.19 * 228 *

WL -1.32 * o -1.57 * 293 *

Note. Sim.= n"? times the simulated third cumulant, Th. = 5,3

(n"times the theoretical or asymptotic third cumulant).
See also the footnote of Table 1.
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Table A4. Simulated and asymptotic fourth cumulants of the
studentized 6 when the 2PLM holds, where the item

parameters are known or estimated by MML (n = 50)

Fourth cumulant

*

A

t, =n"(0-6,)i" 1=n"(6-6,)p
Known

-1/2
21

Estimated item parameters

item parameters N=3500 N=1.000

Sim.  Th. Sim. Sim.

6=-1 ML  -1.18 49 -13.31 -6.73
BM 51 * -7.76 -3.26

WL -1.94 * -14.07 -7.54

6=0 ML  -333 -4.23 -12.84 4.33
BM 257 * -9.51 3.49

WL -2.83 * -11.75 4.22

6=1 ML 423 -4.65 -39 2.03
BM  -3.02 * .58 1.72

WL -4.06 * -42 1.71

0=2 ML -8.31 -8.00 -3.04 10.10
BM 471 * -.58 8.12

WL  -6.67 * -2.04 10.42

Note. Sim.= n times the simulated fourth cumulant, Th. = ﬁ_t4

(n times the theoretical or asymptotic fourth cumulant).

See also the footnote of Table 1.



